
3  Review of Concepts 

3.1  Introduction

In some countries people attending post graduate studies in environmental sciences 
have different backgrounds. Some of them come from harder sciences than others. 
Then it is difficult to determine what level of knowledge should be taken for granted 
that the students already have. This chapter attempts to save possible background 
differences, making available to all readers the tools that will be needed to understand 
how sensors and instruments perform. 

For some students this chapter will be useful only as a remainder of subjects 
already studied, but it could be a necessary introduction for others. The material 
presented here can be found in many different books, but we considered that this 
information is somewhat disperse and could be of some help to have it all together in 
the same source, avoiding a continuous pilgrimage by diverse textbooks.

In this chapter several subjects with little connection between them are 
introduced with the only objective that they will be useful to understand the material 
developed in the following chapters. Each subject is directly linked to one or more 
subjects presented at later stages.

The analysis of each kind of instrument developed in the next chapters makes 
reference to the previous material needed to understand it. Rather than reading this 
entire chapter, readers interested only in some particular instruments will find it more 
convenient to go straight to the pages where the instrument is described and see what 
previous material is needed and, if they are not familiar with it, then reading just 
what is necessary to satisfy their requirements. 

3.2  Waves

3.2.1  Introduction

Because many instruments base their working principles on the propagation of sound 
and electromagnetic waves, it is convenient to remember briefly some important 
properties of waves. This review begins with sound waves because they are easy to 
understand for those not yet introduced in wave theory. The subject is presented 
in a descriptive way without using complicated equations in order that it can be 
understood by those readers with little background knowledge on waves.

Among the most applied phenomena of wave propagation used in instruments 
devoted to the measurement of environmental and hydraulic parameters is the 
Doppler effect. For this reason some effort is dedicated to explain it. This effect is 
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also known as the Fizeau effect in the theory of electromagnetic waves and used in 
radars and the Global Positioning System (GPS).

Once concepts are made clear for sound waves they are directly extended to 
electromagnetic waves, and the most remarkable differences between sound and 
electromagnetic waves are presented.

We believe that to grasp the material presented in the following chapters a deep 
understanding of electromagnetic wave theory is not required and it is optional to 
the readers. Electromagnetic wave theory is a subject so vast that any attempt to 
introduce this topic within the limits of a book dedicated to instrumentation keeping 
certain academic rigor, would certainly be unsuccessful. Many good books with a 
deeper insight into this matter are available for those readers wishing to review them 
(Skilling, 1974).

3.2.2  What is a Wave? 

A wave may be defined as a disturbance that carries energy across or through a 
material at a given velocity (c) and without any significant overall transport of the 
material itself. Whereas mechanical waves require a medium in which to propagate, 
electromagnetic waves can propagate through vacuum. We must distinguish between 
transverse and longitudinal waves. In transverse waves the displacement of the 
medium is perpendicular to the direction in which the wave travels. A vibrating string 
is an example of a transverse wave because all points on the string move up and down 
but the wave (disturbance) moves along the length of the string. In longitudinal waves 
the disturbance takes place parallel to the wave propagation. As will be seen below, 
sound waves are longitudinal waves. Water waves, however, are neither completely 
transverse nor completely longitudinal, but a combination of both. A water particle 
moves in an almost closed circular path, the orbital motion having both transverse 
and longitudinal components. We have used the adverb ‘almost’ because real water 
waves do exhibit a small net component of forward motion in the direction of wave 
travel. This net forward motion is called wave drift. 

3.2.3  Wave Properties

The wavelength is determined by considering the distance between consecutive 
corresponding points of the same phase, such as maximum displacements or zero 
crossings. In other words, it is the distance over which the wave’s shape repeats.  
The wavelength (λ) and amplitude (A) of a sinusoidal wave are shown in Figure 3.1.

http://www.talktalk.co.uk/reference/encyclopaedia/hutchinson/m0030405.html
http://www.talktalk.co.uk/reference/encyclopaedia/hutchinson/m0030307.html
http://en.wikipedia.org/wiki/Phase_(waves)
http://en.wikipedia.org/wiki/Zero_crossing
http://en.wikipedia.org/wiki/Zero_crossing
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Fig. 3.1: A sinusoidal wave as a function of x. The amplitude (A) and the wavelength (λ) are shown. 

3.3  Harmonic Sound Waves

These waves are generated by a mechanical source vibrating with a simple harmonic 
motion, like a tuning-fork. The vibrating focus makes nearby air molecules oscillate 
about their equilibrium positions. 

These molecules collide with their neighbors, spreading the sound wave.  
The displacement of the molecules s(x, t) as function of space x and time t is given by

      (3.1)

where s0 is the maximum displacement of a molecule about its equilibrium 
position (amplitude); l is the wavelength (distance between two successive peaks);  
f  is the number of peaks that pass through a point per unit time, called the frequency; 
T is the period (T = 1/f) and k is the wave number.

For a sinusoidal wave there is a relationship between frequency (f), wavelength 
(λ) and velocity (c), 

    c =  λ f (3.2)

Because of the motion of particles, there are regions in the medium where the 
particles are compressed together and other regions where they are spread apart. 
These regions are known as compressions and rarefactions, respectively. The 
compressions are regions of high pressure whereas the rarefactions are regions of 
low pressure. Sound waves produce fluctuations of pressure above and below the 
atmospheric pressure. The pressure wave has the same waveform as the displacement 
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one, but is delayed by π/2. Sound waves are longitudinal waves because they transfer 
energy in the same direction as the pressure and displacement disturbances.

Particle compressions and rarefactions are shown at the top of Figure 3.2, whereas 
their associated displacement and pressure waveforms are illustrated at the bottom. 

The speed   of sound (c) is the speed at which the wave propagates. It depends 
on the properties of the medium, e.g. for air ca= 343 m/s and for water cw = 1500 m/s. 
Generally speaking, the human hearing frequency range is from 20 Hz to 20 kHz. 
Below the lower limit the phenomenon is known as infrasound, and over the upper 
limit it is called ultrasound. Ultrasound is used in many instruments, from biomedical 
applications to plastic welding.

So far we have described one-dimensional waves, i.e. waves that propagate in a 
straight line. Figure 3.3 shows two-dimensional waves on the surface of a water body. 
The waves were generated by a drop impacting on the surface. The concentric circles 
are called wave fronts. Most sound sources produce three-dimensional waves, their 
wave fronts being concentric spherical surfaces. 

When a point source radiates energy uniformly in all directions, the energy at a 
distance r from the source is distributed uniformly over a spherical shell of radius r 
and surface S = 4p r2. If the power emitted by the source is P, the power per unit area 
at a distance r (Pr) decreases with the square of the distance to the source,

  (3.3)
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Fig. 3.2: (Top): Compression and rarefaction zones for a wave traveling through the air. (Bottom): The 
associated displacement and pressure waveforms.
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Power received at a distance d from the source is four times smaller than that 
received at a distance d/2. This is one of the reasons why signals from more distant 
sources are notably more affected by noise.

Fig. 3.3: Two-dimensional waves propagating on the surface of a water body.

3.3.1  The Doppler Effect 

The Austrian physicist Christian Andreas Doppler (1803-1853) described the effect that 
bears his name around 1842. The best known example of this effect is the frequency 
difference of a moving train horn as perceived by an observer standing alongside the 
train track. When the train is approaching the observer he/she perceives a sharper 
tone than when the train moves away. 

In Figure 3.4 a walker moves towards a fixed sound source. The frequency that 
he perceives is higher than that when he remains stationary, because when moving 
towards the source he meets a greater number of wave fronts, in the same period of 
time. 

Figure 3.5 shows the effect produced by a sound source moving towards a fixed 
observer. Wave fronts are closer to each other with respect to a fixed source due to the 
movement of the source. Then the observer perceives that the time between arrivals 
of successive wave fronts is less than when the source is fixed. In other words, the 
observer perceives a higher frequency. 
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Fig. 3.4: The Doppler effect. The observer walks towards a fixed sound source and perceives a higher 
frequency.

v 
c 

Fig. 3.5: The Doppler effect. A moving sound source moves towards a fixed observer, who perceives a 
higher frequency



 Harmonic Sound Waves   55

The frequency f0 of the sound source is fixed and it is a characteristic of the source; 
f0 is the number of oscillations per second of a mechanical device that makes air 
particles vibrate, as in the case of a tuning-fork. 

When the observer moves at a speed v toward the sound source, the speed of the 
wave fronts from the observer’s point of view is v´ = c + v, then the apparent frequency 
f´ perceived by the observer is: 

  (3.4)

On the other hand, if the observer moves away from the sound source with the 
same speed, the apparent frequency is:

  (3.5)

A similar analysis for a moving source and a stationary observer can be done. 
A  general relationship between the observed (f) and the emitted (f0) frequencies 
which considers the velocity of the receiver relative to the medium vr and the velocity 
of the source relative to the medium vs is given by 

  (3.6)

In Eq. (3.6) vr is considered positive if the receiver is moving towards the source, 
and vs positive if the source is moving away from the receiver. 

Assume that a fixed sound source is emitting with frequency f0 to clouds that are 
moving horizontally with velocity v* (Fig. 3.6). The velocity component in the direction 
of wave propagation is v = v* cos θ. When the sound wave impinges the clouds, the 
cloud’s particles will vibrate with a higher frequency than that of the source because 
clouds are moving towards the source (as in the case of a moving observer). 

