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Abstract 

The performance of a learning algorithm is measured by looking at the 
structure achieved through such learning processes and comparing the 
desired function / to the function computed by the network acting as a 
classical automaton. It is important to characterise the functions which 
can be computed by the network in this fixed structure, since if there is 
no configuration which allows the computation of f , then a network 
cannot learn to compute f . We studied the computability of networks 
of PLNs (Probabilistic Logic Node (Aleksander, 1988)). We 
suggested a new method of recognition based on stored probabilities 
with PLN networks. This new method increases the computability 
power of such networks beyond that of finite state acceptors. We 
proved that the computability of a PLN network is identical to the 
computability of a probabilistic automaton (Rabin, 1963). This implies 
that it is possible to recognise more than finite state languages with 
such machines. 

Key words: computability, finite state machine, logical neural 
network, probabilistic automaton, weighted regular language. 

1 . Introduction 

Since McCulloch and Pitts (1943) there have been many studies of 
mathematical models of neural networks. Many concrete applications 
such as pattern recognition have been successfully tried. Many kinds 
of training techniques have been developed. However, there has been 
little theoretical research into the computability of such neural network 
models, with the exception of the work of Kleene (1956). 

The concept of computability in this paper will be used with its 
common meaning in Automata Theory (Hopcroft and Ullman, 1979). 
To avoid confusion we will explain below what computability of a 
machine means in Automata Theory. The computability of a machine is 
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its ability to recognise a class of languages. If we consider that a 
language is a function from words (in the language) into [yes, no] (yes 
means that the word belongs to the language) then we can say that the 
computability of a machine is its ability to compute a class of functions. 
In formal language theory, languages are classified accordingly with 
the sort of machines which can recognise them. The most common 
classification of the languages are: regular languages, context-free 
languages, context-sensitive languages and recursive languages. The 
machines which recognise the languages above are respectively finite 
automaton, pushdown automaton, linear bounded automaton and turing 
machine. 

In this paper a new approach to pattern recognition, using PLN 
networks, is introduced. With this method the network behaves as a 
probabilistic automaton. Using this method of recognition the compu-
tability of the network is increased beyond that of finite state machines. 
The class of languages that can be recognised by a logical neural net-
work is compared with the classes of languages in Chomsky's 
hierarchy. In order to do this it is demonstrated that the computability 
of a PLN network and the computability of a probabilistic automaton 
are the same. To show that PLN networks and probabilistic automata 
have the same computability power it is only necessary to prove the 
following theorem's: 

* (Theorem 1) Let Gw be a weighted regular grammar and L(GW) be 
the language generated by Gw associated with some cut point λ 
then there exists a PLN neural network, which associated with the 
same cut-point λ, that recognises L(GW), and 

* (Theorem 2) If a set of patterns L is recognised by a PLN neural 
network associated with some cut-point λ then this set can be 
generated by a weighted regular grammar Gw associated with the 
same cut-point λ. 
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A network to solve a specific stochastic problem can be designed by the 
constructive proof of theorem 1. With theorem 2 the generalisation of a 
network and the functions this network is able to compute can be 
determined. The two theorems together show the power of the net-
work. Note that probabilistic automaton can compute more functions 
than finite state automata, and once a proof that PLN networks have the 
power of probabilistic automata is given it is implied, then, that PLN 
networks are more powerful than RAM networks (Ludermir, 1990c). 

Additionally, having related logical neural networks to automata, 
some comments can be made. Firstly, logical neural networks can be 
trained, from a set of examples to solve a problem. Logical neural 
networks retain the emergent properties of traditional connectionist 
models (Aleksander, 1983). Secondly, neural networks can be made 
more powerful using some classifiers combined with the network 
(Ludermir, 1990b). 

2 . RAM and PLN Networks 

Definition 1 - A RAM Neural Network is an arrangement of a 
finite number of neurons in any number of layers, in which the neurons 
are RAM (Random Access Memory) nodes. The RAM node is 
represented in the Figure 1. The input may represent external input or 
the output of neurons from another layer or a feedback input. The data 
out may be 0's or l's. The set of connections is fixed and there are no 
weights in such networks. Instead the function performed by the 
neuron is determined by the contents of the RAM - its output is the 
value accessed by the activated memory location. There are 

22N 

different functions which can be performed on Ν address lines and 
these correspond exactly to the 2N states that the RAM can be in, that is 
a single RAM can compute any function of its inputs. 

