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Abstract: The technology of formal quantitative estima-

tion of the conformity of mathematical models to the avail-

able dataset is presented. The main purpose of the tech-

nology is to make the model selection decision-making

process easier for the researcher. The method is a com-

bination of approaches from the areas of data analysis,

optimization and distributed computing including: cross-

validation and regularization methods, algebraic model-

ing in optimization and methods of optimization, auto-

matic discretization of differential and integral equations,

and optimization REST-services. The technology is illus-

trated by a demo case study. A general mathematical for-

mulation of the method is presented. It is followed by a

description of the main aspects of algorithmic and soft-

ware implementation. The list of success stories of the pre-

sented approach is substantial. Nevertheless, the domain

of applicability and important unresolved issues are dis-

cussed.

Keywords: nonparametric identification, inverse prob-

lems, regularization, distributed computing, Everest plat-

form

1 Introduction
The sameobject, process or phenomenon canbedescribed

by different mathematical models. The model selection

among possible candidates remains one of the significant

problems in applied mathematics. Mathematical descrip-

tion depends on both the qualitative knowledge of the

object (which can be formalized as mathematical state-
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ments), and the availability of quantitative data, their vol-

ume, detail, reliability and accuracy. The more complex a

phenomenon under consideration and the corresponding

mathematical model are, the more detailed and reliable

the measurement should be. Usually to find a balance be-

tween a model complexity and an available measurement

an easy approach is used: variousmodels and datasets are

testeduntil the builtmodelmeets the research goals. There

is nouniversally accepted approachhere. In each case, var-

ious parametrization, different identification and verifica-

tion procedures and a variety of software are used. In ad-

dition, the model selection criterion is not formalized and

the selection of the particular model is often made subjec-

tively.

What we need are as follows: a technology that sim-

plifies the model selection procedure for the researcher; a

unified method that gives a quantitative estimation of the

conformity of the mathematical description to the avail-

able dataset for each model under study.

This paper presents a method of a balanced identifi-
cation (also called the SVF-method, simplicity vs fitting).
Themethod has been developed to fulfil the above require-

ments. Besides a formal description a software implemen-

tation of the method is presented. It is called the SVF-

technology. Even though the method is rather mature and

hasbeen successfully used in anumber of various research

projects over the past few years, its general mathemati-

cal scheme has only been published recently [1]. The ba-

sis for the SVF-method are nonparametric identifications

with regularization [2] and thewell-known cross-validation
method [3–5]. Regularization is used to get the balance be-

tween simplicity of the model (e.g. smoothness of model

functions) and measure of fitting to the available data

set (accuracy of reproducing experimental data by model

functions). Cross-validation error is used as a quantitative

estimation of the model compliance to the dataset.

In general, the SVF-method may be applied to both

parametric and nonparametric identification (where the

model under study contains unknown functions). Depend-

ing on the class of the models, the variational problems

https://doi.org/10.1515/comp-2020-0116
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arising here can be interpreted as problems of variational

spline approximation [6], nonparametric regression [7],

predictive modeling [5], machine learning [4] as well as

others..

There is a trend in research on nonlinear regression to

create algorithms of “automatic” composition of the best

regression function from a predefined set of basic func-

tions [8]. Here, the object under study is thought of as a

black-box and the best regression remains a purely phe-

nomenological description. SVF-technology is not a fully

automated routine. It enables quantitative comparison of

a given set of models, but it is the researcher who makes

modifications to the model (e.g. include/exclude model

constraint equations). Moreover, the SVF-method can be

applied to structural mathematical models describing the

internal structure of the phenomenon, e.g. via algebraic or

integro-differential equations. One can say that the SVF-

method generalizes the concept of regression with addi-

tional constraints. A known example of this is a so called

monotonic regression [9].

For a given model, the SVF-method requires solving

a bilevel optimization problem, where at the lower level,

we have a number of independent mathematical program-

ming problems to get the value of the objective function

of the upper-level problem. Finaly, the optimal values of

cross-validation error (CV-error) and regularization coeffi-

cients are obtained for a given model. A root-mean-square

error will be presented for reference only. Bilevel optimiza-

tion is a well-known hard challenge for numerical meth-

ods [10]. Current implementation of the SVF-method is

based on surrogate optimization and on the ideas of the

Pshenichny-Danilin linearisation method [11].
Because at the lower level we have a number of inde-

pendent problems, it is possible to increase performance

of the technology by distributed computing. It should be

noted that optimization in a distributed computing envi-

ronment is already used in regression analysis, e.g. [12].

In SVF-technology the basic tool for solving independent

mathematical programming problems in parallel is the

Everest optimization service [13, 14] based on the Everest

toolkit [15], http://everest.distcomp.org.

This paper is organized as follows. The next section

demonstrates an example of applying the SVF-technology

to the modeling of an oscillator with friction. Section 3

contains mathematical formulation of the basic concepts

of the SVF-method including the formulation of the main

bilevel optimization problem. Section 4 presents the main

aspects of the SVF-method software implementation: us-

age of Pyomo package (Python OptimizationModeling Ob-

jects), http://www.pyomo.org; special symbolic notation

that simplifies formulation of the model and regulariza-

tion rule; discretization of differential and integral equa-

tions if they are present in the model; usage of the Everest

optimization service. Successful use of SVF-technology in

various research works are presented in Section 5. Some

important open issues related to the current implementa-

tion of SVF-technology are discussed in Section 6 followed

by the acknowledgements.

2 Demonstrative example
Before proceedingwith a formal description of themethod

it is worth considering a demonstrative “use case” on the

example of a classical damped oscillator described by the

following function of time t:

x(t) = sin

(︃√︀
4k−µ
2

t
)︃
· exp

(︁
−

µ
2

t
)︁
+ ∆x, (1)

where: x(t) is a trajectory of oscillation; k=1.56 (elastic co-
efficient); µ=0.4 (friction factor); ∆x=1.2 (initial displace-
ment of oscillator).

Assume that we do not know equation (1) in advance.