The clouds reflecting the sound act as a moving sound source. Thus, clouds are 
simultaneously receiver and emitter. Therefore, the velocities of the receiver and the 
emitter (source) relative to the medium are the same, vr = vs = v. They are positive in 
the numerator and negative in the denominator of Eq. (3.6), 

  (3.7)

The total frequency shift Δf = f – f0 is computed taking into account that c >> v. 

  (3.8)

A moving object irradiated by a fixed emitting source returns a signal shifted in 
frequency. Equation (3.8) allows the velocity of the object to be known if the emitted 
frequency and shift are measured. This is the working principle of radars. 
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v* 
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Fig. 3.6: A fixed sound source emits towards a cloud moving with velocity v*. The cloud returns a 
frequency shifted signal. 

3.4  Electromagnetic Waves

Only a few ideas on the theory of electromagnetic waves, necessary to understand the 
working principles of some measuring methods and instruments, will be introduced 
here. Then in this book the approach to this issue is merely conceptual. Those readers 
willing to follow a more rigorous and thorough introduction could easily find very 
good classical literature (Skilling, 1974).

Most of the concepts needed to explain how some instruments work have been 
introduced in the previous sections on harmonic sound waves. Therefore, only the 
most remarkable differences between sound waves and electromagnetic waves, 
needed to make clear the operation of the instruments, will be explained. 

Waves in water and sound waves have been naturally introduced because everyone 
has experienced them, and they are easily perceived by the human being. Mechanical 
waves travel through a medium due to molecular interactions that transfer energy 
from one molecule to the next. They cannot travel in vacuum because there are not 
molecules to transmit energy. A big difference is that electromagnetic waves do not 
need a medium to propagate; they can travel through solids, air and also vacuum. 

Electromagnetic waves are formed by the oscillation of electric and magnetic 
fields, and their propagation velocity is equal to the velocity of light (3 × 108 m/s). 
These fields are perpendicular to one another and both are perpendicular to the 
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travel direction of the wave. This is the reason why electromagnetic waves are called 
transverse waves. Electric and magnetic fields are produced in a solid like a wire, a 
coil or an antenna and come off the solid and go free as electromagnetic waves. 

The definitions of frequency and wavelength defined for mechanical waves are 
valid for electromagnetic waves. Equation (3.2) also applies if the speed at which the 
wave travels in a medium is replaced by the velocity of light.

The same phenomenon described previously as the Doppler effect was 
independently discovered on electromagnetic waves by Hippolyte Louis Fizeau  
(1819-1896), a few years after Doppler. With the aim of applying Eq. (3.8) to 
electromagnetic waves, the speed of sound has to be changed by the speed of light. 
Many instruments and weapons are based on this equation. 

3.5  Useful Concepts on Wave Propagation

3.5.1  The Bragg Law

Many research methods in earth sciences are based upon the capture of backscattered 
signals that reach a receiver device in such a way that they can interfere constructively. 
The physical foundation of these methods is to be found in the well known Bragg’s 
scattering law, so named after William Henry Bragg (1862-1942) and his son William 
Lawrence Bragg (1890-1971) who, in studying how X-rays are scattered by a crystal 
lattice, found the conditions to be met for the constructive interference of the 
scattered wavelets resulting from the incidence of an X-ray wave upon the atoms of 
the lattice. Two points are worth noting in the scattering of X rays by a crystal lattice, 
as well as in the scattering of electromagnetic and acoustic waves in general. First, the 
dimensions of the scattering sources are smaller than the wavelength of the incident 
wave and second, the distance between scattering centers is comparable to the 
incident wavelength. For a better understanding of Bragg’s law we will first describe 
the scattering of X rays by a crystal.

A crystal consists of a regular array of atoms that can scatter any electromagnetic 
waves falling upon them. When a monochromatic X-ray wave front falls upon a 
crystal the atoms of the crystal lattice become the source of scattered wavelets, or 
secondary wave fronts. The scattering of these secondary wave fronts is generally 
multidirectional, and the interference between them, destructive, thus the backscatter 
signal is weak and useless. However, due to the regular arrangement of the atoms in 
the crystal lattice, there will be directions in which the scattered wavelets will interfere 
constructively and are strong enough to be amplified and analyzed. 

Figure 3.7 shows a section of a crystal with three successive layers of atoms 
separated by a distance d (layer spacing). An X-ray beam strikes the crystal from the 
left making an angle θ with the crystal surface, and is scattered by the first two layers 
of atoms. The physicists Bragg proved that if two conditions are met, the scattered 
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X rays will interfere constructively. The first condition is that the angle between the 
emergent X-ray beam and the crystal surface must also be θ. As this is exactly the law 
of light reflection in geometrical optics, Bragg scattering is also called, incorrectly, 
Bragg reflection. The second condition refers to the X rays scattered by the lower layers 
of atoms. Consider the wavelets scattered by the first and second layers. The second 
condition says that for constructive interference to take place, the paths followed by 
both scattered wavelets must differ in an integral multiple of the X-ray wavelength. If 
this condition is fulfilled, the scattered rays are said to be in phase. 

O 

P 

R 

S 

d θ θ 

θ θ 

Fig. 3.7: Schematic of X-ray scattering by the atoms of a crystal lattice

Turning the attention again to Figure 3.7, it is observed that the ray scattered by the 
atoms in the second layer travels an additional distance farther than the ray scattered 
by the atoms in the surface layer. To determine this additional distance let us draw 
the lines SO and SR perpendicular to the directions of the incident and scattered 
rays, respectively. Each of these lines makes the same angle θ with the line SP = d 
as the incident and scattered rays with the crystal surface. It follows from Figure 3.7 
that the ray scattered by the second layer travels an extra distance equal to OP + PR 
with respect to the ray scattered by the surface layer. As OP = PR = d sin θ, this extra 
distance is thus OP + PR = 2 d sin θ. Then the second Bragg condition states that the 
wavelets scattered by the first two layers of the crystal will interfere constructively if 
the additional distance 2 d sin θ is an integral multiple n of the X-ray wavelength, i.e. if 

    2 d sinθ = n λ (3.9)

Although the above explanation refers to the scattering of an X-ray beam striking 
the surface of a crystal, it is also valid for those electromagnetic and acoustic 
waves captured by receiver devices after being backscattered by a given object. The 
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backscattered signal carries information about the scattering objects. Thus, energy 
could be deliberately impinged upon an object in order to receive some information 
embedded in the backscattered portion of the impinging energy. The Bragg scattering 
law gives the conditions for the backscattered signals to arrive at the reception device 
in phase, so as to interfere constructively, making the signal useful for processing and 
analysis. 

3.5.2  Array Signal Processing

A sensor array is a group of sensors located at different spatial positions which are 
disposed to measure a propagating wavefield. The array permits the field energy 
distribution in time at diverse places to be known. An array of sensors samples the 
propagating field spatially. The collection of these distributed data may be combined 
to improve the quality of the information about the wavefield. The clever combination 
of these data is usually referred to as array signal processing. 

Propagating wavefronts contain information about the sources that produce 
them and about the objects that reflect or scatter the wave energy. Signal processing 
methods allow some desired signals to be selectively acquired, rejecting others of no 
interest. 

The array signal processing is a powerful tool that may enhance the signal-to-
noise ratio beyond that of a single sensor’s output. It may be used to track the source 
signal as they move in space, or permits the number of sources and their locations to 
be determined (Johnson & Dudgeon, 1993). 

As was introduced in Section (2.3), individual sensors and antennas may have 
an omnidirectional pattern or a beamwidth with some directivity which lets the user 
receive a preferential propagating field with respect to direction. If information from 
another direction is desired, the receiver must be pointed to such direction. 

Propagating signals vary in time and space. A sensor’s array allows choosing 
the signals according to their propagating direction (Johnson & Dudgeon, 1993). 
Arrays are used to collect the data required to apply the information process called 
beamforming. 

Beamforming is a kind of spatial filtering which retains signals propagating in 
one direction, attenuating those propagating in other directions. It is a spatial filtering 
operation that reduces noise and interference. Beamforming is also a generic name for 
a wide variety of processing algorithms which have the capability of selecting signals 
in a particular direction. The most adequate algorithm should be adopted according 
to the characteristics of the problem (plane wave, spherical wave, near field, far field, 
etc.) 
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3.5.3  Beamforming

Processing signals from several transducers (or antennas) arranged in a certain 
spatial allocation permits the signal that comes from a preferential spatial direction 
to be selected. The process of combining signals arriving from different transducers 
to reinforce some signal coming from a particular direction and rejecting the others is 
the goal of beamforming.

Beamforming can be achieved as a result of a physical action, e.g. by shaping and 
moving the transducers in the array, by an electrical process (analogically controlling 
the phase and amplitude of the individual transducer’s outputs), and mathematically 
by digital signal processing, the last one being the most used nowadays. 

Beamforming is used either for receiving or transmitting signals. A very simple and 
didactic acoustic example will be schematically described to introduce the concepts, 
but a deep introduction to the subject requires a certain degree of mathematical 
manipulation which is beyond this introductory book. With some precautions, the 
example could be extended from acoustic to electromagnetic waves. 

Let us introduce a linear array of transducers (Fig. 3.8), each of them receiving 
the signal from a scattering source; assume that the source is a particle, previously 
irradiated by an acoustic pulse, which scatters the received energy in different 
directions. Because the distances from the source to each transducer (d1, d2, d3 and 
d4) are not the same, the scattered signals will suffer different delays to arrive at the 
transducers and a different degree of attenuation. 

