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Abstract 

We propose a concept for fast image acquisition in diagnostic ultrasound imaging using compressed sensing (CS). Our 

concept is based on the formulation of an inverse scattering problem (ISP) to recover deviations in compressibility in a 

specified region from measurements of the scattered sound. For its derivation, we utilize the Born approximation and as-

sume the emission of a single broadband plane sound wave. We employ CS to regularize this ill-posed ISP, assuming the 

existence of a sparse representation of the deviations in compressibility in a suitable basis or tight frame. We validate our 

concept experimentally and compare the recovered images to those generated by synthetic aperture (SA; 128 wave emis-

sions), filtered backpropagation (FBP; single plane wave emission), and delay-and-sum (DAS; single plane wave emis-

sion) algorithms. For a sparse wire phantom, our concept outperformed SA, FBP and DAS in terms of sidelobe reduction 

and lateral -6 dB-widths. Axial -6 dB-widths were comparable. Using wave atoms or curvelets for sparse representation, 

our concept recovered a commercial multi-tissue phantom with fewer image artifacts and smaller lateral -6 dB-widths 

than FBP and DAS. Moreover, the achieved contrast was comparable to SA. 

 

 

1 Introduction 

Recently, the novel mathematical concept “compressed 

sensing” (CS) has been adopted in various medical imag-

ing technologies, e. g. magnetic resonance imaging (MRI) 

[1] or photoacoustic tomography (PAT) [2]. CS enables 

the recovery of objects with sparse representations from 

only a few physical measurements. With the help of CS, a 

significant reduction of the number of measurements and 

thus of acquisition time could be achieved, while image 

quality was maintained. Using the same number of meas-

urements, the CS concept reduced image artifacts and 

noise power. 

Despite these obvious benefits, few attempts have been 

made to incorporate CS into diagnostic ultrasound imaging 

(UI). Published investigations mainly focus on conven-

tional pulse-echo B-mode imaging and propose various 

random sampling strategies for the received RF signals, e. 

g. [3]. However, these attempts have not yet achieved 

similar benefits as the application of CS in MRI, CT and 

PAT. 

In the field of inverse problems, CS was recently applied 

to regularize inverse scattering problems (ISPs) [4]. In this 

contribution, we adapt this inverse scattering theory to 

pulse-echo UI. We develop a CS-based concept for the re-

covery of objects that significantly reduces the number of 

wave emissions per image and thus acquisition time. 

2 Methods 

2.1 Solution to the Wave Equation for Inhomoge-

neous Fluids 

The scan configuration employed in two-dimensional 

pulse-echo UI is illustrated in Image 1. An object 

2 \ { 0}zΩ⊂ ≤ℝ  (gray region) with inhomogeneous com-

pressibility 1κ  is embedded in a homogeneous medium 

with compressibility 0κ . For 
2∈r ℝ , the compressibility 

κ  is then given by 
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The incident sound wave caused by an excitation of the 

transducer array is scattered within and at the boundary of 

the inhomogeneous object Ω . The resulting sound field is 

approximately governed by the linear wave equation for 

inhomogeneous fluids. Derivations of its solution can be 

found in [5] and are also outlined in our preliminary work 

[6, 7]. Let in sc= +l l lp p p
 
denote the monofrequent acous-

tic pressure consisting of the incident and scattered acous-

tic pressure, lk  indicate the wave number, and 
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Image 1 Scan configuration used in two-dimensional 

pulse-echo ultrasound imaging. 
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γ κ κ−= −r r  describe the local relative deviation in 

compressibility. The acoustic pressure is then implicitly 

described by the Lippmann-Schwinger equation 

 ( ) ( ) ( ) ( ) ( )in 2 ,l l l l lp p k p g dκγ

Ω

′ ′ ′ ′= + −∫r r r r r r r   (1) 

where 

( ) ( )(2)
0 24

l l

j
g H k=r r  

is the free-space Green’s function and (2)
0H  is the zero-

order Hankel function of second kind. 

