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ALGEBRAIC ANALYSIS OF CHROMOSOME ORDER 

Introduction 

During a certain stage of cell division, namely metaphase, 
the 2n chromosomes of an individual cell of a diploid organism 
are located within a plane, the equatorial plate of the cell's 
nucleus. Each chromosome consists of a long arm and a short 
arm which are linked at the so called centromere. In 
metaphase, the n centromeres of a haploid set of the 
chromosomes approximately form a regular n-gon within the 
equatorial plate. The arms of the chromosomes are stretched to 
the outside in such a way that arms of neighbouring chromo-
somes are adjacent (Fig. 1). 

In cell-biology, there is an extensive literature 
concerning the question whether there exists a law which 
governs the order of the metaphase-chromosomes. The order 
seems to be important with respect to gene expression and is 
of relevance for the understanding of the mechanism of pairing 
(cf. e.g. [2], [3]). 

The best known though not unchallenged hypothesis 
postulating a law which determines the order of the 

Fig. 1 
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chromosomes in a haploid genome is Bennett's model (cf. [1], 
[2], [12], [13], [5], [4]). According to Bennett's model, to 
which we will refer from now on, the arrangement of the 
chromosomes is such that "neighbouring arms are of most 
similar size, apart from one discontinuity, if the number of 
chromosomes is odd". 

What exactly is meant by this becomes clear if one looks 
at the rules to predict the order of the chromosomes given by 
Heslop-Harrison and Bennett in [12]. 

First of all the arm lengths of all the individual 
chromosomes are determined. (This is possible with reasonable 
accuracy). Then one should proceed as follows: 
(I) All the short arms and all the long arms are separately 

ranked in descending order of size. Neighbours in the 
resulting chains are assumed to be most similar and can 
be paired. 

(II) The pairing of arms is such that it is possible to 
arrange the chromosomes in a single unbroken chain (or 
polygon). 

The possibility to determine chromosome orders according to 
rules (I) and (II) by establishing the lengths of arms is of 
special importance, because usually it is very difficult to 
detect the order of the chromosomes by directly measuring the 
positions of their centromeres. Due to natural deviation and a 
preliminary treatment of the cells the centromeres are often 
so very much displaced from their originally assumed positions 
that their order cannot be reconstructed (cf. [10], [8]). 

However, rules (I) and (II) not always turn out to be 
consistent. 

In this survey-article we will analyse in which cases 
inconsistencies occur, we will count the number of possible 
inconsistencies as a function of the number n of chromosomes 
of a species and we will discuss potential consequences of our 
results for biology. Further we will show how the mathematical 
model can be modified to avoid formal contradictions. 
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2. The mathematical model 

Let s^ and denote the short and the long arm resp. of a 
chromosome i, i=l,2,...,n. Further let S and L be the chains 
of short and long arms which arise according to rule (I). W.l. 
o.g. we assume that the subscripts i of the s^ occur in 
natural order and that ŝ ^ denotes the longest short arm, i.e. 
we rename the chromosomes in such a way that the resulting 
chain S reads as s,-s_-...-s . Then the chain L of long arms 1 2 n 
will be of the form 1 ,-1 _-...-l . where n is an ap-7Tl 7i2 irn r 

propriate permutation of l,2,...,n. As in S, 1 should be the 
longest of the long arms. Further we assume that no two s^ 
have the same length and that the same is true for the 1 .. 711 
Then, given a set of arm lengths data, there is exactly one 
permutation (symmetric group of degree n) which cor-
responds to the given data. From now on we will always refer 
to this ti instead of the data. If it is possible to apply 
rules (I) and (II) (without obtaining any contradictions) n 
will be called admissible. 

The applicability of rules (I) and (II) means that the 
elements of S and L can be paired in such a way that the 
centromeres of the (renamed) chromosomes 1,2,...,n can be 
arranged in an unbroken chain hl-h2-...-hn if n is odd, and 
in a closed polygon hl-h2-...-hn-hl, if n is even. We assume 
that in any case hi and h2 should alvays be neighbours in L. 
Then, because the subscripts of the elements of S occur in 
natural order, we have 
(1) |h(2k)-h(2k+l)| = 1 for k = l , 2 , . . . . 
[r] indicates the greatest integer which does -not exceed r and 
h(2n+l) stands for hi if n is even. 

Further, because the long arms of chromosomes h(2k-l) and 
h(2k) are neighbours in L, the pair (h(2k-l),h(2k)) has to 
be of the form (7i(p(2k-l) ,7r(p(2k)), where p is a permutation 
of 1,2,...,n such that 
(2) |p(2k-l)-p(2k)| = 1 for k=l,2,...[J]. 
Hence, weS n is admissible iff there exist h,peSn such that 
h(i)=rc(p(i)) for i=l,2,...,n and h and p fulfill equations 
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(1) and (2), i.e. n is admissible iff n=hp - 1 with h,peSn such 
that (1) and (2) hold. 

