
Preface
The study of complex differential equations started to become more systematic with
the work of Painlevé in the late nineteenth century [63, 64]. Indeed, Painlevé studied
rational differential equations of the form dy

dx =
P(x,y)
Q(x,y) , where P andQ are complex poly-

nomials, with various methods, using the holomorphic character of local solutions.
Nevertheless, we must say that several other authors have significantly contributed
to the theory in its early stages. Among these we have Picard, Darboux, Poincaré,
Malmquist, Birkhoff, Briot and Bouquet.

Why study complex foliations? Complex differential equations arise inmany areas
ofmathematics and natural sciences in general. To name a few examples, wemention
electric circuits and the complex differential equations that describe some of their ba-
sic laws. Another example is the iteration theory of rational functions on the Riemann
sphere, which is linked to the study of certain rational complex differential equations
and their limit sets. Another class of very interesting examples is given by the theory
of actions of complex Lie groups on a holomorphic variety. Perhaps an eminently clas-
sical motivation for the study of complex differential equations is the search for new
transcendental functions. This is the case of the complex logarithm, Liouvillian func-
tions, etc. Finally, we recall that a real analytic differential equation (e. g., one given
by a real polynomial vector field) naturally induces a complex differential equation.
The comprehension of the latter is inmany cases the key to understanding the original
real analytic equation.

In his work, Painlevé was often worried about the classification of the general
equation

(1) dy
dx
=
P(x, y)
Q(x, y)

from the behavior of the solutions. For example, assuming that the solutions define
(via analytic continuation) uniform functionsY(x), what canwe say about the original
equation? The relation with the problem of finding new transcendent analytic func-
tions is clear. A classical result in this direction is due toMalmquist [54]. Another pop-
ular problem that was investigated by that time is the problem of determining which
rational equations of the form (1) as above can be integrated. Here the term integration
stands for two types of procedure:
(i) Integration by means of elementary functions from differential and integral cal-

culus.
(ii) Integration throughalgebraic operations, like one variablealgebraic functionsde-

fined by complex polynomials of two variables.

In fact, Painlevé in hiswork alreadypointed to a possible answer to the latter question.
He studied with special attention the class of Riccati differential equations, and the
associate class of Bernoulli equations.
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It was with the advent of the theory of foliations and the development of dif-
ferential topology and of the theory of several complex variables (notably the work
of Hartogs, Levi, Stein, Cartan and Hormander) that complex differential equations
(now regarded as holomorphic foliations) were rediscovered and could be again be
studied with vigor. In the last few decades there has been an accelerated develop-
ment of this study and a considerable increase in understanding the similarities and
differences with the “real case”. Moreover, several questions (some of them having
remained unanswered for several years) were answered. We mention the separatrix
theorem of Camacho and Sad and the rigidity results of Ilyashenko. However, many
questions still remain to be answered. Actually, a substantial part of the theory re-
mains virtually untouched.

This book aims to introduce the reader to the study of complex differential equa-
tions, considered here, in theirmore general form, as holomorphic foliations. Our goal
was to make the book as self-contained as possible, taking as a main guideline a sys-
tematic andmotivating presentation of themain concepts, examples and results. Spe-
cial attention is given to certain global aspects. The notion of foliation is presented
consistently, but having as main motivation the case of a complex vector field. We be-
lieve that the bookwill be useful for both thosewho aim to follow this line of research,
and for those willing to make contact with a new area and learn from its basic and
most recent results. We hope the book will also be useful to all those who appreciate
mathematics in general and that may be interested in this fascinating subject.

We thank César Camacho and Paulo Sad for the suggestion of writing this book as
well as for their encouragement.
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