Linear Array of Transducers Scattering Source 

d3 

d1 
d2 

d4 

Fig. 3.8: A linear array of transducers receives energy scattered by a particle. The distances between 
the particle and the transducers are d1, d2, d3 and d4. 

If the spatial position of the source, the propagation speed of the wave and the 
attenuation coefficient of the medium are known, the delay and attenuation 
introduced in the signals arriving at the transducers could be estimated. Therefore, 
if a correction in time and amplitude is made for each signal and then summed up  
(Fig. 3.9), the resulting signal will have information from four transducers, improving 
the signal to noise ratio with respect to that of a single transducer. 
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Fig. 3.9: Each transducer receives the scattered signal with different amplitude and at a different 
time. Because the attenuation and delay of the propagating signal is known, they may be 
compensated by the Delay and Gain circuits.

We want to underline that this upgrading is achieved for the signal coming from 
that particular source. In this way, if a source in another position is transmitting an 
undesired signal, the Delay and Gain circuit that was “tuned” for the first source would 
result in unsuitable for the unwanted one. This shows the spatial selectivity of the array. 

The beamforming in the transmitting case can be explained in a similar way. 
Figure 3.10 is a schematic representation of a signal generator whose output is passed 
through a Delay and Gain circuit before arriving at the transducers. In this case it is 
desired that the wave fronts of each individual transducer be summed up in such a 
way that the resulting wave front propagates in a particular direction

The pulse arrives first at the upper transducer and generates a propagating wave 
front. When the pulse arrives at the second transducer, the first wave front produced 
by the first transducer had already moved away. The same happens with the next 
transducers. In this way the individual wave fronts are summed up at different 
distances from the transducers and the resulting wave front will have a particular 
direction that depends on the delays. 

The attenuation of the propagating wave produced by each individual transducer, 
which produce the resulting wave front, depends on the distance traveled from the 
transducers to the target we want to irradiate. If this distance is long all the transducers 
will irradiate the target with approximately the same energy, because the differences 
in attenuation due to the different path lengths will be negligible. But if the target is at 
a distance comparable to the separation between transducers, the transducer’s gains 
could be individually adjusted to place a similar amount of energy with each transducer. 
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Fig. 3.10: The signal produced by the Signal Generator is delayed and amplified in a differential way 
such that the wavefronts are summed in a resulting wavefront with the desired particular direction. 

As an example of the second case, assume an ultrasound array of five transducers; the 
size of the array is comparable to the distance where it is desired to concentrate the 
energy. This case is schematically depicted in Figure 3.11, where the upper and lower 
transducers should be excited first and with the maximum gain; the opposite (last 
excited and minimum gain) should be done with the central transducer. Thus, the set 
of transducers constitute a phased array (Fig. 3.11) where each transducer contributes 
a similar amount of energy. 

The methods described above are frequently used in processing environmental 
data and in some remote sensing applications where the beamforming is referred to 
as phased-array technology and will be presented later.
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Fig. 3.11: Attenuation and phase of the Signal Generator is processed (in amplitude and phase) to 
focus the energy on the target.

3.6  Signal Conversion 

3.6.1  Signals

In general, a signal is a sound, gesture, object, image, electromagnetic wave, 
voltage, etc, that conveys information, notice or warning. More specifically related to 
instrumentation, a signal is a detectable physical quantity (such as a voltage, current, 
magnetic field strength or sound) by which information can be transmitted, stored or 
processed.

3.6.2  Analog and Digital Signals

The purpose of this section is to introduce some concepts on how instruments process 
information. The process starts with an analog signal and ends with the information 
stored in a digital memory. A deep insight into the mathematics involved in this 
process is avoided because it is beyond an introductory book. Those readers interested 
in the subject can find it in books on signal analysis (Smith, 2003). Only the main 
ideas supported by some drawings will be presented to explain the transformations 
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that the signal undergoes in this process. Users of Instruments should be aware on 
how these alterations introduce certain modification on the signal information. The 
data recorded by instruments is therefore a modified version of the actual 
input signal. The user of an instrument should evaluate whether the modifications 
are acceptable to the study being carried out, or conversely, too altered, making data 
useless.

The signal processing performed within instruments introduces successive 
modifications on the signal information content. The goal of presenting some 
fundamental concepts on this subject is that users be able to evaluate whether the 
altered version of the signal recorded by the instrument, adequately preserves the real 
phenomenon that they are trying to measure. Some examples will be given at the end.

3.6.3  Analog Signals

An analog signal is a kind of signal that is continuously variable. The word analog 
indicates something that is mathematically represented as a set of continuous values. 
It can be assumed that there exist an infinite number of values between two arbitrary 
levels of the signal. For this reason it is said that analog signals have a theoretically 
infinite resolution. The analog signal is a continuous function; its slope is never 
infinite, which would imply an instantaneous change of value. 

A set of continuous values of some physical phenomena such as light, sound, 
pressure, or temperature is an analog signal. Sensors transform the information 
contained in the phenomenon into an electrical signal which is later on conditioned in 
the first stages of instruments (Fig. 1.1). Because an analog signal has infinite values, 
it would require recording an infinite amount of numbers to store the complete signal 
information which is obviously unpractical. 

How could this amount of numbers be reduced without loosing useful 
information? What is the minimum amount of numbers needed to keep the signal 
information? Some answers to these questions will be developed below.

3.6.4  Sampling an Analog Signal

Intuitively, given a signal which varies slowly it is possible to reconstruct it from a few 
samples. As the signal varies faster and faster its high frequency content increases 
and it becomes necessary to increase the number of samples to keep its information 
content. For example, with the intention of recording how the temperature of a river 
changes due to sun radiation a few samples per hour would be enough because the 
mass of water is quite large, but to know how a small puddle is heated by the same 
amount of energy requires several samples per hour, because its temperature change 
is faster than that of the river. 
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The minimum amount of samples required to keep the signal information content 
unchanged is given by the sampling theorem. It states that in order to recover a signal 
w(t) from a number of samples equally spaced in time, it is necessary to sample w(t) 
at a rate equal to or greater than twice the highest frequency component of the signal. 
This sampling frequency is known as the Nyquist frequency (NSC, 1980). For example, 
a sea wave having a maximum frequency of 3 Hz requires a sampling rate higher than 
6 Hz (six samples per second) to preserve and recover the waveform exactly. It is 
convenient to clarify that this is a theoretical limit and that in practice more samples 
are needed because, in general, not all the theoretical assumptions of the theorem 
are met. 

The first step to convert analog signals to digital ones is to take analog samples 
that represent the original signal but discretized in time. At the end of the first 
step of the signal process, samples of the analog signal are pulses of a given width 
(w), separated by a period of time equal to the sampling period (T) (Fig. 3.12). The 
amplitude of these pulses is equal to the amplitude of the signal at the moment it was 
sampled. Now the resulting signal is pulsed. Also it is observed that if w is long, the 
amplitude of the signal will vary during sampling; for this reason it is convenient that 
w be short. 

Fig. 3.12: The analog original signal is sampled at periods T during a sampling time w, which results 
in a pulsed signal. 

Because we want a single value to represent the sample, then, in general, the average 
value of the original signal amplitude over the period w is taken as the representative 
amount. The sampling theorem states that samples should be taken in an infinitesimal 
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time, so they should have an infinitesimal width. Actually, real samples are always 
finite and they may have a w of milliseconds, microseconds or nanoseconds, 
depending on the signal frequency content and measurement requirements. 

Even when these samples do not satisfy the theoretical assumption of infinitesimal 
width required by the theorem, for low frequencies signals, as are most of the 
signals encountered in environmental sciences and industrial world; this theoretical 
limitation does not modify the signal information content appreciably. 

If it is attempted to recover a signal from their samples when it was sampled 
at a rate below twice its highest frequency component, a completely different low 
frequency signal will appear which is known as aliasing. This phenomenon is 
visualized in Figure 3.13; the higher frequency signal (in blue-dashed line) is the 
signal of interest sampled at equal intervals; the black bars with a dot at the end show 
the sampling points. In this example the sampling rate is about 1.4 times the highest 
frequency of the signal. If a sinusoid were reconstructed from the samples, the lower 
frequency sinusoid (in red-continuous line) would be obtained. This artifact is known 
as aliasing. 
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Fig. 3.13: The blue (dashed line) signal is sampled with fewer samples per second than required 
by the sampling theorem. The black bars with the dots symbolize the acquired samples. When 
reconstructing a sinusoidal signal from the samples, the red (continuous line) signal will be 
obtained which is of lower frequency than the original one. 

The application of the theorem to real cases hides a problem: previously to adequately 
sample a signal, it is necessary to know the maximum frequency component so as to 
sample, at least, at twice this frequency. Most actual signals contain a wide spectrum 
of frequency components. Then to have enough samples to recover the signal from the 
samples, the sampling rate could be impractically high.
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In order to solve this problem, the desired input signal bandwidth has to be limited 
by filtering before sampling. The filter to limit the frequency content of the input 
signal is called anti-aliasing filter. It is a low pass filter which allows passing the lower 
spectral content of the signal. When we have a previous knowledge of the frequency 
content of the signal, it is a relatively easy task to choose the filter bandwidth but if 
the signal is unknown, the filtering process could cut away useful information. 

3.6.5  Spatial Aliasing 

So far the sampling problem has been analyzed in the time and frequency domains, 
and the aliasing effect was avoided by means of an anti-aliasing filter. The spatial 
filtering concepts were introduced in Section (2.3), and above in Section (3.5.2). In 
this way the concept of sampling of a signal was extended from time to space. Now 
an example of how aliasing could affect data collection in space will be given. This 
example is a recreation of a real world case. 

