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Abstract: Detecting automorphisms is a natural way to
identify redundant information presented in structured
data. When such redundancies are detected they can be
used for data compression. In this paper we explore two
different classes of graphs to capture this intuitiveproperty
of automorphisms. Symmetry-compressible graphs are the
first classwhich introduces the basic concepts but use only
global symmetries for the compression. In order for this
concept to be more practical, we need to use local sym-
metries. Thus, we extend the basic graph class with Near
Symmetry compressible graphs. Furthermore, we develop
two algorithms that can be used to compress practical in-
stances and empirically evaluate them on a set of realistic
graphs.

Keywords: graph automorphisms, graph classes, compres-
sion algorithms

1 Introduction
Due to an enormous increase in data gathering and gen-
erating (according to [15] humanity will generate many
zettabytes by 2025), data compression is an important re-
search topic to enable good resource exploitation. Another
interesting phenomenon is the emergence of different net-
work data as well as new kinds of databases that are more
suitable to manipulate such data. These databases are
called graph databases [16]. Graphs are a general struc-
ture for representingmore complex relations between vari-
ous entities. Graphs originate in discretemathematics and
have been extensively studied for a few centuries. Many
concepts have been developed in graph theory that have
turned out to be extremely useful in practice, and in this
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paper, we explore another such concept and demonstrate
its practical potential.

Manymethods have been developed for lossless graph
compression. This topic is approached in a wide spectrum
of areas suchas succinct data structures [8]where themost
memory efficient data structures are considered. The sec-
ond approach dealswith graph compression in specific do-
mains such as graph databases [1], web graphs [2], hierar-
chical schemes [7] and many others. These compression
techniques mostly exploit domain specific knowledge and
inmany cases established compression techniques are uti-
lized from e.g. text compression. When dealing with com-
pression of pure structural data, i.e., only the graph andno
metadata, some approaches utilize graph grammars [13],
specific subgraphs, such as cliques [17], stars [12], and
some results from extremal combinatorics such as the reg-
ularity lemma [14].

For a very extensive survey of differentmethods please
see [3]. But to our knowledge, none of the methods use
symmetries as the underlying compression mechanisms,
which is the novelty presented in this paper.

People detect symmetries mostly visually and we con-
sider ourselves goodat spotting such self-similarities in im-
ages. However, in general data, symmetries can be uncov-
ered only when an appropriate view of data has been con-
structed. Mathematicians, therefore, have formalized the
notion of symmetry in graphs to more accurately capture
this intuitive notion. Namely, graph symmetries are math-
ematically defined as graph automorphisms, which are bi-
jectivemappings between the vertices of a graph, such that
the connectivity between themapped vertices remains the
same as in the original graph. In any graph, there can be
many such symmetries.

In this paper, we introduce a representation of graphs
that uses one of the graph automorphisms to describe a
set of its edges. When such a representation requires less
data than the original description then we will call such
a graph symmetry-compressible. Unfortunately, realistic
graphs rarely exhibit global symmetries, so we need an-
other concept that captures local symmetries. This will en-
able us to test our concept on a larger class of instances.We
will denote such graphs as near symmetry-compressible. A
simple example is given in Figure 1.
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Figure 1: A highly symmetrical graph, describing such a structure
naively would be just a set of edges, whereas we could state just
one edge and a rotational symmetry, which would then generate the
entire graph. We formalize this intuitive notion in this paper.

Because we strive for practical applications of the in-
troduced concepts, we dedicate the second part of the pa-
per to practical algorithms and an empirical evaluation,
which shows the potential for compression of real graph
data, as well as data that is not directly given as a graph
(such as images).

The paper is structured as follows. The next section
gives some preliminaries and introduces the concept of
symmetry-compressible graphs. The third section extends
this concept with near symmetry-compressible graphs.
The fourth section starts the practical part of the paper, de-
scribing two heuristic algorithms for graph compression.
Section 5 describes an empirical evaluation of the pro-
posed algorithm, and Section 6 concludes the paper by
summarizing the obtained results and giving some point-
ers for future work.

2 Symmetry-compressible graphs
This section formalizes the main idea of using symmetries
for data compression. We encompass this in a class of
graphs that get compressed when using such a represen-
tation. We start by defining some basic concepts that are
standard in graph theory.