What we have is a dataset (measurement series) on a

time interval T (hereafter 0:n denotes the set of numbers

{0, 1, 2, . . ., n}):

D=
{︀
(zk , tk) : k∈K

}︀
, K=0:k

max
,

tk=tmin
+kht , ht=

t
max
−t

min

k
max

t
min

= − 1.0, t
max

=2.5, zk=x(tk)+εk ,

(2)

where εk is a random error with zero mean and variance

0.1. The data distorted in this way are presented in Figure

1. Hereafter the following notation for intervals of possible

values of t and x(t) will be used:

T= [t
min

, t
max] , X= [−0.1, 2.2]⊃

[︂
min

k∈K
zk ,max

k∈K
zk
]︂
. (3)

Figure 1: Raw data of demo example.

http://everest.distcomp.org
http://www.pyomo.org
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Consider the problem of determining the equation of

motion (1) by the method of balanced identification via

givenmeasurements (2). For that, we will compose several

mathematicalmodels and obtain corresponding CV-errors,

which will be used as a criterion when comparing models.

It shouldbenoted that all subsequentmodels of the os-

cillator produce variational optimization problems. Solv-

ing such problems directly is challenging because off-the-

shelf optimization solvers (at least those, which are sta-

ble and “mature”) cannot handle integral and differen-

tial equations. To get a numerical solution, all these prob-

lems are replaced with finite dimensional mathematical

programming problems. To do this the discretization of dif-

ferential and integral equations is applied (see details in

Section 4).

Model 0. Spline approximation of the function x(t).
Take the simplest model as a twice differentiable function:

x(·)∈C2(T), (4)

and consider the following optimization problem (w.r.t. a

variable x(·)), which depends on the regularization coeffi-

cient α>0

F(x, K, α) .= 1

|K|
∑︁
k∈K

(︀
zk−x(tk)

)︀
2

+α
∫︁
T

(︂
d2x
dt2

)︂
2

dt →min

x∈C2(T)
. (5)

For any fixed α (see [4, 6]) problem (5) has a unique solu-

tion, which is a cubic spline for the given set of points. It is

presented in Figure (2c) and looks rather reasonable.

Figure (2a) (linear function x(t)) corresponds to the

case α→+∞, when the second regularization term of ob-

jective function (5) suppresses the first one and the opti-

mal solution tends to be a linear regression given by the

least squares method (too rough an approximation). In
the case of (2b), α→0, we have a problem of spline interpo-

lation: find a curve with minimal integral curvature pass-

ing exactly through given points (obvious overfitting).
It is required to find the “best” value of α at which

the “smooth” model function passes “close enough” to

themeasurements,givingoptimal balancedapproxima-
tion and smoothing out random errors (as in Figure (2c)).

The choice of an optimal coefficient α can bemade bymin-

imizing the value of cross-validation error [3–5].

The simplest variant of the cross-validation (CV) pro-

cedure (leave-one-out) is to use a one-point test sample

(zk , tk) and a training sample D\
{︀
(zk , tk)

}︀
(see definition

of D in (2)) consisting of the remaining set of measure-

ments K\k. Formally, for a fixed α and every k: find a solu-
tion of the corresponding optimization problems (6), cal-

(a) α→+∞ (b) α→0 (c) α − optimal

Figure 2: Three variants of data approximation by a function.

culate the approximation error on the test samples and get

the average CV-error (which depends on α):

xαK\k
.

=Argmin
x(·)

{︀
F
(︀
x(·), K\k, α

)︀}︀
, k∈K,

σ(α) .=
√︃

1

|K|
∑︁
k∈K

(︁
zk−xαK\k(tk)

)︁
2

.

(6)

The best α* minimises the value of CV-error,

α* .= Argmin
α>0

σ(α). (7)

So, α* is a solution of the bilevel optimization problem: (7)

at upper-level and |K| independent problems (6) at lower

level. The value σ* .=σ(α*) is called themodeling CV-error. It
will be used as a quantitative measure of a model’s corre-

spondence to the available experimental data:

σ* .=
√︃

1

|K|
∑︁
k∈K

(︁
zk−xα

*

K\k(tk)
)︁
2

. (8)

Finally, the α* gives the desired model function x*(·) and
its root-mean-square error (for reference only):

x* .= xα
*

K
.

= Argmin
x(·)

{︁
F
(︁
x(·), K, α*

)︁}︁
,

rmse

*

=

√︃
1

|K|
∑︁
k∈K

(︀
zk−x*(tk)

)︀
2

.

(9)

The function obtained forModel 0 is shown in Figure 3 (the

same as in Figure (2c))

Figure 3:Model 0. SVF-approximation is cubic spline approxima-
tion.
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A cubic spline is an example of nonparametric regres-

sion, which does not explain the “physics” of the pro-

cess presented on Figure 1. Because the object under study

seems to be adynamical one, the followingmodels include

differential equations with unknown parameters.

Model 1. First order differential equations.
Apply the SVF-method for the model with two unknown

functions x(t), f (x) related by the following differential

equation (see the definition of T, X in (3)):

dx
dt =f

(︀
x(t)
)︀
, x(·)∈C2(T), f (·)∈C2(X), t∈T . (10)

In this case, it is reasonable to characterize complexity

of the model by smoothness of the function f (x), respon-
sible for the dynamics. The main criterion (with regular-

ization term) will be the following (hereafter we’ll use the

same notation F(·), but with another argument list):

F(x, f , K, α) .= 1

|K|
∑︁
k∈K

(︀
zk−x(tk)

)︀
2

+α
∫︁
X

(︂
d2f (x)
dx2

)︂
2

dx. (11)

The “balanced” solution

(︀
x*, f *

)︀
for the dataset (2) corre-

sponds to the α* that minimizes the value of CV-error:

(︀
xαK\k , f

α
K\k
)︀
.

=Argmin
x(·),f (·)

{︂
F
(︀
x,f ,K\k,α

)︀
:

dx
dt =f(x(t))

}︂
,

σ(α) .=
√︃

1

|K|
∑︁
k∈K

(︁
zk−xαK\k(tk)

)︁
2

,

α* .= Argmin
α>0

σ(α),

(12)

and x*, f * are determined as follows:(︁
x*, f *

)︁
.

