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1. Introduction

In this paper, we provide an analysis for a method for computing the eigenvalues corre-
sponding to Bloch modes for a wave propagation problem associated with photonic crystals.
Photonic crystals are composite periodic structures constructed of dielectric materials. For
certain material arrangements, these structures have been found to have interesting and
useful spectral behavior with respect to electromagnetic waves, including the appearance of
band gaps. Such structures are expected to have numerous applications in optics and mi-
crowaves. An introduction to photonic crystals, photonic band gap structures and some of
their applications can be found in [14,24]. Several numerical techniques have been developed
for approximating Bloch modes in these structures. Methods for general 3D structures with
arbitrary material distributions are described for example in [7] and the references therein;
more specialized methods for 2D structures are described in [2, 12]. The most popular of
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the general 3D methods can be roughly classified as spectral methods, based on a truncated
plane wave representation of the electromagnetic field. Discontinuities in the material pa-
rameters can lead to convergence difficulties with the plane wave method [25], and as far as
we know, no general convergence theory has yet been established.

The Bloch eigenfunctions can be described in terms of a curl-curl system on the reference
domain (with phase induced boundary conditions) or in terms of a more complex Hermitian
curl-curl like system but with simpler periodic boundary conditions (see Section 2). We use
the latter approach in this paper. This enables us to deduce properties of the solutions in
terms of Fourier series.

Since we are approximating a perturbed curl-curl system, the usual Nedelec edge element
spaces are no longer appropriate. Instead, we use spaces generated by a basis of functions
which result from the usual basis functions for the Nedelec spaces multiplied by phase func-
tions. We will study the properties of these spaces and the convergence of the corresponding
discrete eigenvalues. To the best of our knowledge, this paper provides the first convergence
analysis of any method for computing electromagnetic Bloch modes in fully three-dimensional
photonic crystals with arbitrary material configurations. A finite element method using the
modified edge element spaces described here, utilizing an FFT-based preconditioner and a
subspace iteration method for approximating eigenvalues, was presented in [11] along with
numerical results. The issue of the iterative computation of these eigenvalues when the size
of the system is too large for direct solvers was the focus of that work.

Our eigenvalue problem involves a divergence free condition and thus can be naturally
posed in mixed form. Early work on the analysis of eigenvalues associated with discrete
approximations to curl-curl systems was done in [16–18]. Recently, the behavior of the
discrete eigenvalues associated with abstract mixed finite element formulations was studied
[3–6]. It was observed that even though the mixed discretization satisfies all of the usual
conditions for convergence for the underlying problem, i.e., coercivity on the kernel and the
discrete LBB condition, it can behave badly on the eigenvalue problem. For example, the
numerical method can generate spurious eigenvalues and eigenvectors which have nothing to
do with the eigenvalues and eigenvectors of the continuous system. An abstract framework
for the convergence of the eigenvalues resulting from mixed finite element methods was given
in [4]. Our goal will be to apply this theory to the modified Nedelec spaces mentioned above.

In the next section we formulate the basic eigenproblem to be studied in mixed form. In
Section 3, we then use Fourier series to establish a Helmholtz decomposition of vector fields
in spaces of periodic functions, and apply these results to obtain regularity of solutions.
In Section 4 we construct modified approximation subspaces which allow us to establish
discrete coercivity and LBB conditions for our mixed approximation in Section 5. Finally,
in Section 6 we prove the convergence of approximate eigenvalues to the continuous ones, by
establishing estimates necessary to apply the results of Boffi, Brezzi and Gastaldi [4].

2. Eigenproblem formulation

The underlying problem is classical electromagnetic wave propagation governed by Maxwell’s
equations in R3,

∇× E − iωµH = 0,

∇×H + iωεE = 0.
(2.1)
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Here E and H are the electric and magnetic field vectors, respectively. The magnetic perme-
ability µ is assumed constant, and the dielectric coefficient ε is real, bounded, and uniformly
bounded away from zero. Setting ρ = (µε)−1, it follows from (2.1) that

∇× ρ∇×H = ω2H, on R3,

∇ ·H = 0, on R3.
(2.2)

The medium is assumed to have unit periodicity on a cubic lattice. Thus denoting Z =
{0,±1,±2, . . .} and defining the lattice Λ = Z3, we have

ρ(x + n) = ρ(x), for all x ∈ R3, and for all n ∈ Λ.

We define the periodic domain Ω = R3/Λ and the first Brillouin zone K = [−π, π]3.
We wish to compute Bloch modes [23], that is, eigenfunctions H satisfying (2.2) for a

particular frequency ω, and such that H(x) = eiαxu(x), where u is periodic in x, and α ∈ K.
It follows from (2.2) that

∇α × ρ∇α × u = λu, in Ω,

∇α · u = 0, in Ω,
(2.3)

where ∇α = (∇ + iα) and λ = ω2. Computing the Bloch modes requires consideration of
the transformed system (2.3), for each α ∈ K.

Remark 2.1. An alternative to transforming to system (2.3) is to use the original system
(2.2). The problem with this is that unknown field H satisfies somewhat strange boundary
conditions. The transformed system involves more complex operators but simpler boundary
conditions and is easier to analyze.