2.1 Preliminaries

A graph is presented as a set of edges, G ⊆ V × V, where
V is some set of vertices. We will use mostly the set of ver-
tices {1, 2, . . . , n}. Without loss of generality, we assume
the graph has no isolated vertices. To explicitly denote the
set of vertices of the graph, we will write V(G).

We work with two related representations of symme-
tries. The standard representation is given by permuta-
tions of the vertex set, i.e., bijective functions π : V(G) →

V(G) that preserves connectivity ((u, v) ∈ G =⇒
(π(u), π(v)) ∈ G). All such permutations form a permu-
tation group Aut(G). We also require an alternative repre-
sentation of an automorphism π, namely, the permutation
of the edges. The edge permutation, induced by the vertex
permutation π, is defined as π((u, v)) = (π(u), π(v)).

Permutations are written in standard cycle notation,
i.e., as a set of disjoint cycles. This set also contains the cy-
cles with only one element (identities of the permutation).
The notation cyc(π) denotes the set of all the cycles of the
permutation π. The same goes for the edge permutation
π. To obtain the cycle which contains a vertex v (or edge
e), we use cyc(π, v) ( cyc(π, e) for edges). We will also con-
sider cycles as sets, e.g. c ∈ cyc(π), when we will denote a
pair that is a part of a cycle.

Since graphs are represented as a set of pairs, to have a
comparable representation, the permutations will also be
represented as a set of pairs. Trivially, since it is a bijection,
a symmetry can be represented by |V(G)| pairs. However,
we can remove many redundancies in such a representa-
tion. Namely, pairs of the form (x, x) can be omitted, and
one pair from each cycle can also be left out. The size (of
the representation) is expressed in terms of the cycle sizes
as:

|π| =
∑︁

c∈cyc(π)

(|c| − 1),

where |c| denotes the length of the cycle.

2.2 Definition of the graph class

Knowing a symmetry π of the graph G, we do not have to
represent all the edges of the graph since some edges can
be generated using π. More specifically, for each cycle of
the edge permutation π, only one edge is required. This
is the main observation that will be used to compress the
graphs.

We denote the required part of the graph (under the
symmetry π) as Gπ, and define it as

Gπ =
{︂
e ∈ G | e = min

f∈cyc(π,e)
f
}︂

andcall it a residual graph. This definition chooses themin-
imal element from each cycle of the permutation π. The or-
dering of the elements can be arbitrary, meaning basically
that exactly one element from each cycle is selected.

The pair (π, Gπ) is an alternative representation of the
graph G since the entire edge set of the graph can be
uniquely reconstructed from it. The reconstruction takes
every edge of Gπ and applies π to both ends of the current
edge, until one cycle of π is obtained.
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The size of this alternative representation is in general
different from the size of the original graph, depending on
both the graph itself as well as on the symmetry in consid-
eration. We define a family of graphs, which possess sym-
metries for which the alternative representation is smaller
than G.

Definition 1 (Symmetry-compressible graphs). A graph G
is symmetry compressible (G ∈ SC) if there exists

π ∈ Aut(G) such that |π| + |Gπ| < |G|.

To clarify the introduced concepts, Table 1 shows a simple
undirected graph C4, and three of its representative sym-
metries. Two of these symmetries increase the size of rep-
resentation, whereas one symmetry reduces the size by 1,
meaning C4 ∈ SC.

2.3 Properties

To better understand the newly defined concept, let us
look at some basic properties of symmetry-compressible
graphs.Wewill identify a set of theorems that characterize
graph families that we know are compressible and some of
them which are not.

Let us first explore graphs with more than one con-
nected components, and symmetries that map one compo-
nent onto the other.

Theorem 1. Let us assume G is composed of two connected
components G1 and G2 and there is a symmetry π mapping
the component G1 onto G2. If |G1| > |V(G1)|, then G ∈ SC.

Proof. Assuming that the size of the symmetry is |π| =
|V(G1)|, |Gπ| = |G1|, |G| = 2|G1|, and |V(G1)| < |G1|, we
have the inequality

|G1| + |V(G1)| < 2|G1|

and making the substitution we get

|Gπ| + |π| < |G|,

which means G ∈ SC.