=Argmin
x(·),f (·)

{︂
F
(︁
x, f , K, α*

)︁
:

dx
dt =f

(︀
x(t)
)︀}︂

. (13)

The root-mean-square error is calculated as in (9). See val-

ues of σ* and rmse

*

in the second row of Table 1 and the

Figure 4:Model 1. First order ODE: optimal x*(t) and raw data.

plot of function x*(t) in Figure 4. All of them are obviously

worse than those given by the Model 0. The reason is that

the set of solutions of Equation (10) is too narrow!

Replacing Model 0 with Model 1 (based on a solution

of ODE (10) instead of an arbitrary smooth function) re-

duces the possibility of describing the data (2) by the func-

tion x(t). It is easy to see that only a monotonic function

x(t) may be a solution of (10). But such functions can not

approximate points in Figure 1 well. This explains why the

CV-error σ* and rmse

*

in the second row of Table 1 are big-

ger than those in the first row. We conclude that Model 1 is

worse than Model 0.

Model 2. Second order differential equations.
We now take a model with three unknown functions x(t),
v(t) and f (x, v) related by the second order ODE:

d2x
dt2 =f

(︁
x(t), v(t)

)︁
,

dx
dt =v(t), V

.

= [−1., 1.5] ,

x(·), v(·) ∈ C

2

(T), f (·)∈C2(G)⊂R2

, G=X×V .
(14)

The interval V is wide enough to hold all possible values

of ẋ(t).
Now, the regularization term of the SVF-criterion in-

cludes two coefficients αx, αv and partial derivatives of

f (x, v):

F(x, f , K, αx , αv) .=
1

|K|
∑︁
k∈K

(︀
zk−x(tk)

)︀
2

+

+

∫︁∫︁
G

[︃
α2x
(︂
∂2f
∂x2

)︂
2

+2αxαv
(︂
∂2f
∂x∂v

)︂
2

+α2v
(︂
∂2f
∂v2

)︂
2

]︃
dxdv.

(15)

In this case, the SVF-method finds two optimal coefficients

α*x and α*v minimizing the CV-error σ (αx , αv), which is cal-
culated similarly to Equations (12). Calculating solutions

x*(t), f *(x, v), σ* and rmse

*

are similar to those, which

were used for Models 0 and 1 (see Equations (13), (9)). The

values σ*, rmse

*

are presented in Table 1 and isolines of

the function f *(x, v) and trajectory

(︀
x*(t), ẋ*(t)

)︀
in Figure

5. The plot of function x*(t) is skipped because it is almost

the same as in Figure 3 for Model 0.

So, we can draw the following conclusions:

1. The errors for Model 2 are almost the same as for

Model 0, so the transition from an arbitrary smooth

function to a solution of the ODE (14) does not re-

duce capabilities of describing raw data (2);

2. The level lines in Figure 5 are parallel and equidis-

tant, so the graph of f *(x, v) is a plane, so f *(x, v) is
an affine function (a linear one plus a constant).
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Figure 5:Model 2. Isolines of f *(x, v) and trajectory
(︀
x*(t), ẋ*(t)

)︀
.

Model 3. Oscillator with friction.
Affinity of f (x, v) allows us to simplify the right hand side

of ODE (14):

d2x
dt2 =−k (x − ∆x) − µ

dx
dt , (16)

where k, µ and ∆x are unknown parameters to be identi-

fied by fitting to the raw data (2).

The results of the SVF-method for Model 3 are pre-

sented in Table 1. You can see that the predictive error (σ*)
is smaller than in other cases. Nevertheless, the plot of

function x*(t) is almost equivalent to that of Figure 3.

Table 1 illustrates the proposed methodology of com-

paring successive model changes. If the CV-error becomes

smaller after the modification, then “we are on the right

path”. So, Model 2 is better than Model 0, and Model 3 is

better than Model 2. However, replacing of Model 0 with

Model 1 was wrong.

Root-mean-square error (rmse

*

) is another quantita-

tive characteristic of the model. Ideally, rmse

*

has to be

equal to the data measurements error.

Thus, we can draw the conclusion that theModel 3 (os-

cillator with viscous friction) fits the available data best.

Indeed, Formula (1), which was used to generate the data,

is one of the solutions of the motion Equation (16) - a well-

known model of the oscillator with friction.

Table 1: Cross-validation error (σ*) and root-mean-square error
(rmse

*

) for different models (by oscillator’s motion data).

No Model σ* rmse
*

0 A function. Spline-approximation 0.1144 0.0907
1 First order differential equation 0.2093 0.1869
2 Second order differential equation 0.1146 0.0924
3 Oscillator with friction 0.1106 0.0932

3 Balanced identification method
In the previous section, the SVF-method has been de-

scribed on a model of a dumped oscillator. Below is a gen-

eral description of themethod. It includes formalization of

the basic concepts. These are as follows: the model itself;

the data and model error; the main criterion (with regular-

ization); the cross-validation scheme.

Mathematical model
A mathematical model is a set of statements (hypothe-

sis) on the properties of the object under study. They are:

equations and inequalities (e.g. ẋ(t)=f (x), ẋ(t)>0); logical
expressions (e.g ∃t: x(t)=0); definitions of sets and addi-

tional requirements on feasible domain of variables (e.g.

t∈T, G=X×V, x(·)∈C2[G]); etc.
We use a formal description of a mathematical model

in the form of a system of equations:

M(x) = 0, (17)

where each element of the vector M corresponds to one

of the model’s statements (hypothesis). For simplicity, the

equal sign (=) is used in (17), but it can be substituted by

inequalities (≷), the adhesion sign (∈), logical conditions,
etc. For example, a model (10) is written in the form of the

following four statements:

dx
dt =f

(︀
x(t)
)︀
,

x(·)∈C2(T),
f (·)∈C2(X),
t∈T .

(18)

In many cases the model may be presented in the fol-

lowing form, as is customary in optimization literature:

x ∈ Q .

=

{︀
M(x) = 0, x∈S⊆X

}︀
, (19)

where x is a vector of variables, Q is a feasible set defined

by a number of constraints and additional requirements:

– M(·) is a system of equations;

– X is a space of model variables (possibly a composi-

tion of Euclidean and functional spaces);

– S is a set defined by additional simple constraints,

e.g. inequalities (like ≶0), logical expressions, inte-
ger value condition on variables x, etc.

