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7 Rudder
The rudder is the onboard machinery most widely used to manoeuvre the ship. It

is a passive manoeuvring device that uses �ow generated by the surge ship motion to
develop a suitable lateral force and an associated moment, which are responsible for
the ship turns.

The rudder force can be decomposed into two di�erent components:
– The �rst is perpendicular to the �uid velocity direction, and it is called Lift.
– The second is parallel to the �uid velocity direction, and it is called Drag.

It is possible to assume that both lift and drag forces are applied in the pressure centre
of the rudder.

Figure 7.1: Rudder Force

The commonly used rudders have a decided elongation in one of their two dimen-
sions and generally have a rounded nose contour at the leading edge and a pointed
trailing edge. The main features that characterize a rudder are:
– Contour Type: i.e. NACA, HSVA, IFS, etc.
– Mean line: the line that links the trailing edge and the leading edge
– Attack angle (δe� ): the angle between themean line and the�owvelocity direction
– Average chord (c): themean of the curves length, linking the trailing edge and the

leading edge (chords), evaluated at root and at tip
– Average span (s): the mean rudder height
– Maximum thickness (t): the maximum rudder thickness
– Rudder Area (AR): the area invested by the �uid
– Aspect Ratio

( s
c
)
: the ratio between the span and the chord
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Figure 7.2: Rudder overview

Usually, the rudder is installed at the ship stern in to maximise the force arm with re-
spect to the centre of gravity; furthermore, in this position the rudder can also exploit
the �ow acceleration generated by the propeller. For example, if the ship speed is zero
or close to zero and the propeller works in bollard condition, the rudder can generate
a hydrodynamic force (if located in the propeller slipstream).

After the above brief description of the main features of a rudder, the main aim is
to develop a three dimensional model to describe themain e�ects that the rudder pro-
duces during a shipmanoeuvre. Another important goal is thedevelopment of amodel
independent of the speci�c characteristics of the particular rudder one can consider.
To do this, all involved variables have must be used in non-dimensional form accord-
ing to Table 7.1 and Table 5.1.

Moreover, to implement the rudder model, it has been necessary to deal with the
�ow �eld in the stern region of a ship taking into account the mutual interference
among rudder, hull, and propeller; in addition, the rudder has been modeled taking
into account all six ship motions.



64 | Rudder

Table 7.1: Scaling factor

VARIABLES UNITS (I.S.) SCALING FACTOR
Rudder position & main geometric characteristic [m] L

Lift & Drag Forces [N] 1
2 ρL

2V2

Lift & Drag Moments [Nm] 1
2 ρL

3V2

Linear velocity [m/s] V
Angular Velocity [rad/s] V

L

Usually, the rudder’s main function is to correct the heading of a ship; however,
depending on the ship type, the rudder can also be used to produce or correct roll
motion. In recent years the rudder roll system has been developed, and nowadays ap-
plications are being implemented, especially in the naval �eld. The complete knowl-
edge of the rudder forces and moments allows better system design, and in particular
it allows the use of simulation techniques to develop and tune the rudder roll control
system before its installation onboard.

In the following sections, the main characteristics of the proposed rudder math-
ematical model are described with the aim to provide a theoretical knowledge about
the principal hydrodynamic phenomena involved. Thismodel is valid for forward ship
velocity. The rudder taken into account for this formulation is a Spade type.

7.1 Reference Frame

In order to obtain a correct model development, it has been necessary to introduce all
the coordinate systems involved in the formulation of our model:
– Rudder at zero degrees �xed frame (d)

The d-frame
(
Od , d1, d2, d3

)
, shown in Fig. 7.3, is �xed to the rudder (at 0°rudder an-

gle). The unit vector d1 points towards the leading edge along the chord when the
rudder is in its 0°position; d3 has direction parallel to the rudder surface and points
downwards; d2 is the result of the vector product d2 = d3 ∧ d1. The origin Od of the
frame is positioned at a �xed point in the rudder (that is considered as �xed for the
sake of simplicity) more precisely it is assumed that Od location is given by:

