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Abstract: This article deals with a high order integration
method based on the Taylor series. The paper showsmany
positive properties of this method on a set of technical ini-
tial value problems. These problems can be transformed
into the autonomous systems of ordinary differential equa-
tions for both linear andnonlinear problems. TheMATLAB
implementation of the method is compared with state-of-
the-art MATLAB solvers.
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1 Introduction
The article dealswith the solution of technical initial value
problems (IVPs). The solution of the technical IVPs means
to find the numerical solution of the system of ordinary dif-
ferential equations (ODEs). In the article, ODEs are solved
using a high order variable-step variable-order numerical
integrationmethod –Modern Taylor SeriesMethod (abbre-
viated as MTSM in the article) [1].

The article consists of several sections. In Section 2,
MTSMand its properties is introduced. Subsections 2.1 and
2.2 focus on the solution of linear and nonlinear problems
using MTSM, respectively. Several examples of linear and
nonlinear problems are introduced in Section 3; namely,
movement of a charged particle (Section 3.1), calculation
of Fourier coefficients (Section 3.2) and Kepler problem
(Section 3.3). The results obtained by MTSM are compared
with state-of-the-art MATLAB solvers. This article extends
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the paper [2]. The newnonlinear problem (Kepler problem)
has been added and other experiments were revised. Non-
linear problems and their solutions using theMTSMare an-
alyzed in detail, including step-by-step simplification and
transformations of the problem into several autonomous
systems that are compared.

The article follows the previously published article [3],
which focused on linear systems of ODEs and their solu-
tions.

2 The Modern Taylor Series Method
This section of the article briefly introduces the developed
method – MTSM. It compiles information from previously
published works, mainly [1, 4, 5] and other works cited
throughout.

An ODE
y′ = f (t, y) , (1)

with initial condition

y(t0) = y0 , (2)

is called an initial value problem. The best-known and the
most accuratemethod of calculating a new value of the nu-
merical solution of an ODE is to construct the Taylor series
in the form

yi+1 = yi + h · f (ti , yi) +
h2
2! · f

′(ti , yi) + . . .

+ h
n

n! · f
[n−1](ti , yi),

(3)

where h is the size of the integration step, yi = y(ti) is the
previous value and yi+1 = y(ti + h) is the next value of the
function y(t) [6].

The MTSM very effectively implements the variable-
step-size, variable-order numerical calculation of differen-
tial equations using the Taylor series’ [1]. It is based on a
recurrent calculation of the Taylor series’ terms for each in-
tegration step. Therefore, the complicated calculation of
higher-order derivatives does not need to be performed,
but rather the value of each Taylor series term can be nu-
merically calculated [1].
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Equation (3) can then be rewritten in the form

yi+1 = DY0 + DY1 + DY2 + · · · + DYn , (4)

where DY denotes the Taylor series’ terms.
The MTSM automatically transforms the input prob-

lem into a system of autonomous ODEs, which allows the
recurrent calculation of terms of the Taylor series. Another
important part of the method is an automatic integration
order setting, i.e. using as many Taylor series terms as the
defined accuracy requires. Let us denote as ORD the func-
tion which changes during the computation and defines
the number of Taylor series terms used in the current inte-
gration step yi+1 (ORDi+1 = n). The MTSM allows for com-
putation with arbitrary accuracy and step-size if variable-
precision arithmetic and higher order of the method is
used.

The first implementation of the MTSM was TKSL/386
(TKSL stands for Taylor-Kunovsky Simulation Language)
[7]. Currently, theMTSMhas been implemented and tested
in MATLAB [8], in C/C++ languages (FOS [9] and TKSL/C
software [10]). Additionally, the method can be effectively
implemented in hardware [11]. Several other implemen-
tations of the Taylor series method in a variable order
and variable step context were presented by different au-
thors e.g. TIDES software [12] and TAYLOR [13], which in-
cludes a detailed description of a variable-step-size ver-
sion. Other implementations based on Taylor series in-
clude ATOMF [14], COSY INFINITY [15], and DAETS [16].
The variable step-size variable-order scheme is also de-
scribed in [17, 18], and [19], where simulations on a paral-
lel computer are shown. An approach based on an approx-
imate formulation of the Taylor methods can be found in
[20].