The variable x may include both the functional variables

(e.g. the ones describing the trajectory of a dynamic sys-

tem in Section 2), and the desired model parameters (e.g.

elastic and viscous friction coefficients in the same demo).
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Data and model error
Usually, a set defined in (19) is too wide. As such, identify-

ing the model means selecting the best variables x∈Q cor-

responding to themeasurements of the object under study.

The set of measured data may be described as follows:

D=
{︀
(zk , Pk(x)) : k∈K

}︀
, zk∈Rnz , Pk(·):X→Rnz , (20)

where k is the index of the measurement from a finite set

K, zk is the vector of measured values, and Pk(·) is an

operator expressing the measured values via model vari-

ables. The values of zk may contain measurement errors

εk=
⃦⃦
zk−Pk(x)

⃦⃦
. Below, for simplicity, the source data set

D is identified with the set K consisting of indices of pairs

(zk , Pk(x)).

Main criterion
Consider a problem of minimization of the balanced crite-

rion (model simplicity vs. data fitting) that depends on x,
K and a vector of regularization coefficients α∈Rnα :

F(x, K, α) = 1

|K|FF (x, K) + FS (α, x) → min

x∈Q
,

(21)

where FF(·) is the part of the criterion responsible for the

data fitting, and FS(·) is the part responsible formodel com-

plexity (for smoothness as a rule).

The functional FF(x, K) is a measure of the model’s

approximation error. Usually, we consider an addi-

tive measure, i.e. if K=K
1

⋃︀
K
2

and K
1

⋂︀
K
2
=∅, then

FF(x, K)=FF(x, K1)+FF(x, K2). For definiteness, assume

that

1

|K|FF(·) is a mean-square error:

FF(x, K) =
∑︀
k∈K

(︀
zk−Pk(x)

)︀
2

.
(22)

The functional FS(α, x) is a measure of the model’s

complexity (it is one of the possible interpretations of a

Tikhonov regularization functional [2]). It depends on the

desired solution, and on the vector of non-negative reg-

ularization coefficients α= {αr}. Each component of α is

the penalty coefficients for some aspect of complexity of

the solution. It is presumed that the functional FS(α, x) in-
creases monotonically over any αr, tends to zero as αr→0,

and tends to +∞ as αr→∞.

The functional of complexity is being chosen based

on the specificity of the object’s model (17). This func-

tional can containdifferent characteristics of the curvature

of functions constituting the model and/or some integral

characteristics, such as energy or entropy. For instance, in

the demo example in Section 2, for a single-variable func-

tion f (x) (see Model 1), FS(α, f )=α
∫︀
X

(︁
d2 f (x)
dx2

)︁
2

dx, and for

two-variable function f (x, v) (see Model 2),

FS(α, f )=
∫︀∫︀
X×V

[︂
α2x
(︁
∂2 f
∂x2
)︁
2

+2αxαv
(︁
∂2 f
∂x∂v

)︁
2

+α2v
(︁
∂2 f
∂v2
)︁
2

]︂
dxdv.

For a fixed α the problem of identification for a given

set of measurements K is to find the value xα
*

K that mini-

mizes the functional (21) on a feasible set (19):

xαK=Argmin
x

{F (x, K, α) : x∈Q} .

It is required to find a balanced solution, i.e. a value α* that
provides a reasonable compromise between the model er-

ror and its simplicity.

Cross-validation procedure
To find α*, a cross-validation procedure is used [3]. The

dataset K is subdivided into disjoint subsets Ki of statis-
tically independent measurements:

K=
⋃︀
i∈I
Ki , Ki

⋂︀
Kj=∅, i≠j (23)

(if measurement errors are random, then any non-

intersecting sets will be independent).

Next, we exclude some subset Ki from the set K, and
find the minimum (21) for a given value α and for the re-

maining set K\Ki (training set). Let xαK\Ki be a solution,

xαK\Ki=Argminx

{︀
F
(︀
x, K\Ki , α

)︀
: x∈Q

}︀
,

(24)

and the value FF(xαK\Ki , Ki) is approximation error on the

test set Ki. By repeating this procedure for all subsets Ki
(where i∈I) and by summing up the results, we obtain a

cross-validation error for a given α,

σ(α) =
∑︀
i∈I
FF(xαK\Ki , Ki). (25)

The desired optimal weight coefficients and the corre-

sponding solution x* (for a whole set of measurements K)
are defined as follows:

α* = Argmin
α=0

σ(α),

x* = xα
*

K = Argmin
x

{︁
F
(︁
x, K, α*

)︁
: x∈Q

}︁
.

(26)

Therefore, the search for optimal coefficients α for a

given dataset (20) is a bilevel optimization problem [10]

with |I| independent optimization problems (24) (these

problems may be the variational ones) in the lower level

to calculate the value of cross-validation error σ(α). In the
upper-level, we find the α* by minimizing the σ(α), (26).

In the case when the model error FF(·) is the standard
deviation (22) we have a mean (modeling) cross-validation
error (σ*) and a root-mean-squared error (rmse

*

):

σ* =

⎯⎸⎸⎷ 1

|K|
∑︁
i∈I

∑︁
k∈Ki

[︁
zk − Pk

(︁
xα*K\Ki

)︁]︁
2

,

rmse

*

=

√︃
1

|K|
∑︁
k∈K

[︀
zk − Pk(x*)

]︀
2

.

(27)
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Thepractical applicability of the SVF-methoddepends

on the complexity of the model of the object under study,

on the number of measurements and their quality. Gen-

erally speaking, we can get a variational problem if the

model variables are functions of a continuous argument.

In this case, discretization is applied, e.g., when a contin-

uous domain is replaced with a finite set of points with un-

known values of the desired function at these points. An-

other discretization method is to replace the desired func-

tion with polynomials with unknown coefficients. As a re-

sult, all optimization problems become finite-dimensional

mathematical programming ones. To solve them one can

effectively use available solvers and high-performance

computing environments.

