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Abstract: Fiber reinforced anisotropic material abounds
in biological world. It has been demonstrated in
previous theoretical and experimental works that
growth of biological soft tubular tissue plays a sig-
nificant role in morphogenesis and pathology. Here
we investigate growth-induced buckling of anisotropic
cylindrical tissue, focusing on the effects of type of
growth(constraint/unconstraint, isotropic/anisotropic),
fiber property(orientation, density and strength), geom-
etry and any interaction between these factors. We stud-
ied one-layer and two-layer models and obtained a rich
spectrum of results. For one-layer model, we demon-
strate that circumferential fiber orientation has a consis-
tent stabilizing effect under various scenarios of growth.
Higher fiber density has a destabilizing effect by disabling
high-mode buckling. For two-layer model, we found that
critical buckling strain at inner boundary is an invari-
ant under same isotropic growth rate ratio between in-
ner/outer layer(gi/g0). Then we applied our model to
wound healing and illustrate the effects of skin resid-
ual stress, fiber property, proliferation region width and
wound size on the wound edge stability. We conclude
that fiber-reinforcement is an important factor to con-
sider when investigating growth induced instability of
anisotropic soft tissue.
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1 Introduction
Growth plays an important role in morphogenesis and
pathology. Interplaying between growth and mechanical
stress causes formation of a rich brand of various shapes,
such like those found in biological world. Growth par-
ticipates morphogenesis through various ways. Firstly,
growth creates internal residual stress in materials. When
the stress accumulates to a certain level, the material
will change its original shape to accommodate the new
material and release some of the stress. For example, a
cylindrical elastic tube under cross-sectional growth will
buckle circumferentially into a non-circular cross-section,
while under axially growth and endpoint constraints it
will buckle segmentationally. Growth induced buckling
(as well as external stress induced buckling) occurs in
mucosal layer of animal cave organs such as airways
and intestines, known as mucosal folding. Buckling pat-
terns on the surfaces of fruits and vegetables(bell peppers,
mellons, pumpkins, cantaloupe, etc) have been studied
by Xi Chen et al. [1] and Nicholas Fang [2], and are re-
vealed to be related to growth of the soft flesh confined
by outer stiff layer. Secondly, inhomogeneous growth cre-
ates shear stress, and may cause materials to twist and
turn (vines and tendrils) [3]. Buckling induced by con-
fined axial growth, accompanied by twisting growth at the
confined end has been revealed to cause helical shape of
plant roots growing in mechanically heterogeneous envi-
ronments [4]. Confined torsion will induce helical buck-
ling [5]. Thirdly, growth can also cause material separated
apart to come into contact and join each other [6], or it can
tear originally joint tissue apart and create gaps [7], like
cavitation in lotus root and bamboo shoots.

Mechanical properties of the material itself play an
important role in either the evolution of the shape, or
maintenance of mechanical stability. Anisotropic material
abounds in biological world, e.g. cornea, arteries, veins
and tendons in animals reinforced by collagen fibers, as
well as stemand leaf veins in vascular plants.Many patho-
logical systems also feature growth and remodeling of
fiber-reinforced material, e.g. skin scarring after wound-
ing [8], obscured cornea after injury [9, 10], atrial arrhyth-
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mia induced by myocardial fibrosis [11], as well as ob-
structed airway due to submucosa fibrosis [12, 13]. Inves-
tigation of buckling behavior of growing fiber-reinforced
tube will help better understanding many systems like
these.

In the field of bioengineering, efforts have been made
to manufacture artificial substitute for cardiovascular tis-
sues to restore or enhance the whole organ function. It is
essential to fabricate tissue with correct collagen orienta-
tion so that the artificial tissue can mimic native tissue
to meet in vivo mechanical demand [14]. What is more,
collagen scaffold is widely applied in tissue engineering
to support and guide the tissue reconstruction [15]. On
the other hand, native tissue may undergo remodeling
and collagen reorientation after tissue implants are placed
nearby [16], and it is beneficial to understand how remod-
eling would impact mechanical behavior. Among all the
engineered and related native tissue structures, many are
tubular structures like arteries, veins and pulmonary air-
way, with growth and remodeling involved. Therefore un-
derstanding buckling behavior of growing fiber-reinforced
tube will help better harness the engineering process.

The theoretical framework for modeling cylindrical
tube buckling was laid out by Ogden et al. [17, 18], and
has since found many applications on biological tubes in-
cluding arteries, esophagus, intestine tubes, airways, etc.
Growth induced buckling of layered isotropic tube has
been modeled by D.E. Moulton [19, 20] and Bo Li [21, 22]
and applied to airway narrowing. These models assume
deformations uniform along the tube axis, and investigate
the circumferential folding only. Recently, 3D version of
the buckling model has enabled investigation of both cir-
cumferential folding and longitudinal segmentation. 3D
models have been applied to investigate intestinemorpho-
genesis and provide explanation for villi formation [23, 24]
as well as general pattern selection of general tubular tis-
sue [25]. Growth induced buckling of anisotropic tube is
also investigated by a few groups. The model of Vandiver
et al. of growing arteries [26, 27] assumes that artery fiber
has axial/circumferential components and studied buck-
ling induced by release of axial stretch and increase in in-
ternal pressure. The work by Ciarletta et al. [28] investi-
gated pattern formation in fiber-reinforced tube induced
by confined growth(fixed outer surface), and revealed that
fiber orientation has limited impact on buckling pattern.

Buckling investigations considering both growth and
anisotropicmaterial properties are very scarce to date, and
are limited to only certain scenarios. Here we would like
to advance this topic in a specific direction, and system-
ically investigate buckling of fiber-reinforced tube under
various growth scenarios. We restrict to deformation uni-

form along the tube axis, and fiber orientation only in the
cross-section perpendicular to axis.We hope to investigate
the role of fiber property(orientation, density, strength) as
well as geometry in growth-induced buckling.

The rest part of this paper is organized as follow-
ing. In section 2, we first introduce mechanical represen-
tation of fiber-reinforced material proposed by Holzapfel
andMurphy, followed by a description of bifurcation anal-
ysis as proposed by Ogden [17, 18] and extended by Moul-
ton [19, 20] to treatmulti-layer problem.Growth ismodeled
by two parameters for each tissue layer. Then in section 3,
we investigate growth-induced buckling for one-layer and
two-layer anisotropic tissue. A rich spectrum of results is
obtained. In section 4, we apply our model to a biological
system that can be adequately simulated with our model
assumption–wound healing.

General impacts of circumferential/radial
growth/absorption on anisotropic tube are consistentwith
those on isotropic tube, but fiber orientation and density
alter the detailed behavior in an interesting manner. We
found that certain fiber orientation has a consistent stabi-
lizing effect for various growth scenarios, and fiber density
has a mixed stabilizing/destabilizing effects for different
growth scenarios. For multi-layer model, we found that
isotropic growth ratio, instead of absolute growth rate,
determines critical buckling strain, even when two layers
possess different material properties. We also carry out
calculation for most scenarios using full form of strain en-
ergy function as proposed by Murphy [29], and found that
interplay between two invariants I5 and I7 is worth spe-
cial attention when modeling growth induced buckling of
anisotropic material.

2 Method

2.1 Strain energy functions

Whenwe need to describe isotropic material, the isotropic
Neo-Hookean model is adopted:

Wiso =
µiso
2

(︁
α21 + α22 − 2

)︁
(1)

where α1 and α2 are strains in radical and circumferential
direction, and µiso is the stiffness of isotropic material.