This theorem gives us a criterion (if we know the group
Aut(G)) for checking if symmetries between connected
components can compress a graph. Thus we will mainly
focus on determining whether symmetries in connected
graphs can compress a graph.

Now let us define a special type of SC graph and prove
a lemma about this type of SC graph that will be useful in
proving that trees are not symmetry-compressible.

Definition 2 (Minimal SC graph). A graph G ∈ SC, π be-
ing its compressing symmetry, such that for every e ∈
G such that π(e) ̸= e, is called aminimal SC graph.

In the following analysis of sSC graphs we can focus
mainly on graphs that are minimal SC graphs because of
the following lemma.

Lemma 1. All G ∈ SC contain a minimal SC subgraph.

Proof. Let G ∈ SC, π its compressing symmetry, and F ⊆ G
such that for all e ∈ F such that π(e) = e, in particular,
the edges are fixed by symmetry π. We can show that the
minimal SC subgraph is simply H = G \ F. Notice that by
removing edges that are fixed by the symmetry π the graph
G\F remains symmetric under the symmetry π. Notice also
that the edges not moved by π are also present in Gπ and
that Gπ \ F = (G \ F)π. So since we assume G ∈ SC then

|π| + |Gπ| < |G|,

by removing the edges that remain fixed under the
symmetry we get

|π| + |Gπ \ F| < |G \ F|,

which means that G \ F ∈ SC.

The second lemmawill show a result for trees that are can-
didates for being minimal SC trees.

Lemma 2. In any tree T where a symmetry π ∈ Aut(T)
moves all the edges, exactly one vertex is fixed.

Proof. This follows from the fact that any tree has one or
two centers [10]. Since any automorphism preserves dis-
tances, the case of two centers is not possible since the two
centers would either be mapped to each other or would
stay fixed. In both cases the edge between them would
stay fixed thus contradicting the assumption that all edges
must bemoved. So the only option is that there is only one
center, which cannot be mapped to any other vertex, so it
is fixed by any automorphism.

We now move on to the main result about trees.

Theorem 2. If T is a tree, then T ∈ ̸ SC.

Proof. By definition, we have to show for all π ∈
Aut(T), |π| + |Tπ| < |T|.

By Lemma 1, if a tree would be symmetry-
compressible, then it would contain a subgraph (i.e., a
forest) that is a minimal SC graph. But from Theorem 1
we know that we can focus only on connected subgraphs
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Table 1: Three representative symmetries π (π also shown for easier interpretation of results) of the 4-cycle, the corresponding compressed
graph Gπ, and the size of (π, Gπ). The symmetry shown in row 2 results in a smaller representation than the original graph, making C4 ∈
SC.

G π π Gπ |π| + |Gπ|

1 2

34

(12)(43) (⟨1, 4⟩⟨2, 3⟩) 1 2

34

2 + 3/<|G|

(13) (⟨1, 2⟩⟨2, 3⟩) (⟨1, 4⟩⟨3, 4⟩) 1 2

4

1 + 2 < |G|

(1234) (⟨1, 4⟩⟨1, 2⟩⟨2, 3⟩⟨3, 4⟩) 1 2 3 + 1/<|G|

since any symmetry mapping one tree onto another tree
cannot compress the graph since the number of edges is
less than the number of vertices in a component.

By Lemma 2 we focus only on symmetries where only
one vertex is fixed and is therefore the pivot of the sym-
metry. Based on this pivot (let us say it has k neighbours),
we can partition the entire tree into subtrees T1, . . . , Tk,
where these subtrees are trees originating from the pivot
(all of them contain the pivot). Any symmetry that moves
all the vertices has to map pairs of these trees onto each
other. Without loss of generality we can thus assume that
we have only two trees, T1 and T2.

The two trees are edge disjoint, thus |T1 ∪ T2| = |T1| +
|T2| = 2|T1|. There are |T1| + 1 vertices in |T1|, but since
there is one vertex that remains fixedunder π, weneed |T1|
pairs to describe the symmetry. The size of the representa-
tion is thus |(T1 ∪ T2)π| + |π| = |T1| + |T1| = 2|T1|, which is
the same size as |T1 ∪ T2|.

We now explore the compressibility of cycle graphs.

Theorem 3. For cycle graphs Ck the following holds: if k is
even, Ck ∈ SC, if k is odd Ck ∉ SC.