Some students committed to collecting data, measured soil properties in a 
country land. They took samples every 2.5 m approximately on a 100 m line (Fig. 3.14) 
and found a regular distribution of the soil porosity about every eight to ten meters. 
They were excited about this discover but were not able to find an explanation of such 
amazing result. 

Furrows 

Sampling points 

Sampling direction 

Fig. 3.14: Surface porosity is modified at regular intervals. When regularly sampled at a rate less 
than two samples per furrow, aliasing could appear in the results. 
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They disregarded that this regularity could be due to plowing because at the time 
they collected the samples the land was not planted and they thought that because 
the length of the regular distribution of the porosity was much longer than a typical 
furrow there could not be a relation. 

After some reading they realized the existence of spatial aliasing and that a higher 
frequency periodical regularity could give rise to another of lesser frequency when 
sampled below the Nyquist frequency. Further research determined that the field had 
been plowed at a regular distance of about 1 m some months before. 

3.6.6  Analog to Digital Conversion

Once the necessary samples per unit time to reconstruct the signal were taken, they 
must be converted from discrete pulsed signals to numbers able to be processed on a 
computer. This step of the process is known as analog to digital conversion and could 
be subdivided into two operations: quantizing and coding.

Figure 3.15 shows the quantization process of converting samples, represented by 
dots, into a set of discrete output levels for a 3-bit resolution analog to digital converter 
(ADC). At this point a slight digression is necessary. Figures 3.12 and 3.13 show a signal 
discretized in time, now the signal is discretized again, but in amplitude. 
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Fig. 3.15: The analog signal is the red (continuous sinusoid); the bars with dots are the acquired 
samples. Numbers from 0 to 7 are the values that the samples adopted in the quantization process. 
The steps in blue are the individual values assigned to each sample. 
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Using a 3-bit resolution converter eight discrete levels (N) can be defined in a 
binary code as shown in Table 3.1. The first stage of the ADC compares the amplitude 
of the samples from the analog signal to digital levels (quantization process).  
The digital level closer to the sampled value is adopted by the converter to represent 
the sample. This gives the resulting signal the stepwise appearance. Once a level was 
adopted the converter assigns a binary number to each level (coding).

Table 3.1: Levels in a 3-bit resolution converter

Decimal number 0 1 2 3 4 5 6 7

Binary number 000 001 010 011 100 101 110 111

The representation of the signal depicted in Figure 3.15 in decimal and binary number 
series is shown in Table 3.2 (see the ordinate axis in Figure 3.15 and Table 3.1). The 
decimal numbers correspond to the quantized levels adopted in the coding process. The 
binary numbers are the actual way in which information is stored in digital memories.

Table 3.2: Representation of the signal of Figure 3.15 in decimal and binary codes

Decimal number 3 6 7 6 4 2 0 0 2

Binary number 011 110 111 110 100 010 000 000 010

As shown in Figure 3.15, the digital signal does not represent the original signal very 
closely because eight levels are not enough to represent it. However, increasing the 
resolution (the amount of bits) the representation improves, for example with 10 bits 
the number of levels increases to 1024. The size of the minimum level change is called 
quantization step q or least significant bit (LSB). Devices that perform the sampling, 
quantization and coding processes are called analog to digital converters (ADC).

The amplitude uncertainty in digitizing a signal is inherent to the amount of bits 
of the ADC, and is referred to as quantization error which is equal to ± LSB/2. The 
amount of bits sets the resolution of the converter, which determines the resolution of 
the instrument where it is used. The maximum quantization error is ± q/2, defined in 
Eq. (3.10). The number of levels (N)), may be calculated as follows:

  Number of levels = N = 2 number of bits ; (3.10)

Then for a 10-bit ADC the maximum quantization error is ± q/2 < ± 0.0005 or ± 
0.05 %. Nowadays it is common to find instruments with ADC of 16 and 24 bits. Table 
3.3 presents examples of the amount of bits and the number of levels for the most 
used ADC.

N
LSBqN 1;2levelsofNumber bitsofnumber ====
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Table 3.3: Amount of bits and number of levels

Bits 8 10 12 16 24

N 256 1024 4096 65536 16777216

Byte is a very frequently used term in digital language to denote a digital word of 8 bits, 
and it is symbolized by the letter B. In old digital storage media, a byte corresponded 
to the minimum memory unit. For example, it is usual to say that an image occupies 
1.5 MB, which means 1.5 mega Bytes that is equal to 1,500 k Bytes = 1,500,000 × 8 bits. 
Table 3.4 shows the relation between bytes, bits and levels. 

Table 3.4: Bytes, bits and levels

Bytes 1 2 3 6

Bits 8 16 24 48
N 28 216 224 248

3.6.7  Application Example

Resolution should not be a problem when buying an instrument because 
manufacturers account for it. A different situation arises when researchers want to 
acquire data using sensors and a data logger. In this case, the user should verify how 
the resolution could affect the data being recorded. 

3.6.8  Data Logger

Let us describe a data logger in order to later introduce an example of the concepts 
previously explained. A data logger is an electronic device that receives an analog 
voltage and converts it to digital information stored in a memory (Fig. 3.16). The first 
electronic stage (A) permits coupling the voltage input signal to the data logger without 
disturbing the signal. The second stage is an ADC, just explained. A data storage 
medium (DS) follows that consists, generally, in a non-volatile memory. Finally, there 
is a communication port (CP) required to extract the data and to program the data 
logger functions (such as the amount of samples per second to be acquired). This port 
is accessed using an external computer (C). An internal or external battery supplies 
the energy needed by the circuits. 
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Fig. 3.16: Schematic of a data logger.

Let us introduce an example of a quite real case in which it is desired to record the soil 
temperature in a beach. Suppose that the researcher has at his disposal an electronic 
analog thermometer composed of a temperature sensor and an amplifier whose 
voltage output from 0 to 1 V corresponds to a temperature range from 0 to 100 °C. The 
data logger available at the laboratory has an analog input of 10 V and a resolution of 
10 bits. Both instruments and their static transferences are shown in Figure 3.17. Both 
transferences are considered linear. K1 and K2 represent the individual sensitivities 
and K the total sensitivity of the whole set.
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K1(V/ºC) K2(N/V) 

K = K1 * K2 (N/ºC) 

Fig. 3.17: An electronic thermometer produces a voltage output proportional to the input 
temperature, its sensitivity being K1. The data logger converts input voltage to digital numbers with 
sensitivity K2. The total sensitivity is the product of both. 

Question 1: What is the combined temperature quantization error of the set formed by 
the electronic thermometer and the data logger? 
Because a 10-bit data logger has 1024 output levels, the transference of the data logger 
is K2 = 1024 / 10 V ≈ 100 /V. The constant transference of the thermometer is K1 = 1 
V/100 °C = 0.01 V/°C. Then the sensitivity of the whole system is K = 1/ °C and this 
means that one level represents 1 °C. Because the maximum quantization error is ± 
LSB/2 the maximum quantization error turns out to be ±0.5 °C. This means that the 
temperature of the beach will be known with an uncertainty of ±0.5 °C, which would 
not be enough for some temperature studies. 
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Question 2: How could the resolution be improved if another set of instruments could 
be selected? 
A first improvement can be achieved by using a thermometer better suited for the 
particular beach where temperature has to be measured. It is unlikely that the 
temperature of a beach could reach 100 °C. For example, a sensor with a range from 
0 to 50 °C seems more reasonable. Combined with an amplifier with a 10 V output it 
gives K1 = 10 V/50 °C = 0.2 V/°C. 

For the same data logger the total sensitivity (K) increased and a new K = 20 / °C is 
obtained, resulting ± q/2 = ±0.025 °C. Thus, selecting a sensor with a temperature range 
closer to the measurand expected range and amplifying the voltage signal by ten, all 
the input range of the data logger is exploited and the resolution is increased 20 times. 

If more resolution is needed a data logger with the same analog input (10 V) but a 
better resolution, 12 bits (number of levels = 4096) could be used. Now K2 = 4096 /10 
V ≈ 41/V and K ≈ 80 / °C; resulting ± q/2 = ±0.00625 °C.

It is observed that there are different options to improve the resolution of the 
measuring and recording system. The fist step was simply to select a sensor with a 
measuring range according to the range of the physical variable to be acquired, this 
improved the resolution twice. The second step consisted in matching the amplifier 
output to the data logger input, which improved the resolution 10 times, and the last 
step was to use a 12 bits data logger which upgraded 4 times the resolution. Thus, with 
these procedures the total resolution was improved 80 times. It is just an example of a 
particular solution, but some general conclusion will be drawn below.

Keeping in mind to improve only the resolution, it is valid to use any of the above-
mentioned measures, but improving the resolution does not assure the improvement 
of data quality. The simpler solution that users frequently adopt is to increase the data 
logger resolution, but this could undermine data quality because noise can make this 
high resolution useless.

With the purpose of keeping the signal to noise ratio high it is healthier to keep the 
signal level as high as possible. Thus, it is a good practice to amplify in the first stages 
of a measuring system in order to have large signals. Therefore, in all measuring 
systems, selecting the adequate sensor range is the most important step. 

Also, matching the output of the amplifier to the data logger input helps in 
the same direction because the signal is amplified and the complete ADC range of the 
data logger can be used. 