Holzapfel model of strain energy function

For the fiber-reinforced anisotropic layer, the reduced
form of strain energy function proposed by Holzapfel was
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broadly adopted in the literature:

Waniso (I1, I4, I6) = Wmatrix (I1) (2)

+W�ber (I4, I6) =
µaniso
2 (I1 − 2)

+ k1
2k2

{︁
exp

[︁
k2 (I4 − 1)2

]︁
− 1
}︁

+ k1
2k2

{︁
exp

[︁
k2 (I6 − 1)2

]︁
− 1
}︁

where µaniso is the stiffness of isotropic matrix part, k1 the
stiffness of fiber part, which corresponds to collagen den-
sity, k2 characterizing the strain-stiffening behavior. The
invariants I1, I4 and I6 of the right Cauchy-Green tensor
C = FT · F are given by

I1 = trC, I4 = C : M
⨂︁

M, I6 = C : M′⨂︁M′ (3)

The invariants I4 and I6 are the squares of the stretches
in the respective directions of the two families of collagen
fibers. The unit vectorsM andM′ describe the orientations
of these fibers, and in our model we assume them to be

symmetric with respect to the radial direction:M =

⎡⎢⎣Mr

Mθ
Mz

⎤⎥⎦,
M =

⎡⎢⎣Mr

Mθ
Mz

⎤⎥⎦ =

⎡⎢⎣ sin 𝛾

− cos 𝛾
0

⎤⎥⎦, where 𝛾 is the angle deviat-

ing from radical direction. We will seek to resolve other
types of fiber orientation (e.g. fiber aligned spirally) in fu-
ture work, while here we restrict ourselves to the case of
in-plane fiber orientation. This is also consistent with our
in-plane strain assumption adopted for the simplicity of
analysis procedure.

Full form of strain energy function proposed by Murphy

In order to be compatible with the linear theory, Murphy
et al. proposed that at least three invariants (I1, I4, I5 in
our context) are necessary to model transversely isotropic
materials [30, 31], while anisotropicmaterial reinforced by
two families of mechanically equivalent fibers must con-
tain at least six constants I1, I4, I6, I5, I7 and I8 [29].

Wi (I1, I4, I6, I5, I7, I8) = Wiso (I1) (4)

Waniso (I4, I6, I5, I7, I8) =
µi
2 (I1 − 2)

+ k1
2k2

{︁
exp

[︁
k2 (I4 − 1)2

]︁
− 1
}︁

+ k1
2k2

{︁
exp

[︁
k2 (I6 − 1)2

]︁
− 1
}︁

c5 (I5I7 − 1) + c6I8 (I4 + I6 − 2) + c7
(︁
I8 − I08

)︁2

The additional invariants I5 and I7 and I8 of the right
Cauchy-Green tensor C = FT · F are given by

I5 = C : M
⨂︁

CM = M · C2M, (5)

I7 = C : M′⨂︁CM = M′ · C2M′,

I8 = M ·M′M · CM′

2.2 Stress-strain relation and force
equilibrium at initial axis-symmetric
deformation

We restrict to deformations uniform along the tube axis,
and investigate the circumferential tube buckling while
longitudinal buckling is not considered. For clarity, we
start the description of our procedure from one-layer case,
which can be easily extended to the two-layer case later
on. Consider a cylindrical tube with inner radius A and
outer radius B. After initial axis-symmetric deformation
the function r(R) describes the radius of a circle initially at
radius R with r(A) = a and r(B) = b. The deformation gra-
dient tensor is F = diag

(︀
r′(R), rR , 1

)︀
= diag (α1, α2, 1),

expressed in cylindrical coordinate, where index 1 refers
to the radial direction and index 2 the circumferential di-
rection. Incompressibility implies det(F)=1 so we write F =
diag

(︀
α−1, α, 1

)︀
, where α = α2. Therefore r′(R) = α−1,

r
R = α, from which the deformation is given by

r2 = a2 = 2
R∫︁
A

RdR (6)

Therefore once the inner radius a is known, the de-
formation of the entire tube is completely determined. The
(Cauchy) stress-strain constitutive relation for a certain
strain-energy function W is

T = F∂W∂F − pI (7)

where p is the hydrostatic pressure due to the incompress-
ibility constraint. The components of the (Cauchy) stress-
strain relation in radical and circumferential directions are

t1 = α1
∂W
∂α1

− p, t2 = α2
∂W
∂α2

− p (8)

In the absence of body forces, the force equilibrium
gives divT = 0, and the only non-vanishing component
is

∂t1
∂r + 1

r (t1 − t2) = 0 (9)

Eliminating p in (8) and defining the auxiliary func-
tion Ŵ(α) = W(α−1, α), equation (7) gives the following
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closed equations for the stress:

t1(r) =
r∫︁

a

αŴ ′(α)
r dr, t2 = t1 + αŴ ′(α) (10)

Defining −P = t1(b) − t1(a), we have

−P =
b∫︁
a

αŴ ′(α)
r dr =

B∫︁
A

Ŵ ′(α)
αR dR (11)

Here P is the applied load on the cylindrical tube, such
that P>0 in the case of external pressure and P<0 for in-
ternal pressure. For given fixed pressure P, (11) is an equa-
tion for the unknown parameter a, since b is related to a
through (6).

2.3 Stress-strain relation and force
equilibrium equation at incremental
deformation

Next we add a perturbation to the initial axis-symmetric
deformation and establish the equilibrium equation from
the constitutive stress-strain relation (to the zeroth and
first order). The perturbation comes in the form of an in-
cremental deformation of a wider class (possibly loss of
symmetry, and we will adopt sinusoidal form for buckled
status later).

Introduce incremental deformation χ(1) and consider

χ = χ(0) + εχ(1) (12)

where ε is a small parameter characterizing the size of
the imposed perturbation. Deformation gradient tensor,
cauchy stress tensor, and hydrostatic pressure have corre-
sponding decomposition

F = F(0) + εF(1)F(0), (13)

T = T(0) + εT(1) + O
(︁
ε2
)︁
, (14)

p = p(0) + εp(1). (15)

Substitute the above into the stress-strain constitutive
relation (7)

T(0) + εT(1) + O
(︁
ε2
)︁
=
(︁
F(0) + εF(1)F(0)

)︁
·
(︃
∂W (0)

∂F + ∂
2W (0)

∂F2 : εF(1)F(0) + O
(︂(︁
εF(1)F(0)

)︁2)︂)︃

−
(︁
p(0) + εp(1)

)︁
I =
(︃
F(0) ∂W

(0)

∂F − p(0)I
)︃
+ εF(1)F(0) ∂W

(0)

∂F

+ F(0) ∂
2W (0)

∂F2 : εF(1)F(0) + O
(︂(︁
εA(1)A(0)

)︁2)︂
− εp(1)I,

where ∂W
(0)

∂F :=
(︁
∂W
∂F (F=F(0))

)︁
and separate into parts of dif-

ferent orders we have

T(0) = F(0) ∂W
(0)

∂F − p(0)I (16)

T(1) = F(1)
(︁
T(0) + p(0)I

)︁
+ L : F(1) − p(1)I, (17)

whereL := F(0) ∂
2W (0)

∂F2 F(0) is the instantaneous elastic mod-
uli.

