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Abstract:
The focus of this paper will be on the modelling and simulation of contraction flow, with marked aspect ratio
b = 6, 9, 12. Two fluid families are considered: a glycerol Newtonian solution and carboxy-methyl-cellulose (CMC)
solutions which present particular rheological properties. Their shear thinning character are modelled by a Cross
formula over a large scale of shear rates. The elongational properties are taken via a simplified Ericksen model
into account. Experimental velocity profiles are determined using the Laser Doppler Anemometry (L.D.A) tech-
nique. They are found to be in good agreement with numerical velocity profiles obtained using a finite volume
method with extra source terms traducing the particular rheological behaviour proposed here. The simulations
allow to determine the different values of an elongational parameter m3. Then, some numerical results con-
cerning the total energy losses are presented using the usual concept of the equivalent length.

Zusammenfassung:
Den Schwerpunkt dieses Artikels bildet die Modellierung und die Simulation der Düseneinlaufströmung bei
vorgegebenen Längenverhältnissen, b = 6, 9, 12. Zwei Klassen von Flüssigkeiten werden berücksichtigt: eine
Newtonsche Glycerin-Lösung und verschiedene Carboxyl-methyl-cellulose(CMC)-Lösung, welche besondere
rheologische Eigenschaften aufweisen. Ihre strukturviskosen Eigenschaften werden mit einer Gleichung nach
Cross über einen großen Scherratenbereich modelliert. Die Dehneigenschaften werden mit Hilfe eines verein-
fachten Erickson-Modells erfasst. Experimentelle Geschwindigkeitsprofile werden unter Benutzung der Laser-
Doppler-Anemometrie (L. D. A.) bestimmt. Diese werden durch numerisch ermittelte Geschwindigkeitsprofile
bestätigt, wobei eine Finite-Elemente-Methode mit zusätzlichen Quelltermen benutzt wurde, die das beson-
dere rheologische Verhalten, das hier vorgeschlagen wird, beruecksichtigen. Die Simulationen erlauben die Be-
stimmung der verschiedenen Werte eines Dehnparameters m3. Danach werden einige numerische Resultate be-
treffend des Gesamtenergieverlustes vorgestellt, wobei das übliche Konzept der äquivalenten Längen zu Grunde
gelegt wird. 

Résumé:
L’objet de ce papier est la simulation numérique et la modélisation de l’écoulement de solutions de carboxy-
methyl-cellulose (CMC) au travers de contractions brusques axisymmétriques de rapports d’aspect élevés
b = 6, 9, 12. Deux familles de fluides ont été considérées: une solution newtonienne de glycérol pour calibration
ainsi que diverses solutions de CMC aux propriétés rhéologiques particulières. Le caractère rhéofluidifiant a été
pris en compte par le biais du modèle de Cross permettant ainsi l’étude sur un large domaine de taux de cisaille-
ment. Un modèle d’Ericksen simplifié a été utilisé pour rendre compte des propriétés élongationnelles des flu-
ides. Des profils expérimentaux de vitesse ont été déterminés par la technique de vélocimétrie laser à effet
Doppler. Ils sont en bon accord avec les résultats numériques obtenus par une méthode de volumes finis. La sim-
ulation permet de déterminer les valeurs d’un paramètre physique m3 traduisant les propriétés élongationelles.
Enfin, des résultats numériques, concernant la perte de charge totale, sont présentés en faisant usage du con-
cept traditionnel de longueur équivalente.
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porate the effects of the lip curvature and
describe the enhanced pressure drop and the vor-
tex size. 

In some cases, it is well known that dif-
ficulties are still present when comparing exper-
imental results to the numerical ones even when
considering fluids with moderate elastic proper-
ties. We present some numerical and experi-
mental data concerning contractions charac-
terised by important contraction ratios b = 6, 9
and 12, rather different from the test case b = 4.
We consider essentially pseudo-plastic solutions
and a Newtonian fluid for comparison. We devel-
op a simplified rheological model taking a possi-
ble non isotropic extensional effect into account.
A good agreement between numerical results
and experimental data is observed.

