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Abstract:

We investigate the effects of a movable mirror (cantilever) of an optical cavity on the superfluid properties
and the Mott phase boundary of a Bose-Einstein condensate (BEC) in an optical lattice. The Bloch energy,
effective mass, Bogoliubov energy and the superfluid fraction are modified due to the mirror motion. The
mirror motion is also found to modify the Mott-superfluid phase boundaries. This study reveals that the
mirror emerges as a new handle to coherently control the superfluid properties of the BEC.
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1.

Introduction

Bose-Einstein condensates, which are ensemble of atoms
in a single quantum state with long coherence time, offers the possibility to study quantum mechanics in a completely new regime. Ultra-cold atoms in optical lattices
exhibit phenomena typical of solid state physics like the
formation of Bloch energy bands, tunneling effects and
Bloch oscillations. Many of these properties have been
subjected to extensive experimental investigations [1].
The fusion of cold atoms and cavity QED (quantum electrodynamics) has made significant experimental progress
[2–6]. Theoretically there has been many significant studies on the correlated atom-field dynamics in a cavity. It
∗

has been demonstrated that the strong coupling of the
BEC atoms to the optical-cavity mode modifies the resonance frequency of the optical-cavity [7]. Finite cavity
response time leads to damping of the coupled atomfield excitations [8]. The driving field in the optical-cavity
can substantially increase the localization and the cooling properties of the system[9, 10]. It has been shown
that in a cavity the atomic backaction on the field introduces atom-field entanglement which modifies the associated quantum phase transition [11, 12]. The optical field
and the condensate atoms are entangled if the atoms are
in a superfluid state, in which case the photon statistics
typically exhibits complicated multimodal structures [13].
Studies have indicated that the Bloch energy, effective
mass, Bogoliubov energy and the superfluid fraction of
a condensate are significantly modified if the atoms are
enclosed inside an optical cavity [14] and that the light
transmitted from the optical cavity can be used as a probe
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to study the superfluid fraction of the BEC [15]. Overlapping stability regions in the quantum phase diagrams
have been predicted for a BEC in an optical cavity[16].
Studies on the Dicke model of the BEC in optical cavities
show some exotic phase diagrams [17–21].
Recently the field of cavity optomechanics has become
an attractive research topic with a wide variety of systems ranging from gravitational wave detectors [22, 23],
nanomechanical cantilevers [24–29], vibrating microtoroids
[30, 31], membranes [32], Bose-Einstein condensate [33–
45] and atomic ensembles [46–51].
A cavity optomechanical system, generally consists of an optical cavity with one movable end mirror. Such a system is utilized to cool a micromechanical resonator to its ground
state by the pressure exerted by the cavity light field on
the movable mirror. The studies on cavity opto-mechanics
of atoms show that sufficiently strong and coherent coupling would enable studies of atom-oscillator entanglement, quantum state transfer, and quantum control of mechanical force sensors. Due to coupling between the condensate wavefunction and the cantilever, mediated by the
cavity photons, the cantilever displacement is expected to
strongly influence the superfluid properties of the condensate [35]. Coupled dynamics of a movable mirror and
atoms trapped in the standing wave light-field of a cavity
were studied [51] recently. It was shown that the dipole
potential in which the atoms move is modified due to the
backaction of the atoms and that the position of the atoms
can become bistable. In this paper, we investigate the
effects of a movable cavity mirror on the superfluid properties and the Mott-superfluid phase boundary of a BEC
confined in an optical cavity.