For equilibrium equation, setting divT = 0 gives
divT(0) = 0 at zeroth order and

divT(1) = F(1)gradp(0) + div
(︁
L : F(1)

)︁
(18)

− gradp(1) = 0

at the first order. Explicitly, the two components of (18)
are

∂M11
∂r + 1

r
∂M21
∂θ + 1

r (M11 −M22) (19)

+ F(1)11
dp(0)
dr − ∂p

(1)

∂r = 0

∂M12
∂r + 1

r
∂M22
∂θ + 1

r (M21 −M12) (20)

+ F(1)12
dp(0)
dθ − ∂p

(1)

∂θ = 0,

whereM = L : F(1).
Boundary conditions are set by prescribing either χ(1)

or T(1) ·n =
(︁
F(1)F(0) ∂W

(0)

∂F + L : F(1) − p(1)I
)︁
·n, which is ei-

ther the incremental deformation or the incremental trac-
tion on the boundary.

2.4 Bifurcation analysis

Nowwe try to derive boundary value problem for the buck-
led state (differential equation(s) with boundary value
conditions) whose solutions correspond to buckling sta-
tus. First we choose to express incremental deformation
in polar coordinate χ(1) =

[︀
u(r, θ), v(r, θ)

]︀
. Then we derive

incremental deformation gradient in terms of u and v (and
their derivatives). Since

F = F(0) + εF(1)F(0) = grad
(︁
χ(0) + εχ(1)

)︁
. (21)

To isolate F(1) we apply the chain rule and use the co-
variant derivative for cylindrical coordinates

F(1)F(0) = grad
(︁
χ(1)
)︁
=
[︃
∂u
∂R

∂u
R∂Θ

∂v
∂R

∂v
R∂Θ

]︃
(22)
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=

⎡⎣ ∂u∂r ∂r∂R + (︁ ∂u
r∂θ −

v
r

)︁
r∂θ
∂R

∂u
∂r

∂r
R∂Θ +

(︁
∂u
r∂θ −

v
r

)︁
r∂θ
R∂Θ

∂v
∂r

∂r
∂R +

(︁
∂v
r∂θ +

u
r

)︁
r∂θ
∂R

∂v
∂r

∂r
R∂Θ +

(︁
∂v
r∂θ +

u
r

)︁
r∂θ
R∂Θ

⎤⎦
=
[︃
∂u
∂r

∂u
r∂θ −

v
r

∂v
∂r

∂v
r∂θ +

u
r

]︃
·
[︃
∂r
∂R

∂r
R∂Θ

r∂θ
∂R

r∂θ
R∂Θ

]︃
,

and thus F(1) =
[︃
ur uθ−v

r
vr vθ+u

r

]︃
. Next inserting F(1) into the in-

cremental equilibriumequation (18) yields twodifferential
equations involving the unknown functions u, v and p(1):[︃
ur uθ−v

r
vr vθ+u

r

]︃[︃
∂p(0)
∂r
∂p(0)
r∂θ

]︃
(23)

+ div
(︃[︃

α1 0
0 α2

]︃(︂
∂2W
∂F2

)︂
ijkl

:
[︃
ur uθ−v

r
vr vθ+u

r

]︃[︃
α1 0
0 α2

]︃)︃

−
[︃
∂p(1)
∂r
∂p(1)
r∂θ

]︃
= 0.

The incompressibility condition is

tr
(︁
F(1)
)︁
= ur +

vθ + u
r = 0. (24)

To proceed,we assume sinusoidal formof incremental
deformation, so that the functions u, v and p(1) are of the
form

u(r, θ) = f (r) sin(nθ), (25)
v(r, θ) = g(r) cos(nθ),

p(1)(r, θ) = h(r) sin(nθ),

where buckling mode n is the number of folds in the buck-
led state. Substitute into (23) and use the incompressibility
condition (24) to solve for g(r) in terms of f(r), the system
can be simplified to a single fourth order differential equa-
tion for f(r)

B4f ′′′′(r) + B3f ′′′(r) + B2f ′′(r) + B1f ′(r) + B0f (r) = 0 (26)

where f(r) is the amplitude of incremental deformation.

B4 = r2L1212,
B3 = 2r2L′

1212 + 6rL1212,
B2 = 7rL′

1212 + r2L′′
1212 + 5L1212

+ n2 (2L2112 + 2L2211 − L2222 − L1111) ,

B1 =
(︂
L′
1212 + rL′′

1212 −
L1212
r

)︂
+ n

2

r (2L2112 + 2L2211 − L2222 − L1111)

+ n2
(︀
2L′

2112 + 2L′
2211 − L′

2222 − L′
1111

)︀
B0 =

(︀
n2 − 1

)︀
r2

(︁
r2L′′

1212 + rL′
1212 +

(︁
n2 − 1

)︁
L1212

+n2 (L2222 − L1111)
)︁
.

The system is closed with four boundary conditions at
r = a and b. For examples, zero shear stress and normal
stress are expressed as

L1212r3f ′′′(r) +
(︀
rL′

1212 + 4L1212
)︀
r2f ′′(r) (27)

+
[︁
r2L′

1212 −
(︁
n2 − 1

)︁
rL1212

+n2r (2L2112 + 2L2211 − L2222 − L1111)
]︁
f ′(r)

+
(︁
n2 − 1

)︁ (︀
rL′

1212 + L1212
)︀
f (r) = 0

r2f ′′(r) + rf ′(f ) +
(︁
n2 − 1

)︁
f (r) = 0 (28)

Alternatively, if part of the tube is held fixed at one
boundary, the normal stress condition is replaced by the
requirement that the perturbation vanish at that bound-
ary. If the tube is forced to be circular at one boundary, the
two conditions are replaced by f (r) = 0 and f ′(r) = 0 at
that boundary. In this paper, all three types of boundary
conditions will be analyzed.

2.5 Explicit form ofL

Now that we have derived governing equation and bound-
ary conditions, the only mysterious part in them is the in-
stantaneous elastic moduli L := F(0) ∂

2W (0)

∂F2 F(0). Obviously
the form of L depends on the form of strain energy func-
tionW.

Explicit form ofL for isotropic tissue

Lijkl = F(0)im

(︂
∂2W
∂F2

)︂
mjkn

F(0)nl = F(0)im
∂2W

∂Fjm∂Fnk
F(0)nl (29)

= µ0

⎛⎜⎜⎜⎝
α−2 0 0 1
0 0 0 0
0 0 0 0
1 0 0 α2

⎞⎟⎟⎟⎠

Explicit form ofL for anisotropic tissue

Lijkl =
(︂
F(0)

(︂
∂2W
∂F2

)︂
F(0)
)︂
ijkl

(30)

= F(0)im

(︂
∂2W
∂F2

)︂
mjkn

F(0)nl = Lisoijkl + Lanisoijkl
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The isotropic part has similar form as in (29) ,while the anisotropic part has the following form:

Lanisoijkl = F(0)im

(︂
∂2Waniso
∂F2

)︂
mjkn

F(0)nl = F(0)im

(︃
∂2Waniso
∂I24

(︂
∂I4
∂F

)︂⨂︁(︂
∂I4
∂F

)︂
mjkn

+ ∂
2Waniso
∂I26

(︂
∂I6
∂F

)︂⨂︁(︂
∂I6
∂F

)︂
mjkn

(31)

+∂Waniso
∂I4

(︂
∂2I4
∂F2

)︂
mjkn

+ ∂Waniso
∂I6

(︂
∂2I6
∂F2

)︂
mjkn

)︃
F(0)nl

= 2
(︂
∂Waniso
∂I4

mimkδjl +
∂Waniso
∂I6

m′
im′

kδjl + 2
∂2Waniso
∂I24

mimjmkml + 2
∂2Waniso
∂I26

m′
im′

jm′
km

′
l

)︂
where mi = αiMi, m′

i = αiM′
i so explicitly mi = m′

i = α1 sin θ, m2 = −m′
2 = α2 cos θ.