In order to linearize the relationship between κγ  and the 

scattered acoustic pressure in (1), we utilize the Born ap-

proximation [8]. For simplicity, we assume plane wave ex-

citation with direction of propagation 
ϑ
e  and complex 

amplitude in
lA . This yields 

 ( ) ( ) ( )sc 2 in, .ljk
l l l lp k A g e dϑ

ϑ κγ
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r e r r r r
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We further assume that κγ  may be approximated by point 

scatterers located on a regular lattice. The set of 

x z
N N N=  lattice points is defined as 
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where 2

0
/ { 0}z∈ ≤r ℝ  is an offset vector, 

x
δ  and 

z
δ  

denote the spacing between adjacent lattice points on the 

x - and z -axis, and 
x
N  as well as 

z
N  are the number of 

lattice points on these axes, respectively. With 

,
( )

i iκ κ
γ γ= r , the local relative deviation in compressibil-

ity can be written as 
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and the scattered acoustic pressure (2) becomes 
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As shown in Image 1, the scattered pressure is received by 

a linear transducer array. The 
el
N  measurement locations 

are δ−= − − 1 T

el, el el
[( ( 1)2 ) ,0]

m
m Nr , for 

el
0 m N≤ < , 

with 
el
δ  as element pitch. 

For convenience, we resort to vector-matrix notation and 

define the 
el
1N ×  vector 

( ) ( ) ( )
el

T
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el,0 el, 1, , , , ,l l l Np pϑ ϑ ϑ−
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the 1N ×  vector 

T

,0 , 1, , ,Nκ κ κγ γ −
 =   γ …  

and the ×
el
N N  matrix 

ϑ

ϑ

−= −i2 in

, el,
{ ( )} ( )l i

jk

l m i l l l m i
k A e g

e r

G e r r . 

For each wavenumber the system of linear equations 

 ( ) ( )sc
l lϑ ϑ κ=p e G e γ  (4) 

can be established. For broadband insonification with kN  

discrete wavenumbers lk , 0 kl N≤ < , the system (4) can 

be augmented to 
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with the complex-valued 
el k
N N N×  matrix ( )ϑG e . 

2.2 Solution to the Inverse Scattering Problem 

The ISP is defined as the recovery of the vector κγ  from 

measurements of the scattered sound (5). This problem is 

known to be ill-posed, i. e. there does not exist a unique 

solution without imposing additional constraints. If κγ  is 

sparse or if there exists a sparsifying basis Ψ , we can take 

advantage of CS theory in order to recover κγ  
 This can be 

accomplished by solving the convex optimization problem 

[9] 

 ( ) ( )sc

1 2

ˆ arg min such that 
N

ϑ ϑ ε
∈

= − ≤
x

θ x p e G e Ψx
ℂ

, (6) 

where 0ε>  is a measure for noise and inaccuracy of the 

physical model. Given θ̂ , the recovered vector κγ  is 
ˆˆ

κ =γ Ψθ . 

2.3 Implementation 

We employed SPGL1 [10] to solve the optimization prob-

lem (6). This algorithm requires efficient implementations 

of multiplications of ( )ϑG e  and its Hermitian conjugate 

( )H
ϑG e  with suitable vectors. For problems of typical 

size, e. g. 512x zN N= = , 128elN = , and 360kN = , the 

memory occupied by the complex-valued matrix ( )ϑG e
 
is 

approx. 180 GB, assuming double precision (64 bit). 

Hence, the storage of all matrix elements is currently not 

feasible on standard PCs. To circumvent this problem, we 

recomputed each matrix element in each matrix-vector 

multiplication. We employed a Tesla C2070 (NVIDIA 

Corp., Santa Clara, CA, USA) GPU processor with 32 bit 

single precision to parallelize and accelerate the computa-

tions. 

2.4 Experimental Setup 

We acquired measurement data from two phantoms with 

the linear transducer array L14-5/38 (number of elements: 

128elN = , element pitch: 
el

304.8 mδ µ= ) connected to 

a SonixTouch Research system (Ultrasonix Medical Corp., 

Richmond, BC, Canada). For both phantoms, full synthetic 

aperture (SA, cf. [11]) scans were performed, i. e., 
el
N

 
se-

quential single element emissions were made, while the 

received signals of all 
el
N

 
elements were sampled (sam-

pling frequency: 40 MHz). The excitation voltage had a 

center frequency of 4 MHz. To enhance signal-to-noise 
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ratio, we computed the average of 80 SA scans for each 

phantom and filtered the data by a digital band pass filter. 

The averaged and filtered SA data were used to compute a 

reference image for each phantom. Additionally, we used 

this data to synthesize measurement data that would have 

been obtained by plane wave excitation with zϑ =e e . 