2.1 Linear Problems

For linear systems of ODEs, Equation (1) is in the form

y′ = Ay + b . (5)

For a linear system of ODEs (5), the Taylor series (3) can be
rewritten in matrix-vector notation as

yi+1 = yi + h(Ayi + b) +
h2
2! A(Ayi + b) + . . .

+ h
n

n! A
(n−1)(Ayi + b) ,

(6)

where A is the constant Jacobian matrix and b is the con-
stant right-hand side. Moreover, Taylor series terms DY in
(4) can be computed recurrently using

DY0 = yi , DY1 = h(Ayi + b),

DYj =
h
j ADYj−1 , j = 2, . . . , n .

(7)

2.2 Nonlinear Problems

The effective solution of nonlinear systems of ODEs is de-
scribed. For such a system, a Taylor series basednumerical
method can be implemented in a very effective way.

Equation (1) for nonlinear systems of ODEs can be
rewritten as

y′ = Ay + B1yjk + B2yjkl + . . . + b , y(0) = y0 , (8)

where A ∈ Rne×ne is the matrix representing the linear
part of the system and B1 ∈ Rne×nmjk , B2 ∈ Rne×nmjkl are
thematrices representing the nonlinear part of the system,
b ∈ Rne is the right-hand side for the forces incoming
to the system, y0 is a vector of the initial conditions, the
symbol ne stands for the number of equations of the sys-
tem of ODEs and the symbols nmjk , nmjkl mean the num-
ber of multiplications. The unknown function yjk ∈ Rnmjk

represents the vector of multiplications yj . * yk and simi-
larly yjkl ∈ Rnmjkl represent the vector of multiplications
yjj . * ykk . * yll, where indexes j, k, jj, kk, ll ∈ (1, . . . , ne)
come frommultiplications terms in the system (8). The op-
eration ‘.*’ stands for element-by-element multiplication,
i.e. yj . * yk is a vector (yj1yk1 , yj2yk2 , . . . , yjnmjk yknmjk )

T .
For simplification, the matrices A, B1, B2, . . . and the

vector b are constant. The higher derivatives of the terms
B1yjk , B2yjkl in (8) can be included in a recurrent calcula-
tion of Taylor series’ terms DYB1 and DYB2

DYB11 = h(B1yjk) , DYB21 = h(B2yjkl) ,

DYB1r =
h
r

⎛⎝B1 r∑︁
p=1

DYj,r−p . * DYk,p−1

⎞⎠ ,

DYB2r =
h
r B2

r−1∑︁
q=0

DYjj,q . *

⎛⎝ r∑︁
p=1

DYkk,r−p−q . * DYll,p−1

⎞⎠ ,

DYr = DYAr−1 + DYB1r−1 + DYB2r−1 , r = 2, . . . , n ,

(9)

where the linear term DYAr−1 is computed using (7).
The Taylor series higher order multiplication terms
DYB3, DYB4, . . . can be calculated recurrently in a simi-
lar way.

3 Selected examples
In this section, several examples of linear and nonlinear
problems are presented and solved using the MTSM. The
MTSMwas implemented inMATLABsoftware [8] using vec-
torization. The results are compared with state-of-the-art
non-stiff solvers inMATLAB, specifically ode23, ode45 and
ode113 [21].
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All experiments were performed using MATLAB 2015a
on the Salomon supercomputer [22]. Note that columns la-
beled as Time of calculation and Ratio are taken as a me-
dian value from 100 runs. Ratios of computation times
ratio = ode/MTSM ≫ 1 indicate significantly faster com-
putation using the MTSM.

