
Open Access. © 2020 V. Gorelik and T. Zolotova, published by De Gruyter. This work is licensed under the Creative Commons
Attribution 4.0 License

Open Comput. Sci. 2020; 10:48–55

Research Article

Victor Gorelik* and Tatiana Zolotova

Linear-quadratic programming and its application
to data correction of improper linear programming
problems
https://doi.org/10.1515/comp-2020-0005
Received Sep 01, 2019; accepted Dec 05, 2019

Abstract: The problem of maximizing a linear function
with linear and quadratic constraints is considered. The
solution of the problem is obtained in a constructive form
using the Lagrange function and the optimality conditions.
Many optimization problems can be reduced to the prob-
lem of this type. In this paper, as an application, we con-
sider an improper linear programming problem formal-
ized in the form of maximization of the initial linear cri-
terion with a restriction to the Euclidean norm of the cor-
rection vector of the right-hand side of the constraints or
the Frobenius norm of the correction matrix of both sides
of the constraints.
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1 Introduction
The problem of quadratic programming is the problem
of maximizing a quadratic function (possibly with a lin-
ear part) with quadratic and/or linear constraints. In gen-
eral, this class of problems is computationally difficult.
For some subclasses of quadratic programming problems,
in particular convex problems and semi-definite program-
ming problems [1], polynomial complexity is proved, how-
ever, the corresponding algorithms (for example, the cut
method, the ellipsoid method) have rather slow conver-
gence. Therefore, it is interesting to find out more sim-
ple classes which contain a number of interesting ap-
plied problems and which solutions partly in the analyt-
ical form can be obtained. In this connection, we’ll con-
sider the problem of maximizing a linear function with
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one quadratic and several linear constraints and call it the
problemof linear-quadratic programming.Many optimiza-
tion problems can be reduced to it. Important examples of
suchproblems are stochastic, improper and ill-posedprob-
lems of linear programming (LP). So the linear problem of
stochastic programming is usually formalized in the form
of maximizing the mathematical expectation of the objec-
tive function under the condition that the probability of
the constraints fulfilling is not less than a given value, and
under the assumption of a normal distribution of the ini-
tial parameters can be reduced to a linear-quadratic prob-
lem.

Now data correction (approximation) methods for im-
proper and unstable problems are widely used. Vector cor-
rection (right side) and matrix correction (of all initial
data) are applied to inconsistent systems of linear alge-
braic equations and inequalities and improper problems
of LP (regression analysis [2, 3], production planning [4, 5],
etc.). If the obtained correction problem of LP has no solu-
tion, then the correction of a pair of dual problemsmay be
considered [6]. However, there is another problem. The op-
timal correction in the form of minimizing the Euclidean
norm of the right-hand side vector or the Frobenius norm
of the correction matrix, as a rule, has a unique solution
and themaximization of the initial criterion does notmake
sense. Therefore, if for inconsistent systems of equalities
and inequalities theproblemofminimal correction is quite
natural, then for improper optimization problems it does
not solve completely the question. In fact, herewe are deal-
ing with a two-criteria problem: maximizing the original
criterion and minimizing the norm of the correction ma-
trix.

So, in [5], the formalization of the improper LP prob-
lem with inconsistent constraints was proposed as the
problem of minimizing the spectral or Frobenius norm of
the data correction matrix with a lower bound on the ini-
tial criterion and its solution was found. This yields the
same class of optimization problems as for the minimal
correction, namely, the original problemwith bilinear con-
straints can be reduced using the Euclidean norm to the
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classical quadratic programming problem (a quadratic ob-
jective function and linear constraints), and using polyhe-
dral norms – to LP problems. Such an approach can be
applied to the proper LP problems, in which the optimal
value of the criterion on the initial admissible set is unsat-
isfactory from the point of view of the decision-maker.

We propose a new approach to the two-criteria prob-
lem of improper LP problems correction. This approach
consists in formalizing these problems in the form of max-
imization of the initial criterion with a restriction to the
spectral norm or the Frobenius norm of the correction ma-
trix. Thenweobtainproblemsof linear-quadratic program-
ming. Also, if the improper problem of quadratic program-
ming is formalized in the form of minimizing the l1-norm
of the data correction matrix (for linear constraints) with
restriction to the initial criterion value, we obtain a sim-
ilar problem. To the best of the authors’ knowledge, this
approach to the formulation of the improper problems cor-
rection was not considered.