Specially, when collagen fibers are aligned spirally on the cross-section of the tube (axial component is zero)

I4 = M1 · (CM1) = I6 = M2 · (CM2) = sin 𝛾2α21 + cos 𝛾2α22 (32)

W4 :=
∂Waniso
∂I4

= ∂Waniso
∂I6

= µik1ek2(−1+I4)
2
(−1 + I4) (33)

W44 :=
∂2Waniso
∂I24

= ∂
2Waniso
∂I26

= µik1ek2(−1+I4)
2 [︁
1 + 2k2 (−1 + I4)2

]︁
(34)

Laniso =

⎛⎜⎜⎜⎝
4W4m2

1 + 8W44m4
1 0 0 4W4m2

1 + 8W44m2
1m2

2
0 8W44m2

1m2
2 8W44m2

1m2
2 0

0 8W44m2
1m2

2 8W44m2
1m2

2 0
4W4m2

2 + 8W44m2
1m2

2 0 0 4W4m2
2 + 8W44m4

2

⎞⎟⎟⎟⎠ (35)

(i, j, k, l = 1, 2)

When considering growth, the form of I4, I6 thusW4,W6,W44,W66 don’t change, andLaniso doesn’t change either.
Since I4, I6 and m1, m2 depend on α. The change of governing equation comes from the change of and corresponding
derivatives.

2.6 Growth considered

So far deformation has been purely elastic. When considering growth, deformation gradient tensor F =
diag

(︀
r′(R), rR , 1

)︀
is decomposed into an elastic part and a growth part F = AG, where elastic strain tensor is

A = diag (α1, α2, 1) and growth tensor G = diag (g1, g2, 1), expressed in cylindrical coordinate, where index 1
refers to the radial direction and index 2 the circumferential direction. Incompressibility implies det(A)=1 so we write
A = diag

(︀
α−1, α, 1

)︀
, where α = α2. The decomposition implies F = diag

(︀
r′(R), rR , 1

)︀
= AG = diag (g1α1, g2α2, 1),

therefore r′(R) = g1α−1, rR = g2α, from which the deformation is given by

r2 − a2 = 2
R∫︁
A

g1g2RdR (36)

Governing equation for isotropic tissue considering growth

(︁
α−2
)︁′

=
(︂
R2g22
r2

)︂′
= −2R

2g22
r3 + 2g2

rg1
(37)
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(︁
α−4
)︁′

=
(︂
R4g42
r4

)︂′

= 4R2g32
r3g1

− 4R4g42
r5 (38)

(︁
α−2
)︁′′

= −4Rg
2
2

r3
∂R
∂r +

6R2g22
r4 − 2g2

r2g1
= − 6g2r2g1

− 6R2g22
r4 (39)

(︁
α2
)︁′

= 2r
R2g22

− 2r3g1
R4g32

(40)

therefore the coefficients of the governing equation are now

B4 = r2L1212 = r2α−2 = R2g22, (41)

B3 = 2r2L′
1212 + 6rL1212 =

2R2g22
r + 4rg2

g1
,

B2 = 7rL′
1212 + r2L′′

1212 + 5L1212 + n2 (2L2112 + 2L2211 − L2222 − L1111) =
(︂
−3R

2g22
r2 + 8g2

g1

)︂
+ n2

(︂
− r2

R2g22
− R

2g22
r2

)︂
,

B1 =
(︂
L′
1212 + rL′′

1212 −
L1212
r

)︂
+ n

2

r (2L2112 + 2L2211 − L2222 − L1111) + n2
(︀
2L′

2112 + 2L′
2211 − L′

2222 − L′
1111

)︀
=
(︂
3R2g22
r3 − 4g2

rg1

)︂
+ n2

(︂
R2g22
r3 − 3r

R2g22
+ 2r3g1
R4g32

− 2g2
rg1

)︂
B0 =

(︀
n2 − 1

)︀
r2

(︁
r2L′′

1212 + rL′
1212 +

(︁
n2 − 1

)︁
L1212 + n2 (L2222 − L1111)

)︁
=
(︀
n2 − 1

)︀
r2

(︂(︂
−4g2g1

+ 3R2g22
r2

)︂
+ n2

(︂
r2

R2g22

)︂)︂
.

Governing equation and boundary condition for anisotropic tissue considering growth

For anisotropic tissue, the components of tensorL and their derivatives changed, while the dependence of B1B2B3B4
on components ofL doesn’t change.

m1 = m′
1 = α1 sin θ, (42)

m2 = −m′
2 = α2 cos θ.

Laniso =

⎛⎜⎜⎜⎝
4W4m2

1 + 8W44m4
1 0 0 4W4m2

1 + 8W44m2
1m2

2
0 8W44m2

1m2
2 8W44m2

1m2
2 0

0 8W44m2
1m2

2 8W44m2
1m2

2 0
4W4m2

2 + 8W44m2
1m2

2 0 0 4W4m2
2 + 8W44m4

2

⎞⎟⎟⎟⎠ (43)

Laniso′1212 = 4W ′
4α−2 sin2 θ + 4W4

(︁
α−2
)︁′
sin θ2 + 8W ′

44 sin θ2 cos θ2

Laniso′′1212 = 4W ′′
4 α−2 sin2 θ + 4W ′

4

(︁
α−2
)︁′
sin2 θ + 4 ·W4

(︁
α−2
)︁′′

sin2 θ + 8W44′′ sin2 θ cos θ2

Laniso′2112 = Laniso′2211 = 88W ′
44 sin θ2 cos θ2

Laniso′1111 = 4W ′
4α−2 sin2 θ + 4W4

(︁
α−2
)︁′
sin2 θ + 8W ′

44α−4 sin4 θ + 8W44
(︁
α−4
)︁′
sin4 θ

Laniso′2222 = 4W ′
4α2 cos2 θ + 4W4

(︁
α2
)︁′
cos2 θ + 8W ′

44α4 cos4 θ + 8W44
(︁
α4
)︁′
cos4 θ

where
(︀
α−2
)︀′, (︀α2)︀′, (︀α−4)︀′, (︀α4)︀′, are given in equations (37)–(40).
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Boundary condition considering growth

Boundary condition for zero normal and shear stress re-
tain the form in (14) and (15), where components of tensor
L and their derivatives are determined as in (42).

2.7 Solving the BVP for one-layer and
two-layer model

With the components ofL corresponding to a certain form
of strain energy function W known, we have established
form of governing equation and 4 boundary conditions.
The bifurcation analysis proceeds by leaving one param-
eter in the system free and searching for a critical value of
that parameter at which the BVP has a solution.

