
DEMONSTRATIO MATHEMATICA 

Vol. XXVI No 1 1993 

DANUT MARCU 

NOTE ON THE DOMINATION NUMBER OF A GRAPH 

If G is a simple graph and G its complement, we show that 

if /3(G)S2 and /3(Gc)s2, then |S (G) (Gc) , where |3(G) is the 

domination number of G and u(G) is the maximum cardinality of 

matchings in G. 

Graphs, considered here, are finite and simple (without 

loops or multiple edges), and [1], [2] are followed for 

terminology and notation. Let G=(V,E) be an undirected graph, 

with the set of vertices V and the set of edges E. The 
Q 

complement G of G is the graph with vertex set V, two 

vertices being adjacent in G° if and only if they are not 

adjacent in G. Suppose that W is a nonempty subset of V. The 

subgraph of G, whose vertex set is W and whose edge set is the 

set of those edges of G that have both ends in W, is called 

the subgraph of G induced by W and is denoted by G[W]. 

For any real number x, we use |_xj to denote the greatest 

integer less than or equal to x, and fx"] to denote the 

smallest integer greater than or equal to x. 

A set of vertices in G is said to be a dominating set, if 

every vertex, not in the set, is adjacent to one or more 

vertices in the set. The domination number 0(G) of G is the 

size of the smallest dominating set. The well-known upper 

bound for /3(G) is due to V.G. Vizing [l], [7]: 

/3(G) s n+l-vT+2m, 

where n=|V| and m=|E|. But, if J3(G)>2, this bound 

attained only for graphs having at least one isolated 

In [4], we have given an upper bound for j3(G), which 
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attained for graphs with no isolated vertices and /3(G)>2. 
More exactly, we have proved that for a simple graph G=(V,E) 
without isolated vertices and for which 0(G)>2, we have 

/3(G) * [~(n+l-S)/2~|. 
In [5], we have shown that for a simple graph G=(V,E) for 

which /3(G) £2, we have 
/3(G) s Lin-*-1) (n-5-2)/(n-l)J+2. 

Our aim, in this note, is to prove another upper bound for 
/3(G), when /3(G) £2 and (3(G°)±2. 

In the sequel, we shall denote by u(G) the maximum 
cardinality of matchings in G. 

Theorem. If G=(V,E) is a simple graph such that 0(te)£2 and 
/3(GC)£2, then j3(G)i/i(GC) . 

Proof. Let D={v1(v2,...,vt> be a minimum dominating set of 
G, where t=0(G), and P={V1,V2,...,Vt> a partition of V into t 
dominating sets of G , such that {v^> is a dominating set of 

i=l,2,...,t. Such a partition exists, according to [3], 
where it is shown that for every simple graph G=(V,E), V can 
be partitioned into /3(G) dominating sets of G , that is, 
0(G) •/3(GC)sn. 

Obviously, for each V ^ P , ^ 1 * 2 . Let V^VjCP, V ^ V j , be 
arbitrary chosen. Obviously, for each there exists 
Wj€Vj, such that (v^,Wj)€E. Thus, there exist vi' wi e Vi a n d 

Vj,Wj6Vj, such that (v^,Wj)eE and (w^,Vj)eE. Hence, the 
theorem is true for 0(G)=2. 

On the other hand, 0(G[V-(V^uVj)])=0(G)-2 and, therefore, 
it is sufficient to prove the theorem for 0(G)=3, in order to 
prove it, by recurrence, in the general case. 

Let then G=(V,E), and V partitioned into three dominating 
sets V , V and V of G c. Obviously, every two V., V. 

c
 1 D 

(lsi,j<3) are joined by two disjoint edges of G . Thus, if 
c c li (G )<3, then, necessarily, G must be formed by two disjoint 

triangles. Hence, we have 0(G)=2, which is impossible. Now, 
the theorem follows by recurrence on 0(G). • 

Obviously, if 0(GC)=2, then for every 0(G) we have 
equality in the above theorem (see, for example, the graph 
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c c 
consisting of /3(G) disjoint edges). Also, since (G ) =G, we 
have |3(G C)SU(G) . 

We end this note with the following 
Conjecture. For any simple graph G, we have 

(|S(G)-1) (¡3 ( G C ) - 1 ) S u(G) . 
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