Let L2(Ω) = L2(Ω)3. Periodic versions of the standard vector Sobolev spaces will be
useful:

H1
p (Ω) = {g ∈ L2(Ω) : ∇g ∈ L2(Ω)},

Hp(curl) = {u ∈ L2(Ω) : ∇× u ∈ L2(Ω)},
Hp(div) = {u ∈ L2(Ω) : ∇ · u ∈ L2(Ω)}.

For the above definitions, functions defined on Ω are implicitly periodic and the derivative
operators respect the periodicity of the domain Ω, i.e., Ω has no boundary.

For u,v ∈ Hp(curl), and q ∈ H1
p (Ω), we introduce the sesquilinear forms

a(u,v) =

∫
Ω

ρ(∇α × u) · (∇α × v) dx, (2.4)

b(q,u) =

∫
Ω

∇αq · u dx, (2.5)

(u,v) =

∫
Ω

u · v dx. (2.6)

Defining V 0,α = {u ∈ Hp(curl) : b(q,u) = 0 for all q ∈ H1
p (Ω)}, the weak formulation of

(2.3) is then to find λ ∈ R and u ∈ V 0,α satisfying

a(u,v) = λ (u,v) for all v ∈ V 0,α. (2.7)
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We consider (2.7) in mixed form: Find λ ∈ R and (u, w) ∈ Hp(curl)×H1
p (Ω) such that

a(u,v) + b(w,v) = λ (u,v), for all v ∈ Hp(curl), (2.8)

b(q,u) = 0, for all q ∈ H1
p (Ω). (2.9)

3. Decomposition and regularity results

In this section, we provide a number of facts concerning vector decompositions and solutions
to the mixed problem: Find (u, w) ∈ Hp(curl)×H1

p (Ω) satisfying

a(u,v) + b(w,v) = (f ,v), for all v ∈ Hp(curl),

b(q,u) = 0, for all q ∈ H1
p (Ω).

(3.1)

These results can be understood in terms of Fourier analysis. Specifically, let J denote the
set

J = {2π(i1, i2, i3) : for integer i1, i2, i3}.

Functions in L2(Ω) can be expanded

u =
∑
I∈J

eiI·xCI

where CI is a three dimensional vector with complex entries. Fix α ∈ K with α 6= (0, 0, 0)
and define for I ∈ J , γI = α + I. Note that γI never vanishes and satisfies

C0(1 + |I|2) 6 |γI |2 6 C1(1 + |I|2) (3.2)

with constants C0,C1 independent of I ∈ J . For positive s, the Sobolev spaces of periodic
functions can be characterized in terms of this expansion, i.e.,

Hs
p(Ω) =

{
u ∈ L2(Ω) : u =

∑
I∈J

eiI·xCI and
∑
I∈J

(1 + |I|2)s|CI |2 < ∞
}

.

For techniques for verifying such results see the proof of Lemma 3.1 in [26]. By (3.2),
(1 + |I|2)s can be replaced by |γI |2s in the above characterization. The Sobolev norm ‖u‖s

is equivalent to the norm given by ( ∑
I∈J

|γI |2s|CI |2
)1/2

.

The scalar valued Sobolev space Hs
p(Ω) is characterized analogously. We use the notation

‖ · ‖s to denote Sobolev norms on Ω in both the vector and scalar case. In the case of s = 0,
we drop the subscript and write ‖ · ‖.

For any I ∈ J , we can decompose C3 = DI ⊕GI where GI is the space spanned by the
vector γI and DI is its orthogonal complement. Note that DI is the image of the Hermitian
matrix

NI = i

 0 −γI
3 γI

2

γI
3 0 −γI

1

−γI
2 γI

1 0
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and NIγ
I = 0. The eigenvalues of NI are 0 and ±|γI | and hence for any CI ∈ C3,

|NICI |2 + |γI · CI |2 = |γI |2|CI |2. (3.3)

Clearly, NI is invertible map on DI and for a vector CI = dI + gI with dI ∈ DI and gI ∈ GI ,
we define the pseudo-inverse N+

I CI = N−1
I dI ∈ DI . Since gI ∈ GI , we have that gI = θ(CI)γ

I

where θ(CI) = (CI · γI)/|γI |2.
For u =

∑
I∈J eiI·xCI ∈ H1

p(Ω) and u =
∑

I∈J cIe
iI·x ∈ H1

p (Ω), we have

∇α × u =
∑
I∈J

eiI·xNICI ,

∇α · u = i
∑
I∈J

(γI · CI)e
iI·x,

∇αu = i
∑
I∈J

cIe
iI·xγI .

Let u =
∑

I∈J eiI·xCI be in L2(Ω). Then

u =
∑
I∈J

eiI·x[NI(N
+
I CI) + θ(CI)γ

I ],

i.e.,

u = ∇α ×w +∇αφ

where

w =
∑
I∈J

eiI·xN+
I CI and φ = −i

∑
I∈J

θ(CI)e
iI·x.

The next theorem easily follows from the above discussion.

Theorem 3.1. Let α be in K with α 6= (0, 0, 0). Given u ∈ L2(Ω), there exists unique
functions w ∈ H1

p(Ω) and φ ∈ H1
p (Ω) satisfying

u = ∇α ×w +∇αφ and ∇α ·w = 0.

Furthermore, we have
‖w‖1 + ‖φ‖1 6 C‖u‖,

‖w‖1+s 6 C‖∇α ×w‖s,

‖φ‖1+s 6 C‖∇αφ‖s.

Here s is any nonnegative number.

