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Abstract: The Charged Balls Method is based on physical
ideas. It allows one to solve problem of finding the mini-
mum distance from a point to a convex closed set with a
smooth boundary, finding theminimumdistance between
two such sets and other problems of computational geom-
etry. This paper proposes several new quick modifications
of themethod. Thesemodifications are comparedwith the
original ChargedBallMethod aswell as other optimization
methods on a large number of randomly generated model
problems.
We consider the problem of orthogonal projection of the
origin onto an ellipsoid. The main aim is to illustrate the
results of numerical experiments of Charged Balls Method
and its modifications in comparison with other classical
and special methods for the studied problem.
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1 The problem statement and the
initial algorithm

Consider the problem{︃
‖x‖ −→ min,
x ∈ X.

(1)

of orthogonal projection of the origin onto a set

X =
{︀
x ∈ Rn | f (x) ≤ 0

}︀
,

where f : Rn → R is a convex twice continuously differen-
tiable function and 0 ∈ ̸ X. We can assume that ∇f (x) ≠ 0
for all x ∈ bd X, where bd X is the boundary of the set X.
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The continuous version of the Charged Ball Method
has a form [1]:{︃

ẋ = z,
ż = p1ψ(x) − p2z − χ(x, z),

(2)

where

ψ(x) = − 1
‖x‖3 x +

⟨x,∇f (x)⟩
‖x‖3‖∇f (x)‖2∇f (x),

χ(x, z) = ⟨H(x)z, z⟩
‖∇f (x)‖2 ∇f (x),

∇f (x) and H(x) are the gradient and the Hessian matrix of
the function f at the point x, and p1, p2 are parameters.

Applying Euler’s method for the solution of system (2)
we get an iterative algorithm for the problem. Let us de-
scribe it.

Choose some small δ > 0, ε > 0. Let x0 and z0 ≠ 0 be
given.

1. Build ⎧⎪⎪⎨⎪⎪⎩
xk = xk−1 + δzk−1,
zk = zk−1 + δ(p1ψ(xk−1) − p2zk−1
−χ(xk−1, zk−1)).

(3)

2. Check a stopping criteria

‖ψ(xk)‖ < ε. (4)

– If it is fulfilled, we take xk as the solution and
exit the algorithm.

– If it is not, then increment k by one and return
to the first step.

2 Modifications of the method
One of the essential features of the Charged Balls Method
(3) is that the position of a point xk varies slightly at initial
iterations. In addition the point xk passes through the solu-
tion and make damping oscillations in its neighborhood.

Both of these effects are associated with the inertia
which is brought by the presence ofmass (see. [1]). To over-
come these effects, several modifications of the Charged
Ball Method are proposed.

https://doi.org/10.1515/comp-2020-0008


Modifications of the Charged Balls Method | 31

2.1 Zero-mass algorithm

Assuming that the mass in the differential equation of mo-
tion (2) equals to zero, we obtain the system{︃

ẋ = z,
0 = p1ψ(x) − p2z − χ(x, z).

(5)

To pass from the continuousmethod (5) to its discrete vari-
ant we can linearize the second equation of the resulting
system in order to recalculate the variable zk at each itera-
tion. Denote

Φ(z) = p1ψ(x) − p2z − χ(x, z).

Let zk be given. We can find the next point zk+1 from the
relation

Φ(zk) + Φ′(zk)(zk+1 − zk) = 0,

where
Φ′(zk) = −p2E − 2

∇f (x)zTH(xk)
‖∇f (xk)‖2

,

and E is the identity matrix. Therefore choosing a small
δ > 0 as a step size we get the algorithm{︃

xk+1 = xk + δzk ,
zk+1 = zk −

[︀
Φ(zk)

]︀−1 Φ(zk). (6)

2.2 Algorithm with speed zeroing

Another way to deal with the effects associated with the
presence of mass is to zero the initial velocity at each it-
eration. This leads to the movement along the direction
tangential to the boundary of the set. Hence a correction
procedure (local projection) is required to provide that the
point belongs to the boundary of the set.

Describe the algorithm with a constant step δ > 0:⎧⎪⎪⎪⎨⎪⎪⎪⎩
̃︀xk+1 = xk + δzk ,
xk+1 = ̃︀xk+1 − f (̃︀xk+1)

‖∇f (̃︀xk+1)‖2∇f (̃︀xk+1),
zk+1 = ψ(xk+1).

(7)

We can use backtracking idea to adjust step size for
each iteration.

Choose a small ε > 0, an initial step ̂︀δ > 0, some λ ∈
(0, 1). Let xk and zk be given. Assume δ = ̂︀δ.