3.7  Electricity

With the purpose of making the following chapters understandable it is needed to deal 
with some concepts on electricity that play important roles in describing the working 
principles of instruments. It would not be possible to understand how sensors work 
without the concepts that follow.
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3.7.1  Electrical Energy

Voltage in an electrical circuit is the potential energy per unit charge able to move 
electrons in a circuit. The amount of charge per unit time displaced in a circuit is called 
the electric current. In the International System of Units (SI), the unit for voltage is the 
volt (V) and for the current is the ampere (A). There are mainly two different kinds of 
electric current, direct current (DC) and alternating current (AC).

3.7.2  DC 

This is the current supplied by batteries, solar panels, thermoelectric devices and 
electrostatic generators. It is called direct current because electrons flow in only one 
direction in the electric circuit. In general, DC voltage sources are of low voltage and 
they are used to supply portable equipments such as cell phones, notebooks, lanterns 
and most autonomous instrumentation. Typically, DC sources are used to provide 
energy to instruments used in environmental sciences. 

The most common battery voltages are 12, 6 and 3 V. The amount of energy stored 
in a battery is expressed in ampere - hour (Ah). It is the product of a current and 
a time. It is the current that the battery can deliver without dropping the voltage, 
expressed in amperes by the time it can do it, expressed in hours. For example, the 
batteries used for car ignition are in general 12 V and have approximately 80 Ah. If it 
were required to power an instrument with a current consumption of 0.5 A one car 
battery should last about 160 h. 

Batteries undergo an aging process which decreases the amount of energy that can 
be stored in them. The energy that a battery can supply depends on its initial charge, 
the room temperature, the battery age and the rate of current discharge. Therefore, 
for field instruments it is convenient to take a conservative attitude at the time of 
calculating the autonomy of batteries. In general, losing data is more expensive than 
supplementary batteries.

3.7.3  AC 

This is the voltage find in most houses to power electrical appliances. It has a 
sinusoidal waveform with a frequency of 50 or 60 Hz and amplitude of 110 or 220 V. 
In a circuit supplied with AC voltage, electrons flow in both directions. This kind of 
energy is used to supply most electrical motors, home tools and industrial machinery. 
In general it is used to cover most medium and high power requirements.
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3.7.4  DC Ohm’s Law and the Resistance Concept

Ohm’s law states the relationship between voltage (V) and current (I) in a conductor. 
The current through conductors is proportional to the voltage applied to them.

 (3.11)

The constant of proportionality G is called the conductance and R is called the 
resistance. The unit for R is the ohm, whose symbol is the Greek capital letter omega 
(Ω), and for G is the siemens, symbolized by the letter S. V is the voltage across a 
conducting element and I is the current flowing through it. 

3.7.5  Resistor

R (or G) is a property of the physical conducting element called “resistor”, which 
depends on its shape and the material it is made of. A piece of conductive material 
with length l and cross section A is shown in Figure 3.18 and its resistance given by 
Eq. (3.12a). In words, the resistance is directly proportional to the length of the resistor 
and inversely proportional to its cross section. The constant of proportionality ρ is an 
intrinsic property of the material called resistivity. Equation (3.12a) is equivalent to 
Eq. (3.12b), where σ is the conductivity, σ being 1/ρ.

  (3.12a)

  (3.12b)
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Fig. 3.18: A resistor has a resistance that depends on its geometrical properties and on the material 
it is made of. 
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For those readers unfamiliar with electricity it could be useful to use a hydraulic 
analogy to explain Ohm’s law, keeping in mind that this analogy works only to some 
limited extent.

Assume a water tank filled with water placed on the roof of a house and connected 
through a pipe to a faucet. The difference of pressure between the tank and the faucet 
can be thought of as the voltage (V). The flow through the faucet is the analogy of the 
electric current (I). The hydraulic resistance introduced by the pipe to the passage 
of water could be thought of as the electrical resistance (R). Note that the hydraulic 
resistance is directly proportional to pipe length and inversely proportional to the 
pipe cross sectional area (the same happens in the case of the electrical resistance).

Ohm’s law may be found written in any of the following ways: 

  (3.13)

This law is also valid for AC voltages applied to resistors. When an AC sinusoidal 
voltage is applied to a resistor the current will be also a sinusoid and both waveforms 
(voltage and current) will be in phase. 

3.7.6  Resistors in Series and Parallel 

When two resistors are placed in a circuit such that the current passing by them is 
the same, it is said that they are in series (Fig. 3.19a). When the voltage is the same on 
both resistors, it is said that they are in parallel (Fig. 3.19b). 

V 

Vs 

A 

R1 

R2 

I 

V1= I R1 

V2= I R2 

R1 

Vs 

R2 

I2=  Vs/R2 

I1=  Vs/R1 

I1 I2 

(a) (b) 

Fig. 3.19: (a) Two resistors in series: the current is the same for both. (b) Two resistors in parallel: the 
voltage is the same for both.
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From the point of view of the voltage supply, two resistors in series (R1 and R2), 
can be replaced by one (Rs) whose value is the sum of the two. Then, if one is much 
greater than the other, the current in the circuit will be governed by the greatest. 

From the viewpoint of the voltage supply, two resistors in parallel (R1 and R2) can 
be replaced by one (Rp) with the value shown in Eq. (3.14). In this case the value of Rp 
is always less than the smaller of the two resistors. The current in the circuit will be 
governed by the smaller of the two resistors.

  (3.14)

These concepts explained for resistance are also valid for impedances in series 
and parallel. The concept of impedance is defined following in 3.7.11.

3.7.7  Electric Power 

From Figure 3.18, the electric power (P) dissipated on the resistor R through which a 
current I flows and a voltage V is applied is the product of the two last and is calculated 
by Eq. (3.15). The unit for power is the watt (W). 

   (3.15) 

3.7.8  Capacitance and Capacitors 

Capacitance is the ability of a body to store charge in an electric field (E). To place 
this charge in the body requires doing work, and an electrical potential energy is 
accumulated in the capacitance, and this energy can be later recovered. The device 
used to store charges is called capacitor and the simplest capacitor is formed by 
two conductive plates of similar size facing each other (Fig. 3.20). Assuming that the 
sides of the plates are much larger than their separation, the capacitance is directly 
proportional to the area (A) of the plates and inversely proportional to the distance 
between them (d):

  (3.16) 

where ε is the permittivity of the dielectric material separating both plates (dry air 
is a dielectric material). 

The charge accumulated on the capacitor’s plates is represented by Q and the 
voltage between plates by V. The capacitance (C) is the amount of charge accumulated 
per unit voltage, C = Q/V, Q being measured in coulombs and V in volts, thus the unit 
of capacitance is coulomb / volt, which adopts the name of farad (symbolized by 
F). Unfortunately, the symbol for coulomb is C and some attention should be paid to 
avoid confusing it with the symbol for capacitance.
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The energy stored in a capacitance is expressed by Eq. (3.17), and the unit is the 
joule (J).

  (3.17) 
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Fig. 3.20: (a) Capacitance. (b) Inductance.

3.7.9  Inductance and Inductors 

Inductance is the ability of a device to store energy in a magnetic field (B). To create 
the magnetic field a current is required doing work. Thus potential energy is stored 
in the field. This energy can be recovered when the circuit opens and the current 
creating the magnetic field is interrupted.

A device which produces a magnetic field is the inductance (L) that can be 
materialized by an inductor or coil (Fig. 3.20b). It is basically a winding of several 
turns (N) of conductive material (usually cooper). The unit used for inductance is the 
henry (H). Sometimes a core of magnetic material is used inside the coil to increase 
the energy stored in the magnetic field. The magnetic material confines and guides 
the magnetic field, e.g. by placing an iron core inside a hollow coil the inductance can 
increase several times.

There are many approximate equations to calculate L which take into account the 
coil length (l) and area (A), and the material of the core. In all of them, the inductance 
is directly proportional to the square of the number of turns. For a long coil the 
inductance is given by 

  (3.18) 
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where μ is the magnetic permeability of the coil core. The energy stored in an 
inductance is given by 

  (3.19) 

3.7.10  AC Ohm’s Law 

This law states the relation between AC current and voltage in a circuit which contains 
not only resistance but also capacitance and/or inductance. As noted above, if an AC 
sinusoidal voltage is applied to resistors the current will be in phase with the voltage. 
This does not happen with storing energy elements as capacitances and inductances.

When an AC sinusoidal voltage is applied to a capacitor (Fig. 3.20a) charges 
create an alternating electric field between plates. Charge movement gives origin to a 
current. This current is sinusoidal but unlike what happens with resistors, it is not in 
phase with voltage but V lags I by 90°. 

When AC sinusoidal voltage is applied to an inductance (Fig. 3.20b) the current 
through the coil creates an alternating magnetic field, the current is sinusoidal and V 
leads I by 90°. 

Inductance and capacitance oppose the passage of an alternating current in 
different ways. Capacitance presents a greater opposition to low frequency currents 
than to high frequency ones. DC current (frequency = 0) is blocked by capacitances. 
This opposition to the current flow, which is a function of the current frequency 
content, is called the capacitive reactance (XC).

Inductance has the contrary behavior to capacitance, increasing its opposition to 
current flow as frequency increases. In this case it is called inductive reactance (XL) 
and formulas for calculating both reactances are given by

  (3.20)

where f is the frequency of the AC voltage and j is the imaginary unit. The phase 
of the voltage and current is taken into account by j. 

