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Abstract. It is well known that a congruence ax � b .modn/ has a solution if and
only if gcd.a; n/ j b, and, if the condition is satisfied, the number of incongruent solutions
equals gcd.a; n/. In 2010, Alomair, Clark and Poovendran proved that the congruence
ax � b .modn/ has a solution coprime to n if and only if gcd.a; n/ D gcd.b; n/, as
an auxiliary result playing a key role in a problem related to an electronic signature. In
this paper we provide a concise proof of this result, together with a closed formula for the
number of incongruent solutions coprime to n as well. Moreover, a bound is presented for
the probability that, for randomly chosen a; b 2 Z, this congruence possesses at least one
solution coprime to n.
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1 Introduction

Interest in different types of identities and equations or in argumentations that in-
volve congruencies goes back literally thousands of years. One of the basic ques-
tions in this area was under what conditions the algebraic equation ax C ny D b

with two variables x; y has an integer solution. Arguably, Diophantus of Alexan-
dria was the first and most famous contributor. This problem is equivalent to solv-
ing the congruence

ax � b .mod n/ (1.1)

with a; b; n 2 Z, n > 0. A well-known and fundamental result is the following.
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Theorem 1 (see [7, Theorem 57]). Let d D gcd.a; n/. Then the congruence ax �
b .modn/ has a solution if and only if d j b. If this condition is satisfied, then it
has exactly d pair-wise incongruent solutions. In particular, if x0 is any solution,
then the members of the arithmetic progression x0; x0 C n

d
; : : : ; x0 C .d � 1/

n
d

,
constitute a desired set of solutions.

Hash functions are widely used in cryptography, one application being an elec-
tronic signature. Recently, Alomair, Clark and Poovendran [1] studied a possibility
when an adversary may attempt to modify a system so that a false message would
be validated. In this connection they needed to find a; b such that for an unknown
key k, k coprime to n, the congruence ak � b .modn/ is solvable. In fact this
work was initiated by the method proposed in [2] where the hashed image of the
message m is h.m/ D

P
i kimi .modp/. In [1], they extended this method to an

arbitrary modulus n.
As solutions of (1.1) such that are or are not coprime to n, all possible cases

may occur. It is easy to find a congruence all whose solutions are coprime to
n, or no solution is coprime to n, or some solutions, but not all are coprime to
n, respectively. For example, 2x � 10 .mod 12/, 3x � 6 .mod 12/, 4x �
8 .mod 12/.

In [1], it is proved that the congruence (1.1) has a solution coprime to n if
and only if gcd.a; n/ D gcd.b; n/. In this paper we provide a concise proof of the
result, give a formula for the number of solutions of (1.1) coprime to n, and present
bounds on the probability that this congruence, for randomly chosen a; b 2 Z,
possesses at least one coprime solution.

Theorem 2. A congruence ax � b .modn/ has a solution coprime to n if and
only if gcd.a; n/ D gcd.b; n/. If this condition is satisfied, then there are exactly
d
ı
'.ı/ incongruent solutions of (1.1) coprime to n, where ı is the largest divisor

of d with gcd.ı; n
d
/ D 1, and '.m/ is the number of integers k, 1 � k � m,

coprime to m.

Proof. Set gcd.a; n/ D d , that is, a D a0d and n D n0d . To see the necessity
of the condition, let x be a solution of (1.1) coprime to n. As (1.1) has a solution,
then, from Theorem 1, we get d j bI thus b D b0d . If we had gcd.b0; n0/ D t > 1,
then clearly t − a. However, with respect to ax D knC b for some k 2 Z, we get
t j x for each solution x of (1.1). This contradicts that x is coprime to n.

To prove the sufficiency part, instead of just showing that the condition d D
gcd.a; n/ D gcd.b; n/ guaranties the existence of a solution of (1.1) coprime to n,
we will enumerate them.

First of all note that the assumptions imply b D b0d in this case as well. Further,
from Theorem 1, there is a unique, up to modulo n0, solution of the congruence
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a0x D b0 .modn0/. In addition, the condition gcd.a0; n0/ D gcd.b0; n0/ D 1

implies that all solutions of this congruence are coprime to n0. Further, if x0 is
a solution to this congruence, then, again by Theorem 1, xi D x0 C i n

d
, i D

0; : : : ; d � 1, constitute the d pair-wise incongruent solutions to (1.1). Consider
gcd.xi ; n/ D gcd.x0 C in0; dn0/. As gcd.x0; n0/ D 1, if a prime p jn0, then
p − gcd.xi ; n/. Therefore, gcd.xi ; n/ D gcd.x0 C in0; ı/. Note, that by definition
of ı, we have gcd.n0; ı/ D 1. This in turn implies that

¹in0 .mod ı/; i D 1; : : : ; ıº D ¹1; : : : ; ıºI

that is, x0 C in0, where i runs over any interval of length ı, contains exactly '.ı/
numbers coprime to ı. The proof is complete.