The fourth order differential equation can be trans-
formed into an ODE system of four variables, whose so-
lution space is 4-dimensional. Prescribing two boundary
conditions at r = a will reduce the solution space into 2-
dimensional. The BVP is solved by choosing two indepen-
dent boundary conditions at r = a, integrate to r = b, thus
obtain two independent solutions ξ1(r) and ξ2(r), there-
fore any solution to the initial value problem can be ex-
pressed as a linear combination of them

f (r) = a1ξ1(r) + a2ξ2(r) (44)

The problem now is to find the constants a1 and a2 for
which f (r) also satisfies boundary conditions at r = b. We
form the determinant of the boundary conditions at r = b

D(P) =

⃒⃒⃒⃒
⃒c1
(︀
ξ1(b)

)︀
c1
(︀
ξ2(b)

)︀
c2
(︀
ξ1(b)

)︀
c2
(︀
ξ2(b)

)︀⃒⃒⃒⃒⃒ (45)

If the determinant D(P), then there exist values a1 and
a1 for which f (r) given by (35) solves the BVP. The root of
D(P)=0 is found by bisection method.

Solving for two-layer model

For each layer, we have a separate governing equation
since the form of strain energy function for each layer is
different. The continuity of stress at the interface requires
that f ∘(b) = f i(b), f ∘′(b) = f i′(b). Therefore, starting from
two independent boundary conditions at r = a, integrate
the governing equation system for inner layer up to r = b,
we get two independent solutions ξ i1(r) and ξ i2(r) for in-
ner layer. The value of ξ i1(b) and ξ i2(b) are used to deter-
mine the corresponding boundary condition for ξ∘1 (b) and
ξ∘2 (b). Then we integrate the governing equation system

for outer layer up to r = c, and form the determinant of
the boundary conditions at r = c in similar form to (36).

3 Results
We present results for one-layer, two-layer and three-layer
growing anisotropic material respectively. Both zero nor-
mal and shear stress boundary condition and circular
outer boundary are examined.

3.1 One-layer anisotropic model with
growth

Zero normal and shear stress boundary condition

We first consider incremental boundary conditions of zero
normal and shear stress on both edges. When there is no
growth, the tube will only buckle under external pressure.
As the pressure increases, the inner radius decreases un-
til buckling occurs. In Fig. 1, the bifurcation strain at the
inner radius (α = a/A) is plotted against tube thickness
for different buckling mode at three fiber orientations (𝛾 =
π/3, π/4, π/6). For a given thickness, the largest value
of over all modes is the critical strain (α*), at which the
tube becomes unstable and buckles, and the correspond-
ing mode n is the critical buckling mode. For a > α*, the
tube remains circular.

Now we start to investigate the effect of growth on
buckling. First we set radial growth g1 to 1.0, while chang-
ing circumferential growth g2. Circumferential growth
is destabilizing for our default geometric configuration
A/B=0.5 and induces automatic buckling at certain criti-
cal g2 (Fig. 2a-2d). Circumferential absorption is stabiliz-
ing first and then destabilizing at extreme. The most sta-
ble tube occurs at g2_stable ∼= 0.6 for any fiber orienta-
tion. For circumferential growth induced buckling, buck-
ling mode is uniformly 2 for all fiber orientations. On the
other hand, for circumferential absorption induced buck-
ling, higher mode is excitable when fiber is more circum-
ferential.

Next we set g2 to 1.0, while changing radial growth
rate g1, At the default tube thickness, radial absorption
is destabilizing, radial growth is first stabilizing and be-
comes destabilizing at very large value (Fig. 2e-2h). The
most stable tube occurs at g1_stable ∼= 1.7 for any fiber ori-
entation. Buckling mode 2 is most common for various g1
and fiber orientation, but there is a mode transition from
2 to high mode for tube with circumferential fibers, and
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Table 1: Default parameter values.

Parameter Meaning Value Unit Reference
µaniso Shearmodulusof isotropicmatrix part of the anisotropic

layer
40 kPa [32]

µiso Shear modulus of isotropic layer 8 kPa [32]
k1 Parameter for anisotropic part (0,2) - [30, 33]
k2 (0,1) - [30, 33]
𝛾 Collagen fiber orientation angle with respect to circum-

ferential direction
varied - -

g1 Growth rate in radial direction - -
g2 Growth rate in circumferential direction - -

 

 

                     

      

                     

              

               

                

                  

             

                     

                

                   

                    

             

          

               

                 

        

                   

                

                

                 

             

                   

               

               

                 

                 

                 

                  

Figure 1: Critical strain at the inner radius α plotted against tube thickness for various buckling mode. Zero normal and shear stress bound-
ary condition. µ=10kPa, k1=1, k2=0.2.

                     

                  

            

 

 

 

 

 

 

 

 

    
    

    
 

 

 
                   

    

                

                

 

    

Figure 2: Effects of fiber orientation. One layer model with growth. Zero normal and shear stress boundary condition. µ=5kPa, k1=1, k2=0.2.
A/B = 0.5. (a-d) Critical buckling pressure P plotted against circumferential growth rate g2 for various buckling mode. (e-h) Critical buckling
pressure P plotted against radial growth rate g1 for various buckling mode.
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this transition occurs earlier for more circumferential fiber
orientation (Fig. 2g and 2h. For 𝛾=π/6, g1_tran = 2.0; for
𝛾=π/18, g1_tran = 1.5). The behavior of mode transition is
consistent with isotropic tube (g1_tran = 1.95 [20].

From the above observation, we can tell there
is symmetry between circumferential and radial
growth/absorption. Circumferential absorption is roughly
equivalent to radial growth. What really matters is the ra-
tio g1/g2. The most stable tube occurs at g1/g2 ∼= 1.7 for
A/B = 0.5.

Next we change the geometric configuration, and ob-
serve the effects of growth on different tube thickness. It
turns out tube thickness is an important factor that in-
teracts with growth. At thickness A/B=0.2, circumferential
growth becomes stabilizing at g2 = 1.0, and the most sta-
ble tube occurs at g2_stable = 1.25 (Fig. 3a). At this thick-
ness, circumferential growth doesn’t induce automatic
buckling(the most unstable tube occurs at g2_unstable =
3.5, then further increase in g2 becomes stabilizing again).
At thicknessA/B=0.8, circumferential growthhas a greater
destabilizing effect (g2_crit = 1.3), and circumferential
absorption has a greater stabilizing effect since the most
stable tube occurs at a much lower g2_stable. For radial
growth/absorption, tube thickness also affects g1_stable
and g1_tran. At A/B=0.2, radial growth becomes destabi-
lizing at g1 = 1.0, and the most stable tube occurs at
radial absorption g1_stable = 0.8 (Fig. 3c). At A/B=0.8,
g1_stable = 3.3 and the bucklingmode remains 2 and never
transits even with a circumferential fiber orientation.

Enforced circular boundary condition

Biological tubular structure is often tethered to external
wall so that the outer boundary is kept circular. Here we
seek to investigate the buckling condition under enforced
circular boundary condition. Zero normal stress condition
is replaced by f (c) = 0 and f ′(c) = 0. Radial growth is
destabilizing and buckling mode is affected by fiber orien-
tation. n=2 is not favored like freenormal and shear bound-
ary condition. In Fig. 4a-4c, we can see that n=3 when
𝛾 > π/4, n>5 when 𝛾 = π/6. Circumferential absorption is
stabilizing, and the trend of buckling mode is very similar
to radial growth (Fig. 4d-4f). Again circumferential colla-
gen reinforcement favors high-mode buckling.

