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1. I n t r o d u c t i o n 
In [l] a f u n c t i o n a l i t e r a t i v e scheme to so lve numer ica l ly 

n o n l i n e a r systems of equa t ions has been developed by p e r t u r b i n g 
n o n l i n e a r J a c o b i i t e r a t i o n s . The same concept was broadened and 
d i scussed from v a r i o u s a s p e c t s , both mathematical and computa-
t i o n a l , i n [4] , [5] , [6] . The advantages of such per turbed 
i t e r a t i v e schemes over o the r e x i s t i n g methods, f o r example, 
Newton's method, non l inea r J acob i and Gauss-Seidel methods we-
r e a l s o d i scussed in these a r t i c l e s [l] , [4J , [5] , [6] wi th 
a p p r o p r i a t e examples. These d i s c u s s i o n s a re not r epea ted h e r e . 
However, an a n a l y s i s of convergence p r o p e r t i e s of these me-
thods seem to be dea l ing wi th s p e c i a l cases of per turbed f u n c -
t i o n a l i t e r a t i o n s . In t h i s a r t i c l e , these p r o p e r t i e s have been 
der ived from one uniform p r i n c i p l e and as such theorems on 
convergence der ived be fo re become simply p a r t i c u l a r cases of 
the convergence theorem der ived h e r e . Thus, w i t h i n the f r ame-
work of t h i s c o n t e x t , t h i s a r t i c l e i s of a t h e o r e t i c a l n a t u r e . 
I t may be worth mentioning t h a t theorems on convergence of 
f u n c t i o n a l i t e r a t i o n s given in [3] are a l s o p a r t i c u l a r cases 
of the p r i n c i p l e developed h e r e . As an example, we considered 
here n o n l i n e a r Jacob i i t e r a t i o n s . 

In [2] , s t a b i l i t y and convergence p r o p e r t i e s of n o n l i n e a r 
p a r t i a l d i f f e r e n c e equa t ions were ana lyzed . This a n a l y a i s 
d e a l s with, a sequence of m a t r i c e s , having v a r i a b l e e lements , 
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whioh damp out instabilities and errors and thereby cause oon-
vergenoe. These matrices, called decaying matrices or D-matri-
ces, have been found to be applicable to the convergence ana-
lysis of nonlinear functional iterative schemes. This study 
has been oonducted in this artiole. 

2. Mathematical preliminaries 
m m 

Let R be a real n-dimensional space and x=(x̂ ,x2,... ,xn) 
e Q c Rn. Let A be a square matrix (nxn) whose elements 
are : Q — Q. If there exists a oonstant L such 
that for every xeQ la^xJI^L, i=1,2,...,n; j = 
= 1,2,...,n, then A is a bounded matrix on Q. Limits of 
matrices with variable elements have been discussed quite 
thoroughly in [7]. k / k k k>T Let x = (x.j ,x2,... ,xn) eQ. We oonsider a recurrsive 
matrix equation 

(1 ) xk = Akxk"1 (k = 1,2,...), 

where A^'s are commuting, bounded square matrices (nxn) 
having elements a ^ = where b e R n remains in-
variant. 

If there exist .certain conditions such that as k — 00 , 
xk — 0 the motion given by (1 I is called a motion of deca-
dence of x on Q. A study of these conditions will now be 
done. 

Let us assume that {Â j- forms a sequence of bounded 
square matrices of the same type. Let these matrices have cer-
tain properties such that the sequence: A^A^, Â  «A^'A^,..., 

...'•Ajc>... tend to $ as . Then we have the 
following: 

D e f i n i t i o n 1. The sequence {A^} called 
a decaying sequence of matrices and each matrix A^ is called 
a decaying matrix or a D-matrix on Q. 
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General ized convergence a n a l y s i s 3 

Since II A II = 0 i f f A = Ak s a re D-matr ices i f f 

(2) lim IIA1 Ap . . . Ak || = 0 . 
k—oo 

Severa l p r o p e r t i e s of D-matr ices have been d iscussed i n [2] . 
A few of them may be mentioned h e r e . 

T h e o r e m 1. Equat ion (1J g ives a motion of d e -
cayness i f f f o r every k and x°e Q, A^ i s a D-matrix on Q. 

