
DEMONSTRATIO MATHEMATICA

Vol. XLV No 2 2012

Elżbieta Ferenstein, Adam Pasternak-Winiarski

ON OPTIMAL STOPPING OF RISK PROCESSES

WITH REGIME SWITCHING

Dedicated to Professor Agnieszka Plucińska

on the occasion of her 80th birthday

Abstract. In the paper we solve a problem of optimal stopping of a risk process
in two alternative settings. We assume that the main characteristics of the risk process
change according to unobservable random variable. In the first model we assume that the
post-disorder distributions are not known a’priori and are randomly chosen from a finite
set of admissible distributions. The second model concentrates on a situation when more
than one disorder is possible. For both models optimal stopping rules with respect to
given utility function are constructed using dynamic programming methodology.

1. Introduction

Insurance companies are often confronted with problems related to chang-
ing "environmental conditions", that is characteristics affecting loss intensities
and severities. Moreover, it is very common that the characteristics subject to
changes cannot be observed directly. The reasons for such changes may be of
varied nature. Changes can relate to well examined sociological phenomena
like adverse selection and moral hazard. The former occurs when specific
underwriting rules lead to acquisition of policies which tend to generate more
losses than market averages. The latter could be observed when people tend
to behave in a more risky way knowing that potential losses would be covered
by the insurance contract. Moreover, changes in the characteristics of the
policies could relate to deteriorating condition of the insured. For instance,
such situation could be observed in case of medical insurance. During the
insurance contract various illnesses may be diagnosed. Such event can result
in an increase of claim seizes observed for the insurance contract, whereas the
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magnitude of the change could depend on the type of the illness as well as
natural predispositions of the insured. Similar situation can be also observed
in various industrial lines of business. Items previously malfunctioning (what
resulted in insurance events) in many cases tend to break more easily also in
future. Hence, careful examination of all risks relating to deteriorating condi-
tion of the insured (and establishment of sound policies to mitigate these risks)
is a necessity for insurance companies. Described phenomena create various
kinds of problems investigated in risk theory. First, modeling collective losses
of a portfolio lead to generalizations of a classical risk process based on Cox
or renewal processes. In particular, Markov modulated Poisson processes are
popular in a situation of an unobserved random environment. For references
see monographs by Brémaud (1981), Rolski et al (1999). Secondly, detect-
ing changes in probability distributions determining individual claim seizes
and intensities of losses belong to a class of disorder problems investigated
by a number of authors (see [2], [3], [4], [7], [11], [18], [20], [22], [23], [24])
which are special optimal stopping time problems with payoffs measuring the
distance from unobserved moments of changes. Finally, if the aim of an in-
surer (financial) company is to maximize its average gain in a situation of
varying unobserved environment, we face optimal stopping time problems for
risk processes with regime switching, investigated by Jensen [13], Shöttl [21],
Ferenstein and Pasternak-Winiarski [9]. General optimal control problems of
risk processes in a regime switching environment are discussed in Zhu [25].
Optimal stopping of a classical risk process with general payoffs has been
analyzed in Ferenstein and Sierociński [10], then with some modifications in
Muciek [16], Muciek and Szajowski [17], Karpowicz and Szajowski [14].

The paper extends the results from [9] in two ways. First, in the afore-
mentioned article it was assumed that the distributions of inter-occurence
times as well as claims after the disorder are known from the beginning of
the contract. However, in real-life applications it is often the case that the
post-disorder distributions can be random - although in general one can de-
fine a set of admissible distributions. An example of such a situation can
relate to medical insurance: although most common patterns can be antici-
pated on the basis of medical research and statistics, the same illness - once
occurred - can develop differently for various patients depending on their
natural predispositions. Secondly, in [9] the authors assumed that only one
disorder can occur. It is also a restrictive assumption, as in many cases the
changes can occur in stages. The mentioned medical insurance give many
examples of such situations, when one illness can lead to another, causing
further deterioration of risk process parameters. Hence, in this paper we will
concentrate on solving the problem of optimal stopping of a risk process in
two alternative settings. Firstly, we will propose a model in which the post-
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disorder distributions will not be known a’priori and will be randomly chosen
from a finite set of admissible distributions. The second model will concen-
trate on a situation when more than one disorder is possible. Analogical
models to the ones above for sequences of random variables were considered
by Bojdecki and Hosza [4], Sarnowski and Szajowski [20] and Szajowski [23],
[24]. The optimal stopping rules in both models will be established for payoff
processes being utility function of states of the risk process. As we shall use
the same tools for solving the optimal stopping problem in both models, we
present the proofs of main theorems only for the first model. The proofs for
the second model would then follow by analogy.

The paper is organized as follows. In Section 2 we will provide the mathe-
matical setting for both models, define the risk process and optimal stopping
problem. In Section 3 the properties of conditional probabilities of disorder
as well as two auxiliary operators shall be investigated. These properties
will be then applied in Section 4 for the solution of the optimal stopping
problem in the case when a number of claims over policy lifetime is given
and fixed (so-called "finite horizon" case). Finally, this result will lead to
optimal stoping time for the most general case ("infinite horizon") which
will be obtained in Section 5.

2. The model and the optimal stopping problem

Let (Ω,F , P ) be a probability space embedding all random variables and
processes introduced in two following sections.