4 SVF-technology as software
implementation of the
SVF-method

The method of balanced identification has been described

above in a rather abstract manner. In this section themain

details of its software implementation are presented:

– the capabilities of symbolic notation of the model’s

equations and of the method options;

– discretization of continuous variables, differential

and integral equations;

– surrogate optimization method (Subsection 4.5) for

solving bilevel optimization problem (26);

– usage of Python Pyomo package and Everest opti-

mization service.

4.1 SVF-technology block diagram

The general scheme of “human-computer” technology

that implements the balanced identification method is

shown in Figure 6. Each block of the block diagram has

a number in a circle. At the user level, an expert (block 1),

who has an idea of the object under study, should prepare

a measurement file and a task-file (block 2). The data-file

then contains a table with experimental data (in text for-

mat or in MS Excel or MS Access formats).

A text task-file usually contains the name of the data-

file, a mathematical description of the object (model), a

list of unknown parameters as well as cross-validation

specifications etc (Figure 7). These files are transferred to

the client program (block 3). Here the variational prob-

lems are replaced by discretization with NLP (finite dimen-

Figure 6: SVF-technology workflow.

sional Non-Linear mathematical programming Problem),

the sets for CV are generated and the Pyomo NLP Model

is formalized. The constructed data structures are trans-

mitted to the surrogate optimization subroutine (block 4),

which implements an iterative numerical search for un-

known model parameters and regularization coefficients

to minimize the cross-validation error. This subroutine

includes parallel solving of mathematical programming

problems in the distributed environment of Everest opti-

mization services. The Pyomo package converts the NLP

description in the so-called NL–files (block 5), which at

the server level are processed by solvers (block 7) under

the control of the service for solving optimization prob-

lems (block 6). The solutions obtained by solvers (block

8) are collected (block 9) and sent back to the client level

(block 4), where they are analyzed. E.g. the conditions for

the completion of the iterative process are checked here.

If the conditions are not met, a surrogate optimiza-

tion algorithm calculates new values of regularization co-

efficients and the process repeats. Otherwise, the program

prepares the results (block 10), calculates the errors,writes

the solution files, draws the graphs of the functions found

(block 11), and presents them to the researcher (block 1).

The obtained results, especially the values of the model-
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ing errors, are used by experts as an argument to choose a

new (or modified) model, or to stop calculations.

4.2 Symbolic notation of a model and
identification problem (task-file)

Figure 7 shows, as an example, the task-file with the oscil-

lator model (Model 2) description and parameters of the

numerical method under discussion.

CVNumOfIter 20
CVstep 21
RunSolver ServerParallel
Select x, t from ../DATA/Spring5.dat
GRID: t ∈ [ -1., 2.5, 0.025 ]

X ∈ [ -0.1, 2.2, 0.1 ]
V ∈ [ -1, 1.5, 0.1 ]

VAR: x ( t )
v ( t )
f ( X, V ); PolyPow = 6

EQ: d2/dt2(x(t)) == f(x(t),v(t));
v(t) == d/dt(x(t));

OBJ: x.MSD() + f.Complexity(Penal[0],Penal[1])
Draw
EOF

Figure 7: Task-file for oscillator (Model 2).

The first three lines define the control parameters:

“CVNumOfIter” is the maximum number (20) of iterations

(of a surrogate optimization procedure), “CVstep” is the
number (21) of subsets into which the data set is split

for the cross-validation procedure, “RunSolver” specifies
the execution mode of calculations. “ServerParallel”
option means that calculations performed on the remote

computing resources, and independent problems may be

solved in parallel.

The next line defines a data file and the names of the

columns to be read (“x” and “t”). The file contains the

dataset defined in (2).

The rest of the task-file contains the “translation” of

the optimization problem (14), (15) into the language of

the task-file notation. In the “GRID:” section the three sets
(and a discretization parameter) are specified. For exam-

ple, the expression “t ∈ [-1., 2.5, 0.025]” defines a
grid from -1. to 2.5 with step 0.025.

The keyword “VAR:” at the beginning of a line starts a
block describing the variables (parameters to be sought).

The grid function “x(t)” is defined on the grid “t”

and is linked by the names (“x” and “t”) with mea-

surements from the file “../DATA/Spring5.dat”. A func-

tion “f(X,V)” is defined as a sixth degree polynomial

“PolyPow=6” (with unknown coefficients). In this case, the

sets “X”, “V” are used for numerical integration.

In the next block (the keyword “EQ:”), two equations
(14) of Model 2 are defined on the grid “t”.

Finally, the key word “OBJ:” defines the objective

function consisting of two parts. The first is the data

approximation error for the trajectory “x(t)” (the first

term in (15). The second summand is the regularization

term in (15) - a “measure of the complexity” of the two

variables function “f(X,V)”. The “Complexity” func-

tion calculates the regularization penalty for the “Penal”
parameters. The function can be explicitly specified in

the notation. For example, the first part of the integral is

“Penal[0]**2 *
∫︀

d(X)*
∫︀

( d(X)*(d2/dX2(f(X,V)))**
2)”. The last two lines contain commands to draw the re-

sults (functions) and complete the calculations.

Comparing the task-file with the formal mathematical

description (Model 2),wenote the clarity and convenience
of the proposed notation.

4.3 Implementation of discretization

To obtain an approximate solution, the continuous

(infinite-dimensional, variational) identification problem

is transformed by discretization into a finite-dimensional

mathematical programming problem. The SVF-technology

implements two methods of discretization: 1) replacing in-

tervals of continuous variables with finite grid of points; 2)

approximation of desired function with polynomial with

unknown coefficients. Step in grid and/or polynomial de-

gree are parameters of the discretization. So, continuous

functions are replaced by a grid functions, or by polynomi-

als. Integrals are replaced by finite sums, and differential

equations - by sets of algebraic equations.

Relatively simple schemes are used. For first deriva-

tives, the trapezoidal integration and two-point schemes

“forward/central/backward” are used. For the second

derivative, the three-point scheme “central” is used.