Remark 3.1. It easily follows that φ = 0 if and only if ∇α · u = 0 and w = 0 if and
only if ∇α × u = 0.

An easy consequence of the above discussion is that the sequence

0 −−−→ H1
p (Ω)

∇α−−−→ Hp(curl)
∇α×−−−→ Hp(div)

∇α·−−−→ L2(Ω) −−−→ 0

is exact. We also have the following regularity estimate.
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Theorem 3.2. Let u and w be the solution of (3.1). Then

‖u‖1 + ‖w‖1 6 C‖f‖.

If, in addition, ρ is Lipschitz continuous then

‖u‖2 + ‖w‖1 6 C‖f‖.

Finally, in the case when ρ = 1,

‖u‖2+s 6 ‖∇α ×w‖s.

Here s > 0 and f = ∇α ×w +∇αφ is the Helmholtz decomposition of f as in the previous
theorem.

Proof. The first and third inequalities of the theorem follow easily from the eigenfunction
expansions discussed earlier. The second inequality follows from a simple modification of
classical techniques for proving regularity for boundary value problems (see, e.g., the proof
of Theorem 3.1.1 of [22]).

4. α-Modified spaces

In this paper, we consider the lowest order Nedelec element on cubes in our discussion
for simplicity. All of our results extend to higher order elements and elements based on
tetrahedra. We start by partitioning the domain Ω into N×N×N smaller cubes (Ω = ∪jτj),
each of side length h = 1/N . We shall consider a family of approximation spaces for H1(Ω),
H(curl), H(div), and L2(Ω) defined with respect to this mesh. For simplicity, we consider

the lowest order Raviart-Thomas-Nedelec spaces W̃h, Ṽh, R̃h and S̃h given by

W̃h = {φ ∈ H1(Ω) : φ|τj
∈ Q1,1,1},

Ṽh = {Φ ∈ H(curl) : Φ|τj
∈ Q0,1,1 ×Q1,0,1 ×Q1,1,0},

R̃h = {Φ ∈ H(div) : Φ|τj
∈ Q1,0,0 ×Q0,1,0 ×Q0,0,1},

S̃h = {φ ∈ L2(Ω) : φ|τj
∈ Q0,0,0}.

We do not impose periodicity constraints in the definitions of the above spaces. Here Qi,j,k

denotes the polynomials of the form

p(x, y, z) =
i∑

l=0

j∑
m=0

k∑
n=0

cl,m,nx
lymzn.

Accompanying these spaces there are natural interpolation operators Ĩh, π̃h, r̃h, and Q̃h

which make the following diagram commute (see, e.g., [9, 20,21]):

0 −−−→ H1(Ω)/R
∇−−−→ H(curl)

∇×−−−→ H(div)
∇·−−−→ L2(Ω) −−−→ 0

Ĩh

y π̃h

y r̃h

y Q̃h

y
0 −−−→ W̃h/R

∇−−−→ Ṽh
∇×−−−→ R̃h

∇·−−−→ S̃h −−−→ 0

(4.1)
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All of the squares above commute when applied to sufficiently smooth vector fields, and the
sequences from left to right are exact.

These operators are defined in terms of degrees of freedom. For example, the degrees of
freedom for W̃h are the nodal values and the interpolation operator is just nodal interpo-
lation. In contrast, a function in Ṽh is uniquely determined by the values of its tangential
components on the edges of the elements. In this case, these degrees of freedom result in
vector functions with continuous tangential components across elements, i.e., the functions
are contained in H(curl).

We consider the space Ṽh in more detail. One has a basis {Ψ̃j} where Ψ̃j has a unit
component tangential to the j’th edge with a vanishing tangential component along all other
edges of the mesh. The support of Ψ̃j is contained in the cubes which contain the j’th edge.
Each edge function is associated with a degree of freedom: Given a sufficiently smooth
function Φ, we define

vj(Φ) =
1

|ej|

∫
ej

Φ · nj dx. (4.2)

Here ej is the edge associated with Ψ̃j and nj is a unit tangent vector along ej. The
corresponding interpolation operator is then defined by

π̃hΦ =
∑

j

vj(Φ)Ψ̃j

which is well defined provided that the integrals appearing in (4.2) make sense. For example,
they make sense for functions θ ∈ W1,s(Ω) with s > 2. Moreover, the integrals make sense
for θ ∈ H1+γ(Ω) with γ > 0, since by the Sobolev imbedding theorem, θ is in W1,s(Ω) for
s = 2/(1− γ).

We define α-modified spaces from those above in two steps. First, we restrict to the
periodic case. Specifically, we set

Wh = {φ ∈ H1
p (Ω) ∩ W̃h},

Vh = {Φ ∈ Hp(curl) ∩ Ṽh},
Rh = {Φ ∈ Hp(div) ∩ R̃h},
Sh = S̃h.

The only difference between, for example, the spaces Wh and W̃h is that W̃h has distinct
degrees of freedom corresponding to the nodes on the periodic boundary. The basis functions
for Wh will be denoted by {φj}. The basis functions for Vh are denoted by {Ψj}. The
commutativity of the diagram is a local property (element by element) and so is satisfied by
the periodic spaces as well.