Where xrud, yrud, zrud are the coordinates of the rudder root with the respect to the
pole Ob. δ�x denotes the rudder axis inclination; in this formulation, it is arbitrarily
assumed to locate the centre of the system at 45% of the span, a vertical position near
the e�ective centre of pressure. In case a better approximation is necessary, further
shifts of the force may be applied. The rudder is installed onboard with a transversal
inclination to take advantage in terms of roll moment deduction.
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Figure 7.3: Rudder at zero degrees Fixed Frame (d)

The linear transformation between the b-basis and the d-basis can be expressed
as:

di =
3∑
j=1

(
Rdb
)
ij
bj

where the orthogonal matrix Rdb is function of the �xed angle δ�x:

Rdb =

 1 0 0
0 cos(δ�x) −sin(δ�x)
0 sin(δ�x) cos(δ�x)


– Rudder-�xed frame (w)

Thew-frame
(
Ow , w1, w2, w3

)
, shown in Fig. 7.4, is �xed to the rudder (moving alto-

gether with it). The positive unit vector w1 points towards the leading edge and it is
rotated by δ with the respect to d1. δ is the instantaneous rudder angle. w3 is equal
to d3, and w2 is the result of the vector product w2 = w3 ∧ w1. The origin Ow of the
w-frame is assumed to coincide with Od. Theoretically, a moving pole Ow should be
employed to consider the shift of the centre of pressure of the rudder as a function
of the rudder angle; however, choosing Ow = Od involves only a small and negligible
error in terms of global manoeuvring performances. This new reference frame allows
the forces and �uid velocity components to be expressed as functions of the rudder
angle δ (a positive rudder angle corresponds to a portside ship turn).
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Figure 7.4: Rudder-Fixed Frame (w)

The linear transformation between the d-basis and thew-basis can be expressed
as:

wi =
3∑
j=1

(
Rwd
)
ij dj

where the orthogonal matrix Rwd is function of the variable rudder angle δ:

Rwd =

 cos(δ) sin(δ) 0
−sin(δ) cos(δ) 0

0 0 1


– Fluid-�xed frame (z)

The z-frame, shown in Fig. 7.5,
(
Oz , z1, z2, z3

)
is �xed to the �uid velocity vector, in-

coming on the rudder; this is obviously only an ideal direction, which is used to eval-
uate the e�ective rudder angle and consequently the rudder forces as obviously the
�ow direction at rudder location during manoeuvres is not unique. The unit vector
z1 points towards the �ow velocity direction at rudder and it is rotated by δEFF with
respect to w1. z3 is equal to w3, and z2 is the vector product z2 = z3 ∧ z1. The origin
Oz of the frame coincides with Ow. This reference frame allows the Lift and the Drag
forces to be evaluated taking into account the e�ective angle of attack δEFF between
the �uid and the rudder.
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Figure 7.5: Fluid-Fixed Frame (z)

The linear transformation between the z-basis and thew-basis can be expressed
as

zi =
3∑
i=1

(
Rzw
)
ij wj

Where the orthogonal matrix Rzw is function of the variable angle δEFF:

Rzw =

 cos(δe� ) sin(δe� ) 0
−sin(δe� ) cos(δe� ) 0

0 0 1



7.2 Hull – propeller – rudder interactions

The hull presence alters the �uid velocity vector in the stern zone where the rudders
are located. The disturbances due to the hull on the incoming �ow (the hull has a
straightening e�ect on the �ow) have been evaluated with statistical regressions de-
rived from experimental tests. To account for these e�ects, the straightening e�ect
has been decomposed in two components [11]: one component acts on the sway mo-
tion and the other acts on the yawmotion. Therefore, two correction factors have been
introduced to modify the �uid velocity vector.

In addition, a third correction factor has been introduced, whichmodi�es the roll
motion because in our case we are considering six degrees of freedom.

The relation between the components of linear and angular ship velocities eval-
uated in 0b and the components of the same velocities evaluated in the stern region
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before the propeller is assumed to be:

νster = νγ

With:
γ =
[
1 γv 1 γp 1 γr

]
γ is called �uid straightening vector.