3.1 Movement of a charged particle

Movement of a charged particle in a electromagnetic and
electrostatic field is given by Lorenz (electromagnetic)
force [1, 23]

f = q(e + vb), (10)

where e = (ex , ey , ez)T is the electric field, b =
(bx , by , bz)T is the magnetic field, vector v is instanta-
neous velocity of the charged particle with charge q. The
force vector f can be substituted as ma,

ma = q(e + vb) . (11)

We can further suppose that acceleration a in x, y and z
axis (x′′, y′′, z′′) can be calculated as

x′′ = q
m
(︀
ex + y′bz − z′by

)︀
,

y′′ = q
m
(︀
ey + z′bx − x′bz

)︀
,

z′′ = q
m
(︀
ez + x′by − y′bx

)︀
.

(12)

By substituting y = (x′, y′, z′, x, y, z)T , the problem
can be transformed into a system of linear ODEs in a
matrix-vector representation (5),

A =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

0 q
m bz − qm by 0 0 0

− qm bz 0 q
m bx 0 0 0

q
m by − qm bx 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎠
, (13)

where initial conditions are y0 =
(︀
−8 · 107, 0, 0, 0, 0, 0

)︀T .
Constants are set to m = 9.10938356 · 10−31 [kg],
q = −1.6 · 10−19 [C], bx = by = 0, bz = 0.5 [T] and
ex = ey = ez = 0 [T]. Further, the right-hand side b =(︀ q
m ex ,

q
m ey ,

q
m ez , 0, 0, 0

)︀T = 0. The behavior of the elec-
tron is in Figure 1.
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Figure 1: Position of a particle (upper) and trajectory of the particle
(lower).

Results of simulations using IVP (13) for the given pa-
rameters of the electromagnetic and electrostatic fields
and time of simulation t ∈ (0, 10−8) are in Table 1. The
MTSM (with fixed integration step size h = 10−10) calcu-
lates the problem faster than the state-of-the-art MATLAB
ode solvers. The order of the method is ORD = 51 ± 1.

Table 1: Results of calculations for movement of a particle.

Solver Time of
calculation [s]

Ratio Number of steps

MTSM 0.017836 – 100
ode23 193.097 10826.2 2235540
ode45 4.83689 2712.2 213925
ode113 0.78659 44.1 9446
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3.2 Fourier coeflcients

A Fourier series is the limit of the sequence of trigonomet-
ric polynomials that have a cosine part and a sine part.
They aremainly used in the study of phenomenawith a pe-
riodic character. The advantage of the Fourier series is that
the requirements for its convergence to the developed func-
tion is weaker than in the case of the Taylor series. For ex-
ample, the existence of derivatives of all orders of a given
function at a given point is not required. The calculation of
coefficients canbe (especiallywhenusingnumericalmeth-
ods) easier than for the Taylor series.
Any periodic function f (t) can be written as a sum of har-
monics (14) called the Fourier series

f (t) = a02 + a1 cos(ωt) + a2 cos(2ωt) + · · ·

+b1 sin(ωt) + b2 sin(2ωt) + · · · ,
(14)

where

a0 =
2
T

T∫︁
0

f (t) dt, (15)

ak =
2
T

T∫︁
0

f (t) cos(kωt) dt, k = 1, 2, 3, . . . , n , (16)

bk =
2
T

T∫︁
0

f (t) sin(kωt) dt, k = 1, 2, 3, . . . , n , (17)

where T is the period of the function f (t). The calculation
of the Fourier series’ coefficients requires the calculation
of definite integrals. The definite integral

Y =
T∫︁

0

f (x) dx (18)

can be transformed into the differential equation

y′ = f (x) y(0) = 0 , (19)

where y(T) = Y and T denotes the maximum time of simu-
lation t ∈ (0, T). Note that the same approach can be used
for the calculation of multiple definite integrals. More de-
tails about transformation and numerical solution of defi-
nite integrals using the MTSM can be found in [24].