There is another interpretation of rules (I) and (II) 
which we will use together with the last characterization. 

To begin with we identify the elements s^ of S with i and 
the 1 ^ of L with 7ri for i=l,2,...,n. Then we consider S and L 
as graphs with vertex set V={1,2,...,n} and define G to be the 
edge disjoint union of S and L. G is graph with multiple 
edges. Its vertex set is V and it contains S and L as 
subgraphs. He assign two colours to the edges of S and L, 
namely colour 1 to the edges of S and colour 2 to the edges of 
L. 

If 7i is admissible there is an heS_ which describes the n 
order of the chromosomes within an arrangement according to 
rule (II). This h corresponds to a Hamiltonian circle H in G 
if n is even and to a Hamiltonian line H if n is odd. H has 
the property that its consecutive edges alternate in the 
colours 1 and 2, in which case we "will say that H is 
alternating. - Summarizing we obtain: 

7i is admissible iff G contains an alternating Hamiltonian 
circle if n is even and an alternating Hamiltonian line if n 
is odd. 

We denote a graph X by X=<Y,Z>, where Y and Z stand for 
the graph's vertex- and edge-set respectively. 

For even n the Hamiltonian circle H contained in G is the 
edge-disjoint union of two linear subgraphs of G, namely 

F x = <V,{[1,2],[3,4],...,[n-l,n]}> and 
F 2 = <V, { [771,712] , [7i3,tt4] , . . . , [Ti(n-l) ,7rn] }>. 

For odd n, there exist p,q e {1,3,5,...,n} such that the 
Hamiltonian line H is the union of the subgraphs 
FX(P) = <V,{[l,2],...,[p-2,p-l],[p+l,p+2],...,[n-l,n]}> and 
F2(q) = <V,{[77l,7i2],...,[7r(q-2),7r(q-l)],[7r(q+l),7r(q+2)],... 

. . . , [rc(n-l) ,7m] }>. 
If H corresponds to h = npeS^, obviously p=hl and Trq=hn. 
Further we observe that there may be different 

possibilities to choose p and q to obtain a Hamiltonian line 
H. Moreover, one can form the edge-disjoint union F (p)0F_(q) 
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of Fx(p) and F2(q) for any p,qe{l,3,5,...,n>, and this is even 
independently possible from the fact that n is admissible. In 
general, F^pJOFjiq) will be the union of alternating circles 
and a path alternating in the coloiirs 1 and 2. 

For even n subgraphs F^ and F 2 are uniquely determined for 
any rceSn and in general their edge-disjoint union F

1
I-'F2 a 

sum of alternating circles. 
These observations yield the following characterization of 

admissibility for an arbitrary permutation n £S n: 
(i) n even: TI is admissible iff F 10F 2 consists of exactly 

one circuit. 
(ii) n odd: n is admissible iff there exist p,qe{1,3,5,...,n> 

such that F1(p)uF2(q) consists of exactly one path. 
From (i) one can immediately see that not all rreSn are 

admissible, and (ii) shows that there are far more 
possibilities to find admissible permutations among the S n in 
the case of odd n than in the case of even n. 

Let A(n) be the number of admissible permutations among 
the S and let a . If a =1 we say that the S is n n n! n •* n 
admissible. It is a tacit assumption in various biological 
papers that for the considered numbers n (mainly n=7) the S n 

is assumed to be admissible (cf. [1], [12], [13]). As far as 
the magnitude of n is concerned, from the biological point of 
view, the question of admissibility is of interest for numbers 
n up to 50, by virtue of practicability even less than that: 
it is not possible to identify all individual chromosomes if 
there are too many. 

3. Admissible permutations 

For odd n£3 we define 
Kn = 2 n " 1 ( ^ ! ) 2 = (n-1)2 (n-3) 2... 22, 

and k = = ;••2 ; further we put K = k = 1. n n! n(n-2)...3*l 1 1 
It immediately follows that lim k =0. 

n-»oo 
Now let n be even. In this case it is easy to count the 

number of possible alternating Hamiltonian circles H and 
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determine their contributions to different permutations. One 
obtains (cf. [9]): 

Theorem 1. For even n we have a =k , and lim a =0. n n-l _, n 
Table 1 gives some (rounded) figures of an> 

2 4 6 8 10 20 30 50 
an 0,67 0,53 0,46 0,41 0,28 0,23 0,18 

Tab. 1 
The values of a in Tab. 1 show that rules (I) and (II) cannot n 
be the (only) laws according to which the chromosomes are 
arranged, if their number is even. 