Recall that a divisor d of an integer n is called a unitary divisor of n if
gcd.d; n

d
/ D 1 (see [6]). Then ı in the statement of the above theorem is the

greatest unitary divisor of d coprime to n
d

.

Corollary 3. If gcd.a; n/ D gcd.b; n/ D d and 1 < d < n is a unitary divisor of
n, then congruence (1.1) possesses at least one solution < n which is not coprime
to n. If moreover d > 2, then at least one of the incongruent solutions modn of
(1.1) is coprime to n.

Proof. This follows from the fact that among the d incongruent solutions modn,
the coprime ones are in number equal to d

ı
'.ı/ D d '.ı/

ı
< d , since '.ı/

ı
< 1

under the assumptions of the corollary. On the other hand, more is true. Namely
that d D ı under these circumstances, and therefore the number of incongruent
coprime solutions modn equals d

ı
'.ı/ D '.d/. Since '.d/ > 1 for d > 2, the

corollary follows.

The above proof also suggests the following result.

Corollary 4. Congruence (1.1) has exactly one solution coprime to n if and only
if one of the following two mutually exclusive cases occurs:

� gcd.a; n/ D gcd.b; n/ D 1, or

� gcd.a; n/ D gcd.b; n/ D 2, n D 2t with t odd.

Proof. The sufficiency of both statements is easy to check. If congruence (1.1) has
exactly one solution coprime to n, then its solvability in coprime solutions implies
gcd.a; n/ D gcd.b; n/. If d is this greatest common divisor, then the relation
d
ı
'.ı/ D 1 implies d D ı and ı 2 ¹1; 2º. Case ı D 1 gives the first possibility in

the statement, and ı D 2 the second one.
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Note that in general, if gcd.a; n/ D gcd.b; n/ D p, where p is a prime with
p2 − n, then the number of coprime solutions of (1.1) is '.p/ D p � 1 out of all
its p incongruent solutions.

2 Probability of a coprime solution

In [1], Alomair, Clark and Poovendran consider special values of n, which are
suitable from the cryptographic point of view, and discuss how to find a; b for
these values of n so that ax � b .modn/ would have at least one solution coprime
to n. In this part we show that, for n being sufficiently large, the probability that
for randomly chosen values of a; b the congruence ax � b .modn/ has at least
one solution coprime to n falls in interval .0:47107452; 0:7044424/. We point out
that the probability that there is a unique solution coprime to n is approximately
the left end point of the interval.

Let �.a; b; n/ be a random variable which counts, for randomly chosen a; b 2
Z, the number of incongruent coprime solutions of (1.1). Then, to find a proba-
bility that there exists at least one coprime solution, is the same as for a given n
to bound Prob.�.a; b; n/ � 1/. There is often a bit confusion in what is meant
by a “randomly chosen integer”, because there is no uniform distribution on the
set of positive integers. What we can do is to select a; b equally likely from the
set ¹1; 2; : : : ; nº and let n ! 1. Then the number '.n/

n
can be understood as a

probability that a randomly chosen integer from ¹1; 2; : : : ; nº is coprime to n. It is
well known (see [7, §18.4]) that

lim inf
n!1

'.n/

n
D 0 and lim sup

n!1

'.n/

n
D 1: (2.1)

A natural approach to functions with erratic behavior, like '.n/
n

, is to substitute
them by another better-understood function which takes the same values “on aver-
age”. Here the average order of an arithmetic function f is a function g such that
(see [7, §18.2]) X

n�x

f .n/ �
X
n�x

g.n/

as x tends to infinity. A well-known elementary result going back to Cesàro (and
often independently rediscovered or generalized; see [3, 4, 8–10]) says that the
average order of the ratio '.n/

n
, that is, the probability that a randomly chosen

integer from ¹1; 2; : : : ; nº is coprime to n, is approximately 6=�2 :
D 0:607927

(cf. (2.3) for k D 1). This means, that it will never be exactly 6=�2, as often
stated, but only that in the limit it equals 6=�2 as n ! 1. On the other hand,
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(a) (b)

Figure 1. Frequency plots of numbers of solutions of ax � b .modn/. (The figures
were generated using Mathematica 8.)

despite certain irregularities indicated by (2.1), this result shows that the behavior
of the ' function is still comparatively regular and is mostly “nearly n”.

