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4 Model order reduction in microelectronics
Abstract: This chapter deals with the application of model order reduction (MOR)
in the area of microelectronics. It mainly focuses on the diligent efforts of the MOR
community in addressing one of the main challenges pertaining to circuit simulation,
namely, the simulation of high-speed interconnects. A general framework for formu-
lating the circuit equations that is commonly used in commercial circuit simulators
is presented. Incorporation of high-speed interconnect structures within the general
formulation of the circuit equations is described. Current challenges in the MOR of
interconnect circuits with a large number of ports are presented along with some of
the recent MOR techniques to handle this kind of circuits. In addition, techniques for
the reduction of active stable circuits are reviewedwith emphasis on guaranteeing the
stability of the reduced circuits by construction. Several application examples are pre-
sented to highlight the performance and computational advantages attained by using
MOR techniques within the circuit simulation environments.
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4.1 Introduction

The interest in large-scale model order reduction (MOR) in the area of microelectron-
ics was mainly initiated in the community of electronic design automation in both
the academic and industrial circles around the early 1990s. This interest was mainly
spurred by the fast-paced technological development which allowed the very large-
scale integration (VLSI) of millions of devices on a tiny chip of silicon. With such po-
tential in the VLSI industry, computer-aided design tools needed to cope, to allow the
designers to reach closure on their designs, with what is typically described as tight
market windows.

The initial thrust for developing MOR in microelectronics was instigated by the
push in the industry for operating at a higher speed. In fact, semi-conductor fabrica-
tion technology helped this push through enabling the reduction in device sizes (e. g.,
MOSFET transistors), ultimately leading to reduced processing time. Nonetheless, it
was the interconnect wires between those devices that represented the dominant fac-
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Figure 4.1: Electrical interconnects are encountered at all levels of the design hierarchy.

tor in dictating how high the operating frequencies can go. The reason for this is that
at high frequency, one can no longer treat interconnects (referred to, henceforth, as
high-speed interconnects) as simple wires. Rather, their accurate modeling would ne-
cessitate using the theory of electromagnetic wave propagation, thereby leading to
large-size networks, whose simulations became oftentimes cumbersome.

This chapter serves the following two main purposes.
1. Describing the context in which the need for MOR arose in microelectronics. To

achieve this purpose, Section 4.2 presents the general circuit formulation in a
compact mathematical form. This section also highlights the difficulty and the
high cost associated with fitting the high-speed interconnects in such formula-
tion.

2. Presenting an overview of the applications of MOR to address the issues of high-
speed interconnects in microelectronics at various levels of the design hierarchy.
As illustrated in Figure 4.1, high-speed interconnects are encountered at all lev-
els of the design hierarchy, be it on the silicon (on-chip or die), package, board,
or backplanes level. The application of MOR to high-speed interconnects was
adapted based on where (which level in the hierarchy) the interconnects are
used.

In writing this chapter, the authors focused mainly on the application of MOR to ad-
dress the challenges of high-speed interconnects in microelectronics. Indeed, from a
historical perspective, it was those challenges that ushered in the introduction ofMOR
to the area ofmicroelectronics. Nevertheless, the application ofMOR inmicroelectron-
ics is by nomeans limited to high-speed interconnects. In fact, it was the reported suc-
cess in that area that brought it to the attention of the electronic design automation
community at large and prompted its application to the general area of circuit simula-
tion. For example, efforts to extend MOR to nonlinear circuits and linear time-varying
circuits date back to the end of the 1990s (e. g., [55, 101, 94, 72, 99, 27, 117, 46, 45, 74]).
Another application of MOR in microelectronics was proposed to enable the reduced
system to capture the original large system along the dimensions spanned by several
circuit parameters, leading to the parameterized MOR (PMOR), of which the works
[54, 24] are notable examples.
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4.2 Formulation of circuits with high-speed
interconnects in the time domain

This section presents the modified nodal analysis (MNA) approach that is used by
virtually all commercial circuit simulators to represent general circuits in the math-
ematical domain. The presentation of this topic is carried out in two phases. First, the
MNA formulation for circuitswith only lumped elements is considered in Section 4.2.1.
Next, Section 4.2.2 considers incorporating the high-speed interconnects in the gen-
eral circuit formulation, dwelling upon the challenges therein, in order to pave the
way to show the indispensable role that MOR plays in this regard.

4.2.1 Formulation of circuits with lumped elements

The presence of nonlinear elements in virtually all circuit designs mandates that the
natural domain for mathematically describing general circuits is the time domain.
A widely adopted time-domain formulation is the MNA approach [57, 116, 82]. The
MNA formulation is derived through:
1. Writing the Kirchhoff current law at each node.
2. Expressing the currents in the circuit elements in terms of the node voltages us-

ing some form of Ohm’s law (i. e., the constitutive relation of the element). The
node voltages are then considered as the unknowns in the circuit formulation to
be solved for.

3. Contriving a special representation for the elements which do not have a simple
Ohm’s law representation, such as voltage sources, or elements whose constitu-
tive relation requires integration in the time domain, e. g., inductors. The currents
in those elements are appended to the set of unknowns to be solved for, alongwith
node voltages. Such representation is typically termed “impedance representa-
tion.”

4. Representing somenonlinear elements, such as nonlinear capacitors or nonlinear
inductors, by the charge/flux-oriented formulation in which the charge or flux are
included in the unknowns [82].

By using the above steps, a large system of equations is generated and assembled, tak-
ing the form of a system of a mixed set of differential and algebraic equations (DAEs)
that is known as the MNA formulation. Thus, a general circuit with lumped elements,
such as resistors, inductors, capacitors, etc., is described by the following DAE:

Cdx(t)
dt
+ Gx(t) + f(x(t)) = b(t), (4.1)

where
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– C,G ∈ ℝN×N are real matrices describing the memory and memoryless elements
in the network, respectively;

– x(t) ∈ ℝN is a vector whose components are time-dependent waveforms of (1)
node voltages (2) currents in elements with impedance representation and (3)
charges/fluxes in elements with charge- or flux-based representation (e. g., non-
linear capacitors or inductors);

– b(t) ∈ ℝN is a vector of voltage and currentwaveforms of independent voltage and
current sources representing the external stimulus of the circuits;

– f(x(t)) ∈ ℝN is a vector whose entries are scalar nonlinear functionsℝN → ℝ that
represent the nonlinear elements in the circuit; and

– N is the total number of circuit variables in the MNA formulation.

To solve (4.1) for the circuit variables x(t), various time marching techniques can be
used. Examples of these techniques are the trapezoidal rule or its high-order variants
such as the backward-differentiation formulas [116], or the Obreshkov-basedmethods
proposed in [47, 121, 31, 32, 73].

With typically thousands ormillions of circuit elements inmodern circuit designs,
the construction of the MNA formulation can only be performed automatically. The
approach used in this task is to attach to each circuit element the so-called stamp of
the element, which describes, so to speak, the “footprint” that the element leaves on
the mathematical structures (matrices and vectors) of the MNA formulation. The cir-
cuit is described by a text file typically known as a “netlist.” A netlist can be either
manually edited by the user or, as in most cases, extracted automatically from circuit
schematics created by a plethora of commercial software packages such as OrCAD
PSpice Designer, CADENCE Virtuoso, or MultiSim. The netlist file represents the cir-
cuit as a sequence of elements, with each line on the netlist file (or a group of lines
separated by a specially dedicated character) semantically describing one circuit ele-
ment at a time. Netlists of large circuits can easily grow to millions of lines. Typically,
the software responsible for automatically constructing the MNA formulation reads
the netlist one line at a time or, more recently, multiple lines at a time using parallel
processing. With the syntax used for each line completely identifying the type of cir-
cuit element (e. g., a capacitor), its value (in Farads), and the circuit nodes to which it
is connected, the MNA formulation software proceeds, guided by the preprogrammed
various elements stamps, to add the contribution of each element to the matrices or
vectors in the MNA formulation in (4.1).

To providemore insight into this process, we include in the following subsections
a limited sample of circuit elements and their stamps.
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4.2.1.1 Resistor’s stamp

Consider a resistor with resistance R connected between two circuit nodes labeled on
the netlist n_j and n_jprime (as shown in Figure 4.2(a)), and let j and j ∈ ℕ be the
two (integer) indices associated with the two voltage waveforms of those nodes.1 The
line representing the resistor, such as R = 30Ω on a netlist may appear as shown by
the following line:

R_resistor_label n_j n_jprime R=30

The stamp of such a resistor is captured using the formulation

G← G +
{{{{{{{{{{
{

column j column j

[ ]
row j 1/R −1/R
row j −1/R 1/R

}}}}}}}}}}
}

.

4.2.1.2 Inductor’s stamp

In the same style used for the resistor stamp above, the stamp of an inductor (Fig-
ure 4.2(b)) with inductance L connected between two nodes labeled on the netlist n_j

Figure 4.2: A sample of common circuit elements.

1 In other words xj(t) = voltage at node n_j, and xj (t) = voltage at node n_jprime.
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and n_jprime, with corresponding indices j and j ∈ ℕ, may be shown by

G← G +

{{{{{{{{{{{{{{{
{

column j column j column m+1

[

[

]

]

row j +1
row j −1

row m+1 +1 −1

}}}}}}}}}}}}}}}
}

,

C← C +

{{{{{{{{{{{{{{{
{

column j column j column m+1

[

[

]

]

row j

row j

row m+1 −L

}}}}}}}}}}}}}}}
}

.

The above formulation should be read as follows: The stamp of an inductor re-
quires appending the inductor’s currentwaveform to the set of theMNAvariables x(t).
Thus, assuming that there are currently m variables in the formulation, the matrices
G and Cwill be appended by an extra row and extra column (m + 1) to account for the
current in the inductor and its associated constitutive equation. The syntax of the line
describing an inductor with L = 3 µH typically appears as

L_inductor_label n_j n_jprime L=3uH

4.2.1.3 Stamp of an independent voltage source

Let an independent voltage source (seen in Figure 4.2(c)) have a voltage u(t), and be
connected between two nodes labeled n_j (positive polarity) and n_jprime (negative
polarity) with indices j and j, respectively. The stamp of this voltage source appears
in both the source vector b(t) and the matrix G, as illustrated by the following formu-
lation:

b(t)← b(t) +

{{{{{{{{{{{{{{{
{

[

[

]

]

row j

row j

row m+1 u(t)

}}}}}}}}}}}}}}}
}

,

G← G +

{{{{{{{{{{{{{{{
{

column j column j column m+1

[

[

]

]

row j +1
row j −1

row m+1 +1 −1

}}}}}}}}}}}}}}}
}

.

As can seen from the above formulation, the currentwaveform in the source enters
in the set ofMNAvariables as indicatedby the extra rowandcolumn in theMNAmatrix
G and source vector b(t).
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4.2.1.4 Stamp of a voltage-controlled voltage source

Figure 4.2(d) shows a voltage-controlled voltage source (VCVS). This circuit element
has four nodes (with indices denoted j, j, k, k) and its stamp requires that the cur-
rent in the controlled source (μVs in Figure 4.2(d)) be included in the vector of MNA
variables x(t). The following formulation can visualize the stamp of VCVS:

G← G +

{{{{{{{{{{{{{{{{{{{{{{{{
{

column j column j column k column k column m+1

[[[[[[

[

]]]]]]

]

row j

row j

row k +1
row k −1
row m+1 −μ μ +1 −1

}}}}}}}}}}}}}}}}}}}}}}}}
}

.

A typical netlist line representing a VCVS with μ = 0.4 is shown below.

E_VCVS_label n_j n_jprime n_k n_kprime 0.4

4.2.2 Incorporating high-speed interconnects in circuit
formulation

When the circuit includes (in addition to the above-mentioned lumped elements) a
subcircuit or subnetwork that is characterized as a high-speed interconnect circuit,
the mathematical formulation given by (4.1) will have to be amended with a new term
that significantly alters the nature of the formulation. The reason for that is that those
networks have their physics grounded in the theory of electromagnetic propagation,
which is often described by Maxwell’s equations. Under certain assumptions, more
specifically, a quasi-transverse electromagnetic wave propagationmode [91], the volt-
ages and currents on those network are properly described as functions of time t and
a spatial variable z that denotes the spatial distance along the line.