In [7] the solution of the linear-quadratic program-
ming problem was found in the explicit form and as an
application of the results obtained, twoproblems of the op-
timal investment portfolio selection were considered. The
first relates to the solution of the problem of maximizing
the expected return with a limitation on the variance, the
second – with a limitation on the probability of negative
returns.

In order to make the exposition more self-contained
and for the convenience of the reader, next we reproduce
the result of [7: section 2]. In this paper we prove the the-
orem of a solution existence of the linear-quadratic pro-
gramming problem, which clarifies this result. But the
main content of the work is to present new results con-
cerning its application to the solution of the task of the im-
proper LP problem data correction with a restriction to the
Euclidean norm of the correction vector of the right-hand
side or the Frobenius norm of the correctionmatrix of both
sides of the constraints. Within the framework of this ap-
proach, the problems ofmaximizing a linear functionwith
a quadratic restriction arise. Note that in [8] we have con-
sidered the task of the improper LP problem data correc-
tion with a restriction to the Frobenius norm of the correc-
tion matrix of the left-hand side of the constraints, which
has certain specificity and demanded a slightly different
approach.

The improper LP problems considered below are pre-
sented in canonical form, i.e.with constraints of the equal-
ity type. Therefore, the correction problems are reduced
to maximizing a linear function with one quadratic con-
straint of the inequality type and an arbitrary number of
linear equality constraints.

In all problems we consider two cases: (a) the absence
of the condition of non-negativity of variables, (b) the pres-
ence of this condition. Generally speaking, the case (a) has
an independent practicalmeaning (for example, in [7], the
tasks of stock investment in the presence of short sales
were considered as an application, variables of arbitrary
sign may be present in balance and flow models, etc.). In
this case, the improper LP problems are associated with
the contradictory nature of the constraints (mismatch of
capacities and needs). Then, as a rule, we deal with the
over-determined system of equations, which is often en-
countered in modeling and is the main assumption in this
work. In case (b), the improper problem may be related
either with the absence of a non-negative solution of an
under-determined system of equations, or again with an
over-determined system.We confine ourselves to the latter
(the first sub-case generates other mathematical problems
of projection).

2 Maximization of a linear function
with linear and quadratic
constraints

Themathematical formulation of the linear-quadratic pro-
gramming problem has the form

⟨c, x⟩ → max
x∈X

, X = {x|⟨Dx, x⟩ ≤ d, Ax = b}. (1)

Here x ∈ En, c ∈ En, b ∈ Em are column vectors, ⟨·,·⟩
denotes the scalar product of vectors,D is a symmetric pos-
itive definitematrix of a sizen×n,A is amatrix of a sizem×n,
m < n. The superscript T denotes further the transpose of
a vector or a matrix.

Theorem 1. If d > ⟨(AD−1AT)−1b, b⟩, rankA = m, the vec-
tor c does not belong to the subspace of vector-rows of the
matrix A, the system of equations Ax = b is consistent, then
the problem (1) has a solution and it can be represented in
the form

x0 = 1
2λ0 D

−1(c − ATµ0), (2)

λ0 = 1
2

√︃
⟨D−1c, c − AT(AD−1AT)−1(AD−1c)⟩

d − ⟨(AD−1AT)−1b, b⟩ ,

µ0 = (AD−1AT)−1(AD−1c − 2λ0b).

Proof. The set X is not empty if the system Ax=b is consis-
tent and d ≥ d0, where

d0 = min
x∈X0

⟨Dx, x⟩, X0 = {x|Ax = b}. (3)
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Let’s find d0, solving the auxiliary problem of
quadratic programming (3). We compose the Lagrange
function: L0(x, µ) = ⟨Dx, x⟩ + ⟨µ, b − Ax⟩, differenti-
ate it with respect to x and equate to zero the partial
derivatives: 2Dx − ATµ = 0. Since the matrix D is non-
degenerate, we have x = 1

2D
−1ATµ and from the con-

straint in (3) AD−1ATµ = 2b. Let’s introduce the de-
notation R = AD−1AT . The matrix R is symmetric and
positive definite, so R is non-degenerate. Then we ob-
tain µ = 2R−1b and x = D−1ATR−1b. Substituting x in
the function (3), we have d0 = ⟨ATR−1b, D−1ATR−1b⟩ =
⟨R−1b, AD−1ATR−1b⟩ = ⟨R−1b, b⟩.