For example, the analytic calculation of coefficient A2
using the definite integral

A2 =
2
T

T∫︁
0

f (t) cos(2ωt) dt (20)

can be transformed into the IVP

a′2 =
2
T f (t) cos(2ωt), a2(0) = 0 . (21)

The solution of the IVP (21) at the maximum time T rep-
resents the calculated value of the definite integral (20)
(A0 ≈ a0(T), A2 ≈ a2(T)).

As an example, consider the simple harmonic func-
tion

f (t) = sin2(ωt) (22)

with parameters ω = 2π
T [rad · s], T = 2 [s]. The coefficients

of the Fourier series of (22) given by

sin2(ωt) = a02 + a2 cos(2ωt) (23)

can be calculated analytically

sin2(ωt) = 1
2 −

1
2 cos(2ωt) (24)

as A0 = 1 and A2 = −12 . The coefficients can be calculated
numerically using the following system of ODEs

a′0 = f (t) a0(0) = 0

a′2 =
2
T f (t) cos(2ωt) a2(0) = 0 .

(25)

The solution of the IVP in t ∈ (0, T), where T = 2 [s] is
in Figure 2. The final values of functions a0(t) and a2(t)
show the calculated values of Fourier coefficients a0(T) =
1, a2(T) = −0.5.
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Figure 2: Fourier coeflcients of f (t) = sin2(ωt).

The IVP (25) can be transformed into different au-
tonomous systems with auxiliary generating equations.
The first simple substitution y = (a0, a2, sin(ωt), cos(ωt),
sin(2ωt), cos(2ωt))T leads to the following nonlinear sys-
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tem of ODEs

y′1 = y23 y1(0) = 0

y′2 =
2
T y

2
3y6 y2(0) = 0

y′3 = ωy4 y3(0) = 0
y′4 = −ωy3 y4(0) = 1
y′5 = 2ωy6 y5(0) = 0
y′6 = −2ωy5 y6(0) = 1 .

(26)

The first experiments with (26) with multiplication of 3
terms (y23y6) in the second equation were performed in [2].
The more effective way of solving the IVP (25) is to trans-
form it into the autonomous system with fewer multipli-
cations or even better to the linear system of ODEs. The
next substitution y = (a0, a2, sin2(ωt), sin(ωt) cos(ωt),
cos2(ωt), cos(2ωt), sin(2ωt))T leads to the following non-
linear systemofODEswith atmost two termmultiplication

y′1 = y3 y1(0) = 0

y′2 =
2
T y3y6 y2(0) = 0

y′3 = 2ωy4 y3(0) = 0
y′4 = ω(y5 − y3) y4(0) = 0
y′5 = −2ωy4 y5(0) = 1
y′6 = −2ωy7 y6(0) = 1
y′7 = 2ωy6 y7(0) = 0 .

(27)

The last transformation of the IVP (25) using substitution
y = (a0, a2, sin2(ωt), sin(ωt) cos(ωt), cos2(ωt), sin2(ωt)
cos(2ωt), sin2(ωt) sin(2ωt), sin(ωt) cos(ωt) cos(2ωt),
sin(ωt) cos(ωt) sin(2ωt), cos2(ωt) cos(2ωt), cos2(ωt)
sin(2ωt))T leads to the linear IVP

y′1 = y3 y1(0) = 0

y′2 =
2
T y6 y2(0) = 0

y′3 = 2ωy4 y3(0) = 0
y′4 = ω(y5 − y3) y4(0) = 0
y′5 = −2ωy4 y5(0) = 1
y′6 = 2ω(y8 − y7) y6(0) = 0
y′7 = 2ω(y9 + y6) y7(0) = 0
y′8 = ω(y10 − y6 − 2y9) y8(0) = 0
y′9 = ω(y11 − y7 + 2y8) y9(0) = 0
y′10 = −2ω(y8 + y11) y10(0) = 1
y′11 = −2ω(y9 − y10) y11(0) = 0 .

(28)

Results of the calculation of the Fourier coefficients
using IVPs (27) and (28) are in Tables 2 and Table 3, re-
spectively. The tolerance for all solvers was set to 10−10

Table 2: Results of calculations for Fourier coeflcients, Eq. (27).