To further elucidate the above paragraph, Figure 4.3 shows the physical struc-
ture of a multiconductor interconnect with a ground plane, and Figure 4.4 shows its
schematic representation as a network ofm conductors with 2m ports.

The schematic representation highlights that voltages and currents are no longer
localized to a certain node or a certain branch as in the case of lumped elements, but
are rather distributed along the lines as a function of both time t and distance z. Thus,
the constitutive relation between the voltage and currents, in this case, is no longer
an algebraic or simple differential relation, but rather takes the form of a set of partial
differential equations (PDEs), in which derivatives of the voltages and currents with
respect to t and z appear.
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Figure 4.3: A physical representation for
a high-speed interconnect structure.

Figure 4.4: A schematic representation for the high-speed interconnect structure shown in
Figure 4.3.

As a consequence of this fact, an attempt to develop a compact stamp, in the same
spirit as was shown for conventional lumped elements listed above, would be suc-
cessful only if it is carried out in the Laplace or frequency domain. This is because,
in the Laplace domain, derivative with respect to t is replaced by the Laplace-domain
variable s leaving only the derivativewith respect to z, therefore, transforming the PDE
to an ordinary differential equation (ODE) in z, the solution of which can be written
analytically using the matrix exponential function.

Unfortunately, such a stamp comes with a complex dependence on the Laplace-
domain variable (s), whichmakes deriving the required time-domain stampa complex
(if not impossible) task. Indeed, the only possible way to incorporate this stamp in
the time-domain MNA formulation of (4.1) is to add another term, which involves a
convolution with x(t). With a convolution term present in the MNA formulation, the
utilization of time marching to simulate the circuit becomes very inefficient.

The approaches that are often used to circumvent this difficulty, i. e., to derive a
time-domain stamp for the interconnect element, can be developed, but usually at the
cost of compactness. Those approaches, which are collectively known under the term
“macromodeling,” seek to convert the PDE into a time-domain ODE that can be easily
stamped into the MNA formulation of (4.1).
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Macromodeling techniques typically approach the problem by discretizing the
PDE along the spatial dimension z, approximating the z derivative using an appropri-
ate approximation operator. Examples of these techniques arematrix rational approx-
imation (MRA) [28, 29] of the exponential function and delay-based approaches such
as method of characteristics (MoC) [53] and the DEPACT algorithm [83]. Macromodel-
ing, used in that sense, solves the issue of stamping the high-speed interconnect in the
MNA formulation, but at the cost of compactness as it produces a large network of ex-
tra circuit elements. The goal of using MOR in high-speed interconnects is to address
the complexity of simulating the circuit with large macromodels.

Thenext subsectionpresents themacromodeling based on lumped segmentation,
while the rest of the chapter will review the application of various MOR approaches
used to reduce the complexity of the models.

4.2.3 Time-domain macromodeling based on discretization

Discretization techniques represent a very straightforward approach to overcome the
above difficulties and incorporate high-speed interconnects in circuit simulators. Fol-
lowing the central idea of these techniques, one first needs to introduce the param-
eters of the line, which are the resistance (R), inductance (L), conductance (G), and
capacitance (C) per unit length. In the case of an interconnect with m conductors,
those parameters arem ×mmatrices.

Discretization proceeds by dividing the line into segments of length Δz, chosen
to be a small fraction of the shortest wavelength in the driving signal.2 If the length
of each of these segments is electrically small (i. e., compared to the shortest wave-
length), then each segment can be replaced by the model shown in Figure 4.5.

It is of practical interest to know howmany of these segments are required to rea-
sonably approximate the interconnect. For illustration consider a lossless line, i. e.,
R = 0 and G = 0, with only LC elements which can be viewed as a low-pass filter. For a
reasonable approximation, this filter must pass at least some multiples of the highest

Figure 4.5:Modeling a segment of a
single-conductor transmission line
using lumped circuit elements.

2 The shortest wavelength is obtained by dividing the speed of light in themediumof the interconnect
by the highest frequency in the propagating signal.
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frequency fmax of the propagating signal (say, 10 times, f0 ≥ 10fmax). To relate these
parameters, we make use of the 3 dB passband frequency of the LC filter given by [63]

f0 =
1

π√LdCd
=

1
πτd
, (4.2)

where d is the length of the line and τ = √LC represents the delay per unit length
(p. u. l.). Typically, we set fmax = 0.35/tr, where tr is the rise time of the signal. Using
(4.2), we can express the relation f0 ≥ 10fmax in terms of the delay of the line and the
rise time as 1/(πτd) ≥ 10 × 0.35/tr or tr ≥ 3.5(πτd) ≈ 10τd. In other words, the delay
allowed per segment is approximately tr/10. Hence the total number of segments (P)
needed to represent the total delay of τd is given by

P = τd/(tr/10) = 10τd/tr . (4.3)

As an example, consider a digital signal with rise time tr = 0.2 ns propagating on
a lossless wire of length 10 cmwith a p. u. l. delay of 70.7 ps, which can be represented
by a distributed model with p. u. l. parameters of L = 5 nH/cm and C = 1 pF/cm. If the
same transmission line were to be represented by lumped segments, one needs P ≈ 35
segments.

One of the major drawbacks of the above approach is that it requires a large num-
ber of sections, especially for circuits with many multiple conductors, high operating
speeds, and sharper rise times. This leads to large circuit sizes and the simulation be-
comes CPU-inefficient.