2.1. Model 1: random post-disorder distributions. In this model we
assume that the parameters of the risk process after disorder are chosen
randomly. To this end we introduce the following variables and processes.

• Number of the claim triggering the disorder

Random variable Θ describes the number of the claim which triggers
the disorder. Θ has 0−modified geometric distribution with parameters
p, q, p0 ∈ [0, 1], p+ q = 1, with values in N0 := N∪{0}. That is, for n ∈ N:

P (Θ = 0) = p0, P (Θ = n) = (1− p0)pq
n−1.

• Post-disorder environmental state

Random variable I with values in E := {1, 2, . . . ,m} ,m ∈ N such that for
k ∈ E

P (I = k) = rk, rk ∈ [0, 1],
m
∑

k=1

rk = 1,

describes the environmental state after the disorder. In the setting of the
considered model it will also be an unobservable random variable.
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• Times between subsequent losses

A sequence of random variables Sn, n ∈ N represents the inter-occurrence
time between losses number n − 1 and n. Sn depends on unobservable
random variables Θ and I and is defined as follows:

(1) Sn =

{

S
(0)
n , if n ≤ Θ,

S
(k)
n , if n > Θ and I = k.

An i.i.d. sequence of positive random variables S
(0)
n , n ∈ N describes the

inter-occurrence times between losses before the disorder. S
(0)
n have a

given cumulative distribution function F0 and a density function f0. After
the disorder the distribution of inter-occurrence times changes depending
on the environmental random variable I taking values in E . Hence for

each k ∈ E we introduce a sequence of i.i.d. random variables S
(k)
n , with

cumulative distribution function Fk and density fk. Moreover, we assume

that (S
(k)
n , n ∈ N), k ∈ E ∪ {0}, are independent sequences of random

variables. For k ∈ E ∪ {0} the densities fk are commonly bounded from
above by a constant C ∈ R+.

• Severity of losses

A sequence of random variables Xn, n ∈ N, represents successive losses.
They also depend on random variables Θ and I:

(2) Xn =

{

X
(0)
n , if n ≤ Θ,

X
(k)
n , if n > Θ and I = k,

where (X
(k)
n , n ∈ N), k ∈ E ∪ {0}, are independent sequences of positive

i.i.d random variables with given distribution functions Hk and densities
hk, respectively.

2.2. Model 2: two disorders. In this model we assume that more than
one disorder is possible. For the sake of simplicity we concentrate on two
disorders. The derivation of optimal stopping rule in a model with a larger
number of disorders does not differ methodologically.

• Number of the claim triggering the disorder

Random variables Θ1 and Θ2 describe the numbers of the claims triggering
the first and second disorder. Θ1 has 0−modified geometric distribution
with parameters p1, q1, p0 ∈ [0, 1], p1 + q1 = 1 :

P (Θ1 = 0) = p0, P (Θ1 = n) = (1− p0)p1q
n−1
1 , n ∈ N.

We assume that the second disruption can occur only once the first one
happened and both events cannot occur at the same time. The conditional
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distribution of Θ2 given {Θ1 = n} is geometric, with parameters p2, q2 :

P (Θ2 = n+ j|Θ1 = n) = p2q
j−1
2 , j ∈ N, p2 + q2 = 1.

• Times between subsequent losses

A sequence of positive random variables Sn, n ∈ N represents the inter-
occurrence times between losses number n− 1 and n. Sn depends on both
unobservable disorder times:

(3) Sn =











S
(0)
n , if n ≤ Θ1,

S
(1)
n , if Θ1 < n ≤ Θ2,

S
(2)
n , if n > Θ2,

where we assume that (S
(k)
n ), k = 0, 1, 2, are independent sequences of

i.i.d random variables with given cumulative distribution functions Fk and
densities fk. Moreover, we assume that the densities fk are commonly
bounded from above by a constant C ∈ R+.

• Severity of losses

A sequence of positive random variables Xn, n ∈ N, represents successive
losses. They also depend on on both unobservable disorder times:

(4) Xn =











X
(0)
n , if n ≤ Θ1,

X
(1)
n , if Θ1 < n ≤ Θ2,

X
(2)
n , if n > Θ2,

where (X
(k)
n ), k = 0, 1, 2, are independent sequences of i.i.d random vari-

ables with given distribution functions Hk and densities hk, respectively.

2.3. Construction of the risk process. In both models the risk process
has the same structure. Firstly, we define a claim counting process Nt,
t ∈ R+, with jumps at times Tn := Tn−1 + Sn, n ∈ N, T0 = 0. They form

a non explosive point process Nt =
∞
∑

i=1
I{Ti≤t}.

Moreover, we let u0 > 0 represent the initial capital and c > 0 be a con-
stant rate of income from the insurance premium. We take into account
the dynamics of the market situation introducing the interest rate α ∈ [0, 1]
at which we can invest accrued capital. As a consequence of the inflation
we can observe the growth of claims. We assume that they increase at rate
β ∈ [0, 1].

Then, as a capital assets model for the insurance company we take the
risk process, similarly as in [16]

Ut = u0e
αt +

t�

0

ceα(t−s)ds−

Nt
∑

n=1

Xne
βTn .
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We additionally assume that the company is interested in studying not the
risk process itself but some payoff function of the risk process - g1(·) - until
maturity time t0 > 0. Hence, the return at time t is defined by the process

(5) Zt = µtg(Ut, t0 − t),

where g(u, t) = g1(u)I{t≥0} and µt, defined as

(6) µt =

Nt
∏

n=1

I{UTn>0}, µ0 = 1,

is the indicator of the event that no ruin occurred until time t.
We will now define filtrations related to the processes introduced above.

The filtration generated by the process U is denoted by F :=
(

FU
t

)

t≥0
, where

FU
t := σ(Us, s ≤ t). Applying the arguments analogical to the ones used in

[6] one can show that FU
Tn

= σ(X1, T1, . . . , Xn, Tn). Hence we denote Fn :=

FU
Tn

. The second filtration G :=
(

GU
t

)

t≥0
will relate to complete-information

σ−fields. These σ−fields are defined differently for both considered models,
that is for:

• Model 1

GU
t := FU

t ∨ σ(Θ, I), Gn := Fn ∨ σ(Θ, I).

• Model 2

GU
t := FU

t ∨ σ(Θ1,Θ2), Gn := Fn ∨ σ(Θ1,Θ2).

2.4. Optimal stopping problem. Now, we will define the optimization
problems, solved in Sections 4 and 5. Let T be the set of all F−stopping
times. For n = 0, 1, 2, . . . , k ≤ K,K ∈ N we define Tn,K ⊂ T as follows

Tn,K := {τ ∈ T : Tn ≤ τ ≤ TK a.s}.

We will be seeking the optimal stopping time τ∗K such that

(7) E(Zτ∗
K
) = sup{E(Zτ ) : τ ∈ T0,K}.

In order to find τ∗K we first consider optimal stopping times τ∗n,K such that

(8) E(Zτ∗
n,K

|Fn) = ess sup {E(Zτ |Fn) : τ ∈ Tn,K}.

In what follows we will use denotation:

(9) Γn,K := ess sup {E(Zτ |Fn) : τ ∈ Tn,K}.

After finding τ∗K for fixed K we shall concentrate on solving the optimal
stopping problem in the situation when an unlimited number of claims is
attainable, that is we find such τ∗ that

(10) E(Zτ∗) = sup {E(Zτ ) : τ ∈ T }.

It will turn out that τ∗ is a limit of finite horizon stopping times τ∗K .
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3. Disorder probabilities and auxiliary operators

Towards the solution of the optimal stopping problem posed in (10),
firstly we have to analyze the properties of conditional disorder properties
and introduce two auxiliary operators.

3.1. Bayesian analysis of disorder probabilities.

Lemma 1.

• Model 1. For n ∈ N0, k ∈ E let

(11) πn,k := P (Θ ≤ n, I = k|Fn), πn := (πn,1, . . . , πn,m) .

Then, there exist functions ξk : [0, 1]m × R
2
+ → [0, 1], such that

πn,k = ξk(πn−1, Xn, Sn), where π0 = (p0r1, . . . , p0rm),

and

(12) ξk(π, x, s) =
fk(s)hk(x)πk + prkf0(s)h0(x)(1−

∑m
j=1 πj)

∑m
j=1 πjfj(s)hj(x) + f0(s)h0(x)(1−

∑m
j=1 πj)

.

• Model 2. For n ∈ N0 let

(13) πn,1 := P (Θ1 ≤ n|Fn), πn,2 := P (Θ2 ≤ n|Fn), πn := (πn,1, πn,2) .

Then, for k = 1, 2 there exist functions ξk : [0, 1]2 ×R
2
+ → [0, 1], such that

πn,k = ξk(πn−1, Xn, Sn), where π0 = (p0, 0),

and

(14) ξ1(π, x, s)

=
f3(s)h3(x)π2 + f2(s)h2(x) (π1 − π2) + p1f1(s)h1(x) (1− π1)

f3(s)h3(x)π2 + f2(s)h2(x) (π1 − π2) + f1(s)h1(x) (1− π1)
.

(15) ξ2(π, x, s)

=
f3(s)h3(x)π2 + p2f2(s)h2(x) (π1 − π2)

f3(s)h3(x)π2 + p2f2(s)h2(x) (π1 − π2) + (1− π1) f1(s)h1(x)
.

Proof. The nature of the proof is purely technical so it will be omitted here.
The reasoning is based upon the Bayes formula.

3.2. Dynamic programming operators and their properties. For
simplicity of further calculations we define following auxiliary functions, in
a similar way as in [16], describing:

1. the growth of the risk process in the interval [t, t + r] provided that no
claims occurred during that period:

d : R2
+ → R+, d(t, r) :=

( c

α
+ u0

)

(eα(t+r) − eαt),
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2. the growth of the risk process in the interval [t, t + r] provided that the
only loss of on this interval was observed at t+ r and its value was x:

D : R3
+ → R, D(t, r, x) := d(t, r)− xeβ(t+r) and

3. maximum loss at t + r, which does not lead to ruin, provided that the
capital at t was equal to u and no other losses were observed on the
interval [t, t+ r) :

D̂ : R2
+ × R → R D̂(t, r, u) := e−β(t+r)(u+ d(t, r)).