Definition 2 - A PLN Neural Network is an arrangement of a finite 
number of neurons in any number of layers, in which the neurons are 
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n-address 
terminal 

read/write mode 

DATA OUT 

,n-l 

DATA IN 

Fig. 1 RAM (Random Access Memory) node 

PLN (Probabilistic Logic Node) nodes. A PLN node differs from a 
RAM node in the sense that a q-bit number (rather than a single bit) is 
now stored at the addressed memory location. The content of this 
location is turned into the probability of firing (i.e. generating a 1) at 
the overall output of the node. Say that q is 3, then the numbers 0 to 7 
can be stored in each location of the PLN. One way of regarding the 
actual number stored may be as a direct representation of the firing 
probability by treating the actual number as a fraction of 7. So a stored 
2 would cause the output to fire with a probability of 2/7, and so on. 
The difference between a PLN neural network and a RAM network is 
then that (a) memory locations may store q-bit numbers (where q>l) 
and (b) the stored value represents the probability of outputting a 1. 

PLN networks have some advantages relative to RAM networks. 
First, because there are no pre-existing structures (depending on the 
initial values of the memory of the node before training, arbitrary 
confluences of states exist) in the state space of PLN networks, before 
training, they are easier to train (Kan and Aleksander, 1989). The 
nodes of a PLN network are initialised with the value 'undefined' 
before training. There are a number of training strategies for PLN 
networks (Aleksander and Morton, 1990; Myers, 1988; Al-Alawi and 
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Stonham, 1989). Second, there are various sources of noise in the 
activity of natural neurons in neural networks (Taylor, 1987); and with 
the stochastic activity of PLNs a slightly more realistic modelling of 
neural activity is achieved than with RAMs. Thirdly, we know, by 
experimental results, that when solving the same problem with PLN 
networks and RAM networks, it is possible in many cases to save 
states when using PLN networks. This means that smaller number of 
nodes are necessary when using PLN networks than when using RAM 
networks. 

3 . Automata Theory 

Although the literature on deterministic and non-deterministic 
automata is quite substantial, not quite as much work has been done on 
probabilistic automata (Rabin, 1963). As a background to this paper, a 
brief overview of the work done in probabilistic automata and the 
definitions of weighted regular grammars (Salomaa, 1969) and 
probabilistic automata are given. 

Before giving the definitions of a weighted regular grammar and a 
probabilistic automaton some notation need to be introduced. If Vj is 
the terminal alphabet, the Vj denotes the set of all patterns composed 
of symbols of Vj, including the empty pattern e . Vj+ denotes the set 
Vf - e, where e is the empty word. 

Definition 3 - A weighted regular grammar Gw is a 4-tuple Gw = 
(VN,VT,P„,S) where Vn, Vt are the set of nonterminal and terminal 
symbols of Gw, respectively; SeVf^ is the starting symbol of a senten-
ce; and Pw is a finite set of weighted productions denoted by a,· -»β,y 
(Pij) where a,· e V f j , ßij is of the form wSj with Sj e Vn and w is a 
pattern of terminals, j=l,....,«/, i-l,....,k; pij is a weight associated 
with the application of this weighted production rule and is the num-
ber of production rules which has the nonterminal Sj as α used in the 
derivation. The weight associated with a derivation a ; = > dim is equal 
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to the product of the weights associated with the sequence of weighted 

productions used in the derivation. 

The weighted regular language generated by Gw is L(GW) = 
{(x,p(x)) / χ e Vf, S = > x, j = 1, ..., k and p(x) = Σpj} where k is 

j= ι J 

the number of distinctively different derivations of χ from S and pj is 

the weight associated with the j th distinctive derivation of x. The lan-

guage generated by Gw with a cut-point λ, such that 0<λ<1, will have 

the additional restriction of ρ(χ)>λ for all patterns generated by Gw. 

It is assumed that the nonterminal variables are ordered S i , 

S2,.---,Sic and if the production rule has the form Si~>wSj(pij) 

where i >j it is a recursive production rule. Note that this does not 

impose any restrictions in the weighted regular grammar yet it 

simplifies the structure of the algorithms proposed in this paper. 

Below is an example of a weighted regular grammar. This 

grammar was generated from a probabilistic automaton (Salomaa, 

1969). 
Gw = (VN, VT, Pw, S) where VN = {S, S], S2, S3, S4.}, VT = {0,1} 

and 

Pw: (1) S ISi (p=l); (2) S] -> 0S3 (p=05); (3) S} -> 0S4 (p=0.5); 

(4) Si->0 (p=0.5); (5) Si IS] (p=05); (6) Sj 1S2 (p=0.5); 

(7) S2 ^ 1S2 (p=l); (8) S2 OS3 (p=05); (9) S3 -> 1S3 (p=0.5); 

(10) S3 -> 1S4 (p=0.5); (11) S3 1 (p=05); (12) S4 1S4 (p=l); 

(13) S4->l(p=l) 

The weighted regular language generated by Gw is L(Gw)={lm 

01n,p(x)) Im >0,n ^0} and the language generated with a cut-point 

λ = 0.5 is L(GW, λ = 0.5) = {(lm01n,p(x)) / 0<m<n}. 