2 EXPERIMENTAL SET-UP AND INSTRU-
MENTATION

2.1 EXPERIMENTAL SET-UP
The flow loop used for the experiments is pre-
sented schematically in Fig. 1. The flow rate is
insured by a volumetric pump (1) (numbers in
parentheses refer to the component shown in
Fig. 1), such an apparatus is used to prevent the
fluids from mechanical degradation. A heat
exchanger (7) is located just after the pump out-
let to avoid any temperature variation. An elec-
tromagnetic flow-meter (2) allows the determi-
nation of the flow rates. They could be modified
by varying the rota-
tion speed of the
pump, or by activating
a valve (3) located on
the main pipe. The test
section (4,  5)  is
zoomed on Fig. 2. The
following dimensions for the geometry and con-
traction ratios b are studied: R1 = 15 mm, R2 = 2.5

1 INTRODUCTION
The flow of non-Newtonian fluids through
axisymmetric contractions remains an interest-
ing field of study because of the practical impor-
tance of these geometries for the chemical and
food processing industries. This issue is also
clearly considered as a benchmark for numerical
methods, more essentially when testing vis-
coelastic rheological models. A large number of
numerical simulations or experimental data can
be found in the literature. A brief review of earli-
er works is indicated in the article written by Xue
et al. [1]. Regarding purely viscous fluids, it has
been clearly pointed out that the existence and
development of an upstream vortex depend on
the fluid inertia, see Cable and Boger [2]. Kim et
al. [3] state the size of recirculations as being
highly dependent on the non-Newtonian char-
acter of the fluid. Regarding fluids with a marked
elasticity, the situation is not so clear. Nigen and
Walters [4] investigate the behaviour of various
Boger fluids flowing through axisymmetric and
planar contractions. In the axisymmetric con-
traction, their results exhibit the so called vortex
enhancement, whereas in planar contraction,
the enhancement is  absent.  Moreover
Aboudacar et al. [5] show numerically that the
vortex enhancement or reduction may be attrib-
uted to the extensional viscosity of the elastic flu-
ids. Xue et al. [1] or Maders et al. [6] are interest-
ed in the elaboration of complex rheological
models, which try also to take extensional vis-
cosity effects into account. It must be noticed
that the practical determination of rheological
constants included in the models may be rela-
tively difficult. Purely numerical aspects con-
cerning convergence limits are also under con-
stant discussion. References concerning
non-Newtonian fluids with elongational interest
are much scarcer: Kim et al. [3], Halmos and Boger
[7] or Binding [8]. Maia and Binding [9] introduce
an important analytical approach including a
non-linear elongational viscosity. It is important
to note that Piau and co-workers [10-11] present
papers concerning orifice dies, a situation very
similar to ours. Recent contributions by Rothstein
and McKinley [12-13] are also to be considered.
They deal with the axisymmetric contraction-
expansion, the radii of the cylindrical tubes
upstream and downstream the contracted zones
are identical and equal to two radii. The working
solution is a polystyrene Boger fluid. They incor-

Figure 1: Experimental
set-up (1 Volumetric pump,
2 Electromagnetic flow-
meter, 3 By-pass, 4 Large
pipe, 5 Small pipe, 6 Velocity
measurement apparatus,
7 Heat exchanger).

Figure 2: Sudden contraction
and co-ordinate system.
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mm (b = 6), R1 = 15 mm, R2 = 1.7 mm (b = 9) and R1
= 15 mm, R2 = 1.25 mm (b = 12). The ratio L/(2 R1)
was always higher than 50 to assume that the
flow is fully developed before the contraction
plane. This hypothesis is confirmed by experi-
ments. One notices that the test section is made
from a piece of poly-methyl methacrylate to per-
mit optical access for laser beams. So, the axial
velocity profiles may be determined at different
axial positions by means of laser velocimetry.