2. The opto-mechanical BoseHubbard Hamiltonian and the effective optical lattice
In the following we will closely follow our earlier works
[14, 15, 35, 36] and review some of our earlier results for
the sake of continuity. The model studied here consists
of an elongated BEC of N two-level 87 Rb atoms in the
|F = 1i state with mass m and atom transition frequency
ωα of the |F = 1i → |F 0 = 2i transition of D2 line of the
87
Rb atom, interacting with a single standing-wave cavity
mode of frequency ωc . The one dimensional optical lattice
potential formed inside the optical cavity is the result of
standing wave in the cavity. There is a coupling between
the external field incident from one of the side mirrors and
the field prevailing inside the cavity. If photon leakage is
minimum then the whole system inside the cavity is fully
isolated from the environment and it makes the system

coherent. This high-Q optical cavity thus preserves the
quantum mechanical nature of the light-field for the entire duration of the experiment. Our model is restricted
to a single longitudinal cavity mode by assuming that the
longitudinal-mode spacing is much larger than the frequency shift of the cavity due to induced resonance. Also
the axial mode frequency is taken to be much smaller than
the transverse direction frequency of the harmonic trap so
that the transverse degree of freedom is frozen out and the
system effectively reduces to a one dimensional elongated
BEC. One of the mirrors of the optical cavity is allowed to
move with a frequency Ωm . The frequency of the coherent
laser beam is represented by ωp and its amplitude by η .
The strength of the coupling between the movable mirror
and the optical mode is denoted by ε. Here ε is a didω
mensionless quantity represented by ε = (xo /Ωm ) dxp
x=0

where xo is p
the zero-point motion of the mechanical mode.
Here xo = ~/(2Meff Ωm ) and Meff is the effective mass
of the movable mirror. We begin with an Optomechanical
type of Hamiltonian (HOM ) for a single particle in rotating
wave and dipole approximation as [35]
HOM =

P2
− ~ 4a σ + σ − −~ 4c a† a−i~g(x)(σ + a−σ − a† )
2m
− iη~(a − a† ) + ~Ωm a†m am + ~εΩm a† a(am + a†m ),
(1)

where P 2 /2m is the kinetic energy of the atom, ~4a σ + σ −
is the electronic atomic energy , ~∆c a† a is the energy of
the intracavity photons , i~g(x)(σ + a − σ − a† ) is the space
dependent atom-photon interaction energy and iη~(a−a† )
is the energy of pump laser. Also ∆a = ωp − ωa and
∆c = ωp − ωc represent the large atom-pump and cavitypump detuning respectively. Coupling between atom-field
is represented by g(x) = go cos(kx) and the symbols
σ + , σ − are the usual Pauli matrices. go is the amplitude
of the atom-photon coupling. The annihilation operator for
the mechanical mode is denoted by am and a is the annihilation operator for the cavity photon. The excited state
can be removed adiabatically from the Heisenberg equation of motion for large detuning ∆a . Using the Heisenberg equation of motion for the atomic degrees of freedom
σ − and σ +
σ̇ − =
σ̇ + =

i
[HOM , σ − ],
~
i
[HOM , σ + ],
~

(2)

we get
σ̇ − =

−i ∆a σz σ − + g(x)σz a,

σ̇ + =

i ∆a σ + σz + g(x)σz a† .

(3)
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Using the condition that σ̇ − = 0 and σ̇ + = 0 in the steady
state we get the following expressions for the Pauli matrix
operators
σ− =
σ

+

=

g(x)a
,
i∆a
−g(x)a†
.
i∆a

U =
E0 =

(4)

Substituting Eq. 4 in Eq. 1, we derive an expression for
the single-particle hamiltonian as
Ho =

where,

P2
+ ~Uo cos2 (kx)(Vcl + a† a) − iη~(a − a† )
2m
−~∆c a† a + ~Ωm a†m am + ~εΩm a† a(am + a†m ),

E =
J0 =
J =

(5)
where, Uo = ∆goa is the height of the optical lattice potential per photon and Vcl is the added classical potential.
The coupling between the condensate and the cavity gets
reduced when Uo > 0 as compared to the case Uo < 0
because for Uo > 0 the lowest bound state is attracted to
the nodes of light field. Here we will always take Uo > 0.
This implies that the cavity optical lattice and the atomic
density weakly depend upon each other and the resulting
non-linearity is negligible. For Uo < 0, the atomic density and the optical lattice depend upon each other and the
system becomes highly non-linear [16]. The optical lattice
potential is of period λ/2 and depth ~Uo (Vcl + a† a). The
Hamiltonian in second quantization can be written as

Z
4πasc ~2
d3 x|w(~r − ~rj )|4 ,
m
 2 2
Z
~ ∇
d3 xw(~r − ~rj ) −
w(~r − ~rj ),
2m
 2 2
Z
~ ∇
d3 xw(~r − ~rj ) −
w(~r − ~rj±1 ),
2m
Z
d3 xw(~r − ~rj ) cos2 (kx)w(~r − ~rj ),
Z
d3 xw(~r − ~rj ) cos2 (kx)w(~r − ~rj±1 ).