Note that there is no restriction associated with the weights pu. If 
"I 

we impose 0<pa<l and Σ Ρ υ = 1 we have a stochastic regular gram-
j= 1 

mar. The set of languages generated by a stochastic regular grammar is 

the same as that generated by a regular grammar, while the set of 

languages generated by a regular grammar is a special case of that 
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generated by a weighted regular grammar. That is, there exists langua-
ges generated by weighted regular grammar which are not a finite state 
languages, for instance, L(GW,X = 0.5) above, is context-free. There 
is a formal proof that L(GW,X = 0.5) is not regular (Ludermir, 1990c). 
One illustration of the relationship between the Chomsky's hierarchy 
and weighted regular language is provided in Figure 2, with the follow-
ing abbreviated notation: WRL is the set of weighted regular lan-
guages, RL is the set of regular languages, CFL is the set of context-
free languages, CSL is the set of context-sensitive languages and TZL 
is the set of typjc zero languages. This essentially means that: (1) WRL 
3 RL; (2) WRL Η CFL * 0 ; (3) WRL Η CSL; (4) WRL Η TZL * 0; 

Definition 4 - A probabilistic automaton is a 5-tuple Ap = ( E , Q , 5 , 
no,F), where Σ is a finite set of input symbols (alphabet), β is a finite 
set of states, FQQ is the set of final states, δ is a mapping of Σ into the 
set of nxn (where η is the number of states in Q) probabilistic state tran-
sition matrices and ττο is an n-dimensional row vector and is designated 
as the initial state distribution. The interpretation δ(α), a e Ζ can be 
stated as follows, δ(a) = [p,y (a)] where pij (a) >0is the probability of 

η 
entering q} from state qi under input a, a n d £ p i j = 1 for all i = l,...,n. 

Fig. 2 Relationship between Chomsky's hierarchy and weighted 
regular languages 
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The weighted regular language accepted by a probabilistic 
automaton Ap=(I,Q,S,n0,F) is T(Ap) = { (x,p(x)) \xe Σ*,ρ(χ) = 
7ΐβδ(χ)πρ·>0). The language accepted by Ap with a cut-point λ, such 
that 0<λ <1, is L(A,X) = {χ I xe Σ* and π0δ(χ)πρ λ} where TCF is an 
n-dimensional column vector, in which the i lh component is equal to 1 
if qi e F and 0 otherwise. 

There is a one-to-one relationship between the languages generated 
by regular weighted grammars and the sets accepted by probabilistic 
automaton. 

Below, rather than giving a complete chronological review of the 
history of research on probabilistic automata only the important events 
and discoveries which are directly related to the concepts in this paper 
are outline. 

Following the McCulloch-Pitts modelling of the neuron, Kleene 
(1956) investigated the capabilities and limitations of automata 
constructed from these idealised neurons. He was interested in what 
kind of events are capable of being represented in the state of such 
automata. His principal result was to show that all and only regular 
languages may be represented in a network composed of McCulloch-
Pitts neurons. Thus McCulloch-Pitts neurons are one example of a kind 
of "universal element" for finite automata. It is of course essential to 
his arguments that the number of cells and the number of states of each 
network are fixed in advance. An assumption of his mathematical 
theory is that the neurons are reliable and never fail. 

In order to find a closer approximation to reality von Neumann 
(1956) made the assumption that with every basic organ is associated a 
positive number ρ such that in any operation the organ will fail to 
function with the probability p. In a complicated network, with long 
stimulus-response chains, the probability of errors in the basic organs 
make the response of the final output unreliable unless some control 
mechanism prevents the accumulation of these basic errors. Determi-
nistic automata are not suitable for describing the von Neumann model 
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because of the probability associated with the function of each organ. 
Also deterministic automata are not appropriate for modelling even the 
simplest forms of behaviour, such as the acquisition of a conditioned 
reflex. In this instance, when creating a conditioned reflex in an 
animal, there is a transitory phase in which there is only a certain 
probability that the animal will give a specified response to a given 
impulse. In this phase, the animal's behaviour can be adequately 
modelled only by means of a probabilistic automaton. Since the time of 
the introduction of probabilistic elements by von Neumann, many 
studies of the consequences of such elements have been published. 