Phantom A consisted of four copper wires (diameter: 

50 mµ ) in a water reservoir. It was employed to demon-

strate the ability of our CS-based concept to reconstruct a 

sparse vector κγ . The wires were located at an axial dis-

tance between 43 mm  and 53 mm  from the transducer 

array. The lateral spacing between the wires was about 5 

mm. The small-signal sound speed was set to 
1

0 1502 msc
−= . The passband of the band pass filter 

ranged from 2 MHz to 12 MHz. Since the vector κγ  was 

sparse in spatial domain, the matrix Ψ  in (6) was chosen 

as the identity matrix. 

Phantom B was a CIRS model 040 multi-purpose ultra-

sound phantom (Computerized Imaging Reference Sys-

tems, Norfolk, Virginia, USA). The phantom was used to 

investigate the ability of our approach to recover non-

sparse vectors κγ . To compensate for attenuation 

( 10.5 dB(MHz cm)− ) we introduced time gain compensa-

tion to the synthesized plane wave measurement data. 

Small-signal sound speed was set to 1
0 1540 msc

−=  as 

indicated by the manufacturer. The passband of the band 

pass filter ranged from 2 MHz to 6.5 MHz. In order to 

sparsify κγ , we investigated two bases, namely wave at-

oms and Daubechies-20 wavelets, as well as a tight 

curvelet frame. 

To enable a comparison of the presented CS-based concept 

to existing concepts, a delay-and-sum (DAS) receive algo-

rithm adapted to the excitation with plane waves as well as 

a filtered backpropagation (FBP) algorithm [11] were in-

vestigated besides SA. As the CS-based concept, DAS and 

FBP operate on the same measurement data obtained by a 

single plane wave emission and thus also lend themselves 

for fast image acquisition. In our experiments, the un-

known amplitude in
lA  in (3) was assumed to be constant 

with a linear phase. 

3 Results 

Details of the images obtained from phantom A are shown 

in Image 2. The images recovered by DAS (b) and FBP (c) 

suffer from strong sidelobe artifacts. These are suppressed 

in the SA approach (a) due to the larger number of wave 

emissions and the additional transmit focusing. Our CS-

based concept (d) strongly reduces sidelobes, although on-

ly a single plane wave is emitted. The axial and lateral im-

age profiles obtained by summing the absolute values of 

the images in lateral and axial direction, respectively, are 

shown in Image 3. The -6 dB- widths in axial direction (a) 

of all reconstructions procedures are comparable. The lat-

eral -6 dB-widths (b) of the CS approach are clearly small-

er than those of the other reconstruction procedures. 

Details of the images obtained from phantom B are shown 

in Image 4. The reconstruction results of DAS (b), FBP 

(c), and CS (d - f) are similar. However, the lateral extents 

of the wires are smaller for the CS approach using the 

Daubechies-20 wavelet basis (e) and the curvelet frame (f). 

The CS images (d – f) exhibit a similar contrast as the SA 

image (a). This circumstance is confirmed by the lateral 

image profiles shown in Image 5, which are obtained from 

the region of interest indicated in Image 4 (a). 
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Image 2  Results obtained from phantom A (four wires). 

Parameters were: 401x zN N= =
, 

501kN =
, 

100 mxδ µ=
 

(except for FBP, 101.6 mxδ µ= ), 

65 mzδ µ= , zϑ =e e , ( )sc

2
0.2 p eϑε = . All values are 

in dB. 
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Image 3 Axial (a) and lateral (b) image profiles obtained 

from phantom A. Legend: SA (dashed, black), DAS 

(dash-dotted, black), FBP (dotted, black), CS (solid, blue) 
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4 Conclusion 

We investigated the performance of CS in regularizing the 

inverse scattering problem arising in pulse-echo diagnostic 

UI. For a sparse object, the best solution to the inverse 

scattering problem in terms of sidelobe reduction and lat-

eral -6 dB-widths could be obtained by CS. It outper-

formed the SA approach, although the number of sequen-

tial wave emissions was significantly reduced from 

128elN =  single element emissions to a single plane wave 

emission. According to this result, the CS-based concept 

might be suitable for fast acquisition of sparse objects. 

For non-sparse objects, we could significantly improve the 

images presented in [7] by using more suitable sparsifying 

transforms, namely wave atoms, Daubechies-20 wavelets, 

and curvelets. 