The problem is reformulated as a Pyomomodel and is

written into a special Python-file. A qualified user can al-

ways modify it, for example to use another discretization

scheme.However, there remains theproblemof evaluating

the proximity of the found numerical solution (based on

finite-dimensional mathematical programming problems)

to the solution of the original variational problem (in func-

tional space).
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4.4 Implementation by Python & Pyomo

In the last decadePythonbecameone of themost usedpro-

gramming languages in scientific computing in different

areas of applied mathematics, and in optimization mod-

eling too. Namely, Python enables to interact with AMPL-

compatible solvers.

The correct programming of optimization problems

(e.g. a finite-dimensional analogueof (24)) as an input data

for a solver via its lower-levelAPImaybevery time consum-

ing, especially for complex nonlinear problems. The situ-

ation becomes more cumbersome when solvers are used

in a distributed computing environment. Fortunately, the

state-of-the-art solvers support so called AMPL (A Model-

ing Language for Mathematical Programming) [16]. Our re-

search teamhas usedAMPL in our studies on optimization

modeling for about ten years. In particular, AMPL usage

enabled us to develop the distributed system of optimiza-

tion services on the base of the Everest toolkit [13].

Originally, the usage of AMPL required a commercially

licensed translator to generate a special NL-file containing

all data of the optimization problem to be solved. This NL-

file may be passed to an AMPL-compatible solver. On suc-

cess, the solver returns a solution as a SOL-file, whichmay

be read by an AMPL-translator to get the values of vari-

ables (including thedual ones). Anopen source alternative

to an AMPL-translator appeared in 2012 as a Pyomo pack-

age [17]. Pyomo enabled the production of an AMPL-script

“lifecycle” but without an AMPL-translator. A description

of optimization problems, generation of NL-files and read-

ing of SOL-files all may be done in any Python application.

def EQ0 (Gr,t) :
return (

((x((t+0.025))+x((t-0.025))-2*x(t)) \
/0.025**2)==f(x(t),v(t))

)
Gr.conEQ0 = Constraint( \

myrange(-1.0+0.025,2.5-0.025,0.025), \
rule=EQ0 )

Figure 8: The first differential equation (15) as a part of Pyomo
model.

It is well known that Python is not intended for in-

tensive computing. Rather, it is a scripting language pro-

viding data exchange between different high-performance

software. As to Pyomo, the bottleneckmay be in the prepa-

ration of an NL-file. In situations where a delay becomes

prominent, such as for big optimization problems with

dozens of thousands of variables and constraints, there

are a number of tricks to reduce the elapsed time. The

most difficult computations related to solving problems

presented by NL-files are performed by AMPL-compatible

solvers written in C, C++ or Fortran.

One of the results of the task-file processing is a special

software module that reformulates the optimization prob-

lem into Python language using the Pyomo optimization

modeling package. The fragment of an example of auto-

generated Python code corresponding to the first differen-

tial equation (15) is shown in Figure 8.

4.5 Surrogate optimization in
SVF-technology

Bilevel optimization is a well-known and difficult chal-

lenge for researchers in numerical methods [10]. A current

implementation of SVF is based on an approach similar

to that of surrogate optimization [18], i.e. upper-level ob-

jective function is approximated by its evaluation at a few

points. A corresponding set of points is generated succes-

sively until some stopping condition is satisfied.

The SVF-algorithm has two essential features:

1) the computational cost of each iteration is rather high (it

needs to solve a set of independent NLP problems);

2) the resulting CV-error estimatemaybe distorted because

of an inexact solution of the above NLP-problems.

A special surrogate optimization procedure that takes into

account these features has been developed. The lower-

level problem is treated as a “black-box” that calculates an

approximate value of σ(α) for the input vector α.
So, we are looking for an approximateminimumof the

function σ(α) (25) - an optimal value function of the upper-

level problem (block 4 in Figure 6). The value of σ(α) de-
pends on solutions of |I| independent optimization prob-

lems (24) for a given α (blocks 5-9 in Figure 6). Themethod

is based on successive approximations of σ(α) by second
order polynomial of α on a sequence

{︀
αν
}︀
(ν=1, 2, . . . ).

The coefficients of this polynomial are recalculated to

get better approximations of the values σ(αν) for already
“passed” points αν. Namely, the function σ(α) (α∈Rnα ) is
approximated by the following multivariate polynomial:

Π(π, α) =
∑︁

16i6j6nα

πijαiαj +
∑︁

16i6nα

πiαi + π0, where

π=
(︀
πij(16i6j6nα), πi(i=1:nα), π0

)︀
∈R

N(N+3)
2

+1

,

(28)

where vector π changes at runtime of the algorithm.

The algorithm builds a sequence of points

{︀
αν
}︀

(ν=1, 2, . . . ) as following. Assume that at step N we have
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a set of pairs

{︀(︀
σν , αν

)︀}︀N
ν=1, (σ

ν
=σ(αν)).¹ In what follows

these pairs will be treated as a set of points inRnα+1. With-

out loss of generality (maybe after renumbering) assume

that σN= min

ν∈1:N
σ(αν).

Consider a problem of approximating these points by

a polynomial Π(π, α) (28). The smaller the distance be-

tween αν and the “best” αN the more weight the error⃒⃒
σν−Π(π, αν)

⃒⃒
will have in the following penalty function

with regularization term (sum of all squared πij from (28)

weighted with coefficient µ):

N∑︀
ν=1

(︀
σν−Π(π, αν)

)︀
2

e‖α
ν
−αN‖ +µ

(︃∑︀
i6j
π2ij

)︃
→ min

π
. (29)

This approximation does not pass exactly through the

points

{︀(︀
σν , αν

)︀}︀N
ν=1 but it is close to those points, for

which σν is close to the minimum of

{︀
σν
}︀N
ν=1.

It is easy to see that the objective function (29) is

strongly convex in variables π and reaches a unique min-

imum at π*(µ). The algorithm searches for a µ* that mini-

mizes the error of the σ(α) approximation (by the polyno-

mialΠ(·)) at the “best” vector αN . Another bilevel optimiza-

tion problem arises:⃒⃒⃒
Π
(︁
π*(µ), αN

)︁
− σN

⃒⃒⃒
→ min

µ>0

,
(30)

where π*(µ) is a solution of the lower level problem (29).