Proof. If k is even, then the reflexive symmetry which
leaves two vertices fixed compresses the graph. Namely,
the other k − 2 are mapped onto each other, i.e., |π| = k−2

2 .
The graph Gπ constitutes exactly half of the edges of the
original graph, i.e., k2 . The entire size of the representation
is

|π| + |Gπ| = k − 22 + k2 = k − 1 < k = |G|.

Even cycles are therefore symmetry-compressible.
If k is odd, we have to consider both types of symme-

tries that cycles have: rotational and reflective symmetries.

Let us first look at the reflective symmetry, where only
one scenario is possible, namelywhen the cycle is reflected
over one node and one edge (both remain fixed by the sym-
metry). Thus |π| = k−1

2 . This symmetry maps one edge to
itself, all the other edges are mapped to a different edge.
This makes the size of |Gπ| = k−1

2 + 1. The entire size of the
representation is

|π| + |Gπ| = k − 12 + k − 12 + 1 = k = |Ck|.

Andfinallywe investigate the rotational symmetries of
an odd cycle. It is easy to see that the rotational symmetry
does not compress any Ck. Let us suppose we have a rota-
tion for m positions. Let us denote the length of any cycle
as l (all cycles have the same length). Then the number of
the cycles of the permutation is equal to k

l . From this is fol-
lows that

|π| + |Gπ| = kl (l − 1) +
k
l = k −

k
l +

k
l = k = Ck ,

which shows that odd cycles are not symmetry compress-
ible.

The following theorem demonstrates the relation between
π and π for symmetry-compressible graphs.

Theorem 4. A graph G is symmetry-compressible, if and
only if there exists π ∈ Aut(G), such that |π| < |π̄|.

Proof. (=⇒) Assume G ∈ SC, which means there exists a
π ∈ Aut(G) such that |π| < |G| − |Gπ|. Knowing that any
edge permutation π in cycle notation contains exactly all
the edges of G, i.e.,

|G| =
∑︁

c∈cyc(π)

|c|,
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and that Gπ contains exactly one edge from each cycle of
π, i.e.,

|Gπ| =
∑︁

c∈cyc(π)

1,

we can write

|G| − |Gπ| =∑︁
c∈cyc(π)

|c| −
∑︁

c∈cyc(π)

1 =

∑︁
c∈cyc(π)

|c| − 1

which is exactly the definition of |π|. Thus |π| < |π|.
(⇐=) Assuming there exists π ∈ Aut(G) such that |π| <

|π| and knowing that |G| − |Gπ| = |π| we get

|π| < |G| − |Gπ|

and then simply
|π| + |Gπ| < |G|,

which is the definition of G ∈ SC.

3 Near Symmetry-compressible
Graphs

Graphs arising in practice rarely exhibit (non-trivial) sym-
metries, making them non-compressible using the repre-
sentation (π, Gπ). In this section we present an extension
to the class of graphs SC, which includes alsomany graphs
without global symmetries, making it a more viable possi-
bility for compression of realistic graphs.

A graph G might not exhibit any significant symme-
tries, but with a few modifications many new symmetries
might arise, resulting in a symmetry-compressible graph
H. Let us first give the representation of the allowed trans-
formations of G. We restrict the modifications to adding
and removing edges. Both adding and removing an edge
can be described by simply specifying the edge; if the edge
is present in the graph it is a deletion, otherwise it is an ad-
dition of the edge. The entire set of transformations from G
to H can be described as the symmetric difference of both
graphs, i.e., G ⊕ H.

Of course, any graph can be transformed into a
symmetry-compressible graph (e.g. a clique), butweare in-
terested in graphswhere the transformation isworthwhile,
in the sense that it can result in a smaller representation.

Definition 3 (Near Symmetry-Compressible graph). A
graph is near symmetry-compressible (G ∈ NSC) if there

exist H and a π ∈ Aut(H) such that

|π| + |Hπ| + |G ⊕ H| < |G|.

A simple example of anNSC graph is shown in Figure 2.

1 2

34

5
6

7

G(H)
1 2

34

5
6

7

Hπ

Figure 2: A graph G (full lines) which has no symmetries, but isNSC.
The dotted line shows the edge that, when added, induces new
symmetries in the graph, one of them, namely (14)(23), reduces the
representation size by 2, since |G| = 14, but |π| + |Hπ| + |G ⊕ H| =
2 + 9 + 1 = 12.

The following theorem establishes a relation between
the classes SC andNSC.

Theorem 5. For H ⊆ G, H ∈ SC =⇒ G ∈ NSC.

Proof. We know that there exists a π : |π| + |Hπ| < |H|
(since H ∈ SC). We can show that G ∈ NSC by noticing
that |G ⊕ H| = |G| − |H|, from which it follows that:

|π| + |Hπ| + |G ⊕ H| = |π| + |Hπ| + (|G| − |H|) <
< |H| + (|G| − |H|) = |G|,

which is exactly the definition of near symmetry-
compressibility.

4 Algorithms
In this section, we focus on practical compression algo-
rithms, based on the notions of SC and NSC. The first al-
gorithm searches for small compressible patterns inside
the graph, whereas the second algorithm is more general,
finding arbitrary large compressible patterns of a particu-
lar type.

In order to compare the quality of the algorithms, we
must find a suitable measure of how good a compression
is. Since a graph can have more than one symmetry with
the above property, we also define a natural optimization
problem. Let us first define twomeasures of “compressibil-
ity", whichwill enable us to compare different symmetries.
The firstmeasure is the absolute efficiency of the symmetry
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on G

∆(π, G) = |G| − |π| − |Gπ|.

In order to compare the efficiencies of the symmetry
compression on different graphs, we also consider the rel-
ative efficiency of the compression, i.e.,

∆r(π, G) = ∆(π, G)|G| .

For symmetry-compressible graphs ∆r(π, G) ∈ (0, 1).

4.1 Graphlet based compression

In Theorem 5, we showed that graphs containing SC sub-
graphs are NSC. This fact is used here to obtain a simple
andpractical algorithm.Namely,we focus on small graphs
(a.k.a. graphlets). To do this we first find the symmetry-
compressible subset of graphlets with 4 to 9 vertices. Ta-
ble 2 summarizes the results, showing that a significant
number of graphlets can be compressed. To give an idea
of how much these graphlets can be compressed, we also
computed the average and themaximum relative compres-
sion efficiency on these sets.

The algorithm uses a list of these graphlets as the ba-
sis for the compression. For each graphlet G′ in this list,
a maximal set of edge-disjoint subgraphs H ⊆ G that are
isomorphic to G′ are found. All such subgraphs H are re-
moved from G and their symmetry representation (π, Hπ)
is used instead. Algorithm 1 gives a more detailed descrip-
tionof thedescribedprocedure. To achievebetter results (a
higher compression ratio), a heuristic rule is used. Namely,
the list of graphlets is initially sorted by decreasing rela-
tive efficiency. The intuition behind this heuristic is that
we need to find the most compressible patterns first, oth-
erwise the removal of subgraphs makes such patterns less
likely to occur.

Table 2: Symmetry compressible graphlets. We generated all con-
nected graphs of size 4-9, the number of such graphlets is given in
column 2. For each of these graphlets, we checked if it is symmetry-
compressible. The number of such graphlets is given in column 3.
Column 4 gives the average relative eflciency and column 5 gives
the maximum relative eflciency.

# all SC avg. ∆r max. ∆r

4 6 3 0.53 0.67
5 21 13 0.49 0.75
6 112 87 0.43 0.8
7 853 649 0.39 0.86
8 11117 7254 0.34 0.88
9 261080 126221 0.29 0.9

Algorithm 1 Compressing the graph with symmetric
graphlets.

function GraphletCompress(G)
Comp = []
for all (π, G′) ∈ Graphlets do

while ∃H ⊆ G : H ∼= G′ do
let πH be the automorphism for H yielded by π
Comp = Comp + (πH , HπH )
G = G \ H

return Comp + G

The presented algorithm uses the search for sub-
graphs extensively. Even though, in theory, this is a compu-
tationally intractable problem,many practical approaches
exist [5, 6]. These algorithms work well also on large
instances of graphs, especially when pattern graphs are
small. And this is exactly the context we are using it in
our algorithm, so the subgraph isomorphism is tractable
for our application.

