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Abstract. The intrinsic flexibility of probabilistic metric spaces makes it possible to
extend the idea of contraction mapping in several inequivalent ways, one of which being
the C-contraction. Cyclic contractions are another type of contractions used extensively
in global optimization problems. We introduced here p-cyclic contractions which are
probabilistic C-contraction types. It involves p numbers of subsets of the spaces and
involves two control functions for its definitions. We show that such contractions have
fixed points in a complete probabilistic metric space. The main result is supported with
an example and extends several existing results.

1. Introduction
The probabilistic metric space was first introduced by K. Menger [24]

in 1942. Probabilistic metric spaces are probabilistic generalizations of
metric spaces in which we assign to any two points x and y, a distribution
function Fx,y. Following the pioneering works of Schweizer and Sklar [32],
many authors established various types of papers on these spaces. Fixed
point theory has extensive applications, not only in mathematics but also in
other regions. A contraction is one of the main tools to prove the existence
and uniqueness results on fixed points in probabilistic analysis. Sehgal and
Bharucha-Reid generalized the Banach contraction principle on a complete
Menger space, which is a milestone in developing fixed point theorems in
Menger space in 1972 [33]. They proved their result for mappings satisfying
some contractive conditions. The contraction proved by Sehgal and Bharucha
-Reid is known as Sehgal’s contraction or B-contraction. The inherent
flexibility of the probabilistic metric spaces allows us to extend the contraction
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mapping principle in it in more than one inequivalent ways. In 1983 Hicks [19]
developed another extension of the contraction mapping principle in these
spaces. The contraction introduced by Hicks was known as C-contraction.
Subsequently, fixed point theory in probabilistic metric spaces has developed
in an extensive way. A comprehensive survey of this line of research up to 2001
is described by Hadzic and Pap in [18]. Some of the recent references dealing
with probabilistic contraction may be noted in [3, 4, 10, 11, 14, 15, 17, 26, 28]
and [29]. The references [2, 5, 25] and [37] describe, in particular, the
C-contraction and their generalizations.

In 1984, Khan, Swaleh and Sessa [23] introduced a new type of contractive
fixed point problems in metric spaces. They introduced “Altering distance
function”, which is a control function that alters the distance between two
points in a metric space. The idea of altering distance function was further
generalized in a number of works. After introducing this function, many fixed
point results of functions satisfying various types of contractive conditions
involving altering distances have been proved. Some of these results may be
noted in [13, 27, 30] and [31].

Choudhury and Das [3] extended the concept of “Altering distance func-
tion” to the context of Menger spaces which are special types of probabilistic
metric spaces in which the triangular inequality is obtained with the appli-
cation of a t-norm. This idea of control function has opened the possibility
of proving new fixed point results in Menger spaces. Some recent results
on fixed point and coincidence point problems using this control function in
Menger spaces have appeared in works like [4, 5, 11, 14, 15] and [26].

Recently, Kirk, Srinivasan and Veeramani initiated the concept of cyclic
contraction and cyclic contractive type mapping, in their paper [22], in metric
spaces. After that many papers have appeared on this concept.

Kirk, Srinivasan and Veeramani established the following results.

Theorem 1.1. [22] Let A and B be two non-empty closed subsets of a
complete metric space X, and suppose f : A

Ť

B Ñ A
Ť

B satisfies:

(1) fA Ď B and fB Ď A,
(2) dpfx, fyq ≤ kdpx, yq for all , x P A and y P B where k P p0, 1q.

Then f has a unique fixed point in A
Ş

B.

The problems of cyclic contractions have been strongly associated with
proximity point problems. Some other results dealing with cyclic contractions
and proximity point problems are noted in [1, 6, 7, 8, 12, 16, 20, 35] and [36].

A generalization of cyclic mapping is p-cyclic mapping. The definition is
the following:
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Definition 1.1. Let tAiu
p
i“1 be non-empty sets. A p-cyclic mapping is a

mapping T :
Ťp
i“1Ai Ñ

Ťp
i“1Ai which satisfies the following conditions:

(i) TAi Ď Ai`1 for 1 ≤ i ă p, TAp Ď A1.