Let’s return to themain problem (1). If d = d0, then the
set X consists of one point x = D−1ATR−1b and the prob-
lem (1) becomes trivial. So we have assumed, that d > d0.
Obviously, the set X is bounded, therefore the problem (1)
has a solution. For this problem the Lagrange function has
the form:

L(x, λ, µ) = ⟨c, x⟩ + λ(d − ⟨Dx, x⟩) + ⟨µ, b − Ax⟩,

where λ ≥0. Theproblem (1) is a convexprogrammingprob-
lem that satisfies the Slater condition under the assump-
tionsmade. Therefore, by Karush-Kuhn-Tucker (KKT) theo-
rem (knownalso as Kuhn-Tucker theorem), in order that x0

be a solution of (1), it is necessary and sufficient that there
exists such y0 = (λ0, µ0) that the pair (x0, y0) is a saddle
point of the Lagrange function L. To find the saddle point
(x0, y0), we differentiate the function L with respect to x
and equate the derivatives to zero: c − 2λDx − ATµ = 0. In
this equation λ ≠ 0 because otherwise c = ATµ, which con-
tradicts the assumption that the vector c doesnot belong to
the subspace of vector-rows of A. Therefore, the constraint
⟨Dx, x⟩ ≤ d is essential, i.e. at the solution point it is active,
and λ > 0. Then x = 1

2λD
−1(c − ATµ). We substitute x into

the constraints of the problem (1):

Ax = 1
2λ AD

−1(c − ATµ) = b,

⟨Dx, x⟩ = 1
2λ (⟨c, x⟩ − ⟨µ, Ax⟩)

= 1
4λ2 ⟨c, D

−1(c − ATµ)⟩ − 1
2λ ⟨µ, b⟩ = d.

We denote by r = AD−1c. From the first equality we have
r − Rµ = 2λb, whence µ = R−1(r − 2λb). We substitute µ
into the second equality

⟨D−1c, c⟩ − ⟨c, D−1ATR−1(r − 2λb)⟩
− 2λ⟨R−1(r − 2λb), b⟩ = 4λ2d

and obtain the next quadratic equation with respect to λ:

4(d − ⟨R−1b, b⟩)λ2 + 2(⟨R−1r, b⟩ (4)

− ⟨c, D−1ATR−1b⟩)λ − ⟨D−1c, c⟩

+ ⟨c, D−1ATR−1r⟩ = 0.

By virtue of the transpose properties of the matrix
product and the symmetry of thematrices R−1 and D−1 the
coefficient at λ in equation (4) is zero, and the free term is
negative. Indeed,

⟨R−1r, b⟩ − ⟨c, D−1ATR−1b⟩

= ⟨R−1r, b⟩ − ⟨(D−1ATR−1)Tc, b⟩
= ⟨R−1r, b⟩ − ⟨R−1AD−1c, b⟩ = 0,

− ⟨D−1c, c⟩ + ⟨c, D−1ATR−1r⟩ + ⟨R−1r, r⟩ − ⟨R−1r, r⟩

= −⟨D−1c, c⟩ + ⟨c, D−1ATR−1r⟩ + ⟨ATR−1r, D−1c⟩

− ⟨ATR−1r, D−1ATR−1r⟩

= −⟨c − ATR−1r, D−1(c − ATR−1r)⟩ < 0.

In the last expression, the inequality is strict, because
by virtue of the conditions of Theorem 1 (c − ATR−1r) ≠ 0.
Besides, d > d0 = ⟨R−1b, b⟩.

Then from (4) taking into account that λ0 > 0 (the neg-
ative value of λ0 corresponds to the minimum in the prob-
lem (1)), we obtain

λ0 = 1
2

√︃
⟨D−1c, c⟩ − ⟨c, D−1ATR−1r⟩

d − ⟨R−1b, b⟩

= 1
2

√︃
⟨D−1c, c − ATR−1r⟩
d − ⟨R−1b, b⟩ ,

µ0 = R−1(r − 2λ0b), x0 = 1
2λ0 D

−1(c − ATµ0).

Substituting the expressions for the matrix R and the
vector r, we obtain formulas (2).

Wehave obtained in explicit forma solution of the problem
of maximizing a linear function with linear constraints of
the typeof equations andaquadratic constraint of the type
of inequality. Naturally, the question arises: what will hap-
pen in the case of linear inequality constraints, in partic-
ular, when the condition of non-negativity of x is present.
In this case, KKT-conditions give us the system of linear
equations for non-zero components of the vectors x0 and
active constraints. Therefore, in all the formulas obtained
the "reduced" vectorswill appear, and therewill be instead
of thematrices A and D some of their sub-matrices (square
for D). Of course, this will lead to a back-to-back algorithm
and complicate calculations. However, for not very large
dimensions everything is quite computable.

Here we consider those changes in the solution that
are associated with the addition of the non-negativity con-
dition x ≥ 0, which is widespread in the LP. In this case,

d ≥ d̃0 = min
x∈X̃0

⟨Dx, x⟩, X̃0 = {x|Ax = b, x ≥ 0},
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KKT-conditions for the problem (1) have the form:

∂L(x0, λ0, µ0)
∂xi

= 0, x0i > 0,

∂L(x0, λ0, µ0)
∂xi

≤ 0, x0i = 0, i = 1, . . . , n.

For nonzero components x0 we have the system of
equations: c̃ − 2λD̃x0 − ÃTµ = 0, where D̃ is a square
sub-matrix of the matrix D obtained by deleting rows and
columns with numbers corresponding to the zero compo-
nents of x0, Ã is a sub-matrix of the matrix A with deleted
corresponding rows, x̃0 is the vector of nonzero compo-
nents x0, c̃ is the vector of corresponding coefficients.
Square sub-matrices of a positive definite matrix D are
also positive definite and, consequently, non-degenerate.
In this case λ ≠ 0, if the condition that the vector c does
not belong to the subspace of vector-rows of thematrixA is
replaced by a stronger condition for all sub-vectors. There-
fore, we have

x̃0 = 1
2λ0 D̃

−1(c̃ − ÃTµ0),

and in the expressions for λ0 and µ0 there are also sub-
matrices D̃ and Ã. For the given case, KKT-conditions are
necessary and sufficient, so the search stops as soon as the
point satisfying them is found.

We note, that from the point of view of our problem
solution, the condition that quadratic restriction is active
is not so significant, because if it is not active and λ = 0,
then we simply obtain the LP problem as an alternative.

It is possible to reduce the search using the idea of the
branch and bound algorithm. The formulas obtained on
the basis of the KKT conditions allow us to find simulta-
neously the minimum of the linear criterion (the second
negative solution of the quadratic equation (4)). Therefore,
the solutions found for the initial matrix, if they do not
satisfy the condition of non-negativity, give us the upper
and lower bounds for the desired maximum. For the sub-
matrices of lower dimensions considered further, the so-
lutions found, if they do not satisfy the condition of non-
negativity, give new lower and upper bounds. If for some
sub-matrix the upper bound turns out to be less than the
general current lower one, then its sub-matrices are not
considered (since consideration of the sub-matrix means
assignment of zero values to a part of the components of
the vector x, then the maximum can only decrease).

The LP problem with inequality-type constraints can
be reduced to the LP problem with equality-type con-
straints by introducing non-negative slack variables, i.e.
formally to the case considered above. However, it is nec-
essary to clarify the conditions for the existence of the so-

lution. Therefore, this issue requires a separate considera-
tion.

3 Correction of the right-hand side
of the constraints of the improper
linear programming problem

We consider the LP problem with inconsistent constraints
of the following type:

⟨c, x⟩ → max
x∈X

, X = {x|A1x = b1, A2x = b2} = ∅. (5)

In the constraints of the problem (5) it is assumed that
the systemof equationsA1x = b1 is consistent andnot sub-
ject to correction (so-called, directive restrictions), and the
equations A2x = b2 are inconsistent andwe can correct its
right-hand side. The value of correction of the right-hand
side in the Euclidean norm is ⟨A2x − b2, A2x − b2⟩.