Solver Time of calculation [s] Ratio ||error||
MTSM 0.00135245 – 2.7e−15
ode23 0.392118 289.9 7.2e−10
ode45 0.0294324 21.8 8.3e−11
ode113 0.0122999 9.1 1.4e−11

Table 3: Results of calculations for Fourier coeflcients, Eq. (28).

Solver Time of calculation [s] Ratio ||error||
MTSM 0.0006809 – 1.1e−11
ode23 0.533741 783.9 2.9e−13
ode45 0.0456895 67.1 1.8e−12
ode113 0.0159332 23.4 1.6e−10

with fixed integration step size for the MTSM solver set at
h = 0.4 in all cases. The column labeled ||error|| shows the
norm of the error between analytic (A0, A2) and numerical
solution (a0(T), a2(T)). The results show that the MTSM
is faster and more accurate than all tested state-of-the-art
solvers. The average order used by the MTSM method is
ORD = 25 ± 1.

3.3 Kepler problem

TheKepler problemdescribes themotion of a single planet
around a heavy sun [25]. The problem is simplified so that
the planet does not gravitationally influence the sun and
the sun is treated as stationary. Themotion of the planet is
also limited to the plane (it does not move up or down).

Let y1(t) and y2(t) denote rectangular coordinates cen-
tered at the sun, specifying at time t the position of the
planet. Also let y3(t) and y4(t) denote a components of ve-
locity in the y1 and y2 directions. If M denotes the mass
of the sun, 𝛾 the gravitational constant and m mass of the
planet, then the attractive force will have the magnitude

𝛾Mm
y21 + y22

.

The accelerations of the planet in y1 and y2 directions can
be calculated as follows:

−𝛾My1(︀
y21 + y22

)︀ 3
2

−𝛾My2(︀
y21 + y22

)︀ 3
2
,

(29)

where thenegative signdenotes the inwarddirection of the
acceleration. By adjusting the scales of the variables, the
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factor 𝛾M can be removed. The system of ODEs represent-
ing the motion is as follows:

y′1 = y3 y1(0) = 1 − e
y′2 = y4 y2(0) = 0

y′3 =
−y1
r3 y3(0) = 0

y′4 =
−y2
r3 y4(0) =

√︂
1 + e
1 − e ,

(30)

where e is an eccentricity of a rotating body, and
r =
√︁
y21 + y22. The solution of this system is knownand can

be either elipses, parabollas or hyperbolas.
The analytical solution of the Kepler problem (30) is

defined by the following ellipse

(y1 + e)2 +
y22

1 − e2 − 1 = 0 . (31)

The trajectory for e = 0.75 is in Figure 6 (right). The change
in y1 and y2 coordinates in time for different values of e
is in Figure 3. The first experiments with solution of the
system (30) using the MTSM were performed in [26].

To solve the system (30) using the MTSM with recur-
rent calculation of the Taylor series’ terms (9) the systemof
ODEs has to be transformed to the new autonomous equiv-
alent system (8).

The term 1
r3 has to be replaced by the equivalent gen-

erating ODEs that are added to (30). First, the term r3 is
substituted to give

y5 =
(︂√︁

y21 + y22
)︂3

= (y21 + y22)
3
2

y′5 =
3
2(y

2
1 + y22)

1
2 (2y1y′1 + 2y2y′2)

= 3(y21 + y22)
1
2 (y1y3 + y2y4) .

Then the substitution of the term (y21 + y22)
1
2 is introduced

to give

y6 = (y21 + y22)
1
2

y′6 =
1
2(y

2
1 + y22)−

1
2 (2y1y′1 + 2y2y′2)

= (y21 + y22)−
1
2 (y1y3 + y2y4)

= (y1y3 + y2y4)
(y21 + y22)

1
2

= (y1y3 + y2y4)
y6

.