In the case p “ 2, this reduces to cyclic mappings. Some fixed point results
of p-cyclic maps have been obtained in [9, 20, 21, 34]. In this paper, we are
interested in the fixed point properties of p-cyclic mappings of C-contraction
in probabilistic metric spaces. In the following we describe the space briefly
and to the extent of our requirement. Several aspects of this space have been
described comprehensively by Schweizer and Sklar [32].

Below are the mathematical descriptions of some concepts and results
which are needed in this paper.

Definition 1.2. [18, 32] A mapping F : RÑ R` is called a distribution
function if it is non-decreasing and left continuous with inf

tPR
F ptq “ 0 and

sup
tPR

F ptq “ 1, where R is the set of all real numbers and R` denotes the set

of all non-negative real numbers.

Definition 1.3. t-norm [18, 32] A t-norm is a function ∆ : r0, 1sˆr0, 1s Ñ
r0, 1s which satisfies the following conditions for all a, b, c, d P r0, 1s

(i) ∆p1, aq “ a,
(ii) ∆pa, bq “ ∆pb, aq,
(iii) ∆pc, dq ≥ ∆pa, bq whenever c ≥ a and d ≥ b,
(iv) ∆p∆pa, bq, cq “ ∆pa,∆pb, cqq.

Here we use the minimum t-norm, that is,

∆pa, bq “ minta, bu, for all a, b P r0, 1s, which is the strongest t-norm.

The following are three examples of t-norm:

(i) The minimum t-norm, ∆ “ Tm, defined by Tmpa, bq “ minta, bu.
(ii) The product t-norm, ∆ “ Tp, defined by Tppa, bq “ a.b.
(iii) The Lukasiewicz t-norm, ∆ “ TL, defined by TLpa, bq “ maxta`b´1, 0u.

Definition 1.4. Menger space [18, 32] A Menger space is a triplet
pX,F,∆q, where X is a non empty set, F is a function defined on X ˆX to
the set of distribution functions and ∆ is a t-norm, such that the following
are satisfied:

(i) Fx,yp0q “ 0 for all x, y P X,
(ii) Fx,ypsq “ 1 for all s ą 0 and x, y P X if and only if x “ y,
(iii) Fx,ypsq “ Fy,xpsq for all x, y P X, s ą 0 and
(iv) Fx,ypu` vq ≥ ∆pFx,zpuq, Fz,ypvqq for all u, v ≥ 0 and x, y, z P X.
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Definition 1.5. [18, 32] A sequence txnu Ă X is said to converge to some
point x P X if given ε ą 0, λ ą 0 we can find a positive integer Nε,λ such
that for all n ą Nε,λ

p1.1q Fxn,xpεq ą 1´ λ.

Definition 1.6. [18, 32] A sequence txnu is said to be a Cauchy sequence
in X if, given ε ą 0, λ ą 0 there exists a positive integer Nε,λ such that

p1.2q Fxn,xmpεq ą 1´ λ for all m,n ą Nε,λ.

Definition 1.7. [18, 32] A Menger space pX,F,∆q is said to be complete
if every Cauchy sequence is convergent in X.

Definition 1.8. C-contraction [19] Let pX,F q be a probabilistic metric
space. A mapping f : X Ñ X is called a C-contraction if there exists
k P p0, 1q such that for every p, q P X and t ą 0, the following implication
holds:

p1.3q Fp,qptq ą 1´ t implies Ffp,fqpktq ą 1´ kt.

Definition 1.9. Φ-function [3] A function φ : R Ñ R` is said to be a
Φ-function if it satisfies the following conditions:

(i) φptq “ 0 if and only if t “ 0,
(ii) φptq is strictly monotone increasing and φptq Ñ 8 as tÑ8,
(iii) φ is left continuous in p0,8q,
(iv) φ is continuous at 0.

It has been established in [3] that the “Altering distance function” can be
generated from the Φ-function. We will also utilize the following function in
our theorem. The following is an extension of “Altering distance function” to
Menger spaces.