3.7.11  Impedance

The magnitude Z, called the impedance, is formed by any combination of resistances 
and reactances. The phase between V and I depends on the values of R, L and C and 
on how they are placed in the circuit (whether they are in series or in parallel). As an 
example, a circuit formed by one resistance, one capacitance and one inductance 
connected in series has the impedance 

  (3.21) 
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The more general form of AC Ohm’s law is thus 

  (3.22) 

Summarizing, the impedance is the term that symbolizes the ratio of voltage to 
current in AC circuits. It is a complex number which takes into account the phase 
between the voltage and the current. If the impedance has only a resistance, the 
phase between voltage and current equals zero. If the impedance is only composed 
by one reactance, the phase will be +90° or –90°. When the impedance is composed 
of resistances and reactances the phase can adopt any value between ±90°.

3.7.12  Faraday’s Law 

In order to understand how several instruments work (geophone, electromagnetic 
flow meters, current meters, etc.), it is required to have a conceptual understanding of 
Faraday’s law of induction; with this purpose this law is introduced below. 

Figure 3.21a shows a one turn coil connected to a galvanometer. If a magnet 
moves towards the coil, the galvanometer will deflect while the magnet is in motion, 
indicating that current flows through the coil. If the magnet is at rest no current flows. 
When the magnet is removed, the galvanometer deflects in the opposite direction. 
If the other pole of the magnet moves towards the coil, the experiment will be as 
before but the deviations of the galvanometer will be opposite to the above. It doesn’t 
matter if the magnet moves towards the coil or the coil towards the magnet, what 
matters is the relative motion. The current that appears is called induced current 
and it is produced by an induced electromotive force (emf) (ε). (Do not confuse the 
symbol ε as used to denote an electromotive force with the same symbol when used 
for representing the permittivity of a dielectric material). 
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Fig. 3.21: (a) When a magnet moves towards the coil, the galvanometer will deflect indicating that 
current flows through the coil. (b) A coil through which a current flows behaves as a magnet and it is 
called an electromagnet. 
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In Figure 3.21b there are two coils at rest, i.e. there is no relative motion between 
the coils. When the switch closes the battery generates a current in coil 1 and the 
galvanometer connected to coil 2 is momentarily deviated. When the switch is kept 
closed and current in the coil 1 is constant, the galvanometer does not deflect. 
When the switch is opened (Fig. 3.21b), the change in the magnetic field makes the 
galvanometer deviate again. The current change in coil 1 produces a magnetic field 
variation which induces an emf in coil 2.

An immediate conclusion that will be used below is that a coil through which a 
current flows behaves as a magnet and it is called an electromagnet. 

Faraday realized that the induced emf (ε) depends on the variation of the 
magnetic flux (F). Lenz stated that the induced electromotive force produce a current 
in coil 2 whose magnetic field opposes the original change in magnetic flux. The 
Faraday – Lenz law states that the induced emf in a circuit equals the negative value 
of the time rate at which the flux through the circuit changes. The induction law is

 (3.23) 

3.7.13  Generation of Electrical Energy

The above mentioned Faraday-Lenz law is the operating principle of the generation of 
electrical energy from mechanical energy. If a magnet is mounted on a shaft and a coil 
is placed in such a way that due to the rotation of the magnet a variation of the magnetic 
flux appears in the coil, then a voltage is generated at the terminals of the coil (Fig. 3.22). 
The coil voltage is a pulsed signal; pulses are produced when the magnet approaches 
the coil. The polarity of the voltage depends on the magnetic pole approaching the coil. 
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Fig. 3.22: A magnet produces a variable magnetic flux which induces and emf on a coil. Coil output 
shows pulsed voltage. 
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This elementary description is quite far from a real electric generator in which, 
usually, the magnet is replaced by an electromagnet and several coils with magnetic 
core are employed. 

3.7.14  Flux Change Due to a Changing Area

The change of the magnetic field in a coil induces electromotive forces not only in 
conducting materials but also in non-conducting ones and in empty space. 

Figure 3.23 shows a cylindrical metal rod that can slide on a “c-shaped” conductive 
wire (Kip, 1962). The set forms a one turn coil in a uniform magnetic induction field B 
(also called magnetic flux density). 

By definition, the magnetic flow F is the integral of the dot product 

    Φ = ʃ B · dA = BLD  (3.24)

where dA is an infinitesimal area (in vector notation), L is the length of the 
cylindrical rod included in the coil and D the distance.

From Eq. (3.24), F may vary due to a change in B as in Figure 3.21a and b, or due to 
the change of the coil area. In Figure 3.23, B and L are constants whereas D is variable, 
so that moving the rod with speed Ve will produce a flow reduction in the coil due 
to the decrease in area. This change generates an emf on the coil that originates a 
current i which produces B1. By the Lenz law, the induced B1 will have a sense such as 
to oppose to the variation of the flow. 
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Fig. 3.23: A conductive “c-shaped” wire and a cylindrical metal rod forming a one turn coil are placed 
in a uniform magnetic field B. The rod can slide on the conductive wire varying the coil area, thus the 
flux Ф changes generating an emf on the coil that originates a current i which produces B1.

Assuming a constant Ve, the emf (ε) may be calculated as follows,

  (3.25) 
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It can be noted from Eq. (3.25) that the emf generated on the moving rod is 
independent of the electrical conductivity of the rod, but the current in the coil 
will decrease with decreasing electrical coil conductivity making current detection 
difficult. If the rod were made of a non-conducting material the same emf would be 
induced but current would not flow.

A more formal and general equation expressed in vector form relates the electric 
field (E), the magnetic field (B) and coil velocity (Ve) (Skilling, 1974).

  (3.26) 

In this equation the symbol 𝛁 (called ‘nabla’ after an old Hebrew harp of triangular 
shape) stands for the vector operator (i ∂/∂x + j ∂/∂y + k ∂/∂z). If it is applied to a vector 
field via a cross product (×), the result is a new vector called the curl of that vector. 
The curl of a vector field allows the variation of the field in a direction normal to the 
field to be determined. 

The first term of the second member in Eq. (3.26) accounts for the time variation 
of B, whereas the second term accounts for the movement of the circuit in space. 

For the sake of completeness, if the vector operator 𝛁 is applied to a vector field 
via a dot product (.), the result is a scalar called the divergence of the vector. The 
divergence of a vector field allows the variation of the field along the direction of the 
field to be determined. Finally, if the vector operator is applied to a scalar field, the 
result is a vector called the gradient of the scalar field. The direction of the gradient is 
that of maximum change of the scalar field. 

3.7.15  Magnetic Force 

If an electric charge (Q) moves in a magnetic field (B) with velocity u, it will experience 
a force (F) given by:

    F = Q (u × B)  (3.27)

The magnetic force vector is the result of a vector product of the charge velocity 
and the magnetic field, thus the force is perpendicular to the plane containing u and 
B. The magnetic force is part of the Lorentz force, which also takes into account the 
electric field.

As forces appear on charges moving in a magnetic field, so do they appear upon 
a piece of wire placed in a magnetic field through which an electric current flows 
(charge per unit time). The force on a current element I dl of the wire is given by:

    dF = I dl × B  (3.28)

where I is the current flowing through the wire and dl is a differential length along 
the wire upon which the force is exerted. This phenomenon is represented in Figure 
3.24 for a square loop of wire carrying a current I and placed in a magnetic field B. 

( )BVBE ××∇+
∂
∂

−=×∇ e
t
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Fig. 3.24: A conductive loop placed in a magnetic field B carries a current I, appearing a force on the 
vertical wires. θ is the angle between B and the plane of the loop.

Using Eq. (3.28) it is found that in the upper and lower sides of the loop (of length 
a) the forces are respectively pointing up and down, then, considering a rigid loop, 
there is no net force on the loop. Instead, on the lateral sides of the loop (of length 
b) forces are as indicated in Figure 3.24, which tend to produce a rotation of the 
loop. Summarizing, if a current flows in a loop placed in a magnetic field, a torque 
will appear on the loop that will tend to rotate it. This is the operating principle of 
electrical motors and some acoustic transducers. 

3.7.16  Transformers 

Transformers are devices often used in electricity and electronics to transfer electrical 
energy between separated circuits. They are based on the concepts explained before 
and extended to alternating current in Figure 3.25, where coils 1 and 2 are composed of 
N1 and N2 turns respectively. An alternating voltage (v1) on coil 1 (primary transformer) 
originates an alternating current (i1) that generates a magnetic field B1 varying in time. 
The variation of the magnetic flux (F) in coil 1 induces an emf in coil 2 that generates 
a current i2, which, in turn, generates voltage a v2 on the load connected to the 
secondary. The load may be an impedance or a resistor. In voltage transformers the 
relation between input and output voltages depends on the turn’s number relation 
which is fixed at the time the transformers are manufactured. 
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Coil 1 
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i2 i1 

v1 v2 

B2 
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Fig. 3.25: Voltage source v1 produces a current i1 in the primary coil which generates a variable B1. 
The flux change generates an emf in the secondary coil which produces a current i2 and a voltage v2.

Let us now introduce some concepts that will be used later in instruments. As the 
resistor (or load) in the secondary of a transformer decreases, more current i2 will flow 
through the load because the voltage v2 remains constant (Ohms’ law). This means that 
the power in the transformer’s secondary, which is the product of v2 i2, increases. This 
increase has to be provided by the primary of the transformer through the magnetic 
flux. Again, because the primary voltage v1 is constant, the only way to increase the 
primary power is by increasing i1. It is interesting to note that a change in a resistor in 
the secondary of a transformer produces a change in the primary current. Therefore, 
by measuring the primary current it would be possible to know the resistance in the 
secondary. This feature is used in several kinds of sensors. 