In our case we need to estimate the probability that two randomly chosen inte-
gers a; b from ¹1; 2; : : : ; nº satisfy conditions gcd.a; n/ D gcd.b; n/ D d . Given
a divisor d of n, for both of a or b we have '. n

d
/ possibilities. This implies that

the probability that gcd.a; n/ D gcd.b; n/ D d equals

1

n2

�
'
�n
d

��2
: (2.2)

The average order of such function for d D 1 can be used to find estimates for
the probability Prob.�.a; b; n/ D 1/ for a; b � n. The notes at the end of the
previous part imply that we need the average order of functions .ˆi .n/

n
/2, i D 1; 2,

for numbers n � x, where ˆ1.n/ D #¹a � n W gcd.a; n/ D 1º for arbitrary n,
and ˆ2.2n/ D #¹a � 2n W gcd.a; 2n/ D 2º for odd n, respectively. Clearly,
ˆ1.n/ D '.n/ and ˆ2.2n/ D '.n/. Figure 1 (a) shows the graphs of the total
number (upper curve) of solutions modn, and the total number

P
a;b�n �.a; b; n/

(lower curve) of coprime solutions modn, while Figure 1 (b) shows the graph ofP
a;b�n �.a; b; n/=n

2.
To estimate these average orders we can use the following asymptotics proved

in [11, Theorem 3.1 and p. 230] with more accurate O-terms, which, however, are
not necessary for our purposes:1 We have, as x !1,

X
n�x

�'.n/
n

�k
D Bk � x CO

�
.log x/k

�
; (2.3)

1 Estimate (2.3) in the given form is actually due to Chowla [5].
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and X
n�x

gcd.n;r/D1

�'.n/
n

�k
D Bk � B

�
k .r/ � x CO

�
.log x/k

�
; (2.4)

where the O-constants do not depend on k and r , while

Bk D
Y
p

Bk.p/; Bk.p/ D
Y

p prime

�
1C

1

p

��
1 �

1

p

�k
� 1

��
and

B�k .r/ D
X
d j r

�.d/.'.d//k

dkC1
Q
p jd Bk.p/

:

In particular, B2 D
Q
p prime.1�

2
p2 C

1
p3 / D 0:4282 : : : , B2.1/ D 1, B2.2/ D 5

8
,

B�2 .2/ D
4
5

, and B2 � B�2 .2/ D 0:3425 : : : .
Using (2.4) we obtain

X
2n�x
2−n

�ˆ2.2n/
2n

�2
D

X
n�x=2

gcd.n;2/D1

�'.n/
2n

�2
D
1

4
� B2 � B

�
2 .2/ �

x

2
CO

�
.log x/2

�
:

Consequently, the average order of Prob.�.a; b; n/ D 1/ with a; b � n for large n
is about

B2 C
1

8
� B2 � B

�
2 .2/

:
D 0:47107 : : :

which gives a relatively high chance that congruence (1.1) has exactly one solution
coprime to n. A computer search showed that in the interval 2 � n � 1000 we
can expect

Prob.�.a; b; n/ D 1/ D 0:469955 : : :

which is very close to the average value given above.
Now we will find bounds for Prob.�.a; b; n/ � 1/ via estimating the average

order of the values given in (2.2),

X
n�x

1

n2

X
d jn

�
'
�n
d

��2
D

X
n�x

1

n2

X
d jn

.'.d//2 D
X
ıd�x

1

.ıd/2
.'.d//2

D

X
d�x

�'.d/
d

�2 X
ı�x=d

1

ı2
:
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The last sum is the initial segment of the sum of reciprocals of the squares of inte-
gers with exact sum �2=6 (the so-called Basel problem). Using the first asymptotic
relation from [11] we have

Prob.�.a; b; n/ D 1/ � Prob.�.a; b; n/ � 1/ < B2 �
�2

6
;

or, employing the previous estimate, that

0:47107452 < Prob.�.a; b; n/ � 1/ < 0:7044424:

From this we conclude that it is very likely to choose such a; b that the congruence
(1.1) will have at least one solution coprime to a given modulus n.
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