De Leeuw et al. (1956) discuss the question 'Is there anything that 
can be done by a machine with random elements which can not be done 
by a deterministic machine?'. They defined, the p-machine, a machine 
composed of random devices, which they analysed in relation to 
enumerable events. Until that time machines composed of random 
devices were similar to non-deterministic automata. Later Rabin (1963) 
defined probabilistic automata and showed that these automata can 
recognise more than finite state languages. To the concept of random 
element machines, he added, the idea of having a cut-point λ related to 
each machine. The class recognised by the machine may change 
accordingly with the change of the cut-point λ. This development was 
the inspiration for much further work. 

Paz (1966) made a deep analysis of Rabin's suggestion and 
showed, among other things, that even with the simplest case (i.e. 
probabilistic automata with a single symbol in the alphabet and any 
number of states, or probabilistic automata with any number of 
symbols and two states) there are events definable by probabilistic 
automata which are not regular. He also extended a little Rabin's 
results in stability* of probabilistic automata. 

*Stability in probabilistic automata, in general, means that the set recognised by a 
given probabilistic automaton does not change under the influence of small 
perturbations of the transition probabilities of such probabilistic automata. 
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The concept of stability plays a fundamental role in the theory of 
probabilistic automata. Given an automaton Ap with a probabilistic 
state transition δ and a cut-point λ we are asking for conditions under 
which we can slightly perturb the probabilistic state transition of Ap to 
get an automaton A'p with a probabilistic state transition δ' and still 
have Τ(Αρ,λ) =Τ(Α'ρ,λ,); i.e., we want to obtain the conditions for 
stability of the set Τ(Αρ,λ) under small perturbations of δ. The 
physical background to this question related to the circuit theory is 
obvious. If we have an unreliable circuit we can never know the 
probabilistic state transition with absolute accuracy, so that we want to 
know that even approximate values will lead to a correct description of 
the circuit behaviour. There are some sufficient conditions for stability 
and there are cases in which stability is not possible but the general 
problem is still wide open. 

4 . Probabilistic Recognition Method 

In this section a different way of achieving pattern recognition is 
introduced. This new method, using PLN networks, is based on the 
way probabilistic automata recognise patterns. In the method, the out-
put of the network will consist of two parts. The first part is the recog-
nition state of the network, which corresponds to a final state in a 
probabilistic automata. The second part is the probability of the input 
pattern being recognised, as in the probabilistic automaton. A thre-
shold, associated with the network, which has the function of doing the 
last step of the recognition of the system is introduced. Patterns will be 
recognised by the network if the probability associated with them is 
greater than the threshold. One of the advantages of this method is that 
the capacity of the network is increased. In the way PLN networks 
have been used to date, they could only recognise regular languages, 
whilst with the method proposed here they can recognise weighted 
regular language. 
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4.1 Structure of the network 

The network consists of several layers of probabilistic nodes. The 
functions performed by the probabilistic nodes are COMPLEMENT, 
DELAY, p-AND, p-OR. A p-and function is an operation which gives 
a value 1 if and only if all inputs Xi,...,Xn are equal to 1. The only 
difference between an and function and a p-and function is that, in the 
memory position 2n - 1 of an and function, there is a value 1 whilst in 
the memory position 2" - 1 of a p-and there is a value p. This value ρ 
is used to calculate the probability of a pattern being recognised by a 
network. A p-or function is an operation which gives a value 1 if at 
least one of X], ..., Xn is equal to 1. As with the and and p-and, the 
only difference between an or function and a p-or function is that there 
are values ρ in the memories of the node which performs p-or whilst 
there are l's in the memories of the or node. Each node can have one, 
two or several bits as input depending on the function the node 
performs. The nodes which perform NOT and DELAY functions have 
one input bit. The ones which perform p-AND functions and the ones 
which perform p-OR functions have two or more input bits. Every 
pattern X has a ψ character as its first input symbol. The ψ character 
only occurs once in each input pattern X. 

4.2 Recognition algorithm 

1. Choose an input pattern X = X1X2 ..Xn · 
2. Feed the patten to the network and calculate the probabilities of 

successful paths* 

3. Calculate the total probability of the pattern X. 
4. See if the pattern is in the language to be recognised. 

*A path is a sequence of states which the network went to when a pattern X was 
submitted to the network. A successful path is a path in which the last state of the 
path is in the set of the final states of the network for the language to be recognised. 
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As an example of the implementation of this algorithm a variable 
associated with every node of the network can be used. The purpose 
of this variable would be to store the probabilities of the path followed 
by the network until that node. For each input symbol xi if the output 
of the node is equal to 1, update the variable associated with this node. 
Otherwise put 0 in this variable. The updating step is better explained 
below. Suppose that a node k has η input bits, ij, 12,—, in- Each of 
these input bits is the output of nodes Nij, Ni2,..., Nin. The variables 
associated with nodes Nij, Ni2,..., Nin are VAij, VAi2, ..., Wl i n and 
the variable associated with node k is VAjc. The updating of VAk is 
done by the following procedure. 