4.3 Model order reduction: application perspective
A methodological approach to describe the application of MOR in microelectronics
can begin by considering the MNA formulation for general time-invariant large-scale
continuous circuits as presented in (4.1). In the absence of nonlinear elements, a gen-
eral linear circuit with several input and output terminals can be described by ne-
glecting the nonlinear term in (4.1). Additional mathematical terms are also included
to delineate their input-to-output behavior. In particular, to describe a network with
only linear elements, having nin inputs and nout outputs, the MNA formulation takes
on the following form:

C d
dt
x(t) + Gx(t) = Bu(t), (4.4a)

y(t) = Ltx(t), (4.4b)

where x(t) ∈ ℝN , C,G ∈ ℝN×N , B ∈ ℝN×nin , and L ∈ ℝN×nout .
For engineering applications such as microelectronics, microelectromechanical

systems, and electromagnetism, the size of the system in (4.4) can be very large, in
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the range of millions. To reduce the computational cost associated with such large
networks, MOR [6, 14, 113, 105, 13] has proven to be an effective tool to develop simpler
models that capture the essential features of the given large system and accurately
approximate their input-to-output behavior. The resultingmodel replaces the complex
original system to ensure fast and reliable simulations.

4.3.1 Explicit moment-matching

Given a linear time-invariant (LTI) circuit in MNA form (4.4), its input-to-output rela-
tionship under the assumption of zero initial state can be described in the Laplace
domain as Y(s) = H(s)U(s), where

H(s) = Lt(G + sC)−1B (4.5)

is a complex-valued transfer function. The Laplace variable “s” is in the form of a com-
plex frequency. The importance of transfer functions in characterizing LTI systems
stems from the fact that the unit-impulse response of the system in the time domain
can be recovered by the inverse Laplace transform of H(s).

A natural idea for MOR is to construct a reduced-order model such that the Taylor
series expansion of its transfer function Ĥ(s), with respect to s, matches a number of
the leading terms in the Taylor series expansion of the original H(s) (4.5). Assume G
is invertible; then DC (s = 0 rad/s) can be a prompt choice for the expansion point.
Taylor series expansion of H(s) around s = 0 can be obtained by expanding X(s) as

H(s) = LtX(s) = Lt
∞
∑
i=0

Mi s
i, (4.6)

where the coefficient of si in the expansion is called the i-th moment at s = 0.

4.3.2 Moment computation in MNA formulation

Applying Laplace transform to (4.4a), assuming the unit-impulse excitations at the
inputs, and expanding its X(s) using Taylor series at s = 0, we obtain

(G + sC)(M0 + M1s + M2s
2 + ⋅ ⋅ ⋅ + Mis

i + ⋅ ⋅ ⋅) = B. (4.7)

Moments of the MNA variables X(s) are derived in a recursive form as

Mi+1 = AMi (4.8)

where

M0 = R, R = G−1B, A = −G−1C. (4.9)
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Computation of moments only need one LU decomposition ofG. The moment compu-
tation formula can be equivalently written as

Mi = A
iR, for i = 0, 1, 2, . . . . (4.10)

4.3.3 Asymptotic waveform evaluation

Asymptoticwaveform evaluation (AWE) [98, 96, 21] was the firstMORmethod thatwas
based on the moment-matching idea. Following the steps of AWE, first, 2m leading
moments of the circuit are obtained through a fast recursive moment computation.
These 2m explicit moments (4.10) are used to find m poles and residues of the m-th-
order macromodel via the Padé approximation.

The explicit moment-matching approaches, namely, AWE, suffer from numerical
limitations and become ineffective due to the inherent ill-conditioning nature of ex-
plicit moment generation. Thus, these methods can be used for small-order approxi-
mations which require only a few moments to be matched.

4.3.4 Projection for order reduction

An elegant solution to overcome the innate ill-conditioning of the methods based on
explicit moment generation is to use projection-basedMORmethods, which are based
on implicit moment-matching [34, 38, 40, 111, 88, 20, 50, 25]. The enabling idea is to
first reduce the number of MNA variables by projecting x(t) to smaller subspace, as
shown in (4.11). For this, an orthogonal projection matrix V ∈ ℝN×m with m ≪ N is
used as

x(t) = Vx̂(t). (4.11)

Then, a left-projection matrix U ∈ ℝN×m is used, in general, to reduce the size of the
resulting circuit equation as

UtCV d
dt
x̂(t) + UtGVx̂(t) = UtBu(t). (4.12)

Given the projection matrices U and V (∈ ℝN×m), the reduced-order model for the
MNA formulation in (4.4), obtained through a Petrov–Galerkin projection scheme [6],
can be formalized as

Ĉ d
dt
x̂(t) + Ĝx̂(t) = B̂u(t), (4.13a)

y(t) = L̂tx̂(t), (4.13b)

where
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Ĉ = UtCV ∈ ℝm×m, Ĝ = UtGV ∈ ℝm×m, (4.13c)

B̂ = UtB ∈ ℝm×nin , L̂t = LtV ∈ ℝnout×m. (4.13d)

Themodel reductionmethods differ in the choice of their projectionmatricesU andV.
For the techniques based on the idea of split congruence transformations [65], such
as passive reduced-order interconnect macromodeling algorithm (PRIMA) [88], both
projection matrices span the same subspace and thus a single projection matrix is
used, U = V.

Computation of the orthogonal basisV is an essential step in the split congruence
transformation-based reduction process and can be themain differentiation factor be-
tween the reduction methods.

4.3.5 Krylov subspace techniques

The Krylov subspace is defined as a subspace of the space spanned with the columns
of block moments of circuit response, as given in (4.14). Let V ∈ ℝm×n be the sought
orthogonal basis matrix spanning the Krylov subspace as

colspan(V) = 𝒦r(A,R, q) = colspan{R,AR, . . . ,A(q−1)R}, (4.14)

such that Vt V = Im×m (orthogonal), wherem = q × nin. Using the (block) Krylov basis
V as a projection matrix is a common approach in MOR [38, 20, 8, 50]. The Lanczos
algorithm [69] andArnoldi process [7] are two numerically robustmethods to generate
the Krylov basis matrix V.

The Padé via Lanczos (PVL) method was the first projection-based method [34]
to implicitly match the reduced model and the original system to a certain order of
moments [51]. The matrix PVL (MPVL) algorithm is an extension of PVL to general
multiple-input multiple-output systems [35, 3]. To deal with circuits with symmetric
matrices, the SyPVL algorithm [42] or its multiport counterpart (SyMPVL) [43] were
developed.