Fixed outer boundary condition

When the tube is fixed on outer boundary, it will buckle
at certain growth rate. Critical buckling isotropic growth

  

  

  

  

 

 
                    

                      

 

   
   

   
   

                  

  

         

         

 

                    

                   

                    

Figure 3: Effects of geometry on buckling. One layer model with
growth. Zero normal and shear stress boundary condition. µ=5kPa,
k1=1, k2=0.2. 𝛾=π/6. Critical pressure at the inner radius plotted
against growth rate g1 or g2 for various buckling mode.

rate is plotted against A/B for various buckling mode in
Fig. 5. In previous study for isotropic tube, mostmodes are
excitable as A/B increases. However, this is not true with
anisotropic tube. Buckling mode of an anisotropic tube is
more uniform, and is greatly affected by fiber orientation.
A tube with more radial fibers has buckling mode lower
than those with more circumferential fibers.

Effects of fiber density and fiber strength

We would like to study how fiber density affects buck-
ling induced by growth. Therefore we plot critical buck-
ling pressure/strain/growth rate against different k1, un-
der different growth rate setting.

For zero normal and shear stress boundary condition,
a higher density of fiber tends to increase the buckling
pressure, but the pressure corresponding to mode 2(buck-
ling mode is mostly 2) does not rise much (Fig. 6a-6d).
For radial growth, the transition from low mode to high
mode for circumferential fiber orientation is mitigated by
a larger k1 (Fig. 6d). For enforced circular outer bound-
ary, the effect of changing k1 depends on fiber orienta-
tion. While fiber orientation at the two extremes each has
their preferred buckling mode and is indifferent to the
change of fiber density, there is a transition from high to
low mode for fiber orientation in between as fiber den-
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Figure 4: Buckling of confined growing tube–enforced circular outer boundary condition. One layer model with growth. µ=5kPa, k1=1,
k2=0.2. A/B=0.5. (a-c) Critical pressure plotted against radial growth rate g1. (d-f) Critical pressure plotted against circumferential growth
rate g2.

                    

         

   
   

 
 

                 

             

 

                    

               

                    

                  

                  

                   

                     

                     

                   

                

                 

                    

                  

               

                  

                  

 

 

 

 

 

 

Figure 5: Buckling of confined tube–fixed outer boundary condition. One layer model with growth. µ=5kPa, k1=1, k2=0.2. Critical isotropic
growth rate (g1=g2) plotted tube thickness A/B for various buckling mode.

sity increases (Fig. 6e-6h). Note that the buckling strain of
the tube only depends on the fiber/matrix stiffness ratio,
rather than on stiffness of each component. For fix outer
boundary condition, the effect of changing k1 on buck-
ling mode aligns perfectly with enforced circular bound-
ary condition(Fig. 6i-6l).

Parameter k2 in the strain energy function repre-
sents the fiber strength. Therefore we plot buckling
strain/pressure against different k2. For zero normal and
shear stress boundary condition, the effect of increasing
k2 on the buckling pressure ismuchmore significantwhen

fiber are oriented radically (Fig. 7). This is not hard to un-
derstand since for pressure induced buckling, radically
orientated fiber will bear more stress than circumferen-
tially oriented fiber. However, again the buckling pressure
for mode 2 doesn’t increase much. For enforced circular
outer boundary, critical buckling strain is slightly altered
by k2. Effect of changing k2 under fixed outer boundary is
not significant(results not shown).
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Figure 6: Effects of changing fiber density. One-layer model. µ=5kPa; k2=0.2; A=0.5, B=1.0. (a-d)Zero normal and shear stress boundary
condition. Critical buckling pressure plotted against g1 or g2. First row, k1=1.0; second row, k1= 3.0. (e-h) Enforced circular outer boundary
condition. Critical buckling strain at inner boundary plotted against k1. (i-l) Fixed outer boundary. Critical buckling isotropic growth rate
plotted against k1. Note how the trend of buckling mode aligns with enforced circular outer boundary condition.

3.2 Multi-layer model with growth

Biological structures are usually layered, with different
material properties in each layer. Here we investigate
two-layer model, with an anisotropic inner layer, and an
isotropic outer layer. Later we will apply this framework to
wound healing.

Varying inner layer growth rate (gi1and gi2)

First, we set the outer layer no growth, and examine the
buckling behavior under various inner layer growth rate.
For free stress boundary condition, critical radial growth
rate is higher compared to one-layer model, so the tube
is more stable when radial growth is restricted to inner
layer (Fig. 8a). The reason for this stronger tube is that
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Figure 7: Effects of changing fiber strength. One-layer model. µ=5kPa; k1=1.0; A=0.5, B=1.0. Zero normal and shear stress boundary condi-
tion. Critical buckling pressure plotted against g1 or g2. First row, k2 = 0.2; second row:k2=2.

tensional residual stress builds up when gi1 > g01. For
fiber orientation PI/18, there is low to high mode transi-
tion. On the other hand, critical circumferential growth
rate is much lower compared to one-layer model, which
means the tube is less stable when circumferential growth
is restricted to inner layer (Fig. 8b). The reason for this less
strong tube is that compressional residual stress builds up
when gi2 > g02.

For enforced circular boundary, circumferential
growth causes higher buckling mode than radial growth,
but both occurs under external pressure(results not
shown). In Fig. 8d, under fixed outer boundary, critical
growth rate (g1=g2) is plotted against tube thickness. A
thinner tube tends to buckle with a higher mode, but the
detailed mode transition is determined by fiber orienta-
tion. As the anisotropic layer becomes thicker, the effect
of fiber orientation becomes more significant (results not
shown).

Critical buckling strain is an invariant for the same
isotropic growth rate ratio between inner and outer
layer, even if layers have different mechanical structure

Here we consider isotropic growth in both layers, with dif-
ferent isotropic growth rates in each layer (gi1 = gi2, g01 =
g02). We keep the material of inner layer anisotropic while

that of outer layer isotropic. We found that critical buck-
ling strain

(︁
a
giA

)︁
only depends on the growth rate ratio.

Growthparameterswithdifferent values but same ratio are
equivalent in their buckling effects (Fig. 9). Previous study
has revealed that critical buckling strain is an invariant
when two layers are both isotropic material [20], here we
extend the conclusion to layers having different material
structures.

3.3 Application to wound edge instability

There has been a fewworks that apply the cylindrical tube
framework to wound healing. D.E. Moulton et al. devel-
oped a model of would contraction considering the in-
teraction between stress and growth [34]. Radial growth
rate of wound tissue has been revealed to be greater near
wound edge, as well as circumferential absorption. Ben
Amar et al. investigate instability during wound closure
by applying buckling theory, where onset of buckling in-
dicates one of the mechanisms of scarring [35]. Both mod-
els treat the granulation/scarring tissue as isotropic neo-
hookean material. However, during proliferative phase of
wound healing, fibroblast produced collagen is almost
radically aligned with the cell influx, and gradually as-
sume random alignment at the later remodeling stage.



180 | L. Yang et al.
 

(a) zero stress boundary 
 

 

 

 

 

 
 

 

 

 

 

(b) zero stress boundary 
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Figure 8: Summary of behavior of two-layer model. Critical buckling strain/pressure/grow rate of the inner radius plotted for various buck-
ling mode. Two-layer model with growth. A=1.0, B=1.2, C=1.5. µi=40kPa; µo=8kPa; k1=1; k2=0.2; (a) Zero normal and shear stress bound-
ary condition. Critical buckling pressure plotted against g1 of inner layer. (b) Zero normal and shear stress boundary condition. Critical
buckling pressure plotted against g2 of inner layer. (c) Fixed outer boundary. Critical buckling growth rate (g1=g2) of inner layer plotted
against A/C. C=1.5, (B-A)/(C-A)=0.2.