The division into two types of restrictions (directive
and optional) is rather arbitrary. In fact, this is one incom-
patible system of constraints, but the correction task is
complicated by a ban on correcting part entries of the vec-
tor of the right-hand side of the constraints. This problem
is embedded in the previous problem of linear-quadratic
programming, and therefore its solution is obtained as a
corollary (provided that the corrected part of the equations
is over-determined).

As we noted above, it was proposed in [5] to consider
the correction of the improper LP problem as a two-criteria
problem, which is formalized in the form of minimization
of the spectral norm or the Frobenius norm of the correc-
tion matrix under the restriction from below to the initial
linear criterion. Here we consider in some sense the in-
verse problem, namely, the problem of maximizing the ini-
tial criterion in (5) under the restriction from above to the
Euclideannormof correction (or discrepancy) of the vector
of the right-hand side of the constraints.

To formalize this problem in the form of a special case
of the problem (1), we introduce augmented vectors c =
(0, c)T , z = (1, x)T , e = (1, 0, . . . , 0)T and matrixes A =(︃

1 0 . . . 0
−b1 A1

)︃
, B = (−b2 A2). Then the system of equa-

tions A2x = b2 is transformed into the homogeneous sys-
tem Bz = 0, and the value of correction of the right-hand
side of the system A2x = b2 is equal to ⟨Bz, Bz⟩ = ⟨Dz, z⟩,
where D = BTB – symmetric non-negative definite matrix.
As equations A2x = b2 are assumed to be inconsistent, the
matrix B has linearly independent columns, so D is not de-
generate. We introduce a restriction on the value of correc-
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tion ⟨Dz, z⟩ ≤ d. The system A1x = b1 is transformed into
Az = e, taking into account the additional condition z0 = 1
(in the augmented vector z the first component is z0). We
obtain the problem of the form (1)

⟨c, z⟩ → max
z∈Z

, Z = {z|⟨Dz, z⟩ ≤ d, Az = e}. (6)

Corollary of the Theorem 1. If the system of equations
Az = e is consistent, the matrix B has linearly independent
columns, d > ⟨(AD−1AT)−1e, e⟩, the vector c does not be-
long to the subspace of vector-rows of thematrix A, then the
problem (6) has a solution and it can be represented in the
form

z0 = 1
2λ0 D

−1(c − ATµ0),

λ0 = 1
2

⎯⎸⎸⎷ ⟨D−1c, c − AT(AD−1AT)−1(AD−1c)⟩
d − ⟨(AD−1AT)−1e, e⟩

,

µ0 = (AD−1AT)−1(AD−1c − 2λ0e),

and the optimal solution of the problem (5) x0 is obtained
from z0 by excluding the first component z00 = 1.

If there are no directive constraints in the problem (5), then
we have e = 1, A = (1, 0, . . . , 0) . If in the problem (5) there
are non-negativity conditions x≥0, then in all the above for-
mulas "reduced" vectors and sub-matriceswill appear (see
Section 2).

Example 1. Consider the problem

x1 → max
x∈X

, X = {x|x1 + x2 = 1;

0 · x1 =
√
2, 1 · x2 = 0, x1 + x2 = 2} = ∅.

Here c = (1, 0)T , one directive constraint x1 + x2 = 1, i.e.
A1 = (1, 1) and b1 = 1, three constraints are correctable,
i.e.

A2 =

⎛⎜⎝0 0
0 1
1 1

⎞⎟⎠ , b2 =

⎛⎜⎝
√
2
0
2

⎞⎟⎠ ,

c =

⎛⎜⎝01
0

⎞⎟⎠ , B =

⎛⎜⎝−
√
2 0 0

0 0 1
−2 1 1

⎞⎟⎠ ,

D =

⎛⎜⎝ 6 −2 −2
−2 1 1
−2 1 2

⎞⎟⎠ , A =
(︃
1 0 0
−1 1 1

)︃
,

e =
(︃
1
0

)︃
.

Solution of the problem (3) gives us d0 = 3 (and d̃0 = 3
also).

Let d=4, then r = (1, 2)T , R =
(︃
0.5 0.5
0.5 1.5

)︃
, λ0 = 0.5,

µ0 = (−2, 2)T , z0 = (1, 2, −1)T , x0 = (2, −1)T . The
right-hand side vector of the constraints after correction is
(0, −1, 1)T , ∆b2 = A2x0 − b2 = (−

√
2, −1, −1)T .