2.2 LASER DOPPLER ANEMOMETRY AND ERROR
SOURCES
The measurements, concerning the radial distri-
bution of the axial velocity, are performed using
a laser Doppler Anemometer. The principle of this
non intrusive measuring technique was
explained by Durst et al. [14] and Durrani and
Greated [15]. The optical device is composed of a
He-Ne Laser source (5 mW), a beam splitter and
a 120 mm focal lens. The separating distance is
24 mm, leading to a control volume which spe-
cific dimensions are respectively Dx = 0.096 mm
and Dr = 0.48 mm. Far from the walls, the mea-
surement error due to calibration is about 2%, as
indicated by the constructor. Meanwhile, close to
the walls, the velocity gradients are higher and
there is an over evaluation of the velocity. The
high velocity particles have a more important
probability to cross the control volume than the
slow ones. A correction proposed by Durst et al.
[14] is used to improve the precision of the mea-

surement near the walls. Moreover, the probe
head, housing both the transmitting and the
receiving optical device, is mounted on a three
axis transverse, having a spatial resolution of 15
mm. The head is moved to obtain 36 measure-
ment points along a diameter in the upstream
part of the test section. The flow rates, indicated
by the flow-meter, are found to be within 5% of
values computed from the velocity profiles. In the
upstream part of the test section, the closest
measured profiles are located 2 or 4 mm
upstream the contraction plane, according to the
contraction ratio. In the downstream part, due to
the geometry of the contraction, it was not pos-
sible to perform measurements very close to the
contraction. 

2.3 WORKING FLUID AND RHEOLOGICAL
BEHAVIOUR
Two different fluid families are used for the
experimentations. Firstly, a glycerol solution
with a constant viscosity is considered to cali-
brate our numerical algorithms. Secondly, vari-
ous solutions of carboxy-methyl-cellulose (CMC),
with weight concentrations of about 1% and 2%,
are used. The latter contain semi-rigid molecular
chains and also certainly a feeble amount of
fibres due to the elaboration process. Kulicke and
al. [16] explained that they change the rheologi-
cal behaviour of the solution. The size of these
chains is a function of the molar mass of the sam-
ple (here M = 200000 g/mol). The relevant prop-
erties of the different solutions appear in Table I.

Under simple shear conditions, the char-
acterisation of the fluid is obtained using a rota-
tional viscometer: that is to say the stress con-
trolled rheometer AR1000 fitted out with a cone
and plane geometry. The external cone diameter
is equal to 3 cm and its angle value is 1°. Some
experiments were performed to exhibit the evo-
lution of the apparent viscosity versus the shear
rate, the apparent viscosity being deduced from
equilibrium points of the curves. Figure 3
resumes these results in characteristic
rheograms which indicate the shear thinning
character of the tested fluids. The first normal
stress difference N1 is also measured as a func-
tion of the shear rate g· , by means of a normal
force transducer located under the rheometer
plane. The dynamic viscosity G”/w and the
dynamic rigidity 2G’/w2, which are depending on
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the frequency, are obtained by oscillation tech-
nique. It can be observed that the elastic compo-
nent is not marked, especially by comparison
with elastic Boger fluids used for testing vis-
coelastic models (see [10]). 

A simple power law cannot convenient-
ly model the shear stress variations on the whole
shear rate domain. In fact, due to the values of
the contraction ratio b, it must be highlighted
that the wall shear rates for the upstream and
downstream pipes, pertain to very disconnected
domains (the ratio varying roughly like 1/b3).
Then, the Cross model is chosen and the appar-
ent viscosity is given by the following function of
the shear rate g·

(1)

According to Fig. 3, this formula correlates the
experimental data with sufficient accuracy. The
fluid - particle interaction is introduced using the
following rheological model proposed by Erick-
sen [17]:

(2)

The orientation vector p (pr, pq, px) is a unit vec-
tor showing the local anisotropy direction. The
[3•3] matrix pp is defined by the product of the
orientation vector by the transpose: ppij= pi pj.
The  notation “:” stands for the mathematical
operation D:pp = S Dijppij. The variable P is the
isotropic pressure, I the identity matrix, D the
strain rate tensor. The parameter m1 is the usual
apparent viscosity which may depend on D. The
physical constants mi (i = 2, 4) are relative to elon-
gational properties. Lipscomb [18] suggests m2 =
m4 = 0 for fibre-like particles. Obviously, this for-
mulation needs to introduce an orientation dis-
tributing function and also to write transport
equations for the latter. Generally, a closure
hypothesis is written down, see for instance
Advani and Tucker [19]. Another assumption,
maybe less complex, was made by Papanasta-
siou and Alexandrou [20]. They assert the macro-
molecules are aligned along the stream lines.