In more detail, according to Ankudinov regression, the coe�cients of γ can be
evaluated through the following formula:

γv = 1 − 1.5 · (Bv/L) ·
(
CB · Bv/Ts

)0.5
γr = γv · (0.44 + 0.22 · γv)

γp = γv
Where:

Bv is the vessel breadth
CB is the block coe�cient
TS is the ship draft
The �uid velocity evaluated in Od is di�erent from the �uid velocity evaluated in

Ob not only because of the �ow straightening, but also because of the di�erent posi-
tion. So, the rigid motion formula has been used to calculate the local (rudder) �uid
velocity:

υbrud (1 : 3) = υbrud (1 : 3) + υbrud(4 : 6) ∧ (Ob − Od)
There is also a strong interaction between the propeller and the rudder; the longi-
tudinal velocity component should be evaluated taking into account the longitudinal
velocity at the rudderpositiondue to the shipmotions (ship longitudinal velocitymod-
i�ed by the asymmetrical wake fraction)in addition to the propeller accelerated �ow
considering rudder position relative to propeller axis, slipstream diameter reduction,
and �ow turbulence corrections.

These e�ects cannot be neglected without compromising the accuracy of the rud-
der force evaluation.

The acceleration e�ect is evaluated by the actuator disk theory; the velocity at an
in�nite distance downstream from the rudder is:

uA∞ =
√
(1 − w)2 u2 + 8

π KT (nD)
2 − (1 − w)u

Then the velocity in an upstream region is added:

u∞ = uA∞ + (1 − w)u

The velocity evaluated in the propeller disk plane is:

uprop = 1
2uA∞ + (1 − w)u
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Figure 7.6: Rudder-Propeller Interaction

So, it is possible to evaluate the surge �ow velocity at every point of interest using the
following equation derived from actuator disk theory:

u (x) = kprop(x)uA∞ + (1 − w)u

Where kprop is a coe�cient that provides the accelerated velocity as a function of the
non-dimensional distance between the rudder and the propeller; this is obtained us-
ing the diagram in Fig. 7.7.

kprop = 0.5 + 0.36 tanh
(
0.98dprop rud

)
+ 0.11tanh(15dprop rud)

where dprop rud is the non-dimensional distance (with respect to D/2), along b1 direc-
tion, between the rudder and the propeller.

Figure 7.7: kprop coe�cient
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The last correction for the surge velocity was introduced to take into account the
experimental results about the rudder/propeller complex. In particular, on the basis
of Molland’s work [31], a new coe�cient kslip was introduced that reduces the e�ect
due to the propeller slipstream. In this way, the �rst component of the velocity vector
becomes:

u (x) = kprop(x) · uA∞ · kslip + (1 − w) · u
Once the velocity is known, it is possible to de�ne the �ow tube diameter at a certain
location x using the �ow conservation equation:

DT (x) = D
√
uprop
u (x)

However, the hypothesis of �ow conservation is not satisfactory because there is a
mixing between the �ow inside the propeller slipstream and the surrounding �ow. To
account for this e�ect, the following formula was applied [18]:

∆r(x) = 0.15x u (x) − u(1 − w)
u (x) + u(1 − w)

Where:
∆r is the radius increment
In this way, the surge velocity is corrected as follows:

ucorr (x) = [u (x) − u (1 − w)]
( r
r + ∆r

)2
+ u(1 − w)

Now, it is possible to calculate the total velocity through weighted average between
the accelerated �ow velocity on the rudder inside the �ow tube and the undisturbed
�ow velocity outside the �ow tube:

ubacc =
AP
AR
· [ucorr (x)]2 + AR − APAR

[u (1 − w)]2

Where:
AP is the rudder area inside the �ux tube.

7.3 Proposed Forces Evaluation

Using a composition of rotational matrices, it is possible to represent the rudder ve-
locity vector in thew-basis:

νwrud (1 : 3) = Rdw × Rbd × ν
b
rud (1 : 3)

To evaluate the forces developed by the rudder, it is necessary to consider the real an-
gle between the rudder and the �uid; this angle is obtainable by the following equa-
tion:

δe� = atan
(
υwrud(2)
uwacc

)
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We also remember an alternative de�nition of the attack angle:

δe� = δ − βloc

Where:
βloc is the local drift angle

βloc = atan
(
υdrud(2)
udrud

)