4.3.6 Arnoldi algorithm

The Arnoldi process using the modified Gram–Schmidt orthogonalization recur-
sively produces a set of orthonormal vectors as the basis for a given Krylov subspace
𝒦r(A,R, q) [7]. The algorithm generates an orthogonal projection matrix V ∈ ℝN×m

and a block upper Hessenberg matrixℋ ∈ ℝm×m which satisfy

VtAV =ℋ. (4.15)

For the practical implementations of the Arnoldi algorithm for single-input single-
output systems and the block-Arnoldi algorithm for the multiple-input multiple-
output cases, one can refer to [102, 20, 1].
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4.4 Formulation of RC circuits representing on-chip
interconnects

As stated in Section 4.1 and shown in Figure 4.1, the presence of high-speed intercon-
nects is ubiquitous at all levels of the electronics design hierarchy, be it on the sili-
con (on-chip or die), package, board, or backplanes level. It is often the case that the
on-chip interconnects are characterized by increased resistance and negligible induc-
tance. In this situation, amesh of RC elements can accuratelymodel the on-chip inter-
connect. Based on a general MNA circuit formulation (4.4), the impedance parameter
realization for RC network presenting an on-chip interconnect is obtained with L = B
as

Gx(t) = −Cdx(t)
dt
+ Bu(t), z(t) = Btx(t), (4.16)

whereG andC are symmetric and respectively contain the stamps of parasitic resistors
and capacitors andu(t) contains the current source excitations at input terminals. The
capacitors being real and positive, matrix C is positive semi-definite. For this realiza-
tion, G has positive diagonal entries that are greater than or equal to the sum of the
absolute value of the off-diagonal elements in its row, and are so-called irreducibly
diagonally dominant [82]. This means that none of the eigenvalues of either matrix is
negative.

4.4.1 Reduced RCmacromodel for on-chip interconnects

The central idea to obtain an efficient and accurate macromodel for the RC intercon-
nect in (4.16) is to exploit the symmetry and positive definiteness properties of itsMNA
matrices. Assuming G is invertible, and hence the circuit has a DC solution, it is

G = Gt > 0 and C = Ct ≥ 0. (4.17)

A circuit with matrices possessing the properties in (4.17) is referred to as a sym-
metric system. For symmetric positive definite G shown in (4.17), the Cholesky factor-
ization exists as [49]

G = GLGL
t, (4.18)

whereGL is lower triangular with positive diagonal elements. By substituting (4.18) in
(4.16) and defining J Δ= GL

−1, we get

x(t) = −JCJt dx(t)
dt
+ JBu(t), z(t) = (JB)tx(t). (4.19)
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Using the projectionmatrixV obtained from running the blockArnoldi algorithmwith
matrixR = JB and the symmetric negative semi-definite matrixA = −JCJt, considering
(4.15), the reduced macromodel for (4.19) is constructed as

x̂(t) = Λdx̂(t)
dt
+ B̂u(t), z(t) = B̂tx(t), (4.20)

where Λ = −VtJCJtV ∈ ℝm×m is symmetric and block tridiagonal and B̂ = VtJB. The
macromodel in (4.20) is an m-th-order system matching the first 2q moments of the
original system.

Proposition 4.1. For any symmetric system, using a projection matrix formed by the
Krylov bases as V = 𝒦r(−JCJt, JB, m), the first 2q (block) moments of the original and
reduced-order system of order m = q × nin match.

The proof is possible by induction and is straightforward by following the similar
steps presented in [103].

An attempt to generalizing this approach to the cases of RL and LC circuits has
been presented in [44].

4.5 Model order reduction of RLC on-chip
interconnects

As a long interconnect is imposed with faster on-chip rise times, the impact of its in-
ductive property becomes noticeable. The wide wires which are frequently encoun-
tered in clock distribution networks and upper metal layers can be considered as typ-
ical examples. These wires, having a low resistance, exhibit inductive effects with a
dominant impact on signal propagation. In these cases, inductance cannot be ne-
glected anymore and needs to be included in the models for realistic simulations of
VLSI designs. To handle the resulting extremely large RLC circuit models for on-chip
interconnects, several algorithms are available in the literature [110, 67, 37]. While
thesemethods can produce an accurate reduction for RLCnetworks, they cannot guar-
antee the passivity. However, preserving passivity in the reduction of general RLC net-
works is a practical necessity. Passivity implies that a network cannot generate more
energy than it absorbs from its sources. It is important because the cascade connec-
tions of (strictly) passive circuits will be (asymptotically) stable [19]. However, inter-
connections of stable but nonpassive macromodels may not necessarily be stable. For
a detailed account of passivity and the importance of passivity preservation, [12, Chap-
ter 5] can be referred to.
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4.5.1 Passive reduced-order interconnect macromodeling
algorithm

To establish the idea, let us consider the admittance parameter realization [20] for a
general multiport RLC network in the time domain described using MNA circuit equa-
tions in the form presented in (4.4) with L = B, where u(t) contains the voltage source
excitations at input terminals and outputs are the currents entering the same termi-
nal. Logical partitioningof theunknownvectorx canbegivenasx = [vnodes, ibranches]t,
wherevnodes is voltages at the nodes and ibranches contains the currents in the branches
of inductors and voltage sources. Correspondingly, G, C, and B in (4.4) can be parti-
tioned as

G = [G11 G12
Gt
12 0
] , C = [C11 0

0 C22
] , B = [B1

B2
] , (4.21)

whereG11 is symmetric positive definite provided each internal node has a DC path (to
the ground), G12 is a block containing zeros and ones, C11 is symmetric and positive
semi-definite, and C22 is symmetric negative semi-definite. The passive reduced-order
interconnect macromodeling algorithm (PRIMA) [20, 88] is a Krylov subspace-based
projection method using the Arnoldi process. By taking advantage of the particular
block structure of linear RLC circuits as given in (4.21), PRIMAcreates passive reduced-
order models. The passivity preservation requires a simple modification in the circuit
formulation as negating the rows in conductancematrixG, susceptancematrixC, and
input matrix B corresponding to the current variables as [20, 110]

G = [ G11 G12
−Gt

12 0
] , C = [C11 0

0 −C22
] , B = [ B1

−B2
] . (4.22)

Using the modified matrices in (4.22) and the projection matrix from the Arnoldi pro-
cess, the reducedmodel in the formpresented in (4.13) canbe computed. The following
theoretical results can be stated for the resulting reduced macromodel.