P r o o f . x k = Akxk"1 = A kA k_ 1x k" 2 = . . . = A ^ ^ . . . 
Ax-0 

• « • XI «j A • 

Since f o r every k Ak i s a D-matr ix , the ma t r i ces Ak a re 
bounded and commuting. Thus, l im Ai A„ . . . A. = $ which k —00 1 d K 

proves the theorem. 
T h e o r e m 2. A s u f f i c i e n t cond i t i on f o r Ak t o be 

a D-matrix f o r every k >K i s llA ÎI < a < 1 f o r some q-norm. 
P r o o f . Sinoe IIA1 A2 . . . Anli <fiA1llq . . . . . . IIakII IUK + 1llq . . . IUnllq and f o r every k >K, ||Akll < a < 1 

hence l im IIÂ  A„ . . . Anll = 0 , which proves the theorem, 
n—00 

3. Per turbed Jacob i i t e r a t i o n s f o r coupled n o n l i n e a r s y s -
tems 

Let us cons ide r a coupled non l inea r system 

(3) x i = G i ( x 1 , x 2 x n ) , 

where 

x 1 = (x*x§ . . . x ^ e q i c R 1 1 , 

G1 = (g}g | . . . G^)^ G Q̂ - c R n , i = 1 , 2 , . . . , n . 

Thus, each G1 : Q1 x Q2 x . . . x Qn c E n x Rn x . . . x Rn — Q 1 . 
Let Q = Q1 x Q2

 x . . . x Qn and R = E n * K n x . . . x R n . We 
assume t h a t (3) has a s o l u t i o n in Q, given by 

x 1 ' * . ( x } ' * x |** . . . x ^ W . 
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Therefore, for every i 

U) x1'* = G^x1'* x2'* . . . xn>*). 

The nonlinear Jacobi iterations may be expressed as 

(5) x1'* = G 1 ' ^ 1 , 

i k i where x ' is the value of x at the kth iteration and, 

(6) a1'*"1 = G ^ x 1 ^ " 1 x2'k~1 ... xn'k~1 ). 

A perturbed Jacobi iteration, in the element form, may be 
expressed as 

(7) x3' k = wJ' k + Gj'k"1 

(i = 1,2,...n; j = 1,2,...n), 
i k 

where w..' are the perturbation parameters which are yet to 
be computed. To do this, we assume that: 
(i) these parameters are small with respeot to the other 

terms in (7) and the squares of them may be neglected, 
(ii) for every x ie Q 1 and all i,j we have 3Gj/3x^ j* 1, 
(iii) for every x i e Q i and all i,j, 32G^/3x^2 is bounded. 
Assuming convergence after (k-1) iterations, we have for all 
i.d 

x - xj - xi -

Hence from (7) we obtain 

(8) wj'k + G^'k-1 = G ^ x 1 ' ^ ^ 2 ^ - 1 . . ^ 1 - 1 ^ - 1 ; 

i,k-1 _i,k-1 i,k Gi,k-1 i,k-1 ,i,k-1. 
X1 ' wj + ^ ' xj+1 * * * n » 
xi+1'k-1...xn'k-1). 
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General ized convergence a n a l y s i s 5 

I f the r i g h t s ide of (8) i s expanded i n a T a y l o r ' s s e r i e s 
and the assumptions ( i ) f ( i i ) and ( i i i ) a re a p p l i e d , one may 
ge t 

(9) 

where, 

( 1 0 ) 

( i = 1 , 2 , . . . n ; j = 1 , 2 , . . . n ; k = 1 , 2 , . . . ) , 

a p - 1 = G j t x 1 ^ - 1 , . . . « 1 - 1 ^ - 1 , x 1 ^ - 1 . . . 

x n , k - 1 } 
• • • f A / 

and 

( 1 1 ) 
a 4 
a x f 

J 
!•••»•*• »X-J , . • . , 

i , k - 1 „ i , k - 1 i , k - 1 

i , k - 1 i + l , k - 1 n ,k -1 \ 
A J J , . . . X / < 

Thus the a lgor i thm of a per turbed J acob i i t e r a t i o n to s o l -
ve coupled non l inea r system numerical ly c o n s i s t s of the f o l -
lowing s t e p s : 
1_. Make an i n i t i a l guess x 1 » 0 = ( x 1 , 0 . . . x n , 0 ) T e Q 1 f o r each 

i = 1 , 2 , . . . n . 
Then, a t some k th i t e r a t i o n 
2 . Compute w ^ , k using ( 9 ) . 