(8)

On solving the Heisenberg-Langevin equation of motion
for a, bj and am we get

2

ȧ(t) = −iUo (Jo

X
j

†

bj bj + J

X

†

†

(bj+1 bj + bj+1 bj ))a

j

+i∆c a + η − iΩm ε(am + a†m )a − γ1 a,

(9)

i
i
†
ḃj (t) = − Ubj bj bj − (Eo + ~Jo Uo (Vcl + a† a))bj
~
~
i
− (E + ~JUo (Vcl + a† a))(bj−1 + bj+1 ), (10)
~

ȧm (t) = −i Ωm (am + εa† a) − γ3 am ,

(11)

Z

d3 xΨ† (~r)H0 Ψ(~r)
Z
1 4πasc ~2
+
d3 xΨ† (~r)Ψ† (~r)Ψ(~r)Ψ(~r).
2
m

H =

(6)

The second term in the above is the two-body interaction energy with asc being the s-wave scattering length.
Ψ(~r) represents the field operator of the atoms. To derive an expression for the corresponding Opto-Mechanical
Bose Hubbard (OMBH) Hamiltonian we will substitute
P
the atomic field operator as, Ψ(~r) = j bj w(~r − ~rj ) where
w(~r−~rj ) is Wannier function. Here bj represents the annihilation operator for the bosonic atom at the j th site. With
this substitution and assuming nearest neighbour approximation we get [35]
H =

X †
UX † †
bj bj bj bj +
bj bj (Eo + ~Uo (Vcl + a† a)Jo )
2 j
j
X †
†
+
(bj+1 bj + bj+1 bj )(E + ~Uo (Vcl + a† a)J)
j

−iη~(a − a† ) − ~∆c a† a + ~Ωm a†m am
+~εΩm a† a(am + a†m ),

(7)

where γ1 , γ3 are the damping coefficients for the cavity
photon operator and the mirror. In all the calculations
throughout the paper we will use Eo = 0 , Jo = 0 which
means on-site energies are set to zero in comparison to
the contribution of tunneling terms U, J. In this regard
the optical lattices are advantageous because by tuning
the lattice potential, tunneling can be made fast. We assume that γ1 is the fastest time scale showing that the
cavity decay rate is much larger than the oscillation frequency of bound atoms in the optical lattice of the cavity.
The condensate is assumed to remain coherent and robust
during the duration of the measurement process. γ3 < γ1
and measurements are performed after the photons and
phonons have attained their steady state values. Typically
γ1 = 2π × 1.0 MHz and γ3 = 2π × 1.0 kHz. The lifetime
of the condensate is about 100 ms [34]. In this limit we
can put ȧ = 0 and this yields the photon steady state as .
Similarly by taking ȧm = 0 we get the steady state mirror
†
displacement xm,s = am,s + am,s (am,s is the steady state
phonon number). Within the mean-field approximation (for
a large number for condensate atoms) and tight binding
i
model, bj can be replaced by φj = uk eikjd− ~ µt in form
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|α|2=

η
γ12

h



+ ∆c +

2ε 2 Ω3m
γ32 +Ω2m



2

|α|2 −U

o (Jo N

i2 .
+ 2JN cos(kd))

15

VopΓ1

of Bloch waves. Here µ is the chemical potential of the
system with d the distance between any two lattice sites.
P †
Also no is the atomic number density equal to 1I j bj bj
P
and j no = N. Here I is the number of lattice sites. For
large number of steady state photons, as is replaced by
†
the c-number α and we assume that as as = F = |α|2 ,

10

5

0
-6

-4

On rearranging the above equation we get the following
cubic equation
0

0

0

0

A1 F 3 + A2 F 2 + A3 F + A 4 =

0,

(13)

0

-2

(12)

2

4

6

DcΓ1
Figure 1.