Let us consider α ∈ K with α 6= (0, 0, 0). We need to develop spaces Vα
h and Wα

h which
satisfy the condition

‖W‖H1(Ω) 6 C sup
X∈Vα

h
X 6=0

|b(W,X)|
‖X‖H(curl)

= C sup
X∈Vα

h
X 6=0

|(∇αW,X)|
‖X‖H(curl)

, (4.3)

for all W ∈ Wα
h with constant C independent of W and h. The analogous condition is

proved in the case of α = (0, 0, 0) by using the fact that for any W ∈ Wh, ∇W ∈ Vh. Thus,
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we construct spaces (Vα
h , Wα

h ) which satisfy ∇αW ∈ Vα
h for all W ∈ Wα

h . Observe that
the operator ∇α arose in our equations (2.3) from the introduction of a phase factor. This
motivates the introduction of a phase factor into the definition of the mixed finite element
approximation spaces. Specifically, we define

Vα
h =j{e−iα·(x−xj)Ψj},

Wα
h = j{e−iα·(x−yj)φj}.

(4.4)

Here xj is the center of the j’th edge and yj is the node corresponding to the nodal function
φj. In the above definition, x is taken to vary smoothly over the support of the basis functions
for degrees of freedom on the periodic boundary. Spaces Rα

h and Sα
h are defined analogously.

The degrees of freedom for the spaces W α
h are again the nodal values. The corresponding

interpolation operator Iα
h is just nodal interpolation. As in the case of α = (0, 0, 0), the

functions in Wα
h can be characterized as

Wα
h = {φ ∈ H1

p (Ω) : for each mesh element τ,

φ|τ = e−iα·xφ̃ for some φ̃ ∈ Q1,1,1}.
(4.5)

The space Vα
h inherits degrees of freedom from Vh, specifically,

vα
j (Φ) =

1

|ej|

∫
ej

eiα·(x−xj) Φ · nj dx

and the resulting interpolation operator is

πα
hΦ =

∑
j

vα
j (Φ)e−iα·(x−xj)Ψj.

The degrees of freedom for Rh and Sh also involve integration. The corresponding degrees
of freedom for Rα

h and Sα
h are defined from those of Rh and Sh by the analogous phase shifted

integrals. The interpolation operators rα
h and Qα

h immediately follow from the degrees of
freedom. For the latter case, Qα

h ends up being the L2(Ω) projection onto Sα
h .

Remark 4.1. We note that all of the above spaces consist of piecewise polynomial spaces
(often discontinuous) multiplied by phase functions. For 0 < γ < 1/2, the inverse inequality

‖v‖γ 6 C(γ)h−γ‖v‖
holds for discontinuous piecewise polynomial functions of bounded order on a mesh of size
h (cf., e.g., [8]). It follows that this inequality holds for functions in any one of the spaces
W α

h , Vα
h , Rα

h or Sα
h .

Our first result concerning these spaces is that they satisfy the corresponding commuta-
tive diagram.

Theorem 4.1. Let α 6= (0, 0, 0) be in K. The spaces W α
h , Vα

h , Rα
h, and Sα

h satisfy the
commutative diagram (when applied to sufficiently smooth vector fields so that the interpo-
lation operators make sense)

0 −−−→ H1
p (Ω)

∇α−−−→ Hp(curl)
∇α×−−−→ Hp(div)

∇α·−−−→ L2(Ω) −−−→ 0

Iα
h

y πα
h

y rα
h

y Qα
h

y
0 −−−→ Wα

h
∇α−−−→ Vα

h
∇α×−−−→ Rα

h
∇α·−−−→ Sα

h −−−→ 0.

(4.6)

In addition, the spaces and operators above form exact sequences horizontally.
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Proof. The following identities follow trivially:

∇α × (e−iα·xu) = e−iα·x(∇× u)

∇α · (e−iα·xu) = e−iα·x(∇ · u)

∇α(e−iα·xf) = e−iα·x∇f.

(4.7)

Note that if W is in W α
h , then ∇αW is in Vα

h . Indeed, this is well known for α = (0, 0, 0)
so for each basis function φj of Wh,

∇φj =
∑

k

cjkΨk

where the sum over k corresponds to the edges which have the node of φj as an endpoint.
Thus,

∇α(e−iα·(x−yj)φj) = e−iα·(x−yj)
∑

k

cjkΨk =
∑

k

(cjke
iα·(yj−yk))(e−iα·(x−yk)Ψk) ∈ Vα

h .

Similar arguments show that ∇α× maps Vα
h into Rα

h and ∇α· maps Rα
h into Sα

h .
We next observe that the properties of the operators Iα

h , πα
h , rα

h , and Qα
h can be deduced

from those of Ĩh, π̃h, r̃h, and Q̃h. We illustrate this in the case of πα
h . For u ∈ W1,s

p (Ω) (with
s > 2) define g(x) = eiα·xu(x). Note that g is not periodic. For any element τ , we have

e−iα·xπ̃h(g)(x) =
∑

j

e−iα·x

|ej|
Ψj(x)

∫
ej

eiα·t u · nj dt

=
∑

j

e−iα·(x−xj)Ψj(x)vα
j (u) = πα

h (u)(x) for all x ∈ τ.

(4.8)

The equalities (on τ)

e−iα·x Ĩh(e
iα·xu) = Iα

h (u),

e−iα·x r̃h(e
iα·xu) = rα

h (u),

e−iα·x Q̃h(e
iα·xu) = Qα

h(u)

(4.9)

follow in an analogous way. In the above equalities, we implicitly assume that u and u are
smooth enough so that corresponding interpolation operators can be applied. The commu-
tativity of the diagram (4.6) follows immediately from the above identities and the fact that
the commutativity of (4.1) holds element wise.