By means of transformers it is very easy to change the amplitude of alternating 
voltages and currents. In an ideal transformer the relation between the primary and 
secondary voltages, currents and turns is 

  (3.29)

Most transformers use a closed magnetic core because it greatly concentrates the 
effect of magnetic fields. A real magnetic transformer is depicted in Figure 3.26, where 
the core and coils are clearly seen. The core increases the transference of energy 
from the primary to secondary by thousands of times with respect to the coils in air. 
Transformers are also used to construct sensors, and one of the most widespread 
sensors is the Linear Variable Differential Transformer explained later on. 
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Fig. 3.26: A homemade transformer allows the laminated magnetic core and the coils to be 
appreciated. 

3.7.17  Toroidal Transformer

A toroid is an object with the shape of an O-ring. A toroidal transformer is composed 
of a core of magnetic material with an annular shape, and the primary and secondary 
coils wound around it (Fig.3.27). 

I 
Primary 

Coil  
Secondary 

Coil 

Toroidal Core of 
magnetic material 

Ф  

Fig. 3.27: A toroidal transformer.

http://en.wikipedia.org/wiki/O-ring
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The current in the primary generates a flux Ф which is confined to the core. A toroidal 
core is constructed by winding a strip of magnetic material on to a helix to form a 
circular core. This type of core is more efficient than that shown in Figure 3.26, but 
it is more difficult to wind the coil on the core. Toroidal transformers are used in 
instruments such as conductivity meters for liquids.

3.7.18  Hall-Effect Sensor 

Figure 3.28 shows the Hall effect on a bar of rectangular cross section made of metal or 
semiconductor. The bar is placed in a magnetic field B and carries a current I. A force 
on the carriers (electrons for a metal bar) will appear (due to the Lorentz magnetic 
force explained above) deflecting the carriers and generating an electric field E in a 
direction perpendicular to B and I (Millman & Halkias, 1967; http://www.electronics-
tutorials.ws). Output electrodes are placed on the bar to detect a voltage VH that is 
proportional to the current and the magnetic field (Eq. (3.30)). The proportionality 
constant k is a function of the bar geometry. 

I 

B 

I 

E 

Metal or Semiconductor Bar Output Electrodes 

Fig. 3.28: A current I flows through a bar made of metal or semiconductor and placed in a magnetic 
field B. Carriers are deflected due to the magnetic force, thus generating an electric field E. A voltage 
can be measured at the output electrodes. 

     VH = k BI  (3.30)

Then by means of Eq. (3.30), if a known magnetic field is applied on the bar, the 
current can be measured. Conversely if a known current is supplied, the magnetic 
field can be measured. Many times these devices are used only as a switch, to 
open or close a circuit according with the presence or absence of an electric field. 
In this case they are know as Hall effect switch. Some applications of Hall sensors 
are in automotive systems for the sensing of position, distance and speed of a shaft.  

http://www.electronics-tutorials.ws
http://www.electronics-tutorials.ws
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In environmental instruments it is used with the same purpose. Such is the case of 
measuring the rotation speed in mechanical anemometers.

3.7.19  Reed Switch and Reed Relay

The reed switch consists of a sealed glass capsule filled with an inert gas containing 
two ferromagnetic reeds soldered to external contacts (Fig. 3.29). The free ends of both 
reeds are overlapped but separated by a small gap. When the reed switch is placed 
in a magnetic field both reeds become opposite magnetic poles attracting each other 
and closing an electric circuit through the external contacts. 

When closed, the contact resistance is of a few milliohms, and when opened, it is 
on the order of petaohms (1015), then they perform as ideal switches.

Inert Gas 
Reed Reed 

Glass Capsule 

External Contacts 

Fig. 3.29: A reed switch.

Reed switches are used in instruments for a variety of applications. A typical 
one is to turn on and off an electronic circuit housed in a sealed housing (such as 
underwater equipment). A magnet is placed from outside the housing near a reed 
switch that is inside the housing. In this way an internal circuit is closed without 
opening the housing. It is also used to count mechanical events. For this purpose a 
magnet is attached to a moving piece and a reed switch is placed such that the piece 
displacement opens and closes the reed switch. This is used in some rain gauges. 

When a coil is wound around the glass capsule and a current is made to circulate 
through the coil creating a magnetic field, the reeds join, so the device can be 
operated by an electric or electronic circuit rather than a magnet. This is called a reed 
relay. Because of their high resistance when open, reed relays are used in instruments 
where high impedance electrodes have to be connected and disconnected, according 
to a program run by an electronic circuit, such as in automatic analyzer for chemical 
substances. 
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3.7.20  Summary of Some Electrical Units

Quantity Unit Equivalent

charge coulomb (C) ampere second (A s)
current ampere (A) coulomb/second (C/s)

voltage volt (V) -----

resistance, impedance, reactanceohm (Ω) volt/ampere (V/A)

power watt (W) AV = A2 Ω = V2/Ω

energy joule (J) -----

inductance henry (H) V s/A

capacitance farad (F) A s/V

conductance siemens (S) S=1/Ω

3.8  Piezoelectricity

3.8.1  Piezoelectric substances 

The piezoelectric effect is one of the most used effects to transform mechanical 
signals into electrical signals and vice-versa. It is the base of many electro-acoustic 
transducers. The term piezoelectric means electricity obtained from pressure. This 
effect is observed in some crystals and ceramics and consists in the accumulation 
of electrical charge as a result of a mechanical stress. The Curie brothers (Pierre and 
Jacques) were the first in demonstrating this effect. Among other substances, they 
used crystals of quartz and Rochelle salt. Because piezoelectric materials are used in 
many sensors and instruments an introduction on this subject seems necessary. 

Piezoelectric substances are crystals whose molecules are polarized. Every molecule 
has one end negatively charged and the other end positively charged, thus forming a dipole. 
The polar axis is an imaginary line in the molecule that runs through the center of both 
charges (http://www.electronics-tutorials.ws; www.aurelienr.com; Piezo Systems, 2013). 

In some materials piezoelectricity occurs naturally. In others it is generated by a 
manufacturing process. When some polycrystals are heated under the application of a 
strong electric field the dipoles line up in nearly the same direction, and if the electric 
field remains until the substance is cooled the dipoles will stay aligned, becoming a 
piezoelectric substance. 

A piezoelectric material exhibits the following effects:
a)  It produces a displacement of its electric charges when a mechanical stress is 

applied on it.
b)  A mechanical deformation is produced on it when an electric field is applied 

between two opposite faces.

http://www.electronics-tutorials.ws
http://www.aurelienr.com
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Figure 3.30 shows a simplified bar of piezoelectric material to explain how it is used 
to manufacture a transducer. The black arrow indicates the polar axis. Two electrodes 
with conductive wires are represented at the top and the bottom of the piezoelectric 
bar. The thick arrow indicates compression and extension of the crystal. 

At the top center of Figure 3.30 the crystal remains without deformation and 
without electric charges. At the left, the material is compressed and a voltage of the 
same polarity as the polar axis appears between the electrodes. At the right the bar is 
stretched and a voltage of opposite polarity appears.

Conversely, if a voltage is applied to the bar it will be deformed (Fig. 3.30, bottom). 
A voltage with the opposite polarity to that the polar axis will expand the bar and a 
voltage with the same polarity will cause the bar to compress. 

+ 

- 
+ 

- 

Fig. 3.30: (Top drawings) At the center a piezoelectric bar with electrical contact on top and bottom 
is shown; the black arrow indicates the polar axis. On the left, the bar is compressed generating a 
voltage with the same polarity than the polar axis. On the right, the bar is stretched and the voltage 
polarity changes. (Bottom drawings) A voltage is applied to the bars which compress and stretches 
them depending on the voltage polarity. Applying an alternating voltage to the bar it vibrates at the 
voltage frequency; conversely if a vibration compresses and stretches the bar an alternating voltage 
appears on the electrical contacts. 

If an AC electrical signal is applied to the material it will vibrate at the same frequency 
as the electrical signal. If a mechanical vibration is applied to the material, an electric 
alternating voltage of the same frequency than the vibration will appear on the 
electrodes. This property is fundamental to develop mechanical to electrical and 
electrical to mechanical transducers. 
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The piezoelectric crystal may have various shapes. Some are crystal bars which 
bend in different ways at different frequencies. It is said that each shape has its 
own vibration modes. Several modes have been developed to operate over a wide 
frequency range from kHz up to MHz. 

The thickness of the crystal and the wavelength of the acoustic signal have a 
particular relationship. If the frequency of the signal corresponds to a wavelength 
equal to twice the thickness of the crystal the amplitude of the crystal vibration will 
be maximum. It is said that the crystal vibrates at the resonance frequency. Therefore, 
the piezoelectric crystal thickness is selected accordingly to the desired range of 
frequencies in which the transducer will work.

3.9  Magnetostrictive Effect

Transducers based in the magnetostrictive effect are very robust. They can take a great 
amount of power and can be mechanically overloaded without risk of damage. They 
are a good alternative to piezoelectric transducers in the low-frequency band and are 
used in underwater applications, especially in deep-sea measurements. 

In 1842, James Joule discovered that ferromagnetic materials change their 
length when placed in a magnetic field. This property of materials is known as the 
magnetostrictive effect. In 1856, it was found, conversely, that a change in the stress 
experienced by a ferromagnetic material produces a corresponding change in its 
magnetism. This property is known as the Villari effect. 