The optical-lattice effective potential modified by the
atomic backaction and the mirror motion as a function of
the detuning ∆c /γ1 for three different values of the mirrorphoton coupling, ε = 0.0 (thick line), ε = 0.002 (thin line)
and ε = 0.004 (dashed line). The pump amplitude is
η/γ1 = 40, mechanical mirror frequency Ωm /γ1 = 40, mirror damping γ3 /γ1 = 0.001, number of particle N = 100,
U0 J/γ1 = 0.0007 and kd = 0.

where the coefficients are defined as

3. Bloch spectrum and effective
mass

!2
0

A1 =
0

A2 = 2

2

2ε Ω3m
γ32 + Ω2m

,

!
2ε 2 Ω3m
[∆c − Uo (Jo N + 2JN cos(kd))],
γ32 + Ω2m

0

A3 = γ12 + [∆c − Uo (Jo N + 2JN cos(kd))]2 ,
0

A4 = −η2 .

(14)

We will calculate three things in this section the Bloch
chemical potential, the lowest Bloch band and the corresponding effective mass assuming the BEC to be in the
mean field regime. Substituting the mean field solution
for the BEC into Eq. 10, we get
µ = Uno + (Eo + Jo ~Uo [1 + F ]) − 2 cos (kd)Jeff ,

Now we can numerically solve the Eq. 13,which is simply
a cubic equation.
The optical-lattice effective potential which is
Vop = ~Uo (Vcl + |α|2 ),

(15)

is plotted as a function of ∆c in Fig. 1 and as a function of
quasi-momentum kd in Fig. 2 (left plot). As ε increases,
the optical potential shows a tendency to move towards
optical bistability regime on the negative ∆c side for ε =
0.004. The optical lattice is always single valued for ∆c >
0. The maxima of Vop are determined by the condition
∆c − U(J0 N + 2JN cos(kd)) +

2ε 2 Ω3m
γ32 +Ω2m

(16)

where Jeff is defined as a tunneling parameter that depends on k and |α|2 , calculated from the cubic equation
for F .
Jeff = −E − ~Uo J(1 + F ).

(17)

As the value of mirror-photon coupling(ε) increases, the
tunneling between the neighboring wells increases since
the height of the barriers decreases as is evident from the
Fig. 2.
Now to calculate the Bloch energy of the system we use
a general expression for the energy per particle as

= 0. With increasing

ε, the maxima also shift towards negative ∆c .
For ∆c > 0, the lattice effective potential decreases as
the coupling ε increases. The optical lattice potential
is continuously modified as the condensate moves across
the Brillouin zone due to the change in the atom-field
interaction as shown in the left plot of Fig. 2.

Z
ε(k) =

1
no

µ dno ,

(18)

We have plotted the Bloch energy vs kd in the Fig. 3.
We have subtracted the ground state energy (k = 0) of
the system from these curves. A stronger photon-mirror
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3

The optical-lattice effective potential (left curve) and the effective tunneling (right curve) as a function of the quasi-momentum kd for three
different values of the mirror-photon coupling, ε = 0.0 (thick line), ε = 0.002 (thin line) and ε = 0.004 (dashed line). The pump amplitude
is η/γ1 = 40, mechanical mirror frequency Ωm /γ1 = 40, mirror damping γ3 /γ1 = 0.001, number of particle N = 100 ,U0 J/γ1 = 0.0007,
E/γ1 = 2.0 and ∆c /γ1 = 0.5.
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-2

The Bloch spectrum as a function of the quasi-momentum
kd for three different values of the mirror-photon coupling,
ε = 0.0 (thick line), ε = 0.002 (thin line) and ε = 0.004
(dashed line). The pump amplitude is η/γ1 = 40, mechanical mirror frequency Ωm /γ1 = 40, mirror damping
γ3 /γ1 = 0.001, number of particle N = 100, U0 J/γ1 =
0.0007, E/γ1 = 2.0, U/γ1 = 15 and ∆c /γ1 = 0.5. The
ground state energy has been subtracted from this plot.