The exactness of the upper sequence in (4.6) has already been observed in the previous
section. That ∇α· maps Rα

h onto Sα
h follows from commutativity, the exactness of the upper

sequence and the density of smooth periodic functions in Hp(div). The injectivity of ∇α

restricted to Wα
h is immediate.

We next show that the kernel of ∇α× : Vα
h 7→ Rα

h is ∇α(Wα
h ). Clearly ∇α(Wα

h ) ⊆
ker(∇α×). If u ∈ ker(∇α×) is (·, ·) orthogonal to ∇α(Wα

h ), then by Remark 3.1, u = ∇αφ
for some φ ∈ H1

p (Ω). It follows by Lemma 5.1 (given below) that there is an element P ∈ Wα
h

satisfying u = ∇αP . Orthogonality implies that u is zero, i.e., the kernel of ∇α× : Vα
h 7→ Rα

h

is ∇α(Wα
h ).

The argument showing that the kernel of ∇α· : Rα
h 7→ Sα

h is ∇α×(Vα
h) is similar. Clearly,

∇α × (Vα
h) is contained in ker(∇α·). If u is in ker(∇α·) and is orthogonal to ∇α × (Vα

h),
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then by Remark 3.1, u = ∇α × Φ for some Φ ∈ H1
p(Ω). Note that multiplication by eiα·x

maps a function in Rα
h to a function in R̃h. By Remark 4.1, u ∈ Hγ

p(Ω) for 0 < γ < 1/2.
Consequently, πα

h is well defined on Φ since by Theorem 3.1,

‖Φ‖1+γ 6 C‖u‖γ 6 Ch−γ‖u‖

and commutivity implies that

u = rα
h (∇α × Φ) = ∇α × (πα

hΦ).

Orthogonality then implies that u = 0. This completes the proof of the theorem.

The α-modified spaces satisfy the same basic approximation properties as the original
spaces, as given in the following lemma.

Lemma 4.1. There is a constant C not depending on h satisfying

‖u− πα
hu‖+ ‖∇α × (u− πα

hu)‖ 6 ch‖u‖2, for all u ∈ H2
p(Ω) (4.10)

and
‖u− πα

hu‖+ h‖∇α × (u− πα
hu)‖ 6 ch‖u‖1,s, for all u ∈ W1,s

p (Ω). (4.11)

An analogous inequality for Wα
h is

‖w − Iα
h w‖+ h‖w − Iα

h w‖1 6 Ch2‖w‖2, for all w ∈ H2
p (Ω).

Proof. The results follow easily from (4.7), (4.8), (4.9), and the (well known) analogous

properties for Ṽh and W̃h. For example, by (4.7) and (4.8),

‖u− πα
hu‖+ ‖∇α × (u− πα

hu)‖ = ‖g − π̃hg‖+ ‖∇ × (g − π̃hg)‖
6 Ch‖g‖2 6 Ch‖f‖2.

We shall need additional approximation properties for W α
h . We consider the approxima-

tion operator Iα
h defined by

Iα
h w =

∑
j

uα
j (w)e−iα·(x−yj)φj

where

uα
j (w) =

6

πh3

∫
Bj

eiα·(x−yj)w(x) dx.

Here Bj is the ball of radius h/2 centered at yj. A straightforward application of the
Bramble-Hilbert argument gives

‖w − Iα
h w‖+ h‖Iα

h w‖1 6 Ch‖w‖1, for all w ∈ H1
p (Ω), (4.12)

holds for α = (0, 0, 0). More precisely, let τ be an element and w ∈ H1(τ̃) where τ̃ denotes
the union of the elements which are (periodic) neighbors of τ . To prove (4.12) in the case of
α = (0, 0, 0), one uses the Bramble-Hilbert argument to show that

‖w − Ihw‖L2(τ) + h‖Ihw‖H1(τ) 6 Ch‖w‖H1(τ̃). (4.13)
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Here Ih denotes the approximation operator Iα
h with α = (0, 0, 0). For α 6= 0, we set

g = eiα·xw and (4.12) follows from (4.13) and the identity (on τ̃)

e−iα·xIh(g) = Iα
h (w).

Here x is taken to vary smoothly on τ̃ . Using the above inequalities, we can prove the
following lemma.

Lemma 4.2. Let s ∈ [0, 1]. Then

‖(I −Qα
h)w‖s 6 C1h

1−s‖w‖1, for all w ∈ H1
p (Ω). (4.14)

The constant C1 above depends on s but is independent of h.

Proof. The lemma in the case of s = 0 follows immediately from (4.12). The subspace
Wα

h satisfies the inverse inequality

‖W‖1 6 Ch−1‖W‖, for all W ∈ W α
h .

Thus, (4.12) and the case of s = 0 give

‖(Iα
h −Qα

h)w‖1 6 Ch−1‖(Iα
h −Qα

h)w‖ 6 C‖w‖1, for all w ∈ H1(Ω).

That (4.14) holds for s = 1 follows from the triangle inequality and (4.12). The lemma
follows by interpolation.