3. Compute using ( 7 ) . J 
The convergence c r i t e r i o n i s 

( 1 2 ) 
i , 3 t ' 1 

where 6 i s p o s i t i v e and a r b i t r a r i l y sma l l . 
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In [l] we have recorded that condition (12) may be both 
necessary and sufficient for convergence. Here, we will apply 
a more general analysis of this property. 

4» Analysis of convergence 
Let x = (x1 x 2 ... xn)T. Then xeQ and (3) may be ex-

pressed as x = G(x) where G s Q — Q. 
By convergence of iterations it is meant 

lim xi'k = x*»* for all i,j. 
k—oo 3 J 

This implies 

(13) lim xk = x*. k—oo 

Obviously, (7) may be expressed as 

(14) xk = w k + Gk~1. 

Since convergence of iterations according to (4) also implies 
V—1 * « lim G = G = x , a necessary condition for convergence k—oo 

is that 

(15) lim || wk|| = 0 k — 
for some norm. This equation implies (12). We need to prove 
now that (15) may also be a sufficient condition for conver-
gence. 

Let Ixl = (Ix^lxgl ... lxnl)T. Let xk = H(xk~1) be 
a recursive relation such that xke Q. Furthermore, let for 
a e Q 

(16) I H (xk) * H(a) I = Ak |xk - ocl, 

where A,, is an isotone matrix (and obviously for nonlinear 
k cases, A^ = A^ix , a)). 
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Generalized convergence analysis 7 

D e f i n i t i o n 2. If for every k A k is a D-ma-

trix on Q, H is oalled a D-mapping on Q. 

T h e o r e m 3» If G is a D-mapping on Q and 

(17) lim !wk! = 0 
k —oo 

the iterative scheme (14) will converge to x* and x* is 

the7fixed point of G in Q. Furthermore, if (I - A.)-1 

k * 
exists for all x eQ, x is the unique fixed point of G. 

P r o o f . Because we have 

(18) lxk - x U l w k l + ¡G(xk"1 ) - G(x*) I< 

_k> . ^ „ k - 1 „* < I w | + A,J x - x i ̂  ... 

k 

^ ¿ L A k A k - V A j + 1 1 w 3 1 + Al£Ak.l...A1lx
0-ac#l< 

3=1 
k 0 

( Ak Ak-t*-- Ak f. +i
, ( Ak n

Ak n-r--
Aj +i

,l w 31 + 

j=1 1 0 0 

k 

+ Z ] ( V k . i ' " V i ) | w 3 | + A A . r " 

d = V 1 

• • • A^ I x •• x I | 

and equation (17) implies that for some + 1, [v/k|<t, 

hence from (18) we get 
k 0 

(19) lx k-x'|<(A k A k _ r . . A v 1 ) ] T A k Q A v 1 . . . A j + l | w* | + 

k 
+ Z I u k i w " t A i + i

) £ + A i t A w ' " A i | x 0 " x ' 1 ' 
j=k0+1 
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S i n o e | | | * | | | = | | x | ( , w e h a v e f o r a n y n o r m 
kO 

(20) II x k - x * l l < I I A ^ . A ^ ^ . A ^ H ( A ^ A k o _ 1 . . . A ; ) + 1 ) l w 3 | l l + 

k 
+ II ^ Z

 A k A k - 1 , , , A j + 1 II ' i e n + II A k A k . . . A || • II x 0 - x * ] | . 
d=k 0 +1 

S i n c e A j . i s a D - m a t r i x , l i m A ^ A p . . . A k = 0 , g i v i n g 
k—oo 

l i m II A 1 A 0 . . . A l r | | = 0 a n d l i m II A t - A v . . . . A . II = 0. H e n c e , 
k — o o 1 d K • k — o o K o + 0 + 4 i 

£ b e i n g a r b i t r a r i l y s m a l l , l i m H x * - x * | | = 0 w h i o h e s t a b l i -
k - o o 

s h e e o o n v e r g e n o e . 
T o p r o v e u n i q u e n e s s f w e a s s u m e t h a t x = y * i s a s e o o n d 

r o o t , J T h e n 
I x * - y * | = I G ( x * ) - G ( y * ) I = A # l x * - y * I . 