If we add the condition x≥0 in this example, then for
d=4 the constraint ⟨Dz, z⟩ ≤ d in (6) is not active, and
λ0 = 0.Wehave LPproblem,which solution is x0 = (1, 0)T ;
∆b2 = A2x0 − b2 = (−

√
2, 0, −1)T .

4 Correction of both sides of the
constraints of the improper linear
programming problem

We now consider the more complicated problem of max-
imizing the initial criterion for an improper LP problem
with a restriction from above to the value of the Frobenius
norm of the correction matrix of both sides of equality-
type constraints (all data are corrected). This problem will
be reduced also to the form (1) and we use the developed
method for its solution. The difference is that it is already
not convex (with at least one negative eigenvalue, so in
general, NP-hard [9]). Therefore, the extremum conditions
in the general case are only necessary, which, in the pres-
ence of the condition of non-negativity, leads to the neces-
sity of enumeration of all sub-matrices.

The initial improper LP problem, namely the problem
with an inconsistent system of constraints, is

⟨c, x⟩ → max
x∈X

, X = {x|Ax = b} = ∅. (7)

To formalize the problem (7) as a particular case of the
problem (1), we introduce augmented vectors c = (c0, c)T ,
z = (1, x)T andmatricesH = (−h H), B = (−b A). Then the
corrected system of equations, under which X≠∅, is Bz =
−Hz. It is known that the minimum of the square norm of
the correction matrix for fixed z is min ||H||2 = ||Bz||2

||z||2 and

H = [−Bz,zT ]
⟨z,z⟩ (here in square brackets is the product of vec-

tors asmatrices, vectors norm is Euclidean,matrixes norm
is Frobenius, which is equal to Euclidean norm if conced-
ing it as a vector). Since in this case the rank of the matrix
H is equal to 1, its spectral norm is equal to the Frobenius
norm. It is required to find z such that the objective func-
tion reaches its maximum value under the condition that
the square norm of the correction matrix does not exceed
some ε: ||Bz||2

||z||2 ≤ ε. The numerator of the left-hand side of
the systemof inequality is ⟨Bz,Bz⟩=⟨Dz, z⟩, whereD = BTB
– symmetric non-negative definite matrix. Then the prob-
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lem with limited correction is

⟨c, z⟩ → max
z∈Z

, Z = {z|⟨Dz, z⟩ ≤ ε ⟨z, z⟩, z0 = 1}. (8)

The quadratic constraint in (8) can be rewritten as⟨︀
(D − εI)z, z

⟩︀
≤ 0, where I is the identity matrix, so (8)

looks like (1). But there is the difference, because (D − εI)
is not positive definite matrix. Since z0 = 1, c0 in the prob-
lem (8), in general, can be arbitrary, in particular, zero, but
it turns out that the method of solution considered below
requires the selection of its certain value.

The infimum of square norm (Frobenius or spectral)
of the correction matrix for which X = ̸ ∅ equals µ1(D) —
thefirst (minimal) eigenvalue of thematrixD, andminimal
correctionmatrix exists if and only if corresponding eigen-
vectors have a non zero first component [5]. If rankB < n (n
-number of its columns), than µ1(D) = 0 and the problem
of minimal correction has no solution (the system of equa-
tions Ax = b becomes consistent under arbitrary small
correction, but its solution has arbitrarily large norm). So
the considered problem of minimal correction has sense,
if rankB = n and the system of equations Ax = b is over-
determined. It is known, that µ1(D) ≤ µ1(ATA) ≤ µ2(D)),
where µ2(D) is the second eigenvalue of the matrix D. If
µ1(D) < µ1(ATA), then minimal correction matrix exists
and is unique [10] (otherwise again solutions of corrected
system of equations have arbitrarily large norm). There-
fore, we will assume further that µ1(D) < µ1(ATA). This
condition is sufficient for the rank of matrix B to be equal
to the number of its columns.