5. Coercivity on the kernel

In this section, we prove coercivity on the kernel for the pairs of spaces just constructed. For
α 6= (0, 0, 0) and α ∈ K, we have

‖W‖H1(Ω) 6 C
‖∇αW‖2

‖∇αW‖
6 C sup

X∈Vα
h

X 6=0

|b(W,X)|
‖X‖H(curl)

.

The last inequality followed from taking X = ∇αW . The following theorem shows that
coercivity on the kernel also holds.

Theorem 5.1. Let α be in K with α 6= (0, 0, 0). There exists a constant c0 not depending
on h satisfying

c0‖U‖ 6 ‖∇α ×U‖, for all U ∈ V0,α
h .

Here V0,α
h = {U ∈ Vα

h : b(W,U) = 0, for all W ∈ Wα
h }.

The proof will follow the argument given in [13] for the case of α = (0, 0, 0). We start
with the following lemma.

Lemma 5.1. Let u = ∇αp for some p ∈ H1
p (Ω). Assume further that πα

hu is well defined.
Then there exists Ph ∈ W α

h satisfying πα
hu = ∇αPh.
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Proof. Let u be as above and let g = eiα·xu. Then

0 = ∇α × u = e−iα·x∇× (eiα·xu). (5.1)

It follows from, e.g., [13] that
∇× [π̃h(g)] = 0. (5.2)

Applying (4.7) and (4.8) gives

0 = ∇× (eiα·xπα
hu) = eiα·x∇α × (πα

hu). (5.3)

By Remark 3.1, there exists q ∈ H1
p (Ω) satisfying

πα
hu = ∇αq.

Now on any element τ , by (4.8),

πα
hu = e−iα·xπ̃h(g)

where
π̃h(g)|τ = π̃h(e

iα·xu)|τ ∈ Q0,1,1 ×Q1,0,1 ×Q1,1,0.

By Lemma 5.3, Chapter 3 of [13],
π̃hg|τ = ∇q̃|τ

for some q̃ ∈ Q1,1,1, i.e.,
πα

hu = e−iα·x∇q̃ = ∇α(e−iα·xq̃).

This means that ∇α(q − e−iα·xq̃) = 0 from which it easily follows that q|τ is of the form
e−iα·xq̄ for some q̄ ∈ Q1,1,1. The lemma follows from (4.5).

Proof of Theorem 5.1. Let U be in V0,α
h . Note that eiα·x∇α×U is piecewise polynomial

with respect to the mesh defining Vα
h . By Remark 4.1, ∇α ×U is in Hγ(Ω) for any γ with

0 < γ < 1/2 and satisfies the inverse inequality

‖∇α ×U‖γ 6 Ch−γ‖∇α ×U‖. (5.4)

By Remark 3.1 and Theorem 3.2, there exists w ∈ H1+γ
p (Ω) such that

∇α ×w = ∇α ×U, in Ω,

∇α ·w = 0, in Ω

‖w‖1+γ 6 C‖∇α ×U‖γ 6 Ch−γ‖∇α ×U‖.
(5.5)

Since ∇α × (w −U) = 0, by Remark 3.1, w −U = ∇αp for some p ∈ H1
p (Ω). Note that

πα
h is well defined on w −U since U ∈ Vα

h and w ∈ H1+γ
p (Ω). By Lemma 5.1, there exists

Ph ∈ Wα
h satisfying

∇αPh = πα
h (w −U) = πα

hw −U.

Since ∇αPh and U are orthogonal in (·, ·),

‖U‖ 6 ‖πα
hw‖ 6 ‖w‖+ ‖w − πα

hw‖
6 C‖∇α ×U‖+ ‖w − πα

hw‖
(5.6)

where we used Theorem 3.1 for the last inequality above. Applying (4.11) with s = 2/(1−γ)
and the Sobolev imbedding theorem gives

‖w − πα
hw‖ 6 Ch‖w‖1,s 6 Ch‖w‖1+γ. (5.7)

Combining (5.5)–(5.7) completes the proof of the theorem.
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Remark 5.1. In the above proof, we cannot use commutativity of the diagram to avoid
Lemma 5.1. To apply commutativity, we would need to have more smoothness on p so that
Iα
h p was well defined.

6. Convergence of the eigenvalue problem

In this section, we derive the estimates required to apply the results of [4] which guarantee
convergence of the discrete eigenvalues. We start with the discrete eigenvalue problem. The
approximation to the eigenvalues are given by the discrete eigenvalues {λh} associated with
the pairs {U, W} ∈ Vα

h ×Wα
h satisfying

a(U, Θ) + b(W, Θ) = λh (U, Θ), for all Θ ∈ Vα
h ,

b(Q,U) = 0, for all Q ∈ W α
h .

(6.1)

It follows from Theorem 4.1 that the eigenvalues of (6.1) coincide with the positive eigenval-
ues associated with eigenvectors U ∈ Vα

h satisfying

a(U, Θ) = λh(U, Θ) for all Θ ∈ Vα
h . (6.2)

The convergence of the approximate eigenvalue problem (6.2) was studied in the case of
α = (0, 0, 0) by Boffi, Fernandes, Gastaldi, and Perugia [6]. There they showed that this
problem is equivalent to the discrete eigenvalue problem: Find λh and (Uh,Ph) ∈ Vα

h × Σα
h

satisfying
(Uh, Θ)− (ρ1/2∇α ×Θ,Ph) = 0, for all Θ ∈ Vα

h ,

(ρ1/2∇α ×Uh,Q) = λh(Ph,Q), for all Q ∈ Σα
h .

