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Abstract: As a by-product of nonlinear amplification in the

cochlea, the inner ear emits sound waves in response to two
tones with different frequencies. These sound waves are
measurable in the ear canal as distortion-product otoacoustic
emissions (DPOAEs). DPOAEs putatively consist of two
components emerging at different locations in the cochlea.
Wave interference between the two components limits the
accuracy of DPOAEs as a noninvasive measure of cochlear
function. Using short stimulus pulses instead of continuous
stimuli, the two DPOAE components can be separated in the
time domain due to their different latencies. The present
work utilizes a nonlinear hydrodynamic cochlea model to
simulate short-pulse DPOAEs in the time domain. When
adding irregularities to the mechanical parameters of the
model, the simulated DPOAE signals show two
distinguishable components and long-lasting beat tones,
similar to band-pass filtered experimental data from normalhearing human subjects. The model results suggest that the
beat tones can occur solely due to interference of the
coherent-reflection component with the fading nonlineardistortion component.
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1 Introduction
Distortion-product otoacoustic emissions (DPOAEs) are
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sound waves measurable in the ear canal that emerge in
response to two primary tones with frequencies
and
(typically
= 1.2) due to nonlinear amplification of
hydrodynamic oscillations in the cochlea [1, 2].
Hydrodynamic oscillations initiated by stapes motion
propagate along the basilar membrane (BM), forming a
pattern known as a traveling wave (TW) (Figure 1B). The
location of the TW peak on the BM is a function of
frequency, with high-frequency waves localized in the basal
region near the stapes, and low-frequency waves traveling to
the apical part near the helicotrema. Hence, each frequency
has its own characteristic site on the BM, referred to as the
tonotopic place [2].
Cochlear amplification increases the amplitude of the
TW locally near the tonotopic place, therefore, enabling the
high sensitivity, high frequency resolution, and wide dynamic
range of the auditory system [2]. The most prominent
DPOAE in humans occurs at the cubic difference frequency,
, and is supposed to consist of two
components arising by different mechanisms at different
locations on the BM [3]. The first component, the nonlineardistortion component, emerges directly from the nonlinear
interaction of the primary tones close to the -tonotopic
place, where the primary-tone traveling waves overlap
maximally. The nonlinear-distortion component produces a
third traveling wave propagating to the
-tonotopic place,
where it is partially reflected, putatively due to coherent
reflection at mechanical irregularities of the cochlear
partition, giving rise to the so-called coherent-reflection
component.
Wave interference between the two components is a
major limiting factor when using DPOAEs as an objective
and noninvasive measure to evaluate the functional state of
the cochlea [4]. Exploiting the different latencies of the
components, stimulation with short pulses instead of
conventional continuous primary tones enables the separation
of the DPOAE components in the time domain [5], which
significantly increases the accuracy of DPOAEs when used
to estimate behavioral thresholds [4, 6]. However, there is
evidence for additional components in the DPOAE
recordings. The present work utilizes a one-dimensional
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implementation of a nonlinear hydrodynamic cochlea model
to identify the origin of additional signals by comparing
simulated distortion products with measured short-pulse
DPOAE signals.

2 Materials and methods
2.1 Hydrodynamic cochlea model
The cochlea is modeled as two arrays of locally damped,
harmonic oscillators representing the basilar-membrane (BM)
and tectorial-membrane (TM) segments as function of
longitudinal position , normalized to BM length, i.e. = 0
and
= 1 correspond to positions at the stapes and the
helicotrema, respectively (Figure 1A). The BM elements
incorporate the mass density
of the organ of Corti, the
viscous damping
of the organ of Corti, and the stiffness
of the BM.
was specified so that the model

Figure 1: A: Scheme of the uncoiled cochlea. : average radius of
scala vestibuli (SV) and scala tympani (ST) as function of basilarmembrane (BM) position . Gray inward arrow: displacement of
oval window; gray outward arrow: displacement of round window.
Red dot: local pressure source due to motion of a BM element at
. Spatial integration over the fluid using isopotential surfaces
( , ) of the velocity potential yields the hydrodynamic coupling
terms
and
, which relate motion of the stapes (gray
dashed lines) and the BM element (red dash-dotted lines) to the
force
at [10]. B: Traveling waves on BM (black solid line) and
on tectorial membrane (blue) for an ear-canal stimulus with = 2
kHz and
= 50 dB SPL. Black dashed line: envelope of BM
traveling wave.

reproduces the tonotopic map of the human cochlea [7].
Similarly,
and
specify the damping ratio and
the resonance frequency of a TM segment.
was 0.5
octave below the resonance of the BM at [8]. The cochlear
fluids are assumed to be incompressible and irrotational.
Thus, a pressure induced by the motion of the stapes at the
oval window in scala vestibuli (SV) propagates
instantaneously to the round window in scala tympani (ST)
via the connection of SV and ST at the helicotrema. The
resulting difference pressure drives the BM segments.
Additionally, motion of a BM element at position (Figure
1A, red dot) acts as a local pressure source. The
superposition of the pressure fields yields the hydrodynamic
force