coupling increases the Bloch energy because the corresponding effective optical lattice height decreases. The
mirror now emerges as a new tool to coherently manipulate the properties of the BEC.
We will now derive the expression for the effective mass
of an atom in the lowest band. The general expression for
the effective mass is
1 ∂2 ε(k)
1
= 2
∗
m
~ ∂k 2

k=0

.

(19)

negative detuning side. The maxima in m∗ seen in Fig. 4
corresponds to the maxima in Vop observed in Fig. 1. The
ground state wave function becomes effectively more localized in deeper optical lattices. This results in an increase
in the effective mass with a corresponding decrease in the
sound velocity. A plot of m∗ /m as a function of U0 J/γ1
is shown in Fig. 4 (right plot). For U0 J/γ1 → 0(as the
optical lattice vanishes), m∗ → m as expected. As ε increases, the optical lattice barrier height decreases and
the tunneling increases accompanied by a decrease in the
effective mass as evident from Fig. 4 (right plot).

4.

Elementary excitations

The spectrum of elementary excitation is studied in this
section. The energy of small perturbations with q as
quasi-momentum can be described by the Bogoliubovspectrum of elementary excitations. We are considering
the excitations with respect to the ground state only(k =
0). We suppose that µo is the chemical potential for
the ground state of translationally invariant lattice. Here
µo = (µ)k=0 . We can express µo as
o
o
µo = Uno − Keff
− 2Jeff
,

(20)

where
o
Keff
= −Eo − ~ Uo Jo [1 + Fo ],
o
Jeff
= −E − ~ Uo J[1 + Fo ].

(21)

∗

A plot of the ratio m /m of the effective mass to the bare
mass as a function of ∆c , for three different values of ε is
shown in Fig. 4 (left plot). A peculiar behavior of effective
mass becoming less than the bare mass is observed in the

Here Fo is the value of F for k = 0.
Considering the effect of quantum fluctuations we can replace the annihilation operator bj by (φj +δj )e−iµt/~ where

100
Unauthenticated
Download Date | 10/19/18 11:37 PM

P. Verma , A. B. Bhattacherjee, M. Mohan

2.5

2.2
2.0

m*m

m*m

2.0

1.5

1.0

0.5

1.8
1.6
1.4
1.2

-4

-2

0

2

4

1.0
0.0000

0.0001

0.0002

(v q )2

(22)

which is the Bogoliubov equation for the lattice. Optical
lattice potential in the cavity is dependent on the BEC
wavefunction hence if there is any variation in the wavefunction it will also affect the optical lattice potential. But
the variations we are considering here , are very small
therefore we assume that there is no variation in the optical lattice potential due to it. This is true only for ∆c > 0.
Eq. 25 is solved by using the following quasi-particles
which diagonalize the Hamiltonian
i
1 Xh q
√
u αq ei(qjd−wq t) − vq∗ αq† e−i(qjd−wq t) ,
I q
i
1 X h q∗ † −i(qjd−wq t)
√
u αq e
− vq αq ei(qjd−wq t) .
I q

~wq + A
,
2~wq
−~wq + A
=
,
2~wq

(25)

 
o
. The influence of ε for
where A = Uno + 4Jeff
sin2 qd
2
∆c > 0 on the Bogoliubov spectrum is shown in Fig. 5.
The mirror-photon coupling is found to enhance the Bogoliubov spectrum which is due to a corresponding decrease in the effective mass. The phononic linear regime
is seen to increase for higher ε.
10
8

ΩΓ1

o
− Keff
δj ,

6
4
2
0
-3

-2

-1

0

1

2

3

qd

(23)
q

0.0007

(uq )2 =

†

†

0.0006

Imposing the condition that (uq )2 − (v q )2 = 1 we get

o
i ~∂t δj =(2Uno − µ0 )δj + Uno δj − Jeff
(δj−1 + δj+1 )