If function of node k is true (different from 0) 
then begin 

VAk:=pk; 

If function of node ii is true 
then VAk: =VAk* VA^: 

If function of node 12 is true 
then VAk: = VAk* VAi2. 

If function of node in is true 
then VAk: = VAk* VAin; 

else VAk: = 0. 
where pk is the probability associated with node k. 

After the last symbol of the input pattern is fed to network, only the 
variables associated with successful path will have their values different 
from 0. To calculate the total probability of the pattern X, the values of 
all the variables are summed. To know if the pattern % belongs to the 
language L the total probability of this pattern is compared with the 
threshold. 

This algorithm was only designed to show that the computability 
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of PLN networks could be increased and the algorithm can be im-
proved in the future. The algorithm was not used in many applications. 
One drawback of PLN networks in relation to pattern recognition is that 
there is no deterministic decision as to whether a pattern X belongs to 
the language recognised by a given PLN network. The way this 
algorithm works makes the network generate the same answer 
whenever a patten Xis submitted to the network. Though the structure 
of the network described in the beginning of this section is very spe-
cific, this algorithm will work with any other structure of the network. 

5 . From Grammars to Neural Networks 

In this section an algorithm for transforming any weighted regular 
grammar into a PLN neural network is given. The way in which the 
grammar is transformed into the neural network is such that all the 
properties of the grammar are preserved and it is possible to infer the 
grammar from the PLN neural network generated. Networks con-
structed with four kinds of nodes: p-and, p-or, complement and delay 
nodes will be considered. Any function of η inputs can be represented 
by an expression involving only the operations of AND, OR and 
COMPLEMENT (Booth, 1971) then these networks will be able to 
represent all functions of η inputs. 

Theorem 1. Let Gw = (VN,VT,PW,S) be a weighted regular 
grammar and L(GW) be the language generated by Gw associated with 
some cut-point λ. Then there exists a PLN network, which associated 
with the same cut-point λ, that recognises L(GW). 

Proof 
As in the recognition algorithm it is assumed that all sequences 

have an initial symbol ψ. There is no loss of generality in this suppo-
sition since it is possible to define a node to deal with this symbol. 
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This ψ symbol occurs only in the beginning of each sequence. Every 
PLN network will contain exactly one delay node to deal with the 
symbol ψ. The input of this delay node is the symbol ψ . Ν' will 
denote the network Ν detaching the delay node, whose input is the 
symbol ψ, from N. The ψ-input of a network will be the input terminal 
which is connected to the ψ symbol. With networks N's, the input 
terminal which the delay node (the one which deals with the ψ symbol) 
was detached from will be called ψ-input. Each non-terminal symbol 
occurs at most twice in the left-hand side of the production rules. That 
is, grammars with productions like S ->wj\ ... I wn> n>2, for example, 
will not be considered. The argument can be easily, but tediously, 
extended for those cases. Also, it is possible to rewrite grammars 
where such non-terminal symbol occurs more than twice in the left-
hand side of the production rules in a way that all non-terminal symbols 
in this situation will occur twice at most. 

The proof of this theorem is based on the complexity of the 
production rules. Transformation of the production rules, in PLN 
networks, will be started by the simplest production rule. 

Case 1. The production rules is of the form Sj —> w (p), w e 

Vr and Si e V N . 

a) Sj —> w (p), w e VY+. If the only production rule is Sj ->w (p) it 
denotes a set containing only one pattern and it is recognised by the 
network constructed from k + 1 input p-and node whose j111 input is the 
j t h network input if Xj, the j th symbol of the word (pattern), is 1, 
otherwise is the output of a complement node whose input is the j t h 

network input Xj. The last input of the p-and node is the output of a 
delay node which has ψ as input. The output of the network Ns is the 
output of the p-and node. This network is shown in Figure 3 where 
for j = 1, Xj = Xj = 1 then the first input of the p-and node comes 
directly from the first input of the network and for j = 2, Xj = x2 = 0 
then the second input of the p-and node is the output of a complement 
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Fig. 3 A network for Sj ->w (p) 

node which the input is the second input of the network, 
b) S —»e . If the only rule is S —» e it denotes the empty set. There 
are several networks which are able to recognise the empty set. The 
network chosen here is the one shown in Figure 4, where the first input 
symbol x\ is used twice. In the first time, xj is the input of a 
complement node whilst in the second time, is fed directly into the 
p-and node. The network was chosen to be constructed in this way in 
order to make it similar with the other networks of this proof. 
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Case 2. The production rule is of the form Si —> wSj (p). 
a) S( —> wSj (p) with i < j. Suppose that w and Sj are generated by 
grammar with production rules as in case 1. Thus there are networks 
Nw and which recognise w and Sj. Now, the network NSj is 
constructed from N'w, N'S: and two delay nodes as in Figure 5. 