After the previous substitution, the terms that contain
operation division (y−15 and y−16 ) can be removed from the
system using the following auxiliary ODEs

y7 =
1
y5

= y−15
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Figure 3: Kepler problem, solution: e = 0.25 (left), e = 0.5 (middle), e = 0.75 (right).
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y′7 = −y−15 y′5
= −y27y′5 = −y27(3y6(y1y3 + y2y4))
= −3y6y27(y1y3 + y2y4)

y8 =
1
y6

= y−16

y′8 = −y−26 y′6
= −y28y′6 = −y28(y8(y1y3 + y2y4))
= −y38(y1y3 + y2y4) .

The new autonomous system of ODEs with the substituted
equations without operation division is obtained to give

y′1 = y3
y′2 = y4
y′3 = −y7y1
y′4 = −y7y2
y′5 = 3y6(y1y3 + y2y4)
y′6 = y8(y1y3 + y2y4)
y′7 = −3y6y27(y1y3 + y2y4)
y′8 = −y38(y1y3 + y2y4) .

(32)

The correct initial values for all auxiliary ODEs fol-
low: y(0) = (1 − e, 0, 0,

√︁
1+e
1−e ,(

√︀
y1(0)2 + y2(0)2)3,√︀

y1(0)2 + y2(0)2), 1
y5(0) ,

1
y6(0)

)T . The new IVP (32) is equiv-
alent to the original Kepler problem (30).

Note that the new IVP (32) is an autonomous system
of ODEs with operation multiplication in the form (8), and
such system can be solved using the MTSM with recurrent
calculation of the Taylor series’ terms using (9).

The matrix-vector representation (8) of the system (32)
is as follows:

– the 8 × 8 matrix A has two non-zero elements
A(1, 3) = 1, A(2, 4) = 1,

– the 2 × 8 matrix B1 has two nonzero elements
B1(3, 1) = −1, B1(4, 2) = −1,

– the 8 × 4 matrix B2 has four nonzero elements
B2(5, 1) = 3, B2(5, 2) = 3, B2(6, 3) = 1, B2(6, 4) = 1,

– the 8 × 4 matrix B4 is defined with four nonzero el-
ements B4(7, 1) = −3, B4(7, 2) = −3, B4(8, 3) = −1,
B4(8, 4) = −1.

The vectors on the right hand side of (8) are defined as fol-
lows:

yjk =
(︃
y1y7
y2y7

)︃
yjkl =

⎛⎜⎜⎜⎝
y6y1y3
y6y2y4
y1y3y8
y2y4y8

⎞⎟⎟⎟⎠

yjklmn =

⎛⎜⎜⎜⎝
y6y1y3y7y7
y6y2y4y7y7
y1y3y8y8y8
y2y4y8y8y8

⎞⎟⎟⎟⎠ .

The system of ODEs (32) can be further simplified by
reducing the number of multiplications. By substituting
(y1y3 + y2y4) we obtain another auxiliary ODE:

y9 = y1y3 + y2y4
y′9 = y′1y3 + y1y′3 + y′2y4 + y2y′4

= y23 + y24 − y21y7 − y22y7 .

Adding the new equation into (32) decreases the number
of multiplications to four. We obtain the following:

y′1 = y3
y′2 = y4
y′3 = −y7y1
y′4 = −y7y2
y′5 = 3y6y9
y′6 = y8y9
y′7 = −3y6y27y9
y′8 = −y38y9
y′9 = y23 + y24 − y7(y21 + y22) .

(33)

Again, the correct initial values for all auxil-
iary ODEs are added: y(0) = (1 − e, 0, 0,√︁

1+e
1−e ,(

√︀
y1(0)2 + y2(0)2)3,

√︀
y1(0)2 + y2(0)2), 1

y5(0) ,
1

y6(0)
,
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y1(0)y3(0) + y2(0)y4(0))T . The new IVP (33) is equivalent
to the original Kepler problem (30) and with (32).
The matrix-vector representation of the ODEs system (33)
using the notation of (8) is as follows:

– the 9 × 9 matrix A has two non-zero elements
A(1, 3) = 1, A(2, 4) = 1,

– the 9 × 9 matrix B1 has eight nonzero elements
B1(3, 1) = −1, B1(4, 2) = −1, B1(5, 3) = 3, B1(6, 4) =
1, B1(9, 5) = 1, B1(9, 6) = 1, B1(9, 7) = −1,
B1(9, 8) = −1,

– the 9 × 2 matrix B2 has two nonzero elements
B2(9, 1) = −1, B2(9, 2) = −1,

– the 9 × 2 matrix B3 has two nonzero elements
B3(7, 1) = −3, B3(8, 2) = −1.