δj =

0.0005

The ratio of effective mass to the bare mass as a function of ∆c /γ1 (left plot) and U0 J/γ1 (right plot) for three different values of the
mirror-photon coupling, ε = 0.0 (thick line), ε = 0.002 (thin line) and ε = 0.004 (dashed line). The pump amplitude is η/γ1 = 40,
mechanical mirror frequency Ωm /γ1 = 40, mirror damping γ3 /γ1 = 0.001, number of particle N = 100, U0 J/γ1 = 0.0007, E/γ1 = 2.0,
U/γ1 = 15, ∆c /γ1 = 0.5 (for right plot) and kd = 0 .

δj is the fluctuation operator. Substituting the above form
of annihilation and creation operators in the equation of
motion for bj we get the following equation for δj at k=0,
retaining only terms linear in the fluctuations

δj =

0.0004

U0 JΓ1

Dc Γ1
Figure 4.

0.0003

q

Here u and v are the Bogoliubov amplitudes. The quasi
†
particle operators follow Bose-statistics with [αq , αq ] =
δqq0 . This yields the Bogoliubov spectrum
p

χ(q) (χ(q) + 2Uno ),
 qd 
o
.
χ(q) = 4Jeff
sin2
2

~wq =

Figure 5.

The Bogoliubov spectrum as a function of the quasimomentum qd for three different values of the mirrorphoton coupling, ε = 0.0 (thick line), ε = 0.002 (thin
line) and ε = 0.004 (dashed line). The pump amplitude is
η/γ1 = 40, mechanical mirror frequency Ωm /γ1 = 40, mirror damping γ3 /γ1 = 0.001, number of particle N = 100,
U0 J/γ1 = 0.0007, E/γ1 = 2.0, U/γ1 = 15 and ∆c /γ1 = 0.5.

(24)
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5.

Superfluid fraction

†

and finally, because hαq αq i → 0 in the T→ 0 limit, we
get

In this section we calculate the superfluid fraction fs for
our system following [52, 53]. An expression for the superfluid fraction can be derived as,
fs =

I
1 X
†
†
hΨo |bj+1 bj + bj bj+1 |Ψo i.
2N j=1

(26)

†

I
1 X 2 1X
2 cos(qd)|v q |2
2φj +
2N j=1
I q

I  2 1X
=
φ +
cos(qd)|v q |2 .
N
I q

fs =

†

bj bj+1 |Ψo i. This yields
†

†

†

hΨo |(2|φj |2 + δj+1 δj + δj δj+1 )|Ψo i.

(32)

The summation is over all quasi-momenta q = 2π
j with j=
Id
1, . . . , (I−1) and φ is the value of all φj in a translationally
invariant system. In the limit d → 0 with q being finite we
P
use the normalization condition as Iφ2 + q |v q |2 = N.

†

hΨo |bj+1 bj + bj bj+1 |Ψo i =

j=1
I
X

(31)

The superfluid fraction at zero temperature is

Here |Ψo i is the ground state of the original Bose Hubbard Hamiltonian and I is the total number of lattice sites.
P
†
To calculate the fs we first calculate Ij=1 hΨo |bj+1 bj +

I
X

†

hΨo |(2|φj |2 + δj+1 δj + δj δj+1 )|Ψo i =
P
2φj2 + 1I q 2 cos(qd)|v q |2 .

(27)

j=1

0.992

0.990

0.988

fs

To calculate the above expressions we have used that
†
†
hδφi = hΨo |δφ|Ψo i = 0 , φj+1 φj = φj φj+1 = φj φj =
|φj |2 . Consequently, we get

0.986

†

†

hΨo |(2|φj |2 + δj+1 δj + δj δj+1 )|Ψo i =
x1 + x2 + x3 + x4 + x5,

0.984

(28)

0.982

0.980

where
x1 = hΨo |2|φj | |Ψo i,
1X
2 cos(qd)|uq |2 αq† αq |Ψo i,
x2 = hΨo |
I q

-4

x3 = hΨo |

1X
2 cos(qd)|v q |2 αq αq† |Ψo i,
I q

x4 = hΨo |

1X
(−2v q uq αq αq )e2i(qjd−wq t) eiqd |Ψo i = 0,
I q

-2

0

2

4

DcΓ1

2

Figure 6.

The superfluid fraction as a function of the ∆c /γ1 for three
different values of the mirror-photon coupling, ε = 0.0
(thick line), ε = 0.002 (thin line) and ε = 0.004 (dashed
line). The pump amplitude is η/γ1 = 40, mechanical mirror frequency Ωm /γ1 = 40, mirror damping γ3 /γ1 = 0.001,
number of particle N = 100, U0 J/γ1 = 0.0007, E/γ1 = 2.0,
U/γ1 = 15.

A plot of the superfluid fraction as a function of ∆c is
1X
(−2uq∗ v q∗ αq† αq† )e−2i(qjd−wq t) e−iqd |Ψo i = 0. shown in Fig. 6. Just as in the case of effective mass, we
I q
observe the onset of multistability in the negative detun(29) ing side for ε = 0.004. On the positive detuning side,
as mirror-photon coupling increases, the superfluid fracOn simplifying the above we get following
tion increases since the optical lattice decreases. The
moving mirror shakes the optical lattice and transfers the
†
†
hΨo |(2|φj |2 + δj+1 δj + δj δj+1 )|Ψo i =
atoms between the wells. This increases the atom num1X
ber fluctuations. The increase in the superfluid fraction
2
q 2
hΨo |2|φj | |Ψo i +
hΨo (2 cos(qd)|v | ) Ψo i
I q
is accompanied by an increase in the atom number fluctuations. This effect can be seen directly by looking at
X
1
+
hΨo |(2 cos(qd)|v q |2 2αq† αq )|Ψo i
the interference pattern of a BEC released from an optiI q
cal trap. In contrast to this destructive measurement, one
1X
†
can measure the different phases of the condensate with
+
hΨo |(2 cos(qd)αq αq )|Ψo i
(30)
I q
the mechanical spectrum of the mirror [35].
x5 = hΨo |

102
Unauthenticated
Download Date | 10/19/18 11:37 PM

P. Verma , A. B. Bhattacherjee, M. Mohan

6. Opto-mechanical effect on the
Mott phase
In this section, we now calculate the influence of the mirror motion on the phase diagram of the BEC in the optical
cavity. We determine the boundaries of the Mott insulating (MI) states, using the strong-coupling expansion
method and closely follow the work of Larson [16]. In the
previous sections, the BEC was taken to be in the mean
field regime and we assumed that the Wannier functions
were independent of the optical lattice. On the contrary
in this section, we take into account that the optical lattice potential depends on the atomic density, and hence
the Wannier functions depend on the optical lattice. This
makes the problem highly nonlinear and the coefficients
of Eq. 8 have to be determined self consistently [16]. The
optical lattice potential V = ~U0 a† a neglecting the classical potential. We can expand the steady state (as ) of a
to first order in small tunneling matrix element J and take
in the mean field N = hN̂i.
η
as =
γ1 − i∆c0

(

iU0 J B̂
1−
γ1 − i∆c0

†

†

where f(as as ) is the value of as as obtained from the cubic
equation and depends on the pump intensity. t̃ depends
on the atomic density through the Wannier function and
at the same time determines the state of the system [16].
We now determine the ground state for a fixed number of
particles using the strong coupling expansion technique.
The phase boundaries are determined by comparing the
energy of the MI state, given by n0 atoms at each site of
the cavity optical lattice, with the corresponding energies
of the states with n0 + 1 (particle) atoms or n0 − 1 (holes)
particles per site. The nonlinear nature of the problem
means that the Wannier functions have to calculated self
consistently [16]. We determine the chemical potential µ̃
as a function of η for U0 > 0. We have to consider three
cases, namely (1)In0 + 1, (2)In0 and (3)In0 − 1. Here
I is the number of lattice sites. The phase diagram is
calculated for a fixed number of atoms N and scaling N so
as to keep the atomic density constant. The coefficients of
Eq. 8 are determined within the Gaussian approximation
in which the Wannier functions are replaced by Gaussian
functions. The coefficients read as [16]