 
                     

                    

    

       

         

         

      

     

 

     

  

   

 

      

     

    

 

 
 

      

 

  

      

    

   

 

        

 

        

         
        
       

      

   

   

          
      

                     

                 

                   

                  

              

                 

                  

        

                   

                   

                 

                  

          

Figure 9: Invariant of two-layer model(inner layer anisotropic). Critical buckling strain at the inner radius α as a function of growth rate ratio
between inner and outer layer(isotropic growth in each layer). µi=40kPa; µo=8kPa; k1=1; k2=0.2. 𝛾=π/6(results for π/4 and π/3 are very
similar, not shown). (a) Circular outer boundary. A=1.0, B=1.1, C=1.5. (b) Zero normal and shear stress. A=1.0, B=1.1, C=1.5. (c) Zero normal
and shear stress. A=1.0, B=1.2, C=1.5.
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Table 2: Parameter values for wound model.

Parameter Meaning Value Unit Reference
µnormal Shear modulus of normal skin (outer region). 8 MPa
µpro Shearmodulusof isotropicmatrix part of the anisotropic

proliferation region
0.2014 MPa [30–34]

k1 Parameter for anisotropic part 49.06 MPa
k2 0.1327 -
𝛾 Collagen fiber orientation angle with respect to circum-

ferential direction
varied -

g1 Growth rate in radial direction varied -
g2 Growth rate in circumferential direction varied -
A Inner radius of wound 5 mm
B Boundary of proliferation region 6 mm
C Boundary of the model region, large enough to re-

establish the residual stress in normal skin
50 mm

Tres Residual stress in normal skin varied kPa [34]
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Figure 10: Stress level at wound edge before and after growth. 𝛾=π/18. First row: P_external=0.0; second row: P_external=1.0. (a) No
growth. (b)Inner layer radial growth =1.5. (c)Inner layer circumferential growth =1.5. (d)Inner layer isotropic growth =1.5.

Herewe seek to investigate thewound edge instability con-
sidering both growth anisotropy and tissue anisotropy.

The wounded tissue is modeled by two-layer cylinder.
The outer layer is assumed to be isotropic due to random
orientation of collagen at healthy state(we don’t consider
Langer’s line here). Growth rates are zero in outer layer.
The inner layer is the proliferation region, anisotropic due
to fibroblast induced collagen alignment, and with non-

zero growth rates. Our default configuration is A=5mm,
B=6mm, C=50mm. We choose a large enough configura-
tion, so that we can apply boundary condition consistent
with stress state of normal skin.

We first calculate equilibrium state of the wound be-
fore/after growthof proliferation region.Wedon’t consider
pulling of the wound edge bymyofibroblasts, therefore for
each growth scenario, inner boundary will be free of nor-
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Figure 11:Wound edge instability in various growth scenarios. µi = µo (a) Inner layer isotropic growth. Enforced circular outer boundary
simulating loose skin. (b) Inner layer anisotropic growth (anisotropic factor gθgr = 1.5). Enforced circular outer boundary simulating loose
skin. (c) Inner layer radial growth. Enforced circular outer boundary. (d-e) Inner layer radial growth. Normal stress plotted against radial
position for different skin residual stress level. Inset: radial and hoop stress plotted together for each skin residual stress level.
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(c)Circular outer boundary. Isotropic growth. 
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Figure 12: Effect of wound size. B=A+1mm, C=A+45mm(large enough to simulate infinity). (a) Fixed outer boundary simulating stiff skin.
Critical buckling radial growth rate vs. wound size. (b) Enforced circular outer boundary simulating loose skin. Radial growth. Critical buck-
ling radial growth rate(and buckling mode as the numbers indicate) vs. 𝛾 for various wound sizes. (c) Enforced circular outer boundary sim-
ulating loose skin. Isotropic growth. Critical buckling pressure vs. isotropic growth rate. First row: 𝛾 = PI/3; Second row: 𝛾=PI/6.

mal stress. Fig. 10(a) shows the recoiled state after wound-
ing due to residual stress of the skin. Stress in normal di-
rection increases from zero (wound edge) to residual stress
level in normal skin. Hoop stress is positive at the wound
edge(in tension) due to recoiling, and decreases to resid-
ual stress level in normal skin at outer boundary. Equi-
librium states after radial/circumferential growth for skin
with/without residual stress are shown in Fig. 10b and 10c.
For skin without residual stress, radial growth will create
compression in radial direction and tension in hoop direc-

tion. The stress at the interface between growing and non-
growing tissue changes sharply, which reflects the effort
tomaintain tissue integrity under inhomogeneous growth.
Circumferential growth create compression in both hoop
and radial direction in the growing region, and hoop ten-
sion in the non-growing region. For skin with residual
stress, the effect of any mode of growth is dampened.

Now we are ready to investigate the critical growth
rate and the effect of fiber alignment for onset of wound
edge instability. First we fix thewound configuration to the
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Figure 13: Effect of proliferation region width. A=5mm, C=50mm(large enough to simulate infinity). (a) Fixed outer boundary simulating
stiff skin. Critical radial growth rate vs. proliferation region width. (b) Enforced circular outer boundary simulating loose skin. Critical radial
growth rate(and buckling mode as the numbers indicate) vs. fiber direction.

default configuration. We choose enforced circular outer
boundary to simulate loose skin, and carry out buckling
analysis as in Section 3.1. We investigate several growth
mode: isotropic growth, anisotropic growth with a fixed
gθ
gr , and radial growth.

Isotropic growth almost doesn’t induce buckling for
radial fiber orientation (Fig. 11a). However, as fiber be-
comes more and more circumferential, buckling hap-
pens with lower gcrit and with higher buckling mode.
Anisotropic growth with a larger circumferential growth
rate is generally stabilizing, with a more significant effect
on radial fiber reinforcement (Fig. 11b). Thus radial fiber re-
inforcement makes the wound edge more tolerant to both
modes of growth. Under radial growth, buckling mode
becomes higher when fiber is more circumferential, but
g1crit doesn’t change much with fiber orientation under
zero stress. However, for residually stressed skin, g1crit in-
creases faster with the residual stress level for radial fiber
reinforcement (Fig. 11c), which confirms the stabilizing ef-
fect of radically aligned fibers on wound edge due to ra-
dial growth. Stress profiles(radial and hoop) at the onset
of buckling for various skin residual stress level are plot-
ted in Fig. 11d-11e). Note that hoop stress at wound edge at
buckling is compressional.

We then change the wound geometry to investigate
the effects of wound size and proliferation region width.
From Fig. 12, we see that larger wound always corre-
sponds to higher buckling mode. This trend is consistent
between stiff skin (Fig. 12a, modeled by fixed outer bound-
ary) and loose skin (Fig. 12b-12c, modeled by enforced cir-
cular boundary). For radial growth, critical growth rate
g1crit is plotted against fiber orientation for variouswound

sizes in Fig. 12b. For isotropic growth, critical buckling
pressure is plotted against isotropic growth rate for vari-
ous wound sizes in Fig. 12c. We can observe that isotropic
growth alone hardly induces automatic buckling for a
large wound. However, the pressure required for buck-
ling is very low at some point. In reality, buckling can
still happen due to imperfections and cellular activities;
when buckling occurs, radically aligned fibers tends to in-
duce higher mode. On the other hand, proliferation region
width has negligible impact on buckling mode when in-
ner wound radius is the same, although a wider prolifer-
ation region corresponds to a smaller critical growth rate
(Fig. 13). In summary, buckling mode is determined by
wound size as well as fiber orientation, while almost in-
different to proliferation region width.