Fig. 5 Ns, network for S,· -> wSj (p) 

h) Si -> wSj (p) with i = j. Let Nw be as in case (a) above and 
construct Ns^ from N'w, two delay nodes and a 2-input p-or node as 

in Figure 6. In this case we use a p-or node to deal with the recursive 
step. Note that there is no output in this network 5/. To make sense 
every time a recursive production rule happens, there should be an 
output for this recursive production rule. The recursive production rule 
with output will be dealt with in case 3 of this theorem. 

N ' w N ' w N ' w 

— » delay 1 * { + ) » 

N ' w 

* delay2 

p-and 

Fig. 6 Ns, a network for 5,· -» wSj (p) with i = j 
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c) Si wSj (p) with i > j. This case can be considered similar to 
case (b) above. Let Nw and NSj be as in case (b) above and construct 
Nsi from N'w, N'sj , one delay node and a 2-input p-or node as in 
Figure 7. It is possible to have a loop between NSj and Nw, but this is 
not generally the case. 

original 

ψ-input 

of NSJ 

Fig. 7 Ns, a network for 5/ wSj (p) with i > j 

Case 3. The production rule is of the form Si -> wjSjfpj)] 

Si w2Sk(p2)· 
a) Si -> WjSj (pj) 1 Si w2Sk (p2) with i<j,k. Let NW]> NW2^ Nsj> 

Nsk in case 2 and constructed Nsi from N'W1, N'W2, N'Sj N'sk three 

delay nodes and a 2-input p-or as in Figure 8. Here the p-or node deals 
with the possibility of the non terminal symbol Si, be substituted by 
WjSj (pj) or w2Sic (p2)but not both. 

Note that w} and w2, or Sj and Sk, or w; and Sk, or Sj and w2 or 
only W], or only w2, or only Sj, or only Sk need not exist and tjiis 
would not change the methodology of the construction of the network. 
b) Si WjSj (pj) I Si w2S/c (p2) with i=j and i<lc. Let Afyyj Ν 
NSj^ Nsk be as in case 2 and constructed Nsi from N'W], N'W2, N'Sj 
N'sfc three delay nodes and a 2-input p-or node as in Figure 9. 

When i = j we have a recursive production rule. In this case here, 

the execution of the recursive production rule is going to be finished 
through w2Sk (p2)· As in case (a) above w2 or Sk need not exist and 
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Fig. 8 Ns, a network for S,· -> WjSj (pi) 15/ w2Sk(p2) 
with i < j,k 

xl 

xk 

Fig. 9 Figure Ns, a network for Si -» WjSj (pi) \Si->w2Sk(p2) 
with i = j and i < k 
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this would not change the methodology of our construction. If i = k 
and i<j the same construction above can be applied, only changing S* 
by Sj. 
c) Si —> wjSj (pj) 15/ -> w2Sk (p2) w i t h 1 = J Here both 
production rules are recursive. There is no way out from such a loop. 
In spite the fact of such production rules are not expected to happen in 
the grammars, a solution for them will be given for completeness. This 
case is very close to case (b) above. The construction in (b) to Sj will 
be applied also to here. This is shown in Figure 10. 
d) Si —> WjSj (pj) |S,· —> w2Sic (P2) with i > j and i < k. The first 
part of this case 5,· —> WjSj (pj) with i>j) is equivalent to case 2 (c) 
and the second part 5,· —> w2Sic (p2) with i<k) is equivalent to case 
2(a). When considering both production rules 5, —> WjSj (pj) and 5,· 

Fig. 10 Figure Ns, a network for 5,· ->wjSj((pl) |S,· -> w2Sk (p2) 
with i=j = k 
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—» w2Sic (p2) it is necessary to put them together as in case 3 (b). This 

is shown in Figure 11. 

If i < j and i > k the same construction above can be applied 
only changing S* by Sj. If i > j and i>k the same construction above 
can be applied for both Sj and S^· 

The PLN network which recognises the context-free language, 
L(GW, λ = 05) = {(1^1",p(x)) I 0<m<n) generated by the weighted 
regular grammar give'- 's an example in section 3 of this paper, can be 
found in Ludermir (1990c). With such network we give the PLN 
implementation for the p-and, p-or, complement and delay nodes. The 
transformation of the grammar into the PLN network and the PLN 
network itself were omitted in this paper because they take too much 
space. 

Regular grammars can be transformed in RAM networks using the 
same algorithm; but where the neuron stores 0,1 and not probabilities. 