Having defined the functions above we can introduce two operators which
will play a crucial role in the characterization of Γn,K defined in (9). For
further calculations we introduce two constants which will denote the dimen-
sion of π in both models. Hence, let m1 := m for Model 1 and m2 := 2 for
Model 2.

In the rest of the paper we use

Assumption 1. The function g1(·) is bounded and continuous.

Now for i = 1, 2 let Bmi
be a space of bounded and continuous func-

tions on (−∞,∞) × [0,∞) × [0, 1]mi . Let us define B0
mi

= {δ : δ(u, t, π) =
δ1(u, t, π)I{t≤t0}, δ1 ∈ Bmi

}. On B0
mi

we introduce a norm

(16) ‖δ‖α = sup{

(

t

t0

)α

| δ(u, t, π) |: u, 0 ≤ t ≤ t0, π},

where α > 1 is an arbitrary constant such that χ := Ct0
α−1 ∈ (0, 1) and C is

aforementioned bound for density functions (the properties of similar norms
were considered in [12]).

• Model 1

Let δ ∈ B0
m, u ∈ R, t, r ≥ 0 and π ∈ [0, 1]m. We define an operator

Φ1 : B
0
m → B0

m :

(17) (Φ1δ) (u, t, π) = sup
r≥0

{φ1,δ(r, u, t, π)},

where

(18) φ1,δ(r, u, t, π) = g(u+d(t, r), t0−t−r)(
∑

k∈E

Fk(r)πk+F0(r)(1−
∑

k∈E

πk))

+ (1−
∑

k∈E

πk)
r�

0

D̂(t,w,u)�

0

δ(u+D(t, w, x), t+ w, ξ(π, x, w))dH0(x)dF0(w)

+
∑

k∈E

πk

r�

0

D̂(t,w,u)�

0

δ(u+D(t, w, x), t+ w, ξ(πk, x, w))dHk(x)dFk(w),
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where Fk = 1− Fk, ξ : [0, 1]m × R
2
+ → [0, 1]m is defined as follows:

ξ(π, x, w) := (ξ1(π, x, w), . . . , ξm(π, x, w))

and ξk are the functions defined in Lemma 1.
• Model 2

Let δ ∈ B0
2, u ∈ R, t, r ≥ 0 and π ∈ [0, 1]2. We define an operator

Φ2 : B
0
2 → B0

2:

(19) (Φ2δ) (u, t, π) = sup
r≥0

{φ2,δ(r, u, t, π)},

where

(20) φ2,δ(r, u, t, π)

= g(u+ d(t, r), t0 − t− r)(F2(r)π2 + F1(r)(π1 − π2) + F0(r)(1− π1))

+ (1− π1)
r�

0

D̂(t,w,u)�

0

δ(u+D(t, w, x), t+ w, ξ(π, x, w))dH0(x)dF0(w)

+ (π1 − π2)
r�

0

D̂(t,w,u)�

0

δ(u+D(t, w, x), t+ w, ξ(π, x, w))dH1(x)dF1(w)

+ π2

r�

0

D̂(t,w,u)�

0

δ(u+D(t, w, x), t+ w, ξ(πi, x, w))dH2(x)dF2(w),

where ξ : [0, 1]2 × R
2
+ → [0, 1]2 is defined as follows:

ξ(π, x, w) := (ξ1(π, x, w), ξ2(π, x, w))

and ξi are the functions defined in Lemma 1.

Below selection theorem of Kuratowski and Ryll-Nardzewski (in [15], [1]),
is useful in analyzing properties of the operators Φ1 and Φ2 :

Theorem 1. Let E and A be Borel spaces and x → M(x) be a compact,

set-valued mapping from E to A such that M := {(x, a) ∈ E× A|a ∈ M(x)}
is a Borel subset of E × A. Let w : M → R be Borel measurable. Then

there exists a Borel measurable maximizer f of w, that is there exists a Borel

measurable function f : E → A such that f(x) ∈ M(x) for all x ∈ E and

w(x, f(x)) = sup
a∈M(x)

w(x, a) =: v(x), x ∈ E.

Moreover, v(·) is Borel measurable.

In the setting of our problem, for model i = 1, 2, we have E := R ×
[0, t0] × [0, 1]mi . By properties of functions g and δ we have also that for
x = (u, t, π) ∈ E M(x) = {r : r ≤ t0 − t} . Hence, we can prove the following
lemma:
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Lemma 2. For i = 1, 2 let π ∈ [0, 1]mi . Then for every δ ∈ B0
mi

we have:

(Φiδ)(u, t, π) = max
0≤r≤t0−t

{φi,δ(r, u, t, π)}.

Furthermore, there exists a measurable function ri,δ satisfying

(Φiδ)(u, t, π) = φi,δ(r1,δ(u, t, π), u, t, π).

Proof. Let i = 1. When r > t0−t and δ ∈ B0
m then g(u+d(t, r), t0−t−r) = 0

and from (18) φ1,δ(r, u, t, π) does not depend on r. Hence, Assumption 1 and
the fact that Fk, k ∈ E are continuous functions in the compact interval
[0, t0] imply the form of Φ1 in Lemma 2. The existence of measurable func-
tion ri,δ follows directly from Theorem 1. The proof for the operator Φ2 is
analogical.

It turns out that both operators are contractions in the norm introduced
in (16).