5 Acknowledgment 

The authors would like to thank the State of Rhine-

Westphalia (NRW, Germany) and the European Union for 

their financial support. This research is part of ForSaTum 

funded by Ziel2.NRW “Regionale Wettbewerbsfähigkeit 

und Beschäftigung” 2007 - 2013 co-financed by the Euro-

pean regional development fund (ERDF), grant no. 005-

0908-0117. 

6 References 

[1] Lustig, M., et al.: Sparse MRI: The Application of 

Compressed Sensing for Rapid MR Imaging. Magnetic 

Resonance in Medicine, 2007. 58: p. 1182 - 1195. 

[2] Guo, Z., et al.: Compressed sensing in photoacoustic 

tomography in vivo. Journal of Biomedical Optics, 

2010. doi: 10.1117/1.3381187. 

[3] Friboulet, D., et al.: Compressive sensing for raw RF 

signals reconstruction in ultrasound, in Proc. IEEE Int. 

Ultrasonics Symposium (IUS). 2010: San Diego, CA, 

USA. p. 367 - 370. 

[4] Fannjiang, A. C.: Compressive inverse scattering: II. 

Multi-shot SISO measurements with born scatterers. 

Inverse Problems, 2010. 26(3). doi: 10.1088/0266-

5611/26/3/035009. 

[5] Pierce, A. D.: Acoustics - An Introduction to Its Physi-

cal Principles and Applications. 1989: Acoustical Soci-

ety of America. 

[6] Schiffner, M. F. and Schmitz, G.: Plane Wave Pulse-

Echo Ultrasound Diffraction Tomography With a Fixed 

Linear Transducer Array, in Acoustical Imaging, Vol. 

31, Warsaw, 2011, Springer. p. 19 - 30. 

[7] Schiffner, M. F. and Schmitz, G.: Fast Pulse-Echo Ul-

trasound Imaging Employing Compressive Sensing, in 

Proc. IEEE Int. Ultrasonics Symposium (IUS). 2011. p. 

688 - 691. 

[8] Blackledge, J. M.: Digital Image Processing - Mathe-

matical and Computational Methods. 2005: Horwood 

Publishing. 

[9] Candès, E. J. and Wakin, M. B.: An Introduction To 

Compressive Sampling. IEEE Signal Processing Maga-

zine, 2008. 25(2): p. 21 - 30. 

[10] Berg, E. v. d. and Friedlander, M. P.: Probing the Pa-

reto Frontier for Basis Pursuit Solutions. Journal of 

Scientific Computing, 2008. 31(2): p. 890 - 912. 

[11] Jensen, J. A., et al.: Synthetic aperture ultrasound im-

aging. Ultrasonics, 2006. 44: p. e5 - e15. 

(a) SA

lateral (mm)

ax
ia

l 
(m

m
)

−10 −5 0 5 10 15

15

20

25

30

35

40

45

(b) DAS

lateral (mm)
ax

ia
l 

(m
m

)

−10 −5 0 5 10 15

15

20

25

30

35

40

45

(c) FBP

lateral (mm)

ax
ia

l 
(m

m
)

−10 −5 0 5 10 15

15

20

25

30

35

40

45

(d) CS (wave atoms)

lateral (mm)

ax
ia

l 
(m

m
)

−10 −5 0 5 10 15

15

20

25

30

35

40

45

(e) CS (Daubechies−20)

lateral (mm)

ax
ia

l 
(m

m
)

−10 −5 0 5 10 15

15

20

25

30

35

40

45

lateral (mm)

ax
ia

l 
(m

m
)

(f) CS (curvelets)

 

 

−10 −5 0 5 10 15

15

20

25

30

35

40

45 −60

−50

−40

−30

−20

−10

0

 

Image 4 Results obtained from phantom B (CIRS 040). 

Parameters were: 512x zN N= = , 360kN = , 

100 mx zδ δ µ= =  (except for FBP, 101.6 mxδ µ= ), 

zϑ =e e , ( )sc

2
0.15 ϑε = p e . All values are in dB. 
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Image 5 Lateral profiles obtained from the indicated ROI 

in Image 4 (a) for SA (black, solid), DAS (black, dash-

dotted), FBP (black, dotted), and CS with wave atoms 

(red, solid), Daubechies-20 wavelets (green, solid), 

curvelets (blue, solid). 
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