(6.3)

Here Σα
h = ρ1/2∇α × (Vα

h). They also proved convergence of the discrete eigenvalues by
analyzing the discrete mixed system (6.3).

Our proof involves the application of the results of [4] to formulation (6.1). To do this,
we need to verify two conditions involving the solution (u, w) of (3.1). Specifically, we need
to show that (see Definition 1 of [4])

inf
U∈V0,α

h

b(w,U)

‖U‖H(curl)

6 C(h)‖f‖ (6.4)

and that there exists W ∈ V0,α
h satisfying (see Definition 2 of [4])

‖u−W‖H(curl) 6 C(h)‖f‖. (6.5)

We need to verify that the above inequalities hold for C(h) satisfying

lim
h→0

C(h) = 0.

Let T : L2(Ω) → L2(Ω) be the solution operator corresponding to the mixed problem,
i.e., Tf = u solves (3.1). Similarly, let Th : L2(Ω) → V0,α

h be the discrete solution operator,
i.e., Thf = U where (U, W ) ∈ Vα

h ×Wh solves

a(U, Θ) + b(W, Θ) = (f , Θ), for all Θ ∈ Vα
h ,

b(Q,U) = 0, for all Q ∈ Wα
h .

(6.6)
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Theorem 1 of [4] shows that if Definitions 1 and 2 of [4] hold, Th converges uniformly to T
in the L2(Ω)-operator norm. The convergence of the eigenvectors and eigenvalues follows by
classical perturbation techniques [15]. Specifically, if 0 < λ1 6 λ2 6 . . . are the eigenvalues
for (2.3) and 0 < λh

1 6 λh
2 6 . . . are the eigenvalues for (6.1) then

lim
h→0

|λi − λh
i | = 0.

For the analysis, we let H =
√

h and consider the corresponding approximation subspace
Vα

H . The main technical estimate is given by the following lemma. Its proof will be sketched
at the end of this section.

Lemma 6.1. Let U be V0,α
h and 0 < γ < 1/2. Then there exists a function UH ∈ Vα

H

and a constant C not depending on H or h satisfying

‖U−UH‖ 6 CHh−γ‖∇α ×U‖.

Remark 6.1. This lemma also holds for γ = 0 although its proof is somewhat more
complicated. The proof for γ = 0 follows that of the α = (0, 0, 0) case given for the first part
of Lemma 5.2 of [1].

For U ∈ V0,α
h ,

b(w,U) = b(w −Qα
hw,U).

Applying Lemma 4.2 and Lemma 6.1 gives

|b(w,U)| 6 |b(w −Qα
hw,U−UH)|+ |b(w −Qα

hw,UH)|

6 CHh−γ‖w‖1‖∇α ×U‖+ ‖∇(w −Qα
hw)‖−γ‖UH‖γ

6 CHh−γ‖w‖1‖∇α ×U‖+ ‖w −Qα
hw‖1−γ‖UH‖γ.

Here 0 < γ < 1/2. Applying Lemma 4.2 and Remark 4.1 gives

|b(w,U)| 6 C(Hh−γ + (h/H)γ)‖w‖1‖U‖H(curl).

Taking γ = 1/4 and applying Theorem 3.2 give

|b(w,U)| 6 CH1/4‖f‖ ‖U‖H(curl).

This shows that our application satisfies (6.4).
Let u satisfy (3.1). We need to assume some additional regularity for solutions of the

mixed problem. Specifically, we assume that there is some γ > 0 such that

‖u‖1+γ 6 C‖f‖. (6.7)

By Theorem 3.2, this inequality holds for γ = 1 when ρ is Lipschitz continuous. The case of
jump coefficients with other boundary conditions has been studied in [10] for α = (0, 0, 0).
Combining the following lemma with (6.7) shows that our application satisfies (6.5). We
give the proof of the lemma at the end of this section.
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Lemma 6.2. Let u be the solution of (3.1) and assume that u is in H1+γ
p (Ω) for some

γ ∈ (0, 1/2). Then there is a constant C not depending on h such that

‖u− πα
hu‖H(curl) 6 Chγ‖u‖1+γ.

Note that commutativity of the diagram implies that πα
hu is indeed in V0,α

h .

Sketch of the proof of Lemma 6.1. Let

Zα = {z ∈ Hp(div) : ∇α · z = 0}

and Zα
h = Zα ∩Rα

h . We consider the mixed problem: Find (v, z) ∈ Hp(curl)×Zα satisfying

(v,w)− (z,∇α ×w) = 0, for all w ∈ Hp(curl),

(∇α × v,q) = (f ,q), for all q ∈ Zα.
(6.8)

The corresponding mixed approximation is to find (V,Z) ∈ Vα
h × Zα

h satisfying

(V,W)− (Z,∇α ×W) = 0, for all W ∈ Vα
h ,

(∇α ×V,Q) = (f ,Q), for all Q ∈ Zα
h .

(6.9)

We note that for f ∈ Zα
h ,

‖v −V‖ 6 ‖v − πα
hv‖. (6.10)

Let V ∈ V0,α
h and set f = ∇α × V. Then there exists Z ∈ Zα

h such that (V,Z) is the
solution of (6.9) with f = ∇α × V. This means that (6.10) holds for v solving (6.8) with
f = ∇α ×V. Combining the above estimates with (4.11) for s = 2/(1 − γ) and a Sobolev
inequality shows that

‖v −V‖ 6 Ch‖v‖1+γ.