( )
acting on a cochlear partition at BM position and time .
and
are hydrodynamic force terms
relating the pressure changes due to accelerations of the
stapes,
, and of the BM element,
, to the cochlear
partition at [9, 10]. Spatial integration over the fluid using
isopotential surfaces ( , ) of the velocity potential yields
the hydrodynamic coupling terms
(Figure 1A, gray dashed
lines) and
(red dash-dotted lines), respectively [10].
The force term
replicates cochlear-amplifier
force, which only acts in a local basal range close to the peak
of the traveling wave (Figure 1B, black line).
depends nonlinearly on stereocilia deflection, which is
approximated by the radial displacement
of the TM
[11, 12]. The blue line in Figure 1B depicts a snapshot of
. A three-state Boltzmann function, representing the
dependence of the outer-hair-cell receptor current on
specifies the nonlinearity in the model [11]. Due to the
different resonance frequencies of BM and TM,
counteracts viscous damping only in a small basal region
close to the tonotopic place, inducing local amplification of
the traveling wave. In order to produce coherent reflection,
roughness in form of Gaussian distributed variations in
and
were incorporated in the model, with the
standard deviation, , given in percent of the parameters.
Matrix formulation of the equation of motions enabled the
computation of the solution directly in the time domain using
Matlab (version 9.2, MathWorks, Natick, MA).

2.2 Experimental DPOAE data
Simulated distortion products were compared to short-pulse
DPOAE signals recorded in normal-hearing subjects using an
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ER-10C DPOAE probe-system (Etymotic Research, Elk
Grove Village, IL) connected to a commercially available PC
via a 16-bit analog output card, a 24-bit signal acquisition
card, and LabVIEW (NI PCI 6733, NI PCI 4472, version
12.0, National Instruments, Austin, TX). The DPOAE was
evoked using a short
pulse in the presence of a longer
pulse. Suitable phase shifts of the stimulus pulses in
consecutive acquisition blocks enabled the cancelation of the
stimulus pulses after ensemble averaging [13]. Details of the
measurement setup and the short-pulse acquisition paradigm
are specified elsewhere [6]. For comparison with simulated
data, DPOAE components were extracted by fitting the zerophase band-pass filtered signal with a mathematical model
using a least-squares approach [5].

3 Results
3.1 Model performance
The model mimics general features of the human cochlea
closely and exhibits large amplification and high tuning for
low input levels, with a maximum gain of 52 dB at 4 kHz for
= 10 dB sound pressure level (SPL) in the ear canal.
Amplification decreases towards apical and basal BM
positions, with 30 dB at 0.5 kHz and 41 dB at 10 kHz. With
decreasing frequency, the traveling waves increase in width,
indicating less tuning in the apical region. For = 10 dB
SPL,
, defined as the ratio of the frequency of the TW and
its bandwidth 10 dB below the TW peak, decreases from 5.7
at 10 kHz to 1.9 at 0.5 kHz. Figure 2 depicts input-output
functions of the BM velocity,
, for an active (solid
line) and a passive (dashed line;
= 0) cochlea for 2-

Figure 2: Input-output functions of the maximum BM velocity,
, as function of ear-canal pressure level for = 2 kHz.
Dashed line: passive cochlea, i.e.
= 0. Solid line: active cochlea
with compressive amplification and 45-dB gain at = 10 dB SPL.

Figure 3: A: Simulated distortion product ( = 2 kHz;
= 54 dB
SPL;
= 30 dB SPL; 1000 BM and TM segments) sampled at
BM position
= 0 near the stapes for an active cochlea with
roughness, , of 1.5% (gray). Red and black lines depict the
envelopes of distortion products computed without roughness and
with = 2.5%, respectively. Arrows indicate the onset and offset
of the pulse. B: Phase signals for the distortion products shown
in A.

kHz stimulation with increasing . The active cochlea
exhibits compressive amplification with a slope of 0.27
dB/dB at = 50 dB SPL. Amplification and tuning decreases
with increasing stimulus level, accompanied by a
longitudinal shift of the TW peak towards a more basal
position.

3.2 Simulated distortion products
The model produces distortion products at the cubic
difference frequency
in response to input signals with
two primary tones with frequencies
and
(
= 1.2).
Cancelation of the primary tones by averaging multiple
simulation datasets with suitable primary-tone phases, allows
visualization of the
traveling wave. Consistent with the
literature [3], the
traveling wave emerges close to the tonotopic place and propagates to its own tonotopic place.
Distortion products simulated in a smooth cochlea model, i.e.
without irregularities in the mechanical parameters ( = 0),
do not exhibit considerable contributions from the
tonotopic place (Figure 3A, red line), as evident by the
absence of a second peak. In contrast, adding roughness to
and
creates reflections and beat tones in the
simulated signal (Figure 3A, gray and black lines).
Figure 4 depicts a DPOAE signal (gray line) recorded
with = 2 kHz,
= 35 dB SPL, and
= 57 dB SPL. The
red dashed lines show the envelopes of the extracted DPOAE
components corresponding to, in order of their appearance, a
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conclusion, comparison between simulated and measured
signals shows that short stimulus pulses enable accurate
estimation of the nonlinear-distortion component of DPOAEs
in the time domain.
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