Corollary 4.1 (Preservation of moments). Given anm×mKrylov basis projectionmatrix
as V = 𝒦r(−G−1C, G−1R), the reduced PRIMA macromodel in (4.13) preserves the first
q = ⌊m/nin⌋3 block moments of the original system.

For the proof, [20, 88] can be referred to.

4.5.1.1 Passivity of the reduced model

A linear network is passive if its admittance or impedance transfer function matrix
Ĥ(s) is positive real by satisfying the following necessary and sufficient conditions

3 ⌊x⌋ Floor operator rounds down x to the largest integer number less than or equal to x.
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[5, 84, 18]:

{{{
{{{
{

Ĥ(s) is defined and analytic inℜe(s) > 0 , (a)
Ĥ∗(s) = Ĥ(s∗) , (b)
Φ(s) = (Ĥ(s) + Ĥ∗t(s)) ≥ 0 ∀s ∈ ℂ: ℜe(s) > 0, (c)

(4.23)

where superscript∗ is the complex conjugate operator. For the reducedmodels the real
reducedmatrices Ĉ, Ĝ, B̂, and L̂ are real, the passivity can be equivalently investigated
by checking [68, 88]

Φ(s) = (Ĥ(s) + Ĥt(s∗)) ≥ 0 ∀s ∈ ℂ: ℜe(s) > 0. (4.24)

For the macromodel such as impedance and admittance realizations where L = B, we
have the following.

Corollary 4.2 (Preservation of passivity). Given a continuous-time linear system with
the real-valued matrices (G + Gt) ≥ 0 and Ct = C ≥ 0 and any full rank reduction
projection matrix V ∈ ℝN×m, the reduced PRIMA macromodel is passive.

The proof is possible by showing the satisfaction of the passivity condition in
(4.24) following the steps presented in [20, 88].

From Corollary 4.1, it is seen, after selecting the required number of block mo-
ments q to achieve a desired predefined accuracy, that the order of the reduced system
m proportionally increases with the increase in the number of ports, i. e.,m = q × nin.

4.5.2 Example: reduction using PRIMA

In this example, we consider an RLC mesh shown in Figure 4.6. It is connected to the
rest of the circuit through its 24 ports. The order of the subcircuit (excluding termina-
tions) is N = 5,800. The original subcircuit is reduced using the PRIMA algorithm to
form a passive reduced macromodel of orderm = 290.

Figure 4.6: A network including a 24-port RLC mesh as its subcircuit (Section 4.5.2).
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Figure 4.7: Transient responses at the terminal at the left of the horizontal trace#1 (top) and trace#10
(bottom) (Section 4.5.2).

The reducedmodel is plugged in theMNAequations of the rest of the circuit,whichhas
three input voltage sources connected to the near-ends terminals 1, 6, and 12. The test
excitations are set to trapezoidal pulses with rise/fall times of 0.1 ns, a delay of 1 ns,
and a pulse width of 5 ns. The simulation results obtained from the original circuit
of Figure 4.6 and from the network using the reduced macromodel are compared in
Figure 4.7, which shows excellent agreement.

4.5.3 Structure-preserving model order reduction of RLC
interconnects

The prominence of the PRIMA method presented in Section 4.5.1 is mainly due to
its passivity preservation. As previously described in Section 4.5.1, to create passive
reduced-order models, PRIMA relies on the special block structure of linear RLC cir-
cuits (4.22). Later, in [40, 39, 41], the structure-preserving reduced-order interconnect
macromodeling (SPRIM) method was developed. Besides passivity, SPRIM can pre-
serve other characteristics inherent to RLC circuits, such as the block structure of the
circuit matrices and the reciprocity.

In the SPRIM approach, first, a projection matrix V ∈ ℝN×m is obtained by run-
ning the Arnoldi process. According to the block structure of the systemmatrices, the
projection matrix is partitioned to

V = [V1
V2
] . (4.25)

Next, the blocks V1 and V2 are rearranged to form a new projection matrix as

V̂ = [V1 0
0 V2
] ∈ ℝN×2m. (4.26)
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Using V̂ ∈ ℝN×2m (4.26) and based on the concurrence transformation, the reduced
model is obtained.

It can be shown that the SPRIM constructs the passive reduced-order models,
which preserve twice asmanymoments as the corresponding PRIMAmodels obtained
with (almost) the same computational cost. Hence, SPRIM offers comparable accu-
racy with the Padé-type approximation in the sense that both match twice as many
moments. For the real frequency expansion point s0, SPRIM is more accurate than
PRIMA. The SPRIM model, written in the form of first-order DAEs, would be twice as
large as the corresponding PRIMA model. However, the SPRIM model can always be
represented in the second-order form with the same size as the PRIMA model.

4.6 Model order reduction of RLC interconnect
structures with many ports

For designers to accurately assess on-chip layout-dependent parasitics before fabrica-
tion, extremely large RLC representations for on-chip interconnects are automatically
extracted from layout and are included as subnetworks in the netlist for circuit simu-
lation. Often these subnetworks have many interfaces with other parts of the on-chip
design. Some challenges arise in the MOR of such RLC networks with a large num-
ber (e. g., thousands) of input/output terminals. The direct application of the conven-
tional implicit moment-matching MOR techniques such as PRIMA and SPRIM on a
multiport network often leads to inefficient transient simulations due to the large and
dense reduced models. As shown in Section 4.5.1, to achieve the desired accuracy, for
every increase in the number of ports, the order of the reduced system increases pro-
portionally to the number of block moments.