Now (6.8) is an alternative form of (3.1) with ρ = 1, i.e., z = u where z solves (6.8) and u
solves (3.1) with ρ = 1. It follows from Theorem 3.2 that v = ∇α × u satisfies

‖v‖1+γ 6 C‖u‖2+γ 6 C‖∇α ×V‖γ 6 Ch−γ‖∇α ×V‖.

Thus,
‖v −V‖ 6 Ch1−γ‖∇α ×V‖.

Similarly,
‖v − πα

Hv‖ 6 CHh−γ‖∇α ×V‖.
The lemma follows by taking VH = πα

Hv and applying the triangle inequality.

Proof of Lemma 6.2. As usual, the approximation properties in the case of α 6= (0, 0, 0)
immediately follow from the α = (0, 0, 0) case. As already mentioned, ∇×(π̃hu) = r̃h(∇×u)
for sufficiently smooth u. Thus, for u ∈ H1+γ(Ω),

‖∇ × (u− π̃hu)‖ = ‖(I − r̃h)(∇× u)‖.

The following approximation property can be proved by a Bramble-Hilbert argument (see,
e.g., [19]): For w ∈ Hγ(Ω) ∩H(div),

‖w − r̃hw‖ 6 Chγ(‖∇ ·w‖+ ‖w‖γ).

Combining the above estimates with (4.11) completes the proof of the lemma.



Computation of Bloch modes using Nedelec spaces 153

References

[1] D. N. Arnold, R. S. Falk, and R. Winther, Multigrid in h(div) and h(curl), Numer. Math. (to appear).

[2] W. Axmann and P. Kuchment, An efficient finite element method for computing spectra of photonic
and acoustic band-gap materials, J. Comp. Phys., 150 (1999), pp. 468–481.

[3] D. Boffi, A note on the De Rham complex and a discrete compactness property , (preprint).

[4] D. Boffi, F. Brezzi, and L. Gastaldi, On the convergence of eigenvalues for mixed formulations, Ann.
Scuola Norm. Sup. Pisa C. Sci., 25 (1997), No. 4, pp. 131–154.

[5] D. Boffi, F. Brezzi, and L. Gastaldi, On the problem of spurious eigenvalues in the approximation of
linear elliptic problems in mixed form, Math. Comp., 69 (2000), pp. 121–140.

[6] D. Boffi, P. Fernandes, L. Gastaldi, and I. Perugia, Computational models of electromagnetic resonators:
analysis of edge element approximation, SIAM J. Numer. Anal., 36 (1999), pp. 1264–1290.

[7] C. M. Bowden, J. P. Dowling, and H. O. Everitt, eds., Development and applications of materials
exhibiting photonic band gaps, J. Opt. Soc. Amer. B, 10 (1993), No. 2.

[8] J. H. Bramble, J. E. Pasciak, and J. Xu, The analysis of multigrid algorithms with non-nested spaces
or non-inherited quadratic forms, Math. Comp., 56 (1991), pp. 1–34.

[9] F. Brezzi and M. Fortin, Mixed and Hybrid Finite Element Methods, Springer-Verlag, New York, 1991.

[10] M. Costabel, M. Dauge, and S. Nicaise, Singularities of Maxwell’s interface problems, Modél. Math.
Anal. Numér., 33 (1999), pp. 627–649.

[11] D. Dobson, J. Gopalakrishnan, and J. Pasciak, An efficient method for band structure calculations in
3D photonic crystals, J. Comp. Phys. (to appear).

[12] A. Figotin and Y. A. Godin, The computation of spectra of some 2D photonic crystals, J. Comp. Phys.,
136 (1997), pp. 585–598.

[13] V. Girault and P. A. Raviart, Finite Element Methods for Navier-Stokes Equations, Theory and Algo-
rithms, Springer-Verlag, Berlin, 1986.

[14] J. D. Joannopoulos, R. D. Meade, and J. N. Winn, Photonic Crystals, Princeton University Press,
Princeton NJ, 1995.

[15] T. Kato, Perturbation Theory for Linear Operators, Springer-Verlag, New York, 1966.

[16] F. Kikuchi, An isomorphic property of two Hilbert spaces appearing in electromagnetism: Analysis by
the mixed formulation, Japan J. Appl. Math., 3 (1986), pp. 53–58.

[17] F. Kikuchi, Mixed and penalty formulations for finite element analysis of an eigenvalue problem in
electromagnetism, Comp. Meth. Appl. Mech. Eng., 64 (1987), pp. 509–521.

[18] F. Kikuchi, On a discrete compactness property for the Nedelec finite elements, J. Fac. Sci. Univ. Tokyo,
Sect. 1A, Math.,, 36 (1989), pp. 479–490.

[19] R. D. Lazarov, J. E. Pasciak, and P. Vassilevski, Iterative solution of a combined mixed and standard
Galerkin discretization method for elliptic problems, (preprint).

[20] J. C. Nedelec, Mixed finite elements in R3, Numer. Math., 35 (1980), pp. 315–341.

[21] J. C. Nedelec, A new family of mixed finite elements in R3, Numer. Math., 50 (1986), pp. 57–81.
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