The maximum change in length produced by magnetostriction is 14 parts per 
million (ppm) for a rod of iron, 30 ppm for nickel and for new special alloys changes 
can reach 2500 ppm (Bhattacharya, http://www.iitk.ac.in).

If a rod of ferromagnetic material is inserted in a coil, and a current is made flow 
in the coil, the resultant magnetic field applied to the material will make the length 
of the rod change from L1 to L2 as shown in Figure 3.31a (NUSC, 1990). Conversely, 
if the rod is stressed by a force F while the bar is magnetically biased by B, it will 
produce changes in the rod permeability and a voltage on the coil appears as a result 
of changes in the magnetic flux (Fig. 3.31b). 

Figure 3.32 shows the strain (the change in length per unit length) produced on 
a nickel rod as a function of the direct current in the coil. The curve is symmetric for 
positive and negative direct current. Therefore, when an alternating current is applied 
to the coil the strain is always positive regardless of the direction of the current, so 
that the mechanical vibration will have twice the frequency of the electrical input. For 
example, it is frequent to perceive a low frequency hum in transformers connected to 
a 220 AC power supply. If the power supply is 50 Hz the hum frequency will be 100 Hz. 
This hum frequency is the result of the strain produced by the alternating current on 
the iron core of the transformer. 

http://www.iitk.ac.in
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Fig. 3.31: A ferromagnetic cylindrical bar is inserted in a coil. When the coil is connected to a power 
supply V the magnetic field generated by the coil will change the length of the bar. Conversely, when 
the bar is biased by a magnetic field B and stressed by forces F, the permeability of the material 
changes and the magnetic flux varies producing an induced voltage in the coil.

An alternating current as a function of time (t) and the mechanical response of the rod 
are illustrated in Figure 3.32. Due to the shape of the transference, for low currents the 
change in length is small and the transference is not linear. 
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Fig. 3.32: Strain as a result of applied current. An alternating current will produce a strain always 
positive regardless of the direction of the current. 
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Fig. 3.33: A working point in the linear part of the transferences must be chosen to have the 
maximum sensitivity and linearity by adding a constant magnetic field to the rod.

For practical applications it is desired to have the maximum sensitivity and linearity 
of the transference. Then a working point in the linear part of the transferences must 
be chosen. To place the working point in the linear region a constant magnetic field 
has to be added to the rod as depicted in Figure 3.33. This can be done by a permanent 
magnet, by another coil with a DC current or using just one coil where both DC and AC 
currents can be superimposed. 

3.10  The Coriolis Force

3.10.1  Introduction

An application of the Coriolis force concept is found in some mass flowmeters 
introduced in Chapter 5, and then a discussion of the Coriolis force in this introductory 
chapter follows.

As it is well known, Newtonian mechanics is valid only in inertial frames of 
reference. In fact, Newton’s first law can be seen as a definition of an inertial frame 
of reference. The first principle of Newtonian mechanics (principle of inertia) states 
that there is at least one coordinate system in which if no forces act on a particle, or 
if the net force acting on the particle is zero, the particle is either at rest or moving 
with uniform motion in a straight line. In either case the particle is said to be in 
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equilibrium. Such a coordinate system is called an inertial frame of reference, and 
every other system moving with constant speed with respect to this inertial frame of 
reference is also an inertial frame. So the principle of inertia postulates the existence 
of such frames and points out that Newtonian mechanics is valid in these frames of 
reference.

A coordinate frame that accelerates with respect to an inertial system is not an 
inertial system. It is a non-inertial coordinate frame and Newton’s laws are not valid 
in it. However, Newton’s laws can still be used in such non-inertial coordinate frames 
if some fictitious forces, the so-called ‘inertial forces’, are introduced. These inertial 
forces depend on the acceleration of the non inertial system and are not due to any 
external driving agent. Newton’s third law (action and reaction) is thus not valid for 
them. One of these inertial forces is the Coriolis force, which acts on bodies moving 
with respect to rotating systems. 

3.10.2  The Coriolis Force 

In 1835, the French mathematician and engineer Gustav Gaspard Coriolis (1792-1843) 
showed that when Newton’ s ordinary equations of motion are intended to be used in 
a rotational reference system, it is necessary to add a force whose direction depends 
on the direction of rotation of the system; this force is known as the Coriolis force.

Figure 3.34a shows a platform rotating with an angular velocity ω where, at 
time t0, a person standing at the axis of rotation A throws an object with velocity 
V (relative to the rotating platform) to someone standing at B1, Δt being the time of 
flight of the object. An observer who is outside the platform will see that the object 
describes a straight trajectory that ends at B2 (Fig. 3.34b), but the person who was at B1 
moved during the flight time of the object, so he will perceive that the object deviates 
describing a curved path (Fig. 3.34c). For the observer on the platform, which is not 
aware of its displacement, it is as if a force (Fc) acting on the object deflects it. This 
force is described by Eq. (3.31) and is known as the Coriolis force.

  FC = ˗ 2 m (ω × V) = ˗ 2 m ω V sin θ n = ˗ 2 m ω Vn  (3.31)

In Eq. (3.31), m is the mass of the object thrown and × represents the vector 
product. Recall that the result of a vector product is a new vector perpendicular to 
the plane containing both multiplying vectors, and whose modulus is the product of 
the moduli of both vectors and the sine of the angle between them. It was assumed 
that in Figure 3.34c V is in a plane parallel to the platform, and since ω is a vector 
perpendicular to the plane of rotation, θ = 90°. The symbol n is a unit vector in the 
direction perpendicular to the plane containing ω  and V. Therefore, for the observer 
located on the platform, it happens as if on the object acts a force Fc (the Coriolis 
force) that changes its trajectory.
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Fig. 3.34: (a) and (b) A person standing at the center of a platform rotating with angular velocity 
ω throws an object with velocity V towards B1. An observer from outside the platform will see the 
object describing a straight trajectory from A to B2. (c) A person standing on the platform at B1 will 
see a curved trajectory from A to B2. Then, for Newton’s second law to still be valid for the observer 
on the platform, it is required to add a fictitious force Fc, the Coriolis force, given by Eq. (3.31) and 
perpendicular to the plane determined by ω and V.

3.10.3  Examples of the Coriolis Force 

(1) If a long-range gun is shot from a point located on the equator, aiming at a target 
in the northern hemisphere, at the time the projectile leaves the rotating platform 
(earth) it is subjected to two speeds, one of them is the tangential eastwards speed of 
the Earth at the equator, and the other, due north, imposed by the gun. 

The projectile will land to the East of the place the gun was aimed at. This deviation 
is because at the moment that the projectile is fired, the gun moved eastward with 
a speed greater than the target in the North. Conversely, if the gun were fired from 
the northern hemisphere pointing to a target located on the equator, the projectile 
would land west of the target. In this case, the target moves quickly eastward than the 
projectile at the time it was shot.
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(2) If a projectile is fired in the direction of a meridian, from a point located at a 
certain south latitude, to a point in the northern hemisphere at the same latitude, the 
projectile will fall on the same meridian, as both points rotate at the same speed. An 
observer standing on the same meridian but at the equator, who observes the firing 
cannon (i.e. the observer is looking southward), will see that the projectile is deflected 
to his right following a curved path, and will land behind him.

(3) Suppose an object at rest is left to fall from the top of a very tall imaginary tower 
located on the equator (Fig. 3.35). Since the tangential velocity of the object, at the 
time it starts to move, is greater than the tangential speed at the base of the tower, 
the object will impact some distance east of the base of the tower. This easterly drift 
is, however, very small. It can be shown that if an object at rest is dropped from an 
altitude z, it will experience an easterly drift (x) (regardless of the hemisphere) given 
by (Goldstein, 1959)

 

where ω is the angular velocity of the Earth (7.29 × 10-5 s-1), φ is the latitude, and 
g is the acceleration due to gravity (9.8 m s-2). For example, if z = 30 m, x will be zero 
at the poles (φ = 90°), 2.55 mm at φ = 45°, and 3.60 mm at the equator (φ = 0°). The 
real experiment is, however, difficult to carry out because the small drift is likely to be 
perturbed by the wind, the viscosity of the air and other atmospheric agents. 

If the object were restricted to fall within a narrow flexible tube, the easterly 
drift due to the Coriolis force would make the object push the east wall of the tube. 
As before, this force would be proportional to the object’s mass, its velocity and the 
angular velocity of the earth.

(4) If a fluid were pumped through the flexible tube of the above example from the 
top to the base of the tower, the liquid would experience a similar easterly drift as the 
object, again making the fluid push the east wall of the tube. 

(5) The Coriolis force on a circulating fluid may be easily visualized by means of a hose, 
full of water, fixed and hanging from the two ends and oscillated as a pendulum. If the 
water is motionless, the hose will oscillate as a swing. This means that the hose will 
oscillate in a plane which rotates about an axis passing through the fixed points of 
the hose. Once water flows, forces appear on the hose which twist it out of the plane. 
This effect will be depicted in Chapter 5 when describing a mass flowmeter. This is 
a good and simple experiment to introduce the functioning principle of the Coriolis 
mass flowmeter.

( )
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Fig. 3.35: (a) The tangential velocity U1 at the top of the imaginary very tall building is higher than U2 
at its base, thus the object will impact at B2, which is to the east of B1. (b) If a flexible tube is placed 
on the wall of the building, the object falling within the tube would apply a force on the tube. 
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