υfrud(2) is the sway velocity evaluated in the rudder position with respect to the
d-frame, taking into account the �uid straightening due to the hull

udrud is the accelerated surge velocity evaluated in the d-frame
It is also possible to calculate the velocity module in the plane< z1z2 >. Using the

hypothesis that the velocity component along z3 is negligible, we obtain:

Vz1z2 =
√
vwrud(1)

2 + υwrud(2)
2

Subsequently, the forces acting on the rudder, expressed in z-basis, can be evaluated.
Rudder forces are evaluated considering rudder open water characteristics, properly
modi�ed by hydrodynamic interaction with propeller and hull and the rudder type.
The lift slope coe�cient is expressed through the following formula [26]:

dCL =
1.95 · π
1 + 3

A.R.e�

Where:
ARe� is the e�ective aspect ratio
ARgeom is the geometric aspect ratio, de�ned as follows:

ARe� = 2ARgeom = 2 sc
The e�ective aspect ratio was introduced because the rudder root is quite close to
the hull; in this con�guration, cross-�ow e�ects on one extremity of the rudder are
blocked, so the rudder aspect ratio may be doubled with respect to a rudder with two
free extremities. Cross-�ow is a 3-D e�ect generated by signi�cant di�erences in pres-
sure on the two side of the airfoil. This pressure �eld allows �uid to cross from the high
pressure zone to the low pressure zone with a consequent drop in performance.

To assess the drag force in non-dimensional form, the following formula [45] (with
a correction) was adopted:

Drud = −sign(υbrud(1))
[
(dCL δEFF)2
eOsw π ARe�

+ CD0
]
AR
V2
z1z2
L2V2 corrCD spade

Where:
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eOsw is the Oswald correction shape factor that takes into account the non-
elliptical circulation around the rudder

CD0 is the drag coe�cient for δEFF = 0
corrCD spade is an empirical corrective coe�cient obtained by the following equa-

tion as a function of the propeller hydrodynamic load:

corrCD spade =
(
−0.29181

(
KT
J2

)2
+ 0.82005

(
KT
J2

)
+ 1.23509

)

The lift coe�cient CL is de�ned in three di�erent ranges of rudder angle by proper
laws; these ranges depend on the stall angle and the peak angle.

The stall angle αSTALL is the e�ective rudder angle where the stall phenomena
starts and is obtained by linear interpolation of the function of the propeller hydrody-
namic load KT /J2 using the follow diagram:

Figure 7.8: Diagram of αSTALL

The angle αPEAK is the e�ective rudder angle at which the maximum lift is pro-
duced and is obtained by linear interpolation of a function of the αSTALL angle using
the following diagram:

Figure 7.9: Diagram of αPEAK
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The corresponding lift curve is outlined in the following �gure:

Figure 7.10: Trend of lift coe�cient curve

In more detail, the Lift is expressed in non-dimensional form through a piecewise
function:

If δEFF < αSTALL
Lrud = dCL |δEFF |

AR V2
z1z2

L2 V2

If αSTALL ≤ δEFF ≤ αPEAK

Lrud =
[
dCLαSTALL + dCL (|δEFF | − αSTALL)

CL STALL
range stall

]
AR V2

z1z2
L2V2

If δEFF > αPEAK

Lrud =
[
dCLαSTALL + dCL (αPEAK − αSTALL)

CL STALL SPADA
range stall

−dCL (|δEFF | − αPEAK)
CL STALL SPADA
range stall

]
AR V2

z1z2
L2V2

Where:
CL STALL is a semi-empirical value
range stall is a semi-empirical value
So, it is possible to compose the forces vector developed by the rudder:

Fzrud = (DrudLrud , 0)

Now, it is possible to express the forces developed by the rudder in the b-basis using
the (transposes of the) rotational matrices introduced above:

τr(1 : 3) =
(
Rbd · Rdw ·Rwz

)
Fzrud
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It is also possible to calculate the moments generated by the rudder introducing the
rudder position, identi�ed by the distance between the pole Ob and the pole Od, and
applying the following formula:

τr(4 : 6) = (Ob − Od) ∧ τr(1 : 3)

Finally, after this procedure, we can add the rudder forces and moments in the ship
non-dimensional motion equations.