Definition 1.10. Ψ-function [15] A function ψ : R` Ñ R` is said to be
a Ψ-function if it satisfies the following conditions:

(i) ψ is strictly monotone increasing,
(ii) ψnpsq Ñ 0 as nÑ8 for all s ≥ 0,
(iii) ψpsq ă s,
(iv) ψ is continuous.

Definition 1.11. Let pX,F,∆q be a Menger space. Let A, B be two
non-empty closed subsets of X. A mapping T : A

Ť

B Ñ A
Ť

B is said to
be a generalized cyclic C-contraction if

p1.4q Fx,ypφprqq ą 1´ λ implies FTx,Typφpψ1prqqq ą 1´ ψ2pλq
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for all x P A and y P B where r ą 0 and 0 ă λ ă 1, φ is a Φ-function and
ψ1, ψ2 are Ψ-functions.

In particular, if φptq “ t, ψ1ptq “ ψ2ptq “ kt, for all t ≥ 0, we call the
mapping T a cyclic C-contraction.

2. Main result
Theorem 2.1. Let pX,F,∆q be a complete Menger space where ∆ is the
minimum t- norm. Let tAiu

p
i“1 be non-empty closed subsets of X such that

the mapping T :
Ťp
i“1Ai Ñ

Ťp
i“1Ai satisfies the following conditions:

piq TAi Ď Ai`1 for 1 ≤ i ă p, TAp Ď A1,(2.1)
piiq Fx,ypφprqq ą 1´ λ implies FTx,Typφpψ1prqqq ą 1´ ψ2pλq,(2.2)

whenever x P Ai, y P Aj and 1 ≤ i, j ≤ p, i ‰ j, ψ1, ψ2 are Ψ-function and φ
is a Φ-function. Then

Şp
i“1Ai is non-empty and T has a unique fixed point

in
Şp
i“1Ai.

Proof. Let x0 be any arbitrary point in A1. Now we define the sequence
txnu

8
n“0 in X by xn “ Txn´1, n P N where N is the set of natural numbers.
By (2.1), we have x0 P A1, x1 P A2, x2 P A3,. . . ,xp´1 P Ap and in general

xnp P A1, xnp`1 P A2, . . . , xnp`pp´1q P Ap for all n ≥ 0.
Let 0 ă η ă 1 be given. By a property of φ we can find r ą 0 such that

Fx0,x1pφprqq ą 1´ η.

Now, by (2.1), x0 P A1 and x1 P A2.
Then, by an application of (2.2), we have

FTx0,Tx1pφpψ1prqqq ą 1´ ψ2pηq,

that is,
Fx1,x2pφpψ1prqqq ą 1´ ψ2pηq.

Again, by an application of (2.2), we have

Fx2,x3pφpψ
2
1prqqq “ FTx1,Tx2pφpψ

2
1prqqq ą 1´ ψ2

2pηq, (by (2.1) and (2.2)).

Continuing this process, we obtain in general for all positive integer n ≥ 0,

Fxn,xn`1pφpψ
n
1 prqqq ą 1´ ψn2 pηq.

Let ε be arbitrary. By the properties of φ and ψ, we can find a positive
integer N such that for all integer n ą N ,

φpψn1 prqq ă ε.

Consequently for all n ą N , we have

Fxn,xn`1pεq ≥ Fxn,xn`1pφpψ
n
1 prqqq ą 1´ ψn2 pηq.
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Letting nÑ8, in the above inequality, in view of property (ii) of ψ function,
we obtain

p2.3q Fxn,xn`1pεq Ñ 1 as nÑ8.

We next prove that txnu is a Cauchy sequence. If possible, let txnu be
not a Cauchy sequence. Then there exist ε ą 0 and 0 ă λ ă 1 for which
we can find subsequences txmpkqu and txnpkqu of txnu with npkq ą mpkq ą k
such that

p2.4q Fxmpkq,xnpkqpεq ≤ 1´ λ.

We take npkq corresponding to mpkq to be the smallest integer satisfying
(2.4) so that

p2.5q Fxmpkq,xnpkq´1
pεq ą 1´ λ.

If ε1 ă ε then, for all k ą 0, we have

Fxmpkq,xnpkqpε1q ≤ Fxmpkq,xnpkqpεq.