Lemma 3. For i = 1, 2 operators Φi : B
0
mi

→ B0
mi

defined in (17) and (19)
are contractions in the norm ‖ · ‖α.

Proof. Consider Φ1 and let δ1, δ2 ∈ B0
m. Then by Lemma 2 there exist

̺j := r1,δj (u, t, π) ≤ t0 − t, j = 1, 2, such that (Φ1δj) = φ1,δj (̺j , u, t, π).
It is obvious that φ1,δ2(̺2, u, t, π) ≥ φ1δ2(̺1, u, t, π). Hence, applying the
auxiliary notation:

δj(u, t, w, x, π) := δj(u+D(t, w, x), t+ w, ξ(π, x, w)), j = 1, 2,

we get

(Φ1δ1)(u, t, π)− (Φ1δ2)(u, t, π) ≤ φ1,δ1(̺1, u, t, π)− φ1,δ2(̺1, u, t, π)

=
(

1−
∑

k∈E

πk

)

·
̺1�

0

D̂(t,w,u)�

0

(δ1 − δ2)(u, t, w, x, π)

(

t+ w

t0

)α( t0
t+ w

)α

dH0(x)dF0(w)

+
∑

k∈E

πk

̺1�

0

D̂(t,w,u)�

0

(δ1 − δ2)(u, t, w, x, π)

(

t+ w

t0

)α( t0
t+ w

)α

dHk(x)dFk(w)

≤ (t0)
α(1−

∑

k∈E

πk)
t0−t�

0

‖δ1 − δ2‖α

(

1

t+ w

)α

dF0(w)

+ (t0)
α
∑

k∈E

πk

t0−t�

0

‖δ1 − δ2‖α

(

1

t+ w

)α

dFk(w).
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An analogical inequality can be carried through for

(Φ1δ2)(u, t, π)− (Φ1δ1)(u, t, π).

Since we have assumed that the density functions fk, k ∈ E ∪ {0} are com-
monly bounded by a constant C we get:

|(Φ1δ2)(u, t, π)− (Φ1δ1)(u, t, π)|

≤ (t0)
αC‖δ1 − δ2‖α

t0−t�

0

(

1

t+ w

)α

dw ≤ (t0)
α C

α− 1
||δ1 − δ2||α

(

t0
tα

)

.

As a straightforward consequence

‖(Φ1δ2)(u, t, π)− (Φ1δ1)(u, t, π)‖α ≤
Ct0
α− 1

||δ1 − δ2||α ≤ χ||δ1 − δ2||α,

where χ < 1. The proof for Φ2 is analogical.

4. Dynamic programming equations

In this section we will find the form of optimal stopping rule in the finite
horizon case, that is optimal in the class Tn,K , where K, representing the
maximal number of claims, is finite and fixed. Once we have defined the re-
cursive relations between the conditional probabilities of disorder and intro-
duced the operators (Φi)i=1,2, we can derive dynamic programming equations
satisfied by Γn,K defined in (9). This will be the main result of Theorem 2.
Then, in Theorem 3, we will find optimal stopping times τ∗n,K and τ∗K for
the problems (7) and (8) and corresponding optimal mean rewards.

Reasoning below is similar to the one in [5]. It uses the representation
theorem for stopping times presented in Lemma 2 ([6], [8]).

Lemma 4. If τ ∈ Tn,K , then there exists a positive Fn-measurable random

variable Rn such that min(τ, Tn+1) = min(Tn +Rn, Tn+1).

Theorem 2. For n = K,K − 1, . . . , 0,

(21) Γn,K = µTnγK−n(UTn , Tn, πn) a.s. ,

where for j = 0, . . . ,K, γj : R × [0,∞) × [0, 1]m → R for Model 1 and

γj : R× [0,∞)× [0, 1]2 → R for Model 2.
The sequence of functions γj is given by the recursion:

γ0(u, t, π) = g(u, t0 − t),

γj+1(u, t, π) =

{

(Φγj)(u, t, π) for u ≥ 0, t ≤ t0,

0 otherwise,

where Φ = Φ1 for Model 1 and Φ = Φ2 for Model 2.
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Proof. We will prove the theorem for Model 1. Firstly, we shall show that
for n = K − 1,K − 2, . . . , 0 one has

(22) Γn,K = ess sup
{

µTng(UTn + d(Tn, Rn)),

t0 − Tn −Rn)
(

∑

k∈E

Fk(Rn)πn,k + F0(Rn)
(

1−
∑

k∈E

πn,k

))

+ E(I{Rn≥Sn+1}Γn+1,K |Fn) : Rn ≥ 0 and Rn is Fn-measurable
}

.

Let τ ∈ Tn,K and 0 ≤ n < K < ∞. Lemma 4 implies that

An := {τ < Tn+1} = {Tn +Rn < Tn+1} = {Rn < Sn+1}

=
({

Rn < S
(0)
n+1

}

∩ {Θ > n}
)

∪
⋃

k∈E

({

Rn < S
(k)
n+1

}

∩ {Θ ≤ n, I = k}
)

=: A0
n ∪

⋃

k∈E

Ak
n.

Thus, denoting An := Ω \An we have

E(Zτ |Fn) = E(Zτ IA0
n
|Fn) +

∑

k∈E

E(Zτ IAk
n
|Fn) + E(Zτ IAn

|Fn)(23)

=: a0n +
∑

k∈E

akn + bn.