T h u s , 
( I - A # ) ] x * - y * | = 0 . 

S i n c e , ( I - A k ) i s n o n s i n g u l a r f o r a l l k , w e h a v e 
| x * - 7 * 1 = 0 o r , x * = y * . F o r t h e o r d i n a r y n o n l i n e a r J a -

c o b ! i t e r a t i o n s , 

(21) x k = G ( x k - 1 ) , 

a n d w e c a n p r o v e t h e f o l l o w i n g t h e o r e m . 
T h e o r e m 4 . T h e i t e r a t i o n s ( 2 1 ) c o n v e r g e t o x * 

i f f G i s a D - m a p p i n g o n Q . 
P r o o f . S i n c e x * e Q , w e h a v e 

| x k - x * | = | G ( x k - 1 ) - G ( x * ) | = A k | x k - 1 - x * | = 

= • • • = A^ • • • ^^ ^ ^ " x I § 

T h u s c o n v e r g e n c e f o l l o w s f o r a l l I x ° - x * I i f f A k i s a 
D - m a t r i x . 
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' Generalized convergence analysis 9 

We may also prove that 
T h e o r e m 5» If G is a D-mapping and for eve-

—1 * ry k (I - Ajj.) exists, then x = x is the unique fixed 
point of G on Q. 

The proof follows from Theorems 3 and 4. 
These theorems reveal the apparent differences of conver-

gence properties of perturbed and ordinary Jacobi iterations 
for nonlinear equations. 

5. Discussions 
Praotical applications of D-matrices may be found in [2]. 

The basic concept of suoh a matrix is certainly an extension 
of that of a convergent matrix. One main drawback of conver-
gent matrioes is that product of two convergent matriaes is 
not necessarily a convergent matrix. For example if 

0 1 
0 0 

and B 
1 -1 

1 -1 

then p(A) = p(B) 
of A, but 

0, where p(A) is a spectral radius 

AB 
1 - 1 

0 0 
p(ÀB) = 1. 

Thus, although A and B are convergent matrices, AB is 
not e convergent matrix. If for every k, <1 for some 
norm, A^ is a convergent matrix but may not be a D-matrix. 
But if for every k, ||Ajcll<a<1, Ak is both s convergent 
matrix as well as a D-matrix. However, if -iÂ j form a se-
quence of D-matrices their product —- 0 , whereas if jA^j 
form a sequence of convergent matrices, their product may not 
tend to be a null matrix. There are many other very aubtle 
differences between these two groups of matrices some of v;hich 
have been discussed in [2]. We may still note that 
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10 S.K.Day 

T h e o r e m I f f o r every k, A^ = A, then A 
i s a D-matrix i f f A i s a convergent matrix . The proof i s 
ra ther simple [ 2 ] . 

By in troduc ing the concept of D-matr ices , convergence 
theorems i n [ l ] , [3] f o r non l inear pferturbed and ordinary J a -
cobi i t e r a t i o n s become p a r t i c u l a r c a s e s of Theorems 3, 4 and 5. 
These theorems may be extended f o r a gen era l i z ed convergence 
a n a l y s i s of perturbed Gauss-Se ide l i t e r a t i o n [5] . The primary 
advantages of these perturbed f u n c t i o n a l i t e r a t i o n s are: 
( i ) they have s impler a lgor i thms and 
( i i ) they have quadratic r a t e s of convergence i n the v i c i n i t y 

of the r o o t . 
A l s o , i t has been found computat ional ly that these methods 
d isp layed g l o b a l convergence p r o p e r t i e s . Deta i l ed d i s c u s s i o n s 
on these and t h e i r a p p l i c a t i o n s may be found i n [1] , [ 4 ] , [ 6 ] . 
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