We conclude that it is possible to construct txmpkqu and txnpkqu with
npkq ą mpkq ą k and satisfying (2.4) and (2.5) whenever ε is replaced by
a smaller positive value. As φ is continuous at 0 and strictly monotone
increasing with φp0q “ 0, it is possible to obtain ε2 ą 0 such that φpε2q ă ε.

Then, by the above argument, it is possible to obtain an increasing
sequence of integers tmpkqu and tnpkqu with npkq ą mpkq ą k such that

p2.6q Fxmpkq,xnpkqpφpε2qq ≤ 1´ λ

and

p2.7q Fxmpkq,xnpkq´1
pφpε2qq ą 1´ λ.

From the definition of ψ-function ψ´11 is continuous at ε2 and ε2 ă ψ´11 pε2q.
So there exists η1 ą 0 such that

p2.8q ψ´11 pε2 ´ η1q ą ε2.

We take

p2.9q 0 ă η2 “ φpε2q ´ φpε2 ´ η1q.

(Which is possible as φ is strictly increasing.)
Then, from (2.6) we have

1´ λ ≥ Fxmpkq,xnpkqpφpε2qq(2.10)

≥ ∆pFxmpkq,xmpkq`1
pη2q, Fxmpkq`1,xnpkqpφpε2q ´ η2qq

“ ∆pFxmpkq,xmpkq`1
pη2q, Fxmpkq`1,xnpkqpφpε2 ´ η1qqq, (by (2.9)).
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Now,

Fxmpkq,xnpkq´1
pφpψ´11 pε2 ´ η1qqq ≥ Fxmpkq,xnpkq´1

pφpε2qq ą 1´ λ,

(by (2.7) and (2.8)).

Then, using (2.2), we have

Fxmpkq`1,xnpkqpφpε2´η1qq “ FTxmpkq,Txnpkq´1
pφpψ1pψ

´1
1 pε2´η1qqqq ą 1´ψ2pλq,

that is,

p2.11q Fxmpkq`1,xnpkqpφpε2 ´ η1qq ą 1´ ψ2pλq.

Then, from (2.10), we have

p2.12q 1´ λ ≥ ∆pFxmpkq,xmpkq`1
pη2q, 1´ ψ2pλqq, (by (2.11)).

Taking k Ñ8 in (2.12), using (2.3), and the continuity of ∆, we have

1´ λ ≥ ∆p1, 1´ ψ2pλqq “ 1´ ψ2pλq,

which implies ψ2pλq ≥ λ, which contradicts the fact that ψ2pλq ă λ.
Thus txnu is a Cauchy sequence.
Since X is complete, we have

p2.13q lim
nÑ8

xn “ z.

By the construction of the sequence txnu, we have xp P A1, x2p P A1, . . . ,
xnp P A1. Therefore, the subsequence txnpu of txnu, which belongs to A1 also
converges to z in A1, since A1 is closed. Similarly, subsequence txnp`1u which
belongs to A2 also converges to z in A2. Since A3, A4, . . . , Ap are closed sets,
similarly we get z P A3, A4,. . . ,Ap. Therefore z P A1

Ş

A2
Ş

A3 . . .
Ş

Ap.
Now, we prove Tz “ z.

Let ε ą 0 be given. By the properties of φ, there exists ε3 ą 0 such that
φpε3q ă ε. Then,

p2.14q Fz,Tzpεq ≥ ∆pFz,xn`1pε´ φpε3qq, Fxn`1,T zpφpε3qqq.

From the definition of Ψ function, ψ´11 is continuous at ε3 and ε3 ă
ψ´11 pε3q. As φ is continuous at 0 and strictly monotone increasing with
φp0q “ 0, we have

φpψ´11 pε3qq ą 0.

As xn Ñ z for nÑ8 we have

Fxn,zpφpψ
´1
1 pε3qqq Ñ 1 as nÑ8.

Thus, for any 0 ă λ ă 1, we can find a positive integer N1 such that for all
n ą N1,

Fxn,zpφpψ
´1
1 pε3qqq ą 1´ λ.