1. Check the inequality ‖ψ(xk)‖ > ‖ψ(xk + δzk)‖

(a) If it is satisfied then build⎧⎪⎪⎪⎨⎪⎪⎪⎩
̃︀xk+1 = xk + δzk ,
xk+1 = ̃︀xk+1 − f (̃︀xk+1)

‖∇f (̃︀xk+1)‖2∇f (̃︀xk+1),
zk+1 = ψ(xk+1),

and go to the point 2 of the algorithm.
(b) If it is not satisfied then shrink the step δ = λδ

and go to the point 1 of the algorithm.

2. Check the stopping criteria ‖ψ(xk+1)‖ ≤ ε.

(a) If it is true take xk+1 as the solution and finish
computations.

(b) If it is not true take δ = ̂︀δ, increase k by one
and go to the point 1 of the algorithm.

It should be noted that reduction of δ stops at some
moment since zk is a descent direction for the function
||ψ(x)|| at the point xk.

Note that modifications of the algorithm with velocity
zeroing at each iteration are first order methods, while an
algorithm with zero-mass is a second order method.

3 Numerical experiments
In this section the results of numerical experiments are
given for the problem of finding the minimum distance
from the origin to ellipsoids, whose semi-axes are parallel
to the coordinate axes and are generated using a generator
of numbers uniformly distributed on a segment from 2 to 5.
The centers of the ellipsoids are obtained using a random
variable generator, uniformly distributed on the sphere of
radius 5 centered at the origin.

Thus we consider the problem of orthogonal projec-
tion of the origin onto an ellipsoid

Ω = {x
⃒⃒
(x − c)TA(x − c) ≤ 1},

where A is a diagonal n × nmatrix with diagonal elements
from segment (2, 5) and c lies on the sphere of radius 5
centered at the origin.

For each of the dimensions 2, 3, 10, 100, 500, 1000 one
hundred test problems are solved and the average calcula-
tion time is displayed. In all cases condition (4) is selected
as the stopping criteria. The following notations are used:

– CBM— the original Charged Ball Method (3);
– CBM_m — zero-mass modification of the Charged

Ball Method (6);
– CBM_v— speed zeroingmodification of the Charged

Ball Method with a constant step (7);
– CBM_vf — speed zeroing modification of the

Charged Ball Method with based on backtracking
idea;

– PM — exterior penalty function method using the
Newton’s Method to solve unconstrained optimiza-
tion problem at each iteration (see for example [2–
4]);
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– BM — fast geometric method developed and pro-
posed in [5] for solving the problem of projection of
a point onto a set.

– EM: ellipsoid method (for example see [6]).

Computationsweremade inMatLab. The followingpa-
rameters were chosen for the methods:

– CBM: p1 = 30, p2 = 1, δ = 0.7;
– CBM_m: p1 = 10, p2 = 1, δ = 0.8;
– CBM_v: δ = 8;
– CBM_vf: λ = 50, δ = 50;
– PM: the penalty factor r = 1000 increases 10 times

at each iteration;

For each method we tried to choose the best parame-
ters possible. We studied many variants and present here
the best obtained time of computations for every consid-
ered algorithm.

For the dimensions more than 10 Ellipsoid Method
works too long, therefore this data is not presented in Ta-
ble 2. Figure 1 shows a graphic illustration of the obtained
results.

Table 1: The average time in seconds for the problems solution with
various dimensions dim.

dim CBM CBM_m CBM_v
2 12.7 · 10−5 12.4 · 10−5 4.1 · 10−5

3 9.8 · 10−5 13.2 · 10−5 3 · 10−5

10 10.6 · 10−5 18.2 · 10−5 3.4 · 10−5

100 0.00227 0.00528 0.00065
500 0.13066 0.20174 0.02686
1000 0.71287 1.0857 0.10403

Table 2: The average time in seconds for the problems solution with
various dimensions dim.

dim CBM_vf PM BM EM
2 30 · 10−5 23.8 ·

10−5
10.8 ·
10−5

33.2 ·
10−5

3 19.8 ·
10−5

25.2 ·
10−5

8.1 · 10−5 47.9 ·
10−5

10 12 · 10−5 30.6 ·
10−5

9.4 · 10−5 531.3 ·
10−5

100 0.00211 0.00654 0.00204 −
500 0.0923 0.19271 0.06949 −
1000 0.35232 0.75328 0.2993 −

Figure 1: Relation between the average calculation time and the
dimension of the problem for the studied methods.

4 Conclusion
We can conclude that themethod CBM_v is the fastest. The
EM method is the worst.

The remaining methods show comparable calcula-
tions time.We canmark only themethod CBM_m from this
group, which works more slowly and shows results com-
parable to PM on dimensions greater than 100. This is ex-
plained by the fact that both algorithms use the Newton
method at each iteration. Therefore they require quite com-
plex (for large dimensions) calculations related to the in-
version of Hessian matrices.
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