Theorem 2. If µ1(D) < µ1(ATA) and the parameter ε
belongs to the interval (µ1(D), µ1(ATA)), the vector c =
(c0, c)T , c0 is the minor root of the quadratic equation

k00c20 + 2(
n∑︁
j=1

k0jcj)c0 +
n∑︁

i,j=1
kijcicj = 0,

where kij are entries of the matrix (D − εI)−1, the first com-
ponent a0 of the (n + 1)-dimensional vector (D − εI)−1c is
not equal to zero, then the problem (8) has a solution and it
can be represented in the form z0 = 1

a0 (D − εI)
−1c, the cor-

rection matrix is H = [−Bz0 ,z0T ]
⟨z0 ,z0⟩ , the solution of the corrected

system of equations x0 is obtained from z0 by excluding the
first component z00 = 1.

Proof. Because µ1(D) < ε < µ2(D), ε does not belong to
the spectrum of D, the matrix (D − εI) is non-degenerate.
The inequality µ1(D) < µ1(ATA) is a sufficient condition
for existents of a minimal correction matrix. A minimal
correction matrix exists if and only if an eigenvector corre-
sponding µ1(D) have a non zero first component. So such

eigenvector exists, and its first component may be con-
sidered equal to 1. Obviously, it belongs to the set Z, so
Z = ̸ ∅. Besides, the set Z is bounded. Indeed, suppose
the contrary. As z0 = 1, we have the following equality
⟨Dz, z⟩ = −⟨b, b⟩ + ⟨(ATA)x, x⟩. We represent x in the form
x = αe, ||e|| = 1. Then the restriction in (8) has the form
−⟨b, b⟩ + α2⟨(ATA)e, e⟩ ≤ ε(1 + α2). For α → ∞ we have
⟨(ATA)e, e⟩ ≤ ε < µ1(ATA) and obtain a contradiction.
Since a linear function reaches an extreme value on the
boundary of the set Z, the constraint in (8) is satisfied as
equality at the optimal point. The Lagrange function for
the problem (8) is L(x, λ) = ⟨c, z⟩ + 1

2 λ(ε⟨z, z⟩ − ⟨Dz, z⟩).
The necessary conditions of maximum lead to the system
of equations: c + λ(εz − Dz) = 0, whence λ0 ≠ 0 and
z0 = 1

λ0 (D − εI)
−1c. From the necessary conditions for the

optimal z0 we have ⟨c, z0⟩ + λ0(ε⟨z0, z0⟩ − ⟨Dz0, z0⟩) = 0,
so ⟨c, z0⟩ = 0. Taking into account, that z00 = 1, we get
⟨c, x0⟩ = −c0. So the maximum value of the objective func-
tion in the problem (7) after correction is equal to −c0. We
substitute z0 into ⟨c, z0⟩ = 0: ⟨c, 1

λ0 (D − εI)
−1c⟩ = 0 or

⟨c, (D − εI)−1c⟩ =
∑︀n

i,j=0 kijcicj = 0, where kij are entries
of the matrix (D − εI)−1. We obtain the quadratic equa-
tion to find c0: αc20 + βc0 + 𝛾 = 0, where α = k00, β =
2
∑︀n

j=1 k0jcj, 𝛾 =
∑︀n

i,j=1 kijcicj. Because our problem has
a solution under selected ε, this equation has real roots
and we must choose a minor one. Then we substitute c in
z0 = 1

λ0 (D−εI)
−1c and taking into account that z00=1, we ob-

tain that λ0 is the first component of the vector (D − εI)−1c,
x0 is obtained from z0 by excluding the first component,
the correction matrix is H = [−Bz0z0T ]

⟨z0 ,z0⟩ .

If in the problem (7) there are non-negativity conditions
x≥0, then in all the above formulas "reduced" vectors and
sub-matrices will appear. In this case the minimum of
square norm of the correction matrix for which X ≠ ∅
equals to the minimum of eigenvalues of the matrix D and
sub-matrixes D̃ forwhich there exist nonnegative eigenvec-
tors [5]. The admissible ε must be greater than this value.

Example 2. Consider the problem

x1 + x2 → max
x∈X

,

X = {x| 2x1 + x2 = 0, x1 + 2x2 = 0,
− x1 + x2 = 0, x1 − x2 = 1} = ∅.
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Here A =

⎛⎜⎜⎜⎝
2 1
1 2
−1 1
1 −1

⎞⎟⎟⎟⎠, b =

⎛⎜⎜⎜⎝
0
0
0
1

⎞⎟⎟⎟⎠, B =

⎛⎜⎜⎜⎝
0 2 1
0 1 2
0 −1 1
−1 1 −1

⎞⎟⎟⎟⎠, D =

⎛⎜⎝ 1 −1 1
−1 7 2
1 2 7

⎞⎟⎠, eigenvalue

µ1(D) ≈ 0.551 (corresponding eigenvector with z0 = 1
is z* = (1, 0.225, −0.225)T , ⟨c, x*⟩ = 0), eigenvalues
µ1(ATA) = 5, µ2(D) ≈ 5.449 .