The vectors on the right hand side of (8) are defined as fol-
lows:

yjk =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

y1y7
y2y7
y6y9
y8y9
y3y3
y4y4
y1y7
y2y7

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

yjkl =
(︃
y7y1y1
y7y2y2

)︃

yjklm =
(︃
y6y7y7y9
y8y8y8y9

)︃
.

The number of multiplications can be decreased even fur-
ther by simplifying the remaining ODEs with four multipli-
cations. The multiplication y6y9 can be substituted by an
auxiliary ODE:

y10 = y6y9
y′10 = y′6y9 + y6y′9

= y8y9y9 + y6y23 + y6y24 − y6y7(y21 + y22) .

A new multiplication (y8y9) in the auxiliary ODE can also
be substituted, to give

y11 = y8y9
y′11 = y′8y9 + y8y′9

= −y38y29 + y8(y23 + y24 − y7(y21 + y22))
= −y8y211 + y8(y23 + y24 − y7(y21 + y22)) .

Finally, the bracket (y21 + y22) can be substituted to give

y12 = y21 + y22
y′12 = 2y1y′1 + 2y2y′2 = 2y1y3 + 2y2y4

= 2y1y3 + 2y2y4 .

Adding the three new auxiliary ODEs into (33) de-
creases the number of multiplications to three

y′1 = y3
y′2 = y4
y′3 = −y7y1
y′4 = −y7y2
y′5 = 3y10
y′6 = y11
y′7 = −3y27y10
y′8 = −y28y11
y′9 = y23 + y24 − y7y12
y′10 = y9y11 + y6y23 + y6y24 − y6y7y12
y′11 = −y8y211 + y8y23 + y8y24 − y8y7y12
y′12 = 2y1y3 + 2y2y4 .

(34)

The correct initial values to all auxiliary ODEs
are added as follows: y(0) = (1 − e, 0, 0,√︁

1+e
1−e ,(

√︀
y1(0)2 + y2(0)2)3,

√︀
y1(0)2 + y2(0)2), 1

y5(0) ,
1

y6(0)
,

y1(0)y3(0) + y2(0)y4(0),y6(0)y9(0),y8(0)y9(0), y1(0)2 +
y2(0)2)T . The new IVP (34) is equivalent to all previous
systems ((30), (32) and (33)).

The matrix-vector representation of the ODEs system
(34) in the (8) notation follows:

– the 12 × 12 matrix A has four non-zero elements
A(1, 3) = 1, A(2, 4) = 1, A(5, 10) = 3, A(6, 11) = 1,

– the 12 × 8 matrix B1 has eight nonzero elements
B1(3, 1) = −1, B1(4, 2) = −1, B1(9, 3) = 1, B1(9, 4) =
1, B1(9, 5) = −1, B1(10, 6) = 1, B1(12, 7) = 2,
B1(12, 8) = 2,

– the 12 × 9 matrix B2 has nine nonzero elements
B2(7, 1) = −3, B2(8, 2) = −1, B2(10, 3) = 1,
B2(10, 4) = 1, B2(10, 5) = −1, B2(11, 6) = −1,
B2(11, 7) = 1, B2(11, 8) = 1, B2(11, 9) = −1.