4.2 Compression with complete bipartite
graphs

The second algorithm builds on the observation that com-
plete bipartite graphs are very compressible, i.e., have a
large relative efficiency. However, in real graphs, it is dif-
ficult to find large complete bipartite graphs. Instead of
searching for complete subgraphs, the algorithm strives to
find dense bipartite graphs and adds edges to them until
they are complete. In order for this to work, we must in-
vestigate when such addition is possible so that we do not
increase the size of the final representation.

Let us first give a few basic definitions.We denote com-
plete bipartite graphs on two vertex sets U, V as K(U, V).
Let |U| = u and |V| = v. The size of the complete bipar-
tite graph |K(U, V)| = uv. We will also use the notation
G(U, V) to signify the bipartite subgraph of G on vertex
sets U and V. There are many symmetries in K(U, V), we
will use only one, whichworkswell for any choice of u and
v. The symmetry used henceforth is π = (n1n2n3 . . . nu),
where ni ∈ U, therefore |π| = u − 1. The graph K(U, V)π

consists of all the edges from one vertex of U to all vertices
of V, i.e., |K(U, V)π| = v. This results in a representation of
size v + (u − 1), which (for all u, v ≥ 2) is smaller than uv,
i.e., the size of the original graph.

As mentioned earlier, graphs do not necessarily con-
tain (large) complete bipartite subgraphs. However, they
often contain large dense subgraphs, which can be trans-
formed into K(U, V) with only a few additional edges. For
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Figure 3: On the left, the original graph is shown on the top, and the residual graph is shown on the bottom. The graph was compressed
using only the graphlets of sizes up to 5. The four graphlets that construct the final graph are shown on the right, with the corresponding
vertex set. The last graphlet appears 5 times. The size of the residual graph is 25 edges, the size of the first graphlet and the symmetry is
3 + 2, for the second graphlet is 2 + 3, the third graphlet 2 + 2, and the fourth graphlet 5(3 + 1). The cumulative size of the representation is
59 pairs, whereas the original graph has 78 edges.

such almost complete subgraphs, we first explore how
dense such subgraph must be in order to still beNSC.

Theorem 6. A bipartite graph G′ on two vertex sets U, V
where |U| = u, |V| = v isNSC if |G′| > v+u−1+uv

2 .

Proof. Assuming |G′| > v+u−1+uv
2

we get the inequality

v + (u − 1) + uv < 2|G′|

and putting one |G′| on the other side of the inequality
gives us

v + (u − 1) + uv − |G′| < |G′|.

And knowing that

|K(U, V)π| = v, |π| = u − 1,

and
|G′ ⊕ K(U, V)| = uv − |G′|,

gives us

|K(U, V)π| + |π| + |G′ ⊕ K(U, V)| < |G′|,

which shows that G′ ∈ NSC.

The general idea of the algorithm is to repeatedly find
bipartite subgraphs having the above property, remove
them, and represent them with (K(U, V)π , π, G(U, V) ⊕
K(U, V)). To find such a bipartite subgraph, the algorithm
searches only for specific bipartite graphs, obtained in the
following way. For each vertex v ∈ G, a bipartite graph
is extracted. Its set U is simply the set of neighbours of v,
whereas the set V is the set of the neighbours of vertices
in U (which are not already in U). The extracted graph is
then greedily optimized, to obtain a bipartite graph with a
better relative efficiency, which for such graph is defined
as

∆r(G, U, V) = 2|G(U, V)| − |V| − |U| + 1 − |U||V|
|G(U, V)| .
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The greedy optimization checks each vertex v ∈
G(U, V) and computes ∆r when v is present in the graph
and when v (with all adjacent edges) is removed from the
graph. If ∆r is better in the latter case, v is removed from
G(U, v). This process is repeated until no further improve-
ments canbemade. Amongall extracted subgraphs (for all
vertices of G), the one with the largest relative efficiency is
selected and removed from G. This process is repeated un-
til the best relative efficiency becomes non-positive. Algo-
rithm 2 shows this process in more detail.

Algorithm 2 Compressing the graph with dense bipartite
graphs.
function BipartiteCompress(G)

Comp = []
B = {ExtractBipart(G, v) | v ∈ V(G)}
U, V = argmax(U,V)∈B ∆r(G, U, V)
while ∆r(G, U, V) > 0 do

H = G(U, V)
Comp = Comp + (H, πU,V , K(U, V)⊕ H)
G = G \ H
B = {ExtractBipart(G, v) | v ∈ V(G)}
U, V = argmax(U,V)∈B ∆r(G, U, V)

return Comp + G
function ExtractBipart(G, v)

U = NG(v)
V =

⋃︀
u∈U Ng(u) \ U

while ∆r(G, U, V) is improving do
for all v ∈ U and v ∈ V do

if ∆r(G, U, V) < ∆r(G, U \{v}, V) or < (∆r(G, U, V \{v}))
then

U = U \ {v} or V = V \ {v}
return (U, V)

5 Empirical evaluation
To demonstrate the practical potential of the presented
concepts and algorithms, we devised an empirical eval-
uation on a set of real graphs. Most of these graphs are
well-known and used extensively in the various studies
of network sciences. To also demonstrate the potential in
image compression, we generated one example ourselves.
The five well-known graphs are Zachary’s karate club
graph [19] (karate), yeast protein interaction network [4]
(yeast), jazz musicians network [9] (jazz), US electrical
power-grid network [18] (powergrid), and the Facebook
ego network [11] (facebook). We generated one graph from
a binary image of Lena (lena), which is one of the most
well-known images in computer science. The transforma-

Table 3: The empirical evaluation of the two presented algorithms.
The second column gives the size of the graph, the third and fourth
column give the sizes obtained with the graphlets and bipartite
algorithms respectively, and the last column gives the best relative
eflciency obtained for the given testset.

dataset |G| graphlets bipartite best ∆r

karate 78 54 55 31 %
yeast 6650 4969 5372 25%
powergrid 6594 6046 6261 8%
jazz 2742 1246 1306 55%
lena 1339 678 705 49%
facebook 88234 44559 40457 54%

tion of this image to an undirected graph is rather trivial,
we viewed the binary image as an adjacency matrix of a
graph, but suitably shifted to obtain an undirected graph.
All the graphs are undirected and were selected because
they come from a variety of different real applications and
are also structurally diverse.

The two algorithms were run on all instances, and
Table 3 summarizes the obtained results. We compared
the sizes of the uncompressed graph |G|, with the sizes
of the obtained representations by the two algorithms
(graphlets and bipartite). We can first see that the two al-
gorithms have a comparable efficiency, but for practical
applications, the bipartite compression is favorable, since
its running time is significantly better. The obtained re-
sults divide the tests into two groups. The first three graphs
(karate, yeast, powergrid) are less dense graphs, thus their
reduced size is not that significant (31%, 25%, 8% respec-
tively). The power grid is very close to a tree graph, and
we showed that trees are not SC, so this result is not sur-

Figure 4: Binary version of the famous Lena image.
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prising. The second group of graphs (jazz, lena, facebook)
shows a much better reduction in size (55%, 49%, 54% re-
spectively). For an example of the compression, Figure 3
shows the karate club graph compressed with graphlets.

6 Conclusions
Symmetries in graphs give a compact representation of
self-similarities in graphs, which can be used to reduce
redundant information in the classical representations of
this type of data. This article formalizes this intuition. We
introduce a new class of graphs, which we call symmetry-
compressible graphs. Since graphs arising in real applica-
tions do not exhibit (m)any symmetries, we defined an ex-
tended class, near symmetry-compressible graphs, which
are much more suitable for use in practice.

Since this is a new concept, many open questions re-
main. From a theoretical point of view, new properties of
SC graphs can be discovered, and especially a deeper cor-
relation between SC andNSC graphs must be established.
Furthermore, the computational complexity of determin-
ing whether a graph is in SC remains unanswered. This
problem is related to the graph isomorphismproblem, that
iswhywe conjecture this problem tobeGI-hard, but the ex-
act hardness must be determined by correlating it to some
of the many similar problems in computational group the-
ory.

From a practical point of view, the usability of the pre-
sented concepts must be explored more thoroughly. The
global nature of the graph compression has the potential
of improving the existing data compression algorithms,
either as a preprocessing step or as the central part of
the compression. In our empirical evaluation we demon-
strated how much a binary image can be compressed by
using a graph representation, we believe that by combin-
ing these results with a more traditional image compres-
sion technique, better compression can be obtained.
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