Note that in the upper-level problemweare looking for

an optimal scalar value µ* and the lower level problem is

effectively solvable (as the strongly convex one). Thus, the

optimal solution µ* may be found by some of the known

line search algorithms, e.g. “bisection method”.

After polynomial approximationΠ
(︀
π*(µ*), α

)︀
is deter-

mined, the next vector αN+1 is found as a solution of the

following auxiliary problem, similar to the one used in the

Pshenichny-Danilin linearisation method [11]:(︁
∇αΠ(π*(µ), αN)

)︁T(︁
α−αN

)︁
+

1

2

⃦⃦⃦
α−αN

⃦⃦⃦
2

→ min

α>0

, (31)

and where ∇αΠ(·) is a gradient of Π(π, α) with respect to

vector α, and where xTy means the scalar product of the

vectors x and y. Let αN+1 be a solution of this problem (it

exists and is unique).

At the next step of the algorithmwe calculate the value

σN+1=σ(αN+1) as a result of solving the set of problems (24).

If the difference

⃒⃒⃒
σN+1−σN

⃒⃒⃒
is less than some predefined

small threshold, then the algorithm stops and returns αN

1 At the initial stage, the new values of the vector α are obtained by
small perturbations of all its components

(if σN+1>σN) or αN+1 (if σN+1<σN). If the above difference
in σ(α) is higher than a predefined threshold, then the pre-
vious step of the algorithm is repeated on the extended set

of pairs

{︀(︀
σν , αν

)︀}︀N+1
ν=1 .

4.6 Solvers and Everest optimization service

As a basic tool for solving independent mathematical

programming problems in parallel (blocks 6-8 in Fig-

ure 6) we use the Everest optimization service [13, 14].

There are a several of services available at the URL

https://optmod.distcomp.org. All of them are based on the

Everest toolkit [15]. Each service, an Everest-application in

“Everest-terminology”, is a front-endof a pool of solvers de-

ployed and running on a number of various computing re-

sources (desktops, standalone servers, clusters). This com-

puting environment is extensible because the potential

users can add their own computing resources to the opti-

mization environment via the open source Everest agent

http://everest.distcomp.org/docs.

Previous implementation of the SVF-technology is

based on a solve-ampl-stub² Everest-application. This ser-
vice solves mathematical programming problems pre-

sented by their NL-files [16] and returns SOL-files with the

solutions found. The service provides unified access to the

following solvers “covering” the main types of mathemati-

cal programming problems (LP/MILP/NLP/MINLP):

– Ipopt (Coin-OR Interior Point Optimizer, NLP),

https://github.com/coin-or/Ipopt, [19];

– CBC (Coin-OR Branch-and-Cut, LP, MILP),

https://github.com/coin-or/Cbc;

– SCIP (Solving Constraint Integer Programs, LP,MILP,

MINLP), http://scip.zib.de, [20];

– Bonmin (COIN-OR Basic Open-source Nonlinear

(convex) Mixed Integer programming, MINLP),

https://github.com/coin-or/Bonmin.

Note that CBC and Bonmin seems to be a bit outdated now.

All of the results presented above, in Section 2, and below,

in Section 5, are obtained with solver Ipopt. Currently we

are beginning to use a SCIP global-optimization solver. We

do it carefully, because the search for global optimum usu-

ally takes much more time than the search of local opti-

mum that Ipopt does.

Besides, we are working on an implementation of an

analogue of the so-called AMPLX system [13] (an exten-

sion of AMPL-scripting to exchange data with Everest opti-

2 https://optmod.distcomp.org/apps/vladimirv/solve-ampl-stub

https://optmod.distcomp.org
http://everest.distcomp.org/docs
https://github.com/coin-or/Ipopt
https://github.com/coin-or/Cbc
http://scip.zib.de
https://github.com/coin-or/Bonmin
https://optmod.distcomp.org/apps/vladimirv/solve-ampl-stub
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mization services) on the base of the so-called PyomoEver-

est, https://github.com/distcomp/pyomo-everest. It pro-

vides developers with simple Python API to exchange

data between Pyomo optimization models and Everest op-

timization services. As a result, the current implementa-

tion of the SvF-technology is based on another Everest

application SSOP³ (Solve Set of Optimization Problems),

which solves a batch of independent problems in parallel

by using the available computing resources. Everest pro-

vides the capabilities to distribute all these problems (may

be hundreds in practice) among available resources. Cur-

rently SSOP supports two solvers: IPOPT if it is enough to

find a local optimum in optimization problems; SCIP if a

global optimum is required.

5 Successful use cases
The technology has been used successfully in different ap-

plication areas listed below.

Plant physiology [21]. The dataset (about 1600 points
in time, step - 30min) consist of transpiration and climatic

(photoactive radiation, humidity and temperature) mea-

surements. Among a number of (about 10)models of differ-

ent complexity, a dynamic model of the water in the plant

was chosen.

Ecology [22]. The method of balanced identification

was used to describe the response of Net Ecosystem Ex-

change of CO
2
(NEE) to a change of environmental factors,

and to fill the gaps in continuous CO
2
flux measurements

in a sphagnum peat bog in the Tver region. The dataset is

about 2000 points (step - 30min). The selected model (the

dependence of NEE on climatic parameters) was a super-

position of one- and two-variable functions.

Meteorology [23]. The model of radon dynamics in

the atmosphere was built. The dataset (about one month,

about 3000 points, step 15 min) contains measurements

of characteristics of the 𝛾-radiation field by a gamma spec-

trometer. The model, consisting of two ODEs describes the

dynamics of the volume activity of

222

Rn and its daughter

products

214

Pb and

214

Bi.

Pollution, geography, soil erosion [24]. The datasets
(from 100 to 1000 points by X and Y coordinates, step -

about 100meters), consist of altitude (SRTM satellite data)

and

137

Cs decay activity (airborne gamma data) measure-

ments. A number of models were considered (functional

3 https://optmod.distcomp.org/apps/vladimirv/solve-set-opt-probs

dependencies), including digital terrain, soil erosion and

137

Cs contamination models.