τ µ µ µ µ= − ⋅ + + +( ) + +( )P I D D: pp pp D: pp pp:D2 21 2 3 4

µ µ
λγ1

0

1
=

+ ( ). n

Naturally, it must be noticed that for a simple
steady shear rate situation, the proposed law (2)
reduces to tt = - P I + 2 m1 D as all other terms van-
ish. As shown in the third part of this study, our
modelling will accept and simplify this hypothe-
sis. Probably m3 may also exhibit a non-linear vari-
ation versus strain rate tensor, but our experi-
mentations are not sufficiently accurate to
determine this point.

3 MODELLING

3.1 GENERAL CONSIDERATIONS
As a first step, the momentum equations are
written using the cylindrical co-ordinates (r, q, x).
It leads to a 2D axisymmetric formulation.

(3)

where u stands for axial velocity, and v for radial
velocity. The stress tensor t = tN+ t– is split in two
parts: a Newtonian part tN, which stands for the
purely viscous stresses, and t–, called the extra
stress components, which stands for the elastic
contribution. The rate of strain rate tensor D is
defined by

The stresses are related to D by Eq.2. Now m1 is
considered as a constant for the Newtonian case
or as a function of the 2nd invariant I2 = [(trD)2-

trD2]/2, according to Eq.1 with g· = (-4I2)0.5, for
shear thinning solutions.

3.2 SUPPLEMENTARY TERMS
The tensorial expression m3 D:pp introduces the
following extra-terms in the stress tensor 
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Assuming that the orientation vector p is tangent
to the streamlines, one can write

(5)

The derivatives of Eq. 4, are treated as source
terms in the momentum conservation equa-
tions. They can be activated or not during the cal-
culation process. Indeed, at the very beginning of
the calculation, the velocity field is incorrect. To
accelerate convergence, it is much better to con-
sider first a purely viscous solution. After this
stage, the source-terms are turned on. This is the
main reason why the stress tensor is split in two
contributions. The orientation of the macro mol-
ecules along the streamlines appears like a work
hypothesis which must be discussed. We have
limited our study to the two following possibili-
ties: pr = v/(u2 + v2)0.5 , pq = 0, px = u/(u2 + v2)0.5,
which we call the complete model and pr = 0, pq
= 0, px = 1 for the simplified one.

The latter choice corresponds to an ori-
entation vector running parallel to the duct axis
everywhere in the domain. It is clear that this is
not really realistic, but we shall anticipate the
numerical presentation to show that this point is
not essential for the considered situation. Nev-
ertheless, it must be clearly noticed that the pro-
posed simplifications are significant ones. It
must be also noticed that the simplified model
may be related to the Miesowicz viscosity,
according to the work by Kröger and  Sellers [21].

The numerical results that will be dis-
cussed here correspond to 0.36 < Redown < 360,
with m1/m3 = 1 which is a value emphasizing the
effect of the extra part of the stress. Figure 4 pro-
vides the evolution of the axial velocity as a func-
tion of the abscissa for Redown = 11. Far from the
contraction plane, the extra stress tensor vanish-
es. The points belonging to the left part of the
curves coincide. Close to the entrance of the small
tube, it seems that the velocities are mainly gov-
erned by geometry. Figure 5 presents the stream-
lines in the corner for the complete and the sim-
plified model. For particles with an initial radial
location such as r/R1 > 0.96, the streamlines are
modified only in the corner above the contraction.
Nevertheless, these variations, which remain
rather weak, may equally lead to modifications of
about 10 % of the velocity field, see Fig. 6. The fol-
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Figure 4 (left above): Reduced axial velocity u/Uup on the
axis, versus the axial abscissa X/R1. Comparison between the
results issued from the complete and the simplified models
(Redown= 11, aspect ratio b = 6, m1 = m3 = 5*10-2 Pas)