We will now calculate a0n. First, we transform the given form of Zτ using (5):

a0n = µTnE(I
{

Rn<S
(0)
n+1

}I{Θ>n}g(UTn+Rn , t0 − Tn −Rn)|Fn)

= µTnE(I
{

Rn<S
(0)
n+1

}I{Θ>n}g(UTn + d(Tn, Rn), t0 − Tn −Rn)|Fn),

since on the event A0
n Tn ≤ τ < Tn+1. Now, definition of πn,k and Fn−mea-

surability of Rn give us

a0n = µTng(UTn + d(Tn, Rn), t0 − Tn −Rn)E(I{Θ>n}(24)

· E(I
{Rn<S

(0)
n+1}

|Gn)|Fn)

= µTng(UTn + d(Tn, Rn), t0 − Tn −Rn)F0(Rn)
(

1−
∑

k∈E

πn,k

)

.

Similarly, one can show that

(25) akn = µTng(UTn + d(Tn, Rn), t0 − Tn −Rn)Fk(Rn)πn,k.
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If we additionally define τ ′ := max(τ, Tn+1), then it is easy to see that
τ ′ ∈ Tn+1,K and:

(26) bn = E(E(Zτ ′I{Sn+1≤Rn}|Fn+1)|Fn) = E(I{Sn+1≤Rn}E(Zτ ′ |Fn+1)|Fn).

The formulas (23), (24), (25) and (26) imply that

E(Zτ |Fn) = µTng(UTn + d(Tn, Rn), t0 − Tn −Rn)

·
(

∑

k∈E

Fk(Rn)πn,k + F0(Rn)(1−
∑

k∈E

πn,k)
)

+ E(I{Sn+1≤Rn}E(Zτ ′ |Fn+1)|Fn).

Now, following the standard reasoning of the optimal stopping theory,
we get the dynamic programming equation for Γn,K , n = K,K − 1, . . . , 0,
given in (22), with

(27) ΓK,K = µTK
g(UTK

, t0 − TK).

We shall prove the main part of the theorem using the backward induction
method. First, one should note that the above implies that (21) is satisfied
for n = K as

(28) ΓK,K = µTK
g(UTK

, t0 − TK) = µTK
γ0(UTK

, TK , πK).

Let n = K − 1. It is easy to observe that

{RK−1 ≥ SK} =
⋃

k∈E

({

RK−1 ≥ S
(k)
K

}

∩ {Θ ≤ K − 1, I = k}
)

∪
({

RK−1 ≥ S
(0)
K

}

∩ {Θ > K − 1}
)

:=
⋃

k∈E

Bk
K ∪B0

K .

Hence, applying (22) we get

(29) ΓK−1,K =

µTK−1
ess sup

{

g(UTK−1
+ d(TK−1, RK−1), t0 − TK−1 −RK−1)

·
(

∑

k∈E

Fk(RK−1)πK−1,k + F0(RK−1)(1−
∑

k∈E

πK−1,k)
)

+
∑

k∈E

E

(

IBk
K
ΓK,K |FK−1

)

+ E

(

IB0
K
ΓK,K |FK−1

)

:

RK−1 ≥ 0 and RK−1 is FK−1-measurable
}

.

Let us calculate the conditional expectation for the set Bk
K for an arbi-

trary k ∈ E . The remaining summands under the conditional expectation in
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formula (29) can be transformed in a similar way. Taking (28) into consid-
eration, rewriting µTK

as

µTK−1
I
{UTK−1

+d(TK−1,SK)−XKe
β(TK−1+SK)>0}

and applying the definitions of SK , XK and UTK
we get

E(IBk
K
ΓK,K |FK−1) = µTK−1

E(IBk
K
I{

UTK−1
+D(TK−1,S

(k)
K

,X
(k)
K

)>0
}g(UTK−1

+D(TK−1, S
(k)
K , X

(k)
K ), t0 − TK−1 − S

(k)
K )|FK−1).

Now, independence of S
(k)
K , X

(k)
K and FK−1, properties of conditional expec-

tation along with the definition of πK−1,k give us

E(IBk
K
ΓK,K |FK−1) = µTK−1

πK−1,k

·

RK−1�

0

D̂(TK−1,w,UTK−1
)�

0

g(UTK−1
+D(TK−1, w, x), t0−TK−1−w)dHk(x)dFk(w).

Analogical calculations for B0
K , formulas (29), (17), (18) and Lemma 2 com-

plete the backward induction step for n = K − 1.

Let 1 ≤ n < K − 1 and suppose that Γn,K = µTnγK−n(UTn , Tn, πn).
From (22) we have

Γn−1,K = ess sup
{

µTn−1g(UTn−1 + d(Tn−1, Rn−1), t0 − Tn−1 −Rn−1)(30)

·
(

∑

k∈E

Fk(Rn−1)πn−1,k + F0(Rn−1)(1−
∑

k∈E

πn−1,k)
)

+
∑

k∈E

E

(

IBk
n
µTnγK−n(UTn , Tn, πn)|Fn−1

)

+ E
(

IB0
n
µTnγK−n(UTn , Tn, πn)|Fn−1

)

:

Rn−1 ≥ 0, Rn−1 is Fn−1-measurabe
}

.

