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SOME PROPERTIES OF ALMOST FEEBLY CONTINUOUS FUNCTIONS 

In [4] Levine defines a set in a topological space X to be 
semiopen if there exists an open set U such that 
U c A c CI(U), where C1(U) denotes the closure of U. A set is 
semi-closed if its complement is semi-open. The intersection 
of all the semi-closed sets containing a set A is the 
semi-closure of A, denoted by sCl(A). In a topological space a 
set A is feebly-open if there exists an open set U such that 
U c A sCl(U) [6]. A set S of a topological space is a-set if 
S c Int (CI(Int(S))). It is known that S is a-set if and only 
if S is feebly-open. 

A mapping f: > Y is feebly continuous [6] if the inverse 
image by f of every open set of Y is feebly-open in X. A 
mapping f:X > Y is almost continuous [19] if for each x e X 
and each open set V c Y containing f(x), there exists an open 
set U c X containing x such that f(U) c Int(Cl(V)). In [7] 
Maheshawari, Chae and Jain introduced the concept of almost 
feebly continuous functions as a generalization of almost 
continuity and feebly continuity. In [16] Noiri introduced the 
notion of almost a-continuous function and proved that the 
function f:X » Y is almost a-continuous if and only if is 
almost feebly continuous. 

Definition 1. A function g:X > Y is almost feebly conti-
nuous if the inverse image of every regular open set of Y is 
feebly-open in X [7]. 
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Theorem 1. A function g:X — • Y is almost feebly conti-
nuous if for each x e X and each open set V c Y containing 
g(x), there exists a feebly-open set U c X containing X such 
that g(U) c sCl(U). 

Proof. Let V be any open set containing g(x), then by 
Theorem 3.2 of [16] there exists a feebly-open set U c X con-
taining x such that g(U) c Int(Cl(V)). V being an open set by 
Proposition 2.7(a) of [3] Int(Cl(V)) = sCl(V) and thus 
g(U) c sCl(V). 

Conversely, let V c Y be an open set containing g(x). Then 
there exists a feebly-open set U containing x such that 
g(U) c sCl(V) = Int(Cl(V) by Proposition 2.7(a) of [3]. By 
Theorem 3.2 of [16] g is almost feebly continuous. 

Definition 2. The semi-frontier of a subset A of the topo-
-logical space X is the set sFr(A) = sCl(A) n sCl(X-A) [1]. 

Theorem 2. If g:X > Y is an almost feebly continuous 
function and g-1(sFr(G)) is closed in X for each open set 
G c Y, then g is feebly continuous. 

Proof. Let G be any open set of Y and x e X such that 
g(x) e G. Then by Theorem 1, there exists a feebly-open set 
V c X such that x e V and g(V) c sCl(V). Let us consider the 
set U = V-g-1(sFr(G)) = V-(X-g-1(sFr(G))). As g-1(sFr(G)) is 
closed, then X-g-1(sFr(G)) is open and by Lemma 3.3 of [13] U 
is feebly-open. As sFR(G) = sCl(G) n sCl(X-G) = sCl(G) n (X-G) 
= sCl(G)-G, then U = V n (X-g-1(sCl(G)-G)). As x e V and 
g(x) c G there follows that x € U. If y e U then y e V and 
y S g-1(sCl(G)-G), thus g(y) e sCl(G) and then g(y) S sCl(G)-G. 
Therefore g(y) e G. As U is feebly-open and contains x, it 
follows by Theorem 1.1 of [9] that f is feebly continuous. 

Definition 3. A topological space X is said to be rim-
compact if each point of X has a base of neighbourhoods with 
compact frontiers. 

Theorem 3. If Y is a rim-compact space and f:X > Y is an 
almost feebly continuous function with the closed graphs, then 
f is feebly continuous. 
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Proof. Suppose x e X and V is any open set of Y containing 
f(x). Since Y is rim-compact, there exists an open set H such 
that f(x) € W c V and the frontier Fr(W) is compact. It is 
obvious that f(x) i Fr(W). Thus, for each y e Fr(W), we have 
(x,y) e G(f). Since G(f) is closed by Lemma of [5] there exist 
open sets Uy(x) c X and V(y) c Y containing x and y, 
respectively, such that f(Uy(x) r> V(y) = 0 . The family 
{V(y):y e Fr(W)} is a cover of Fr(W) by open sets of Y. Since 
Fr(W) is compact, there exist a finite number of points 
y1#y2,...,yn in Fr(W) such that Fr(W) c ^J {V(yi)sl s i =s n}. 
Since f is almost feebly continuous by Theorem 3.2 of [16] 
there exists a feebly-open set UQ c X containing x such that 
f(UQ) c Int(Cl(W)). Put U = UQ n {n U y (x):l s i s n}, then by 

Lemma 3.3 of [13] U is a feebly-open set containing x and 
f(U) c Int (C1(W)). Then f(u) n (Y-W) = f(U) n Fr(W) c 

_ i=l 
f(U) n V(y.) c ^Jf(D (x)) nV(y.) = 0 . This shows that 

i=l yi 
f(U) c V and by Theorem 1.1 (ii) of [9] f is feebly 
continuous. 