Figure 5 (left middle): Streamlines. Comparison between the
complete and simplified models (Redown= 11, aspect ratio
b = 6, m1 = m3 = 5*10-2 Pas).
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lowing Figs. 7a - d provide a comparison for the
purely viscous and extra components of the stress
tensor. For the two modelling that we have con-
sidered here, the general trends of the curves are
maintained. Moreover, the figures allow a com-
parison of tN and of t– components, for the same
model. It seems that tN is always greater than t–.
Finally, it can be observed that a drastic approxi-
mation such as p(0, 0, 1) produces results very sim-
ilar to those of the complete model. This is due to
the fact that one can roughly distinguish a zone
of the flow, just upstream of the contraction. In
this zone, the derivative ∂v/∂u reaches important
values and the ratio v/∂ remains rather small. Out
of this area, streamlines are no longer parallel to
the axis. But the axial velocity gradient exhibits
small values and the extra-stress components are
not of numerical importance. Nevertheless, it
must be pointed out that for other geometry, the
simplified model may leads eventually to inade-
quate results. 

4 NUMERICAL RESULTS, COMPARISON
WITH EXPERIMENTS

4.1 NUMERICAL METHOD AND CONVERGENCE
PROBLEMS
The numerical simulations were performed
using the finite-volume based Fluent code. The
classical pressure-based Simplec algorithm and
the power-law differencing scheme are used.
Naturally, it was a necessity to introduce user
defined subroutines so as to treat supplementary
terms as indicated above. Figure 8 provides a sig-
nificant part of the grid, including the corner
zone. Obviously, the grid was refined near the
corner and near the walls for reasons of accura-
cy. The 4050 cells grid is fine enough so that the
results no longer depend on the mesh size.

4.2 Velocity field, comparison of experimental
and numerical results
Here some typical graphs will be discussed further
down. They characterize the different fluids and
geometry that we have considered. Figure 9 corre-
sponds to the purely Newtonian case, it gives the
ratio of horizontal velocity to the mean upstream
velocity, on the axis of the contraction. For x/R1 < -
2, we observe in fact the established regime, for
higher values, we can observe an acceptable con-

cordance between the simulation and the experi-
mental points. Nevertheless, it must be remem-
bered that the last tested sections correspond only
to x/R1 < -3, due to the separation distance between

laser beams. Figures 10 and 11 give a more detailed
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evolution of the velocity field, for the first pseudo-
plastic solution and two contraction ratios b= 6 and
b = 9. The best possible agreement between exper-
imental points and the modelling is researched by
varying the unknown coefficient m3 in Eq. 2, all data

can be fitted by m3 = 10-2 Pas (CMC 1 %). For 2 % CMC

solution, the best correlation is obtained using m3 =
5.10-2 Pas, the axial velocity is presented in Fig. 12.
The parameter m3 may be considered as dependent
on different quantities such as the extensional rate
or the shear rate. This aspect of theory cannot be
studied on here, regarding the experiments.

4.3 ENERGY DISSIPATION
For every sort of constrictions, the total energy dis-
sipated between two predefined sections and the
related coefficients are of great practical interest.
Energy balance provides the following equation:

(6)

Usually, the total pressure drop DP = P(x = L1) - P(x
= L2) is corrected of DP1 and DP2, quantities equal to
the losses for an established regime through tubes
of lengths and diameters (L1, R1) and (L2, R2). An
equivalent length Leq is also defined by Leq =
DP/(2tw2) where tw2 is the wall shear stress for a
fully developed regime in the downstream pipe.
Results concerning the two shear thinning fluids
are presented in Table 2. They are function of the
contraction ratio b and of the downstream
Reynolds number, defined as

(7)
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aspect ratio b = 6, CMC 1%; Experimental values: Ê x/R1 =
-0.30, Ï x/R1 = -0.40, Ú x/R1 = -0.94, + x/R1 = -1.61, -  Simulation).