In Fig. 14a-14c, we show the effect of stiffness ratio be-
tween normal tissue and granulation tissue. A larger stiff-
ness ratio will increase the buckling mode both due to
isotropic growth and radial growth, but will maintain the
critical growth rate. For anisotropic growth, radial fiber
alignment is again much more tolerant for circumferen-
tial growth (Fig. 14c). Then Fig. 14d-14e show that increas-
ing fiber density will make buckling happen faster (lower
critical growth rate). Increasing fiber strength will have
the similar effect as increasing fiber density(results not
shown). Therefore, if the growing region is softer, contain-
ing less amount of fiber of less strength, the wound edge is
less prone to buckle.

Our findings are consistent with result obtained from
isotropic model [35] model in terms of effects of wound
size and stiffness ratio. However, we further reveal radial
fiber orientation has stabilizing effects for various modes
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Figure 14: Effect of stiffness ratio and fiber density. (a-c) Larger stiffness ratio. µ0/µi = 5, k1 = 1, k2 = 0.2. Enforced circular outer boundary
simulating loose skin. First row: 𝛾 = PI/6; second row: 𝛾=PI/3. (d-f) Larger fiber density. µ0/µi = 1, k1 = 3, k2 = 0.2. Enforced circular outer
boundary simulating loose skin. First row: 𝛾 = PI/6; second row: 𝛾=PI/3.

of growth. Bowden et al. has revealed that normal healing
should be characterized by anisotropic growth, with the
addition of material in the radial direction and removal of
material in the circumferential direction [34]. This growth

mode can be roughly depicted by radial growth in each
graph of this section (Fig. 11-14), and our findings indicate
that it is more prone to buckle than other growth modes.
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4 Discussion
In this paper, we have systematically researched growth
induced buckling for layered fiber-reinforced tube. Prob-
lems solved include but are not limited to 1)critical growth
rate and buckling mode for various geometries, fiber ori-
entations and fiber properties; 2) invariant of layered ma-
terial; 3)application to wound healing which reveals the
stabilizing effects of radial fiber alignment. Themethodol-
ogy adopted is limited to fiber aligned in the cross-section.
It is expected that this systematic investigation will foster
a deep understanding of instability in this specific scope,
bridge tounderstandingbiologicalmorphogenesis, aswell
as facilitate the design ofmaterials and structures by ratio-
nally harnessing their instabilities.

For one-layer model, we found that tubes with dif-
ferent fiber orientation do exhibit distinguishable buck-
ling behaviors under various boundary conditions. When
allowed to grow without confinement or external stress,
a tube with circumferential fiber alignment is featured
with low-to-high mode transition. When a tube is con-
fined(either fixed outer boundary or enforced circular
outer boundary), circumferential fiber alignment gives
preference for highmode buckling. Considering that buck-
ling with a higher mode has less catastrophic effect on the
tube’s shape, circumferential fiber alignment has contin-
ued to assume the stabilizing role as in scenarios with-
out growth. A notable difference between radial and cir-
cumferential growth is, radial growth induced buckling is
inevitable–applying internal/external outward stress will
only affect critical growth value; on the other hand, cir-
cumferential growth induced buckling can be prevented
by applying outward stress. The effect of tube geometry
on anisotropic tube is generally consistent with isotropic
tube—circumferential/radial growth can be stabilizing or
destabilizing depending on the inner/outer radius ratio.
A few other qualitative changes with tube geometry –1)a
thin tube doesn’t experience low-to-high mode transition
under free boundary condition; 2) a thick tube doesn’t
automatically buckle under circumferential growth. Fiber
properties including density and strength also affect buck-
ling. Increasing fiber density alone can cause low-to-high
mode transitionunder certain fiber orientation. Increasing
fiber strength has greater effect for buckling pressure of
tubes with radial fiber orientation, since radial fibers bear
load under deformation.

Then we studied the two-layer model with growth re-
stricted to inner layer. Tubeswith inner-layer radial growth
under free boundary condition has very similar behav-
ior with one-layer model, since radial growth is most un-

likely to be affected by the non-growing outer layer. Other
than that, circumferential growth under free boundary
condition, various growth pattern under enforced circular
boundary and fixed boundary, have altered buckling be-
havior under the confinement of outer layer. The conclu-
sion obtained by assuming inner layer growth can be ex-
tended to both layer growth by the observation that buck-
ling strain at inner boundary is an invariant under same
isotropic growth ratio between inner/outer layer.

Compared with previous works on growth induced
buckling of anisotropic tube, Vandiver et al. revealed that
both growth and applied internal pressure provide im-
provements in the overall rigidity of the anisotropic cylin-
drical shell [26]. In their application to artery stability, they
reveal that both an axial off-loading and an increase in the
internal pressure can lead to buckling.

In the application towound edge instability, we see ra-
dial fiber reinforcementhas an irrefutable stabilizing effect
for various modes of growth. Our model has the following
limitations–first, it assumes homogeneous radial and cir-
cumferential growth rates for simplicity. In reality, nonho-
mogeneous growth rates may change the buckling behav-
ior. Second, the results obtained are exact only for instan-
taneous growth induced residual stress, while remodeling
might have changed tissue structure and canceled part of
the residual stress before the growth is completed. Effects
of spatial and temporal pattern of growth on buckling pat-
tern is worth exploring in future work.
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Appendix A. Results when using full
form of strain energy
Adding strain energy function dependence on I5, I7 and I8
will add three parameters to the governing equation and
boundary condition—c5 as the coefficient describing the
interaction between I5 and I7, c6 as the coefficient for in-
teraction between I4, I6 and I8, while c7 is the coefficient
for dependence on I8. The ranges of these parameters have
to be found by experiments for different biological tissues.
Here we test different scales of parameters.

We vary one of the parameters while keeping the other
two zero. We find that varying c6 and c7 in the range
(0.001, 1) only changes the result slightly, while preserv-
ing thequalitative properties, for bothone-layer andmulti-
layer models.

When c5 is nonzero, the general trend is preserved
but some of the results change qualitatively. For one-layer
problem, bucklingmode transition occurs to awider range
of fiber orientation (Fig. A.1). Two-layer model also shows
transition of buckling modes (Fig. A.2).
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Figure A.1: (Same as Fib2 but with full form of strain energy function). Zero normal and shear stress boundary condition. µ=5kPa, k1=1,
k2=0.2. A/B = 0.5. c5=0.01. (a-d) Critical buckling pressure P plotted against circumferential growth rate g2 for various buckling mode. (e-h)
Critical buckling pressure P plotted against radial growth rate g1 for various buckling mode.

                

 

   

   
   

 

                    

                 

          

            

Figure A.2: Two-layer model with growth. Anisotropic layer modeled by full form of strain energy function. Critical buckling strain at the
inner radius α plotted for various buckling mode. Enforced circular outer boundary condition. µi=40kPa; µo=8kPa; k1=1; k2=0.2. (a-c) α
plotted against tube thickness A/C. (B-A)/(C-A)=0.2. g1=1.0, g2=1.0. (d-f) Critical buckling pressure P plotted against g2. A=1.0, B=1.1,
C=1.5. g1=1.0.