Several attempts have been made to confront this problem via port-compression.
Early studies in [33, 36] reveal that there may exist a large degree of correlation be-
tween various input and output terminals. Incorporating this correlation information
in the matrix transfer function at the I/O ports of the reducedmodel during the reduc-
tion process became the common theme in the existing terminal-reduction methods.
However, the major difficulty in port-compression algorithms such as SVDMOR [33],
ESVDMOR [79], RecMOR [36], and several others [15, 78, 76, 80, 77] is that the correla-
tion relationship is frequency-dependent and in many cases also input-dependent. In
general, practical networkswithmany ports rarely exhibit a high degree of correlation
[118]. As a consequence, such a reduction can lead to accuracy loss.

Also, due to the importance of on-chip RC interconnect, various efforts have been
reported in the literature tackling this issue for the case of RC networks, such as [66,
119, 60, 89].

Recently, for the general case of on-chip interconnect RLC circuits with a large
number of ports, an efficient MOR has been presented in [86]. This method exploiting
the superposition paradigm [106, 11] proposes a reduction strategy based on a flexible
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clustering of inputs. Thereby, the problem of reducing networks with many ports is
simplified by clustering inputs into small groups, and reducing each subsystem indi-
vidually. Next, the reduced subsystems are concatenated to constitute a globalmacro-
model resulting in an accurate and sparse block-diagonal reducedmodel (see the right
graph in Figure 4.10), which is stable by construction.

Since subsystems are treated independently, passivity is not always guaranteed.
However, the flexible clustering scheme of the method, along with the information
from the geometry of the design, is used to improve the passivity of the resulting
model. The flexibility of the technique allows passivity preservation to be considered
as the primary criterion when grouping the lines into the clusters. Utilizing well-
established passivity enforcement techniques as presented in [12, Chapter 5] can also
be considered as an alternative strategy. To this end, based on the aposteriori passivity
check, a postprocessing procedure can be applied to enforce the model passivity.

4.6.1 Example: reduction of multiport network
Themulticonductor interconnect circuit shown in Figure 4.8 has 64 terminals through
which it is connected to the rest of the design.

Figure 4.8: 32-conductor coupled interconnect network with terminations (Section 4.6.1).

Applying the multiport-MOR method in [86] to the network in Figure 4.8, a multiport
reduced-order model is obtained. Figure 4.9 demonstrates the accuracy of the result-
ing reduced model by sample comparisons of time-domain responses, depicting an
excellent agreement of the responses.
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Figure 4.9: Transient responses at victim line near-end of line#2 (top) and far-end of line#31 (bottom)
(Section 4.6.1).

Figure 4.10: (left) Sparsity pattern of reduced MNA equations using conventional PRIMA (dense).
(right) Sparsity pattern of reduced MNA equations using the method in [86] (Section 4.6.1).

Figure 4.10 illustrates theblockdiagonal structure of the resulting reducedmodel com-
pared to using the conventional PRIMA algorithm, which admits a significant sparsity
advantage.

Table 4.1 compares the CPU time expense for the transient simulation of the mul-
tiport circuit in Figure 4.9 using different approaches. As seen, while applying PRIMA
leads to a macromodel that is prohibitively expensive even compared to the original

Table 4.1: CPU cost comparison between the original system, PRIMA, and the method in [86].

Original PRIMA Method in [86]

Size 29.195 2.560 2.560
Total CPU time (s) 645.9 1730 111.7
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circuit, themultiport reductionalgorithm in [86] achieves a speedup factor of 15.5 com-
pared to PRIMA.

4.7 Model order reduction of active circuits

Active circuits are often used (inserted) along the on-chip interconnects for example
to minimize the propagation delay of the signals transmitted through those intercon-
nect lines [61, 9, 115, 10, 2, 112, 26, 59, 4]. An illustration of the idea is presented in
Figure 4.11.

Figure 4.11: Amplifiers inserted in an RLC line to minimize the propagation delay by dividing the
interconnect line into shorter sections [61].

The active circuits generally include dependent voltage and/or dependent current
sources, e. g., in small-signal device models, amplifier circuits, etc. Considering the
stamps of dependent sources as presented in Section 4.2.1.4, it is straightforward to
see that in the presence of these sources, (G +Gt) is not always positive semi-definite.
For such circuits, the congruence transformation does not guarantee the stability of
the reduced models. Therefore, using conventional MOR techniques such as PRIMA
(Section 4.5.1) and SPRIM (Section 4.5.3) for the reduction of these circuits will not
guarantee the stability of the resulting model. However, it is desirable and often cru-
cial that resulting reduced-order models inherit the stability of the original circuit.
Unstable models can lead to inaccurate or totally unfeasible time-domain simulation.

There are a fewapproaches for stability preservationof the resulting reducedmod-
els, such as [107, 17, 75, 64], which are usually based on postprocessing. For example,
in [64, 62, 90] a method is proposed to eliminate the unstable poles of the reduced
system by using implicitly and explicitly restarted Arnoldi and Lanczos algorithms.
However, the common concept in thesemethods is to sacrifice accuracy of the reduced
model in order to guarantee stability, which may destroy the integrity of the moment-
matching algorithm leading to an inaccurate reduced model [107]. In addition, nu-
merical algorithms for restoring stability [17] are not guaranteed to converge, and in
general, they have a relatively high computational cost associated with them. Classi-
cal truncated balanced realization (TBR) [81, 6] is anothermethod to preserve stability.
However, it is computationally expensive, which makes it not suitable for very large
circuits. In addition, the existence of a solution for general circuit formulation is not
guaranteed.
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In [87] a projection framework is presented for constructing stable reduced
macromodels for stable active linear circuits. To this end, the right-projection ma-
trix V ∈ ℝN×m is formed through implicitly matching the first m moments of the
original circuit equations as described in Sections 4.3.5 and 4.3.6. Next, a full rank
left-projectionmatrixU ∈ ℝN×m is constructed through implicitly satisfying a stability
condition in the form of a generalized Lyapunov inequality [6, 17].