Fig. 11 Figure Ns a network for Si -> wjSj (pi) w2Sk (p2) 
with i > j and i < k 
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The proof has been omitted and is implied by the following facts: 
firstly, as regular grammars and RAM neurons are special cases of 
weighted regular grammars and PLN neurons respectively, it is clear 
that the algorithm will work for them. Secondly, it is well known that 
RAM networks are finite state machines and so they are able to 
recognise finite state languages. And lastly, the method for such proof 
is similar to the one for PLN networks. But as regular grammars are 
not probabilistic, instead of putting probabilities in the memory of the 
neurons, only the normal and, or, not and delay nodes are necessary. 
No weighted regular grammar of languages other than regular ones can 
be implemented in RAM networks, since RAM networks are finite state 
machines and finite state machines can only recognise regular 
languages. 

Although the algorithm presented in this section gives a complete 
structure - the network and its memory contents - the language recog-
nised by the network can be changed in three ways. This is particularly 
useful when the exact grammar of the language to be recognised is not 
known, only an approximation. Two ways of changing the language 
to be recognised involve training the network generated by the 
algorithm. The first way of training will change only the probability 
stored in the memory of the nodes. When the probabilistic state transi-
tion of the probabilistic automaton is slightly changed, the probabilistic 
automaton will, sometimes, recognise a different language (Rabin, 
1963). Unfortunately, this is not true all of the time. There are some 
sufficient conditions for stability in probabilistic automata and there are 
cases in which stability is not possible. The general problem of 
stability is still unsolved (Rabin, 1966) which means that if the changes 
generated by the training algorithm in the state transition of the network 
are small there is no guarantee that the training will change the language 
recognised by the network. We also studied the influence of stability in 
temporal pattern recognition with RAM-networks (Ludermir (1990a). 
The training algorithm in this case can be very simple. Given a pattern 

282 



Τ.Β. Ludermir Journal of Intelligent Systems 

X, if X e L then reward the network (decrease the probabilities of the 
transition the network went to with X) otherwise then punish the 
network (increase the probabilities of the transitions the network went 
to with X). The second way of training will allow changes in any 
memory position in the network. In this case the function computed by 
the network can change completely. 

The third way of changing the language recognised by the network 
only involves adjusting the threshold. The class recognised by a 
probabilistic automaton may change accordingly with the change of the 
cut-point λ (Rabin, 1963). This is also true for logical networks. The 
language recognised by a network when only the threshold is changed, 
arc related to each other. The larger the value of the threshold the fewer 
the elements of the language will be recognised by the network. That 
is, L\ z> L2 3 ... 3 Ln when λ\< Ä2< ... <λη . If the threshold is 
small there are more restrictions in the path followed in the network: 
every time a new symbol, is submitted to the network the value of 
the probability of the pattern p(X) will decrease or will be unchange-
able, but it will never increase. The generation of the network by the 
algorithm described here is useful as an initial set up of the network. 

6 . From Neural Networks to Grammars 

In this section it is demonstrated that every set of patterns 
recognised by a PLN neural network can be generated by some 
weighted regular grammar. Again, as the main goal is theoretical, opti-
misation is not a concern. Actually, this theorem is necessary only to 
show that the relationship between weighted regular languages and 
PLN networks is an if and only if relation. This algorithm can be used 
to determine the total generalisation of a network after network has 
been trained. This method of calculating the total generalisation is more 
efficient than many others, for example: submitting patterns to the 
network to see if they are recognised by the net. It is also better than 
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going through the whole network in order to calculate the generali-
sation. The method derived from the theorem gives also the probability 
of recognition for each pattern in the class recognised by the network. 

•Theorem 2. Any set of patterns L which is recognised by a PLN 
network associated with some cut-point λ can be generated by a 
weighted regular grammar Gw associated with the same cut-point λ. 

Proof 

Let N be the PLN neural network which recognises only the set of 
patterns L and let Gw = (VN,VT>P\V>QO) he the grammar which can 
generate only and all patterns of L. Suppose there is an initial state q0 

of Ν which the feeding of all patterns of L will start, and suppose now 
that q0 is not a final state. Then there is a production rule 5/ -> aSj (p) 
whenever the feeding of the symbol a to the network in state S, causes 
the network to enter state Sj with probability p, and also S,· -> a(p) 
whenever the feeding of the symbol a to the network in state Sj takes 
the network to a final state with probability p. In the same way, there 
is a set of production rules such that 5/ = > wSj (p), whenever the 
feeding of the pattern w to the network in state Si causes the network to 
enter state Sj with probability p. If w is accepted by Ν then, 5/ is q0 

and Sj is a final state. Hence L(N) = L(G). 
Now let q0 be in the set of final states, then e is in L. Note that 

the grammar defined above L - {ej. Gw can be modified by adding a 
new start symbol S with productions S q0(pi) e (p2). 