The vectors on the right hand side of (8) are defined as
follows:

yjk =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

y1y7
y2y7
y3y3
y4y4
y7y12
y7y11
y1y3
y2y4

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
yjkl =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

y7y7y10
y8y8y11
y6y3y3
y6y4y4
y6y7y12
y8y11y11
y8y3y3
y8y4y4
y8y7y12

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
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Figure 6: Kepler problem, circuit test for the solvers (from the left): ode23, ode45, ode113, MTSM.

Table 4: Results for Kepler problem, Eq. (32).

ode23 ode45 ode113 expTay
e ratio ratio ratio [s]

0.25 146.4 4.7 1.3 0.0293
0.5 122.8 4.1 1.0 0.0536
0.75 90.4 3.0 0.7 0.1158

Table 5: Results for Kepler problem, Eq. (33).

ode23 ode45 ode113 expTay
e ratio ratio ratio [s]

0.25 213.9 6.8 1.8 0.0205
0.5 174.4 5.7 1.5 0.0377
0.75 145.1 4.8 1.2 0.073

Table 6: Results for Kepler problem, Eq. (34).

ode23 ode45 ode113 expTay
e ratio ratio ratio [s]

0.25 312.2 12.1 2.5 0.0144
0.5 262.5 9.1 2.1 0.0263
0.75 221.3 7.4 1.7 0.0509

The benchmark results of (32), (33), (34) for theMTSMwith
fixed integration step size h0.25 = π/25, h0.5 = π/50,
h0.75 = π/100 and e = 0.25, e = 0.5, e = 0.75 are in Ta-
bles 4, 5 and 6, respectively. The tolerances for all solvers
were set to obtain the ||error|| = 10−8, where the ||error||
is computed as the norm of (31). Themaximum time of the
simulation is set to 2 cycles, T = 4 · π [s]. The obtained ra-
tios indicate faster computation of theMTSM inmost cases
(ratio > 1).

The autonomous system with low number of multi-
plications (34) is the fastest one, see Table 6. The greater
number ofmultiplications slowsdown the calculation con-
siderably. The ratios between the slowest system (32) and
the systems of ODEs (33) and (34) for different values of e
are in Table 7. The table shows that the system with three

Table 7: Comparison between times of calculation of autonomous
system (32) and systems (33), (34).

expTay (32)/(33) expTay (32)/(34)
e ratio ratio

0.25 1.43 2.03
0.5 1.42 2.04
0.75 1.59 2.28

Table 8: Number of integration steps, Kepler problem (34).

number of steps
e ode23 ode45 ode113 expTay

0.25 105180 8916 419 100
0.5 161323 12148 654 200
0.75 262631 19288 955 400

term multiplication (34) is approximately two times faster
than the system with five term multiplication (32). The dif-
ference is caused by the large number of multiplications
of higher order terms in the Taylor series. Currently, the
Taylor series’ terms are computed directly using (9) with-
out any optimization to decrease the number of multipli-
cations.

Table 8 shows the number of integration steps for dif-
ferent values of e. The number of integration steps grows
with increasing values of the constant e. The Kepler prob-
lem becomes stiff for a larger constant e. Explicit numeri-
cal methods have difficulties with such systems.
The stiffness indicator σ for the time normalized Kepler
problem with different values of constant e is in Fig-
ure 5 [27].

The MTSM automatically detects the stiffness in the
system and uses larger order (more terms of the Taylor se-
ries) in rapidly changing parts of solutions, see Figures 3
and Figure 4.

The last experiment shows that the solution of the Ke-
pler problem becomes unstable using the state-of-the-art
solvers. Results for T = 200 · π [s] and e = 0.75 are in Fig-
ure 6. The default error control tolerance Tol = 10−6 was



Taylor Series Based Numerical Integration Method | 69

set for all solvers. Only the MTSM provides a stable solu-
tion, see Figure 6 (right).

4 Conclusion
The article dealt with the numerical solution of both linear
and nonlinear IVPs represented by a system of ODEs. The
results showed that the MTSM overperforms state-of-the-
art MATLAB ode solvers inmost cases and that themethod
is more stable in some cases. Future research will focus on
further improvements and optimizations of the nonlinear
MTSM solver.
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