Air pollution [25]. The problem is to create a mathe-

maticalmodel of air pollution on the base of a 2D diffusion-

transport model. The following problems were studied

(see poster at https://www.researchgate.net/publication/

334523588):

F) The estimation of distribution and sources of the at-

mospheric aerosol pollution (PM10) in the North of France.

The dataset (about 30000 points) consists of twelve sta-

tions of the AtmoHauts-de-France pollutionmeasurement

network.

R) The evaluation of pollutant emissions for contami-

nation sources with known positions. Measurements of of

the pollution of the soil and a lake’s water by metals (Cu,

Ni, etc.) were obtained in the Kola Peninsula in Russia at

about 100 stations.

Medicine [26]. Different models of glucose and in-

sulin dynamics in humanblood are analyzed. The datasets

(about 20 measurements of glucose concentration and in-

sulin) contain intra venous glucose tolerance test results.

Thermonuclear plasma [27, 28]. We compared sev-

eral models (integro-differential, partial derivatives) de-

scribing the initial stage of the fast nonlocal transport

events,which exhibit immediate response, in the diffusion

time scale, of the spatial profile of electron temperature to

its local perturbation, while the net heat flux is directed

opposite to ordinary diffusion (i.e. along the temperature

gradient). The results of experiments on a few thermonu-

clear installations were used. The datasets contain about

100 points.

Evolutionary theory [29]. The optimization problem,

which reflects the mechanisms of regulation of the speed

of evolution that provide anadequatepopulation response

to the direction and rate of environmental change, was

considered. The numerical experiment results show plau-

sible dependences of age-specific fertility on the rate of en-

vironmental changes and also describe and explain a num-

ber of evolutionary effects.

6 Discussion
The presented SVF-method and its software implementa-

tions are an interesting combination of knowledge from

the areas of data analysis, optimization and distributed

computing software including: cross-validation and reg-

ularization methods, algebraic modeling in optimization

and methods of optimization, automatic discretization

https://github.com/distcomp/pyomo-everest
https://optmod.distcomp.org/apps/vladimirv/solve-set-opt-probs
https://www.researchgate.net/publication/334523588
https://www.researchgate.net/publication/334523588
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of differential and integral equation, optimization REST-

services, etc.

Current implementation is based on state-of-

the-art open source NLP-solvers (AMPL-compatible):

Ipopt [19] and SCIP [20]. Optionally, optimization

services [13] of extensible computing environment

https://optmod.distcomp.org based on the Everest toolkit

[15] may be used as well.

The implementation supports symbolic notation to de-

scribe the model and corresponding identification prob-

lem. This feature automates the formulation of optimiza-

tion problems with less user effort. A special module gen-

erates fragments of Python codes based on a special dis-

cretization subsystem and Pyomo framework to interact

with open source AMPL-compatible solvers.

A list of success stories of the presented approach is

already rather long. Nevertheless, the authors realize its

domain of applicability and important unresolved issues.

First of all, the method does not provide a fully

automated “model generation and/or selection”. SVF-

technology enables quantitative comparison within a

given set of models, but it is the researcher who makes

modifications to the model (e.g. change the model con-

straint equations).

The second issue concerns the search for a global

optimum in problems (24), which is required for cross-

validation. In the general case, these problems may have

a lot of local extrema. Moreover, they may even contain in-

teger variables. If so, the NLP-solver Ipopt cannot guaran-

tee a global optimum. It is possible to use the SCIP solver

implementing a branch-and-bound algorithm for mixed-

integer nonlinear mathematical programming problems,

but at the cost of increased solving time (and more mem-

ory consumption). Although parallel extensions of SCIP

are available [30, 31] simple workarounds are used now.

They are: Ipopt multi starts options; some easily verifiable

necessary conditions of the global optimum. In current

practice some “informal” analysis of the SVF-algorithm

convergence with respect to decreasing of modeling cross-

validation error is applied. In the near future we plan to

perform a computational experiments where a global opti-

mizer SCIP and its parallel extensions FiberSCIP or ParaS-

CIP will be used alongside Ipopt, e.g. one call of SCIP per

ten calls of Ipopt.

Discretization is the third important challenge for the

SVF-method. The presence of ordinary and partially differ-

ential equations, along with integral ones, is typical for

models in physics, biology, medicine etc. Current imple-

mentation is based on a rather simple discretization mod-

ule that implements two basic schemes: finite-difference

and approximation by polynomials with unknown coeffi-

cients. We plan to analyse capabilities of a so-called DAE

subsystem of Pyomo [32] for the SVF-technology. Recall

that the SVF-technology already uses the Pyomo package

for programming of optimization problems and for data ex-

change with AMPL-compatible solvers.

One of the issues related to discretization concerns the

case when the model includes composition of unknown

functions f (y), x(t), e.g. the Model 1 (10) includes the dif-
ferential equation ẋ = f (x(t))withunknown functions f (y),
x(t). Current implementation of SVF uses the following ap-

proach: the inner function x(t) is approximated by a grid

function and the outer f (y) is approximated by a polyno-

mial; that is,

x(t) ∼ {(xi , ti) : i = 0:Nx} , where x(ti) = xi ,

f (y) ∼
K∑︁
k=0

pk · yk .
(32)

Here, the unknown variables are {xi:i=0:Nx} and

{pk , k=1:K}. After that, the discretization of the differ-

ential equation (10) looks like a number of equations:

x(ti)−x(ti−1)
∆i t

=

K∑︁
k=0

pk · x(ti)k . (33)

We plan to use another approach based on a smoothed

piecewise approximation (e.g. see [33, 34]) of the outer

function approximated by a grid as well.

Another issue concerns the domain of applicability of

discretization itself, e.g. for the models based on optimal

control problems. Here the applicability of discretization

depends on whether the corresponding problem has any

special properties, such as “chattering phenomenon” for

an optimal solution. The well-known Fuller problem [35]

is one of the simplest demonstrations of this effect. At first

glance, it is a very simple optimal control problem on a fi-

nite time interval, but for some segment of initial condi-

tions any optimal solution cannot be well approximated

by any finite discretization of time interval.
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