Since

µTn = µTn−1I{UTn−1
+D(Tn−1,Sn,Xn)>0},

similarly to the calculations presented above we derive the formula for con-
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ditional expectation from (30) related to IBk
n
. We get

E

(

IBk
n
µTnγK−n(UTn , Tn, πn)|Fn−1

)

= µTn−1E(IBk
n
I{

UTn−1
+D(Tn−1,S

(k)
n ,X

(k)
n )>0

}γK−n(UTn , Tn, πn)|Fn−1)

= µTn−1E(IBk
n
E(I{

Rn−1≥S
(k)
n

}I{
UTn−1

+D(Tn−1,S
(k)
n ,X

(k)
n )>0

}

· γK−n(UTn−1 +D(Tn−1, S
(k)
n , X(k)

n ),

Tn−1 + S(k)
n , ξ(πn−1, S

(k)
n , X(k)

n ))|Gn−1)|Fn−1)

= πn−1,k

Rn−1�

0

D̂(Tn−1,w,UTn−1
)�

0

γK−n(UTn−1 +D(Tn−1, w, x), Tn−1

+ w, ξ(πn−1, x, w))dHk(x)dFk(w).

Analogical calculations for B0
n, formulas (30), (17), (18) and Lemma 2 com-

plete the proof of Theorem 2 for Model 1. The same approach can be readily
applied for Model 2.

We will now concentrate on the problem of finding optimal stopping
times τ∗K in both models. To this end, similarly as in [10], one has to
analyze properties of the sequence of the functions γn from Theorem 2. From
Lemma 2 we know that in both models there exist functions rK−1−n := rγn ,
such that

γn+1(u, t, π) =

{

φγn(rK−1−n(u, t, π), u, t, π) if u ≥ 0, t ≤ t0,

0 otherwise,

where for i = 1, 2 we denote φγn = φi,γn , rγn = ri,γn depending on the model.
To determine the form of optimal stopping times τ∗n,K we define

R∗
n = rn(UTn , Tn, πn),

which in the light of Theorem 1 are well defined random variables. Moreover,
we introduce

σn,K = min{K, inf{i ≥ n : R∗
i < Si+1}}.

Then we have

Theorem 3. Let

τ∗n,K =

{

Tσn,K
+R∗

σn,K
if σn,K < K,

TK if σn,K = K,
and τ∗K = τ∗0,K .

Then, for any 0 ≤ n ≤ K we have

Γn,K = E(Zτ∗
n,K

|Fn) a.s. and Γ0,K = E(Zτ∗
K
).
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Proof. This is a straightforward consequence of the definition of random
variables R∗

n, σn,K and Theorem 2.

Remark 1. In order to clarify the structure of the above stopping rule
we illustrate it briefly. First, we find a special set of functions ri (·, ·, ·),
i = 0, . . . ,K. Then, at time T0 = 0, with U0 = u0, we calculate r0 (U0, T0, π0).
If till the time T0 + r0 (U0, T0, π0) first claim has not yet been observed, we
stop. Otherwise, when the first claim occurs at time T1 < T0+r0 (U0, T0, π0) ,
we calculate the value r1 (U1, T1, π1) and wait for the next claim till the
time T1 + r1 (U1, T1, π1) , etc. In other words, the optimal stopping times
derived in this model, can be interpreted as constituting a threshold rule.
Similar structure of optimal stopping time for payoffs related to semi-Markov
processes was obtained in [5].

5. Solution of the infinite horizon problem

Let γi,K be the the functions obtained in Theorem 2 for models i = 1, 2
and fixed K ∈ N. Then Lemma 3 and Banach’s Fixed Point Theorem imply

Lemma 5. For i = 1, 2 there exist functions γi ∈ B0
mi

such that

γi = Φiγi and lim
K→∞

||γi,K − γi||α = 0.

Below theorem presents the way to obtain an optimal stopping rule in
the infinite horizon case as well its relation to optimal conditional rewards.

Theorem 4. Assume that the utility function g1 is differentiable and non-

decreasing, and hazard functions fk/Fk, k = 0, 1, . . . ,m are bounded from

above. Then:

(a) for n = 0, 1, . . . the limit τ̂n := limK→∞ τ∗n,K exists a.s. and τ̂n is an

optimal stopping rule in T ∩ {τ ≥ Tn}.
(b) E(Zτ̂n |Fn) = µTnγ(UTn , Tn, πn) a.s.

Proof. (a) We will consider Model 1. As τ∗n,K ≤ τ∗n,K+1 a.s. for n ≥ 0,
the stopping rule τ̂n: Tn ≤ τ̂n = lim

K→∞
τ∗n,K ≤ t0 exists. To get optimality

of τ̂n we will apply arguments similar to those used in [5], [10], [9]. Let

ζt = (t, Ut, Yt, Vt, πNt , Nt), where Yt = t−TNt and Vt = µt =
∏Nt

n=1 I{UTn>0},
t ≥ 0. Then, one can show that ζ = {ζt : t ≥ 0} is a Markov process with
the state space R+ × R × R+ × {0, 1} × [0, 1]m × N0. One can see that the
return Zt can be described as a function, say g̃, of ζt. Then, if we denote by

(31) Ik(u) :=
ue−βs�

0

g1(u− eβsx)dHk(x), k ∈ E ∪ {0}
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we can calculate a strong generator of ζ in the form

(32) (Ag̃)(t, u, y, v, π, n)

= v

{

∑

k∈E

πn,k

(

eαt(u0α+ c)g′1(u)−
fk(y)

Fk(y)
(g1(u)− Ik(u))

)

+
(

1−
∑

k∈E

πn,k

)

(

eαt(u0α+ c)g′1(u)−
f0(y)

F0(y)
(g1(u)− I0(u))

)}

,

where the expression above is well defined as we have fk(y) = 0 for y ≥
supp(Fk).