However, the situation will turn out to be different for 
odd n. 

To study admissibility for n odd we first endow the sets 
AP and NP of admissible and non-admissible permutations of n n 
S n with algebraic operations. Unfortunately the composition of 
functions is not an operation within AP and within NP . We n n 
therefore proceed as follows: 

Let t be the transposition interchanging 1 and 2 and let v 
be the permutation ( 2, For neS we denote the 

*-n n—l n - 2 l' n 
inverse of n by n 1 and put tt*=7tt, n=nv (where (af3) (x) means 
ot(|3(x) ) for a,0€Sn) . Then <Sn,-\*,"> is a unary universal algebra (in the 

-1 -sense of [11]), and one can prove that < A Pn' '*' > a n d 

<NPn, 1,*,~> are subalgebras of <Sn,-1,*,~>, which have the 
property that they can be decomposed into pairwise disjoint 
subalgebras having as element numbers multiples of 8, provided 
n*5 (cf. [6]). In this way one obtains 

Theorem 2. Let n be odd. Then the S is admissible iff n 
n<7, and for n*7 the number of non-admissible permutations is 
a multiple of 8. 

Now, for m=l, 2, . . . , — l e t t/i be the mapping from 
{l,2,...,n> in itself defined by ^ (i)=i for i<2m-l, 0(2m-l)=n 
and 0(i)=i-l for i>2m-l. 

For arbitrary neS a function of the form é will be n u v 
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called a n-derivative for any u , v e ( l , 2 , . . . . 
Next we extend the domain of rr to the integers I by 

putting 7i(i)=i for i^{l,2,...,n> and define a mapping F from 
{ 1 , 2 , — , n } to I by 
F„(l) = n, 

Tr[n~1(FTr(2k-l) )+l], if Tr"1(FTr(2k-l)) is odd 

"[n"1(Fjr(2k-l))-l], if Tr~1(Fjr(2k-l)) is even, 
Fjr(2k) = 

Fjr(2k+1) = 
fF (2k)+l, if F (2k) is odd 

71 TT 

F (2k)-1, if F (2k) is even, 7T 71 
for k=l,2,...,(n-1)/2. By means of F^ one can prove (cf. [6]): 

Theorem 3. Let n be odd. rr€S is admissible iff there n 
exists a rr-derivative n' such that F ,eS . it n 

Theorem 3 gives rise to a computer-algorithm for 
determining the number of admissible permutations amongst the 
S• for small n. The numbers obtained this way can be cross-n 
checked by means of Theorem 2. Table 2 gives the results of an 
implementation of the described procedure on a PC. 

n 1 3 5 7 9 11 
an 1 1 1 0,9984 0,9975 0,9966 

Tab. 2 
Table 2 shows that the number of non-admissible permutations 
is very low for small n (for n=7 there are only 8 non-
-admissible permutations out of 5040), and the figures suggest 
that a n will decrease very slowly with growing n. Hence, one 
might think that there can not be any major objection to the 
applicability of Bennett's model, at least if n stays small 
enough. However one can show (cf. [9]): 

Theorem 4. For any odd n the inequality 
n+1 n+1 

2|l-(|) 2 jkn s a n s 2( 1 _(§) 2 ] 2* n holds, and therefore 

lim a =0. 
n-Ko n 

The bounds given in Theorem 4 are not very good 
(especially the upper bound, which even exceeds 1 in the 
beginning), but they show the behaviour of a R when n becomes 
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larger. E.g., for n=25 and n=45 one obtains 0,496sot25so,992 
and 0,371sa45s0,743 respectively. The crucical point is that 
a n becomes 0 when n tends towards infinity. This may be a hint 
that Bennett's model is not applicable after all or at least 
it is not the only lav according to which chromosomes are 
arranged. 

The proof of Theorem 4 runs along the following line: In 
the first place the number of permutations n=hp~ eAPn is 
computed for which hl=p and pn=q for given p,qe{l,3,...,n}. 
This number is K . Next all Tr=hp_1eAP are counted for which n n 
hl=p for a fixed pe{l,3,...,n} . By means of graph theoretic 

n+1 
considerations one obtains 2 jnn as a result and 
from this the lower bound in Theorem 4 is derived. Eventually 
the assumption to keep p in a fixed position is omitted, which 
yields the upper bound. 