Given the generalized eigenvalue and eigenvector matrices of the matrix pencil
(Ct,−Gt) as D ∈ ℂm×m and Γ ∈ ℂN×m, respectively, which are obtained by generalized
eigenvalue decomposition as

Ct Γ = −Gt ΓD, (4.27)

a full column rank left-projection matrix can be formed as

U = [Γr ,
1
2
(Γc + Γ

∗
c ),
−j
2
(Γc − Γ

∗
c )] ∈ ℝ

N×m (4.28)

where Γr contains the real eigenvectors corresponding to themr real eigenvalues in D
and Γc and Γ∗c contain the complex eigenvectors corresponding to themc complex and
conjugate eigenvalues of D. The computational steps to generate stability-preserving
left-projection matrix are illustrated in Algorithm 4.1.

The resulting left-projectionmatrixUplays the role of guaranteeing stability of the
reduced-ordermodel by ensuring that the Lyapunov stability constraint is satisfied by
the resulting reducedmodel. Thereby, the proposed algorithmguarantees the stability
of the reducedmodel by constructionwithout numerical optimization or postprocess-
ing.

4.7.1 Example: reduction of active circuit

We consider an amplifier circuit shown in Figure 4.12 as an example of large active cir-
cuit. The interconnect structure consists of four coupled lines of length L = 10 cm. The
high-frequency equivalent-circuit model for amplifier blocks is shown in Figure 4.13.

The transmission structurewhose geometry is shown inFigure 4.12, ismodeledus-
ing lumped RLGC segmentationwith p. u. l. parameters obtained fromHSPICE. Apply-
ing the MORmethod in Section 4.7, a stable reduced-order model for the original (sta-
ble) network in Figure 4.12 is obtained. The accuracy of the resulting reducedmodel is
demonstrated in Figure 4.14, by comparing the transient voltage responses of the re-
ducedmodel with the simulation results of the original (unreduced) model. The input
signal is trapezoidal-pulse with the delay time td = 1 ns, pulse width tpw = 5 ns, and
the rise and fall times tr = 0.25 ns and tf = 0.25 ns, respectively.

The resulting reducedmodel provided an accurate time-domain response, where-
as the time-domain simulation of the Arnoldi-basedmodel failed to converge because
of the unstable poles.
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Algorithm4.1: The proposedmethod for stable model order reduction of active
circuits.
Input: Original G,C,B,L, Reduction-orderm.
Output: Stable reduced-order model: Ĝ, Ĉ, B̂, L̂.

1 V← Arnoldi(−G−1C,G−1B,m) ; // right-projection matrix

2 Γ,D← eigs(Ct,−Gt,m) ; // Sparse-generalized eigenproblem solver

3 D← diag(D);

4 if D(m) ∉ ℝ then
5 if D(m) ̸= D(m − 1)∗ then
6 Γ(:,m) = [ ];
7 end
8 end
9 i← 1;
10 while i ≤ m do
11 γi← Γ(:, i) ; // γi is the i-th column vector in Γ
12 if D(i) ∈ ℝ then
13 U add to

← γi;
14 i← i + 1;
15 else
16 U add to

← ℛe(γi), ℐm(γi);
17 i← i + 2;
18 end
19 end
20 Ĉ← UtCV, Ĝ← UtGV, B̂← UtB, L̂← LV;

Table 4.2: Comparison of the original and reduced models (Section 4.7.1).

Dimension Stability

Original circuit 12,024 Yes
Arnoldi-based reduced model 46 No
Proposed reduced model 46 Yes

The sizes and stability properties of the original and reduced models are compared in
Table 4.2.

The CPU-time for frequency-domain simulation of the original is compared with
the proposed reduced model in Table 4.3.
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Figure 4.12: A stable active design consisting of four coupled interconnects and amplifier blocks
(top), Cross-section of transmission line structure (bottom) – (Section 4.7.1).

Table 4.3: Comparison of the CPU time for frequency simulation using original and reduced models
(Section 4.7.1).

Original Reduced

Order 12,024 46
Model generation time (s) – 0.393
Simulation time (s) 33.306 0.195
Speedup factor ≈57

Figure 4.13: High-frequency equivalent-circuit model for MOS cascade amplifier (the biasing network
is not presented) (Section 4.7.1).
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Figure 4.14: Comparison of the transient responses at Vout3 at the far-end of line 3 (top), and at Vout 4
at the far-end of line 4 (bottom) (Section 4.7.1).

4.8 Conclusions

This chapter described the application of MOR for efficient analysis of microelectronic
structures in circuit simulation environments. A general framework for formulating
the circuit equations based on the MNA approach that is commonly used in commer-
cial circuit simulatorswas presented. The alternativemeans to incorporate high-speed
interconnect structures within the general formulation of the circuit equations were
introduced. This leads, in general, to circuit models with a large number of lumped
components. MOR techniques for RC and RLC interconnect circuits with emphasis on
stability and passivity preservation were reviewed. Current challenges in the MOR of
interconnect circuits with a large number of ports were presented along with some of
the recent MOR techniques to handle this kind of circuits. In addition, existing tech-
niques for the reduction of active stable circuitswere reviewedwith emphasis on guar-
anteeing the stability of the reduced circuits by construction.

It should be noted here that the presentations of MOR application in high-speed
interconnects have been restricted to those techniques that are based on projecting
the system into its Krylov subspace. Other projection-based methods have also been
proposed to handle the high-speed interconnect. Worthy of note among those meth-
ods are the truncated balanced realization algorithms [48, 71, 93, 92, 70, 95]. Another
class of projection-based methods known as proper orthogonal decomposition (POD)
or principal component analysis were proposed for both linear and nonlinear systems
[16, 58]. However, they have not been widely applied to microelectronics.

In addition to the above projection methods, there are also nonprojection meth-
ods, ofwhich the explicitmoment-matchingof Section4.3.1 is a knownexample. There
are other well-known approaches based on the Hankel norm of the system [48, 104].
Another group of nonprojection approaches relies on fitting the transfer function of
the system [23] in the frequency domain, of which the method based on vector fit-
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ting [56, 52, 85] is widely adopted in high-speed interconnects. An alternative class of
nonprojection methods is constituted using the basic idea behind a method termed
“selective node elimination” [30]. Several methods related to this approach have been
developed in the literature (e. g., [97, 109, 114, 120, 100]), and the time constant equili-
bration reduction [108] for the reduction of RC networks, which was extended to RLC
circuits in [22].
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