Theorem 4. If Y is rim-compact Hausdorff and f:X > Y is 
almost feebly continuous then f is continuous. 

Proof. From Theorem 4 of [12] Y is regular. Then by 
Proposition 2 of [7] f is feebly continuous and by Remark [9] 
f is continuous. 

Definition 4. A subset S of a topological space X is said 
to be an <i-set if S = U -V, where U is an open set and V is a 
regular open set [20]. 

Lemma 1. Let X be a topological space. Then a subset of X 
is open if only if is both feebly-open and 4-set (Theorem 3.2 
[20]) . 

Definition 5. A mapping f:X • Y is said almost 
^-continuous if for each regular open set V c Y,f_1(V) is an 
<4-set in X. 

Remark 1. Every almost continuous is almost «i-continuous, 
the converse need not be true. 
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Example l. (Ex.4.2 [20]). Let I = [0,1] with the usual 
topology, X = I x I, Y = I, E = (1/3,2/3) . Let f :X * Y 
defined as follows: 

f((x,y)) 
0 if (x,y)eIxE 
x if (x,y)€lx(I-E) 

Then f is almost ¿-continuous but is not almost continuous. 

Remark 2. Every almost continuous function is almost 
feebly continuous, the converse need not be true. 

Example 2. (Ex.3.10 [14]). Let X = {a,b,c,d} be and 
T = {0,{c},{d},{a,c},{c,d},{a,c,d},X}. Let Y = {x,y,z> be and 
T = {a,{x>, {y}, {x,y}, Y>. Let f(X,T) » (Y,Q) be defined as 
follows f (a) = z and f(b) = f(c) = f(d) = {y}. Then f is 
almost feebly continuous but is not almost continuous. 

Theorem 5. A mapping f:X > Y is almost continuous if and 
only if is both almost feebly continuous and almost 
¿-continuous. 

Proof. Follows by Lemma 1 and Theorem 2.2 of [19]. 
Definition 6. Let X be a topological space and S be a 

subset of X. S is said to be preopen if S c Int(Cl(S)) [8]. 
Definition 7. The function f:X > Y is H-almost 

continuous at x e X if for each open set V c Y containing 
f(x), the closure of f *(V) is a neighbourhood of x. The 
function f:X » Y is H-almost continuous if it has this 
property in any point x e X [2]. 

Definition 8. A mapping f:X > Y is almost quasi 
continuous at x € X if for any open set V c X containing x and 
for any open set G c Y containing f(x), there exist a non-
-empty open set U c V such that f(U) c Int(Cl(G). 

The mapping f:X • Y is almost quasi continuous if it has 
tis property in any point x e X [18]. 
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Definition 9. A function f:X • Y is said be semiweakly 
continuous if for each open set V containing f(x), there 
exists a semi-open set U c X containing x such that 
f(U) c sCl(V) [15]. 

Definition 10. A function f:X » Y is said to be almost 
semi-continuous if for every x € X and for every regularly 
open set G c y containing f(x), there exists a semi-open set 
U c X containing x such that f(U) c G [10]. 

By Theorem 3.1 of [17] and Corollary 3.3 of [17] follows 
that almost quasi continuity, almost semi-continuity and semi-
weak continuity are equivalent. 

Remark 3. By Theorem 1 follows that every almost feebly 
continuous mapping is almost quasi continuous, the converse 
need not be true. 

Example 3. (Ex.5.12 [17]). Let X={a,b,c>, T={0, {a}, 
{b>, {a,b}, X> and Q= {a,X, {a}, {b,c}}. Let f: (X,T) • (X,Q) 
be the identity function. Then f is almost quasi continuous 
but is not almost feebly continuous. 

Example 4. (Ex.2.1 [19]). Let R the set of real numbers 
and T consists of a, R and the complements of all countable 
subsets of R. Let X = {a,b} and Q = {X,o, {a}}. Let 
f:(R,T) » (X,Q) be defined as follows 

f(x) = 
a if x is rational 
b if x is irrational 

Then f is almost feebly continuous, but f is not H-almost 
continuous. 

Theorem 6. If a function f:X — > Y is H-almost continuous 
and almost quasi continuous, then f is almost feebly 
continuous. 

Proof. Let V be regular open set of Y, then V is open. As 
f is H-almost continuous by Theorem 1 of [8], f_1(V) is a 
preopen set of X. As f is almost quasi continuous by 
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Theorem 3.1 of [18], f ^(V) is semi-open in X. By Lemma 3.1 of 
[14], f 1(V) is feebly-open and by Definition 1, f is almost 
feebly continuous. 
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