Let xn P An`1 and z P A1
Ş

A2
Ş

A3 . . .
Ş

Ap Ă Ai where n` 1 ‰ i.
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By (2.2), we have

FTxn,T zpφpε3qq ą 1´ ψ2pλq ą 1´ λ, (since ψ2pλq ă λ for λ ą 0),

that is,
Fxn`1,T zpφpε3qq ą 1´ λ.

Since xn Ñ z as nÑ8, we can find a positive integer N2 such that for all
n ą N2,

p2.15q Fz,xn`1pε´ φpε3qq ą 1´ λ.

Using (2.13) and (2.15) in (2.14), we have for all n ą N3 “ maxtN1, N2u

Fz,Tzpεq ≥ ∆pFz,xn`1pε´ φpε3qq, Fxn`1,T zpφpε3qqq

ą ∆p1´ λ, 1´ λq

“ 1´ λ.

As λ is arbitrary, we can say that Fz,Tzpεq “ 1, that is, z “ Tz.
Now, we prove the uniqueness of the fixed point. Let x and y be two

distinct fixed points of T in A1
Ş

A2
Ş

. . .
Ş

Ap. Then the properties of φ
imply 0 ă Fx,ypφptqq ă 1 for some t ą 0.

By the properties of φ we can find a ε ą 0, such that for 0 ă λ ă 1 we
have

Fx,ypφpεqq ą 1´ λ.

As x, y P A1
Ş

A2
Ş

A3 . . .
Ş

Ap by use of (2.2), we have

FTx,Typφpψ1pεqqq ą 1´ ψ2pλq,

that is
Fx,ypφpψ1pεqqq ą 1´ ψ2pλq.

Continuing this we obtain

Fx,ypφpψ
n
1 pεqqq ą 1´ ψn2 pλq.

For arbitrary µ ą 0, by virtue of properties of ψ-function and φ-function, it
is possible to find a positive integer N ą 0 such that

φpψn1 pεqq ă µ for all n ą N.

So that from the above inequality

Fx,ypµq ≥ Fx,ypφpψ
n
1 pεqqq ą 1´ ψn2 pλq,

that is Fx,ypµq ą 1´ ψn2 pλq for all n ą N .
Letting nÑ8, in the above inequality, we have

Fx,ypµq “ 1 for all µ ą 0,

that is, x “ y.
This proves the uniqueness of the fixed point and completes the proof.
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Taking p “ 2, we get the following corollary which is an extension of the
C-contraction principle to a cyclic C-contraction principle.

Corollary 2.1. Let pX,F,∆q be a complete Menger space, where ∆ is
the minimum t-norm. Let A and B be two non-empty closed subsets of X.
Let a mapping T : A

Ť

B Ñ A
Ť

B satisfies the following conditions:

(i) TA Ď B and TB Ď A,
(ii) Fx,yptq ą 1´ t implies FTx,Typktq ą 1´ kt

for all x P A and y P B where 0 ă k ă 1 and t ą 0. Then A
Ş

B is non
empty and T has a unique fixed point in A

Ş

B.

Example 2.1. Let X “ tx1, x2, x3, x4u, A “ tx1, x2, x4u and B “ tx2, x3u,
and let the t-norm ∆pa, bq “ minpa, bq and Fx,yptq be defined as

Fx1,x2ptq “ Fx1,x3ptq “ Fx1,x4ptq “ Fx2,x4ptq “ Fx3,x4ptq

“

$

’

&

’

%

0, if t ≤ 0,

0.4, if 0 ă t ă 4,

1, if t ≥ 4,

Fx2,x3ptq “

$

’

&

’

%

0, if t ≤ 0,

0.60, if 0 ă t ≤ 7,

1, if t ą 7.

It may be easily verified that pX,F,∆q is a complete Menger space. If we
define T : A

Ť

B Ñ A
Ť

B as follows: Tx1 “ x2, Tx2 “ x2, Tx3 “ x2,
Tx4 “ x3 then it satisfies all the conditions of the Theorem 2.1 where
φptq “ 2t, ψ1ptq “ t2, ψ2ptq “

5t
7 and x2 is the unique fixed point of T .
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