Figure 11 (left middle): Reduced axial velocity as a function of the
dimensionless radius r/R1 for different axial positions (Redown = 190,
aspect ratio b = 9, CMC 1%; Experimental values: Ú x/R1 = -0.31, +
x/R1 = -0.44, Á x/R1 = -0.31, Ï x/R1 = -0.71, Ê x/R1 = -1.31, - Simulation).

Fig. 12: Reduced axial velocity
on the symmetry axis func-
tion of the reduced abscissa
(Redown = 178, aspect ratio b
= 6, CMC 2%, Ï Experimental
values, - Simulation; Redown =
81.6, aspect ratio b = 12,
CMC 2%, Ú Experimental val-
ues, - Simulation). Table 2: Equivalent lengths for various reynolds numbers.
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The parameter mw2 is the apparent viscosity cal-
culated at the wall for an established regime in the
downstream pipe. As expected, the equivalent
length hardly depends on the b ratio. All our results
appear to be compatible with a slope DLeq/DRedown
about 0.056. The initial value about 0.35 can not be
defined with the same accuracy. These results could
be compared to the formula proposed by Boger Leq
= 0.589 + 0.0709 Re for Newtonian fluids with b =
4 and also to results obtained by Kim et al. [3]. They
considered the Carreau model and a constant vis-
cosity scaling. The different slopes may be
explained by the rheological model and more par-
ticularly by the particular choice for the expression
of the Reynolds number. In fact, due to the impor-
tant values of b, the wall viscosity mw2 may be very
different from the viscosity calculated at the inlet
section.

5 CONCLUSION
For the different CMC solutions tested, a simplified
Ericksen model has been introduced. The shear
thinning character of the fluids and also the
fluid/fibres interactions are taken into account.
Indeed, the various stress components are modified
so as to enhance the effect of the elongational rate.
By comparison to experimental velocity profiles
obtained at various axial positions and as well as by
rheological tests, it was possible to determine opti-
mal values for the model parameter m3. This physi-
cal parameter is probably a function of the shear
and elongational rates, but there is not enough
experimental data to draw a conclusion regarding
this point. By means of numerical simulations, the
influence of the orientation field has been tested.
Within the Reynolds numbers interval considered,
the impact of orientation on the u velocity on the
axis is not really marked. So a simplification was
proposed which leads to a very simplified version
with an important convergence domain. The total
energy losses are treated using the equivalent
length notion. As far as the two fluids and the three
contraction ratios are considered, a unique formu-
lation is acceptable.
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NOMENCLATURE
D = strain rate tensor
g = acceleration of gravity
G’ = storage modulus
G” = loss modulus 
I = identity matrix
l2 = second invariant of D
L1 = large pipe length
L2 = small pipe length
Leq = equivalent length
n = rheological index
N1 = first normal stress difference
p = local orientation vector
pr, pq, px = p components
P = Isotropic pressure
r = radial position
R1 = large pipe radius
R2 = small pipe radius
Reup, Redown = upstream and downstream

Reynolds numbers
u, v = axial and radial velocity com-

ponents
Uup, Udown = mean upstream an down-

stream velocities
x = abscissa along axial direction
aup, adown = kinetic energy coefficients
b = contraction ratio
DP, DP1, DP2 = pressure variations
Dx, Dr = characteristic lengths of the

measuring volume
e· = elongational rate
g· = shear rate
l = Cross model parameter
m0 = zero shear viscosity in the

Cross model
m1, m2,, m3, m4 = rheological parameters of the

Ericksen model
r = density
t = stress tensor
tN, t– = purely viscous and extra parts

of the stress tensor
mw2 = wall viscosity for the down-

stream pipe
tw2 = wall shear stress for the down-

stream pipe
q = polar angle
w = pulsation
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