Note that the method used to prove this theorem is similar to that 
of proving that a recogniser (automaton) and a generator (grammar) are 
dealing with the same language in formal language theory. 

All languages recognised by a RAM network can be generated by 
some regular language. The same procedure of theorem 2 can be used 
to show this well known result. The proof of this fact has been omitted 
for the same reason that the proof that regular grammars can be 
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transformed into RAM networks was omitted. The advantages of PLN 
networks, mentioned in the beginning of this section, are also true in 
the case of RAM networks. 

7 . Conclusions 

A different method of recognition of patterns with PLN networks 
has been introduced. This new method increases the number of 
functions which can be computed with PLN networks with respect to 
the methods used to date. With such methods PLN networks have the 
computability power of a finite state machine whilst, with the method 
introduced in this paper, PLN networks can compute all weighted 
regular language. Having studied the relationship between logical 
(PLN and RAM) neural networks and automata (deterministic and 
probabilistic) and having analysed the computability of such logical 
neural networks, a formal characterisation of the languages recognised 
by these logical neural networks has been obtained. Algorithms to 
transform logical neural networks into automata and viced versa have 
been provided. Once these algorithms work for any possible logical 
network and for any possible weighted regular grammar, the 
equivalence between logical networks and probabilistic automata has 
been established. It is still possible to increase the power of these 
networks with the addition of classifiers combined with the network, as 
was done with RAM networks (Ludermir, 1990b). 

Even so logical neural networks have the same computability as 
probabilistic automata it must be remembered that such networks learn 
how to recognise a set by training while with automata the set of 
productions rules have to be known in order to construct the network. 
In this work the networks were not trained to recognise weighted 
regular languages from examples. A pushdown automaton network for 
the task of grammatical inference (Giles, et a., 1990) could have been 
developed but this was not the goal here. In their work they were able 
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to solve some simple context-free problems while here it was shown 
that it is possible to do much more than this with logical networks. For 
finite state languages, a network to recognise the language from a set of 
examples can always be designed. For instance, the learning algorithm 
developed by Porat and Feldman (1988) to obtain the automaton for the 
set of examples can be used. Their algorithm will always learn the 
minimum state deterministic automaton for any finite state language 
which is presented to the learning algorithm in strict lexicographic 
order. The algorithm in section 5 can be used then, to transform any 
regular grammar into RAM net 

Based on the stability property of probabilistic automaton we 
know that even slight changes in the probabilistic state transition δ can, 
in some cases, force the automaton to recognise a different language. 
Of course, big changes in the probabilistic state transition δ will make 
the automaton recognise a different language in all cases. The main 
goal here is to show the computability power of logical networks, 
nevertheless it is possible to use the procedure of theorem 1 to create 
the structure of a network and then train this network to recognise a 
language which the grammar to generate this language is not known. 
This structure can be trained in two different ways as explained in 
section 5. The language recognised by the network can also be 
modified only by changing the value of the threshold. 

It has been shown that PLN networks can compute more functions 
than RAM networks. It is interesting to note that, in passing from a 
minimal deterministic automaton to an equivalent probabilistic 
automaton sometimes it is possible to save states (Rabin, 1963). The 
same kind of results were observed experimentally with RAM and PLN 
networks. It is important to draw attention to the fact that PLN neural 
networks are more powerful, that is, can compute more functions, than 
networks composed of McCulloch-Pitts neurons. This can be con-
cluded by looking at Kleene's results for McCulloch-Pitts networks 
and the results of theorems 1 and 2 in this paper. The structure of the 

286 



TM. Luder mir Journal of Intelligent Systems 

networks considered in both Kleene's results and theorems 1 and 2 is a 
multi-layer network with or without feedback connections. 

By the computability power of McCulloch-Pitts networks one can 
show that such networks can compute many of the "hard learning" 
problem. Kleene (1959) showed that McCulloch-Pitts networks are 
equal to finite state machines. Parity, for instance is a finite state prob-
lem, therefore McCulloch-Pitts networks can solve parity. McCulloch-
Pitts networks can solve easily all "hard learning" problems which are 
regular. There are "hard learning" problems which are not regular, as 
for example symmetry. In this case a more sophisticated learning 
algorithm is necessary. If, when Minsky and Papert (1969) presented 
their argument against perceptrons, an analysis of the problem had been 
made through the computability of McCulloch-Pitts networks one 
would have realised that what was necessary was to change the topo-
logy of such networks. Of course, this would not have easily revealed 
a way to train the network, but at least the research at the time could 
have moved in the direction of analysing new topologies and looking 
for training algorithms. 
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