We impose a restriction on the correction of both sides
of the constraints with ε = 1, i.e. ||H||2 ≤ 1.

(D − εI) =

⎛⎜⎝ 0 −1 1
−1 6 2
1 2 6

⎞⎟⎠ ,

(D − εI)−1 =

⎛⎜⎝−2 −12
1
2

−12
1
16

1
16

1
2

1
16

1
16

⎞⎟⎠ .

The quadratic equation for finding c0 is 2c20 − 1
4 = 0,

whence c0 = ±0.25
√
2. The objective function ⟨c, x0⟩ =

−c0 takes the maximum value when c0 = −0.25
√
2 ≈

−0.354. Then c =

⎛⎜⎝−0.3541
1

⎞⎟⎠, z0 = 1
λ0 (D − εI)

−1c =

1
λ0

⎛⎜⎝ 0.707
0.302
−0.052

⎞⎟⎠. Taking into account that z00=1,we have λ0 =
0.707, z0 =

⎛⎜⎝ 1
0.427
−0.073

⎞⎟⎠, x0 = (︃ 0.427
−0.073

)︃
.

In this case the correction matrix

H = [−Bz0, z0T ]
⟨z0, z0⟩ =

⎛⎜⎜⎜⎝
−0.657 −0.28 0.048
−0.236 −0.101 0.017
0.421 0.18 −0.031
0.421 0.18 −0.031

⎞⎟⎟⎟⎠ .

If we add the condition x≥0 in this example, the min-
imum of square norm of the correction matrix for which
X ≠ ∅ equals to the minimum eigenvalue of the sub-matrix

D̃ =
(︃
1 −1
−1 7

)︃
, which is 0.838 (corresponding eigenvec-

tor (0.987, 0.16)T is nonnegative). So we can left ε = 1. In
this case the solution corresponds to sub-matrix D̃. Then

(D̃ − εĨ)−1 =
(︃
−6 −1
−1 0

)︃
, the quadratic equation for find-

ing c0 is −6c20 − 2c0 = 0, whence c0 = 0 or −13 . The objec-
tive function ⟨c, x0⟩ = −c0 takes themaximum value when

c0 ≈ −0.333. Then z0 =

⎛⎜⎝ 1
0.333
0

⎞⎟⎠, x0 =
(︃
0.333
0

)︃
, the

correction matrix

H = [−Bz0, z0T ]
⟨z0, z0⟩ =

⎛⎜⎜⎜⎝
−0.6 −0.2 0
−0.3 −0.1 0
0.3 0.1 0
0.6 0.2 0

⎞⎟⎟⎟⎠ .

5 Conclusion
Thus, we have obtained a solution to the problem of max-
imizing a linear function with linear constraints of the
equality type and a quadratic restriction of the inequality
type.We note that problems of this kind have been studied
in a number of papers (for example, [11, 12]) and they of-
fer iterative solution algorithms. The method proposed by
us allows to apply standard matrix calculations and has
been verified in a number of comparatively simple exam-
ples (two of themare given in the article). However, it is too
early to speak about the comparative effectiveness of nu-
merical methods. Themain content of the work is its appli-
cation to the new problems of the limited correction of the
improper LP problem. However, the scope of applications
of the results obtained is much broader. In the future, we
plan to apply them tomore general problems of correction
of improper andunstable problems of linear andquadratic
programming. In particular, we have obtained the results
of the problem of limited correction of the left-hand side of
the restrictions of the improper LP problem (the vector b is
fixed). This task has a certain specificity, concerning the is-
sues of solution existence and the method of its searching.
The corresponding results are published in [8].

Weplan also to apply the results of this paper in regres-
sion analysis (smoothing of the piecewise linear regres-
sion, the condition of two samples trends proximity, etc.).
We note that in these problems the over-determination of
the system of equations and the absence of the condition
of non-negativity are automatically satisfied.
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