Obviously Mt := g̃(ζt)− g̃(0)−
	t
0(Ag̃)(ζs)ds, t ≥ 0, is a martingale with

respect to the filtration σ(ζs, s ≤ t), which is the same as FU
t . As Tn and τ∗n,K

are stopping times satisfying the condition Tn ≤ τ∗n,K , a.s., and Fn = FU
Tn

we can apply the optional sampling theorem and get

E(Mτ∗
n,K

|Fn) = MTn a.s.,

E

(

g̃(ζτ∗
n,K

)− g̃(0)−

τ∗n,K�

0

(Ag̃)(ζs)ds|Fn

)

= g̃(ζTn)− g̃(0)−
Tn�

0

(Ag̃)(ζs)ds a.s.,

and finally

(33) E

(

g̃(ζτ∗
n,K

)|Fn

)

− g̃(ζTn) = E

(τ∗n,K�

Tn

(Ag̃)(ζs)ds|Fn

)

a.s.

We will now calculate the limit of the expression from the right hand side
of the equality (33) with K → ∞. First, applying the form of the generator
from (32) we get

(34) (Ag̃)(ζs)

= µs

{

∑

k∈E

πNs,k

(

eαs(u0α+ c)g′1(Us) +
fk(s− TNs)

Fk(s− TNs)
(Ik(Us)− g1(Us))

)

+
(

1−
∑

k∈E

πNs,k

)

(

eαs(u0α+ c)g′1(Us) +
f0(s− TNs)

F0(s− TNs)
(I0(Us)− g1(Us))

)}

.

Inserting to (33) the formula for the infinitesimal generator given in (34)
we get

E

(

g̃(ζτ∗
n,K

)|Fn

)

− g̃(ζTn) = E
(

J1
n,K |Fn

)

− E
(

J2
n,K |Fn

)

a.s.,
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where we denoted

J1
n,K :=

τ∗n,K�

Tn

(

∑

k∈E

πNs,k

(

eαs(u0α+ c)g′1(Us) +
fk(s− TNs)

Fk(s− TNs)
Ik(Us)

)

+

(

eαs(u0α+ c)g′1(Us) +
f0(s− TNs)

F0(s− TNs)
I0(Us)

)

(

1−
∑

k∈E

πNs,k

))

µsds,

J2
n,K :=

τ∗n,K�

Tn

(

∑

k∈E

πNs,k
fk(s− TNs)

Fk(s− TNs)
+ (1−

∑

k∈E

πNs,k)
f0(s− TNs)

F0(s− TNs)

)

g1(Us)µsds.

Note that both J1
n,K and J2

n,K are nonnegative random variables. More-
over,

J2
n,K ≤

τ∗n,K�

Tn

(

∑

k∈E

πNs,k
fk(s− TNs)

Fk(s− TNs)
+ (1−

∑

k∈E

πNs,k)
f0(s− TNs)

F0(s− TNs)

)

· g1(u0 + d(0, t0))ds

≤ g1(u0 + d(0, t0))

( t0�

Tn

∞
∑

j=n

(

∑

k∈E∪{0}

fk(s− TNs)

Fk(s− TNs)

)

I{Ns=j}ds

)

,

which is bounded by a constant. Now, applying Monotone Convergence
Theorem, the properties of conditional expectation and the fact that
limK→∞ τ∗n,K = τ̂n we get

lim
K→∞

E

(
τ∗
n,K�

Tn

(Ag̃)(ζs)ds|Fn

)

= E

( τ̂n�

Tn

(Ag̃)(ζs)ds|Fn

)

a.s.

On the other hand, Dynkin formula implies also that

E

( τ̂n�

Tn

(Ag̃)(ξs)ds|Fn

)

= E (g̃(ζτ̂n)|Fn))− g̃(ζTn) a.s.

Hence,

(35) lim
K→∞

E

(

g̃(ζτ∗
n,K

)|Fn

)

= E (g̃(ζτ̂n)|Fn) a.s.

Thus, τ̂n is optimal stopping rule. For Model 2 we proceed analogically.

(b) Applying Theorem 2 the following equality stands

E

(

g̃(ζτ∗
n,K

)|Fn

)

= µTnγK−n(UTn , Tn, πn).
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Then, Lemma 5 and (35) imply that for both considered models

E (Zτ̂n |Fn) = lim
K→∞

E

(

g̃(ζτ∗
n,K

)|Fn

)

= lim
K→∞

µTnγK−n(UTn , Tn, πn)

= µTnγ(UTn , Tn, πn) a.s.

what completes the proof.
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