)
,

P †
where ∆c0 = ∆c − U0 J0 N − εΩm Re(am,s ), N̂ =
j bj bj
P †
and B̂ = ij bi bj . Here Re(am,s ) is the real part of the

J0i =

†

steady state value of am . The steady state value of as as
is
(
)
2U0 J∆c0 B̂
η2
†
1− 2
.
(34)
as as = 2
γ1 + ∆c02
γ1 + ∆c02

|α|2 =

η2
(∆c − U0 J0 N

2ε 2 Ω3m
|α|2 )2
γ32 +Ω2m

.
+ γ12

(36)

The rescaled OMBH Hamiltonian is obtained as
H̃ = −t̃ B̂ +

1X
ni (ni − 1) − µ̃ N̂,
2 i

(37)

where all energy terms are rescaled with respect to U,
µ̃ = µ/U.
E
~U0 J
t̃ = − −
f(a†s as ),
(38)
U
U

(39)

1
[1 − e−yi ],
2

(40)

†

Ei = −

|~U0 fi (as as )| −π 2 /4yi
e
(2yi + π 2 ),
4

(41)

1 −pi2 /4yi −yi
e
,
2

(42)

4Er asc
Ui = √
yi ,
2π∆yz

(43)

Ji =

In the mean field of the steady state photon number
†
has as i = |α|2 , the tunneling part of the OMBH Hamiltonian is
Htun = E + ~JU0 |α|2 B̂.
(35)
Now since we are only retaining terms linear in B̂, the
effective value of |α|2 is after substituting for Re(am,s )

Er
,
2yi

E0i =

(33)

where,
q i = 1, 2, 3 (the three cases mentioned above),
Er
yi =
, ∆yz is the transverse width of the atomic
†
~U0 fi (as as )

wave packet. Er is the recoil energy and asc is the s wave
scattering length. The phase diagram in the absence of
the mirror motion (Fig. 7a) and with mirror motion (Fig. 7b)
clearly shows a reduction in the Mott lobes (indicating a
increase in the superfluid phase) in agreement with the
previous section. The reduction in the Mott lobe is particularly significant for the n0 = 2 case. The phase diagram
without the mirror motion (Fig. 7a), in the µ̃ − η plane
shows that the Mott states with higher number of atoms
(n0 ) have higher energy for large pump strengths, while
for moderate pump intensities, states with large n0 may
have smaller energies compared to states with atoms less
than n0 . The mirror motion (Fig. 7b) is seen to increase
the energy of the Mott states.
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Phase diagram, showing the Mott zones in the scaled chemical potential µ̃/U as a function of η/γ1 for the case without mirror motion
(plot (a), ε = 0)and with mirror motion (plot (b)), ε = 0.2). Here K = 120, γ3 = γ1 , Ωm = 10γ1 and ∆c = 0.4γ1 . The lowest Mott lobe is
for n0 = 1, the next Mott lobe if for n0 = 2 and the top one is for n0 = 3.

Conclusions

We have studied the effects of a moving cavity mirror on
the Bloch energy, the effective mass, the Bogoliubov excitation, superfluid fraction and the Mott-superfluid phase
diagram of a Bose-Einstein condensate confined in an optical cavity. The cavity light field develops a photonic
band structure due to the strong coupling with the condensate. Since the moving mirror is coupled to the cavity
photons, the photonic band structure is modified due to
the mirror motion. For positive detuning case, the mirror motion reduces the optical lattice. The consequence
of this effect is to increase the Bloch and the Bogoliubov
energies. A decrement in the effective mass of the atoms
together with an increment in the superfluid fraction is
also observed. The calculated phase diagram also reveals
an increment in the superfluid phase due to mirror motion.
The mirror appears to be a new handle to coherently control the superfluid properties of the condensate.
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