4. Modifications of the model 

We recall that there are inconsistencies in Bennett's 
model, which can neither be neglected from the mathematical 
nor from the biological point of view, in particular, if n is 
even. One way to cope with these inconsistencies is to argue 
that the model assumptions are too stringent. In accordance 
with the opinion of biologists we therefore weaken the concept 
of "most similar arm size" in the following way: 

Two short arms s^ and Sj with i*j, i,je{l,2,...,n} or two 
long arms and lnj respectively are called k-similar, if 
|i-j|sk. For k=l this concept coincides with the concept of 
most similar arm size. If k=2 similarity of two arms means 
that there is at most one element between the arms within the 
chains S or L. With k=3 there can be up two elements 
in between, etc. 

We now substitute the words "most similar" in rule (I) by 
"k-similar" and denote the rule obtained in this way by (I'). 
If the rules (I') and (II) are consistent for a given set of 
data now we call the corresponding TTSS )i-admissible, and if 
all 7TeS_ are k-admissible, we say that the S is k-admissible. 

n J 1*1 
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Introducing the concept of k-admissibility equations (1) 
and (2) have to be altered into 
(1') |h(2i)-h(2i+l)| s k and (2') |p(2i-l)-p(2i)| * k 

for i=l,2,...,[§]> and within our graph-theoretic approach the 
graphs S and L have to be changed into the following graph S' 
and L': Both S' and L' have vertex-set V. In S' every vertex v 
is connected by an edge to the vertices v-k,...,v-l,..., 
v+l,...,v+k, provided the concerned vertex belongs to V, and 
these are the only edges of S'. Analogously, every vertex TT(V) 
of L' is connected by an edge to the vertices 
Ti(v-k),... ,7i(v-l) ,ir(v+l) ,... ,n(v) , if this is possible. 
Obviously, the resulting graph G'=S'uL' will obtain more 
alternating Hamiltonian circles and lines respectively, as k 
becomes larger; moreover k-admissibility implies k+1-
admissibility. The following theorem shows that it. is 
sufficient to take into account k*3. 

Theorem 5. The S is 3-admissible for all nelN. n 
For even n the proof of Theorem 5 can be found in [7]. 

That Theorem 5 is also true for odd n follows from the fact 
(which can easily be verified) that, if is k-admissible, 
so are and s

2i+i' Therefore one is primarily interested 
in the case of even chromosome-numbers n. Moreover, only the 
case k^2 remains of interest. One can show (cf. [7]): 

Theorem 6. Let n be even. The S is 2-admissible iff n*12. n 
If a set of chromosomes has the property that there are no 

two chromosomes u and v such that both, the short arms and the 
long arms of u and v are 1-similar (i.e. most similar) at the 
same time, we call the corresponding " e S n 2-circuit free. For 
2-circuit free permutations Theorem 6 can be improved in the 
following way: 

Theorem 7. Let n be even and ¿26. If neS is 2-circuit n 
free then rr is 2-admissible. 

Though we know from Theorem 6 that for odd n the S n is 
2-admissible up to nsl3, it is an open question to find all 
odd n for which the S^ is 2-admissible. 
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As with 1-admissibility there is the problem to decide 
whether a given neSn is 2-admissible. As shown in [7] this can 
be achieved by reducing the problem to a test for 1-
admissibility. 

We assume n to be even and denote the transposition 
(2i-2,2i-l) by *2i-2 2i-l' i e * 1 ' 2 ' ' " ' ' f u r t h e r w e write e 
for the identity in Sn- Then we put N1={c>, Y1=0, and 
for i=2,3,...,£ we agree upon Ni=N i_ 1uY i_ 1, Yi=iT

2i-2,2i-lfI 
where multiplication with f means composition of 

functions (with the function on the right hand side having to 
be carried out first). Finally we set p

n
= N

n/2 u Yn/2' 

Because | IT | = | N ^ | +1 Yi_11 and |Yi| = |Ni_1|, the |Ni| form 
a Fibonacci-sequence; hence we know |Pn|-

Theorem 8. Let n be even. TTSS is 2-admissible iff n 
exist f,gePn such that f7ig is 1-admissible. 

The test for 2-admissibility provided by Theorem 
connection with Theorem 3 can easily be implemented 
computer. 

Of course there are also other concepts of admissibility 
which are in between 1- and 2-admissibility. For example, one 
might ask for 1-admissibility ivith at most r exceptions, i.e. 
by means of at most r transpositions within the chains of 
short and long arms 1-admissibility can be achieved. In 
particular, for r=l or r=2 one could think of applying this 
concept to data where the lengths of at most l or 2 
neighbouring arms can't be distinguished. 

Another point of view would be to introduce metric scales 
instead of ordinal scales. But this line of research has not 
been discussed yet. 
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