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Abstract: It is shown that all maximal regular ideals in a Hausdorff topological algebra A are closed if the von Neumann
bornology of A has a pseudo-basis which consists of idempotent and completant absolutely pseudoconvex sets.
Moreover, all ideals in a unital commutative sequentially Mackey complete Hausdorff topological algebra A with
jointly continuous multiplication and bounded elements are closed if the von Neumann bornology of A is idempo-
tently pseudoconvex.
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1. Introduction

1.

Let A be a topological algebra over K (the field of real or complex numbers) with separately continuous multiplication(in short, a topological algebra). A subset U ⊂ A is idempotent if UU ⊂ U; absolutely k-convex for k ∈ (0, 1] if
U = Γk (U), where

Γk (U) = { n∑
v=1 αvuv : n ∈ N, u1, . . . , un ∈ U, α1, . . . , αn ∈ K,

n∑
v=1 |αv |

k ≤ 1};
absolutely convex if U = Γ1(U) and absolutely pseudoconvex if U = Γk (U) for some k ∈ (0, 1].
∗ E-mail: mati.abel@ut.ee
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We shall say that a closed, bounded and absolutely k-convex (absolutely pseudoconvex) subset B of A is a completant
absolutely k-convex (respectively, a completant absolutely pseudoconvex) set if the subalgebra AB , generated by B,is a k-Banach space (respectively, a k-Banach space for some k ∈ (0, 1]) with respect to the norm pB defined by

pB(x) = inf {|λ|k : x ∈ λB}
for each x ∈ AB . In particular, when k = 1, we speak about completant absolutely convex sets. A topological linearspace X is locally pseudoconvex if X has a base {Oα : α ∈ A} of absolutely kα-convex neighbourhoods of zero for some
kα ∈ [0, 1] and is locally k-convex if kα = k for each α ∈ A. A topological algebra A is called locally k-convex (locally
pseudoconvex) if the underlying topological linear space of A is locally k-convex (respectively, locally pseudoconvex)space. For information on locally k-convex and locally pseudoconvex spaces the reader is referred to [15, 16, 21, 23].
2.

For any topological algebra A, BN denotes the von Neumann bornology of A, that is, the set of all bounded subsets of A. Iffor any B ∈ BN (idempotent B ∈ BN ) there exists a number kB ∈ (0, 1] such that ΓkB (B) ∈ BN , then BN is pseudoconvex(respectively, idempotently pseudoconvex), see [11, p. 110], or [4, p. 18] and [17, p. A1058]. In particular, when kB = 1 forall B ∈ BN , we speak about convex or idempotently convex von Neumann bornology. It is known that the von Neumannbornology of a locally convex space is convex, but there exist locally non-convex spaces whose von Neumann bornology isconvex [23, Example 1.2.7]. Moreover, the von Neumann bornology BN of a locally pseudoconvex space is pseudoconvex,if BN has a countable base, and every metrizable topological linear space is locally k-convex (that is, it has a base ofabsolutely k-convex neighbourhoods of zero) for some k ∈ (0, 1] if BN is pseudoconvex [17, Theorems 1 and 2].Let now A be a topological Hausdorff algebra with jointly continuous multiplication, the von Neumann bornology ofwhich is idempotently pseudoconvex. Then, for any idempotent and bounded subset B of A, there exists kB ∈ (0, 1] suchthat1 C = clAΓkB (B) ∈ BN and (AC , pC ) is a kB-normed algebra [3, Proposition 2.2].
3.

A sequence (an) in a topological algebra A is called a Mackey–Cauchy sequence if there exist a balanced set B ∈ BNand, for every ε > 0, a number nε ∈ N such that an − am ∈ εB, whenever n > m > nε . It is easy to see that everyMackey–Cauchy sequence is a Cauchy sequence. The converse statement is false in general [13, p. 122] but it is true incase of metrizable topological algebras, see [13, p. 27] or [23, Proposition 1.2.4]. A topological algebra A is sequentially
Mackey-complete if every Mackey–Cauchy sequence of A converges in A. Thus, every sequentially complete algebra(and every complete algebra) is sequentially Mackey complete.
4.

Let A be a topological algebra, a ∈ A and S(a, µ) = {(a/µ)n : n ∈ N
} for each a ∈ A and µ ∈ K \ {0}. An element

a ∈ A is called a bounded element in A (in the terminology of Allan [5]) or a regular element in A (in the terminologyof Waelbroeck [20]), if there exists a µ > 0 such that S(a, µ) ∈ BN . It is known, see, for example, [1, p. 20], that everyelement in locally convex Waelbroeck algebras2 is bounded but there exist topological algebras which contain unboundedelements also. For example, in the algebra of all complex polynomials on the positive real line R+ (endowed with thetopology of uniform convergence on compact subsets) bounded elements are only constant functions [5, p. 402].
1 Here and later on clXU denotes the closure of U ⊂ X in the topology of X .2 A topological algebra A is a Waelbroeck algebra if the set of quasi-invertible elements of A is open and the operation
of taking the quasi-inverse is continuous.
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5.

It is well known that all maximal regular ideals are closed in Q-algebras (topological algebras in which the set ofquasi-invertible elements is open) and in unital commutative locally convex b-algebras3, see [14, Theorem 4.18] or[22, pp. 208–209]. Moreover, there exist topological non-Q-algebras in which all maximal regular ideals are closed, see[8, p. 81] and [24]. Two new classes of topological algebras, in which all maximal regular ideals are closed, are describedin the present paper.A topological algebra in which every maximal regular (left or right) ideal is closed is often named a Q′-algebra,see [9, p. 148, Definition] and also [10]. In the unital and commutative case [2, p. 15] such algebras are called Mallios
algebras.
2. Topological algebras with maximal regular ideals closed

We prove the following result.
Theorem 2.1.
If the von Neumann bornology of a Hausdorff topological algebra A has a pseudo-basis which consists of idempotent
and completant absolutely pseudoconvex sets, then every maximal regular left (right or two-sided) ideal of A is closed.

Proof. Let A be a topological Hausdorff algebra. Let M be a maximal regular left ideal in A with a right regularidentity u for A (moduloM), CA the pseudo-basis of BN (that is, for every B ∈ BN there exist µ > 0 and B′ ∈ CA such that
B ⊂ µB′) which consists of idempotent and completant absolutely pseudoconvex subsets of A, LA = {λC : λ > 0, C ∈ CA}and

M ′ = ⋃
B∈LA

⋂
ε>0 (M + εB). (1)

First we show that M ′ is a left ideal in A. For this, let a ∈ A and a1, a2 ∈ M ′. Then there exist B1, B2 ∈ LA such that
a1 ∈ M + εB1 and a2 ∈ M + εB2 for each ε > 0. Since B1 + B2 and aB1 are bounded in A, then there exist positivenumbers λ1 and λ2 and sets C1, C2 ∈ CA such that B1 + B2 ⊂ λ1C1 and aB1 ⊂ λ2C2 (because CA is the pseudo-basisof BN ). Hence

a1 + a2 ∈ (M +M) + ε(B1 + B2) ⊂ M + εB3
and

aa1 ∈ a(M + εB1) ⊂ M + εB4
for each ε > 0, where B3 = λ1C1 and B4 = λ2C2 are elements of LA. Therefore, a1 + a2 ∈ M ′ and aa1 ∈ M ′. Similarly,
λa ∈ M ′ for each λ ∈ K and a ∈ M ′. It is easy to see that M ⊂ M ′. If M ′ = A, then there exists B0 ∈ LA such that
u ∈ M+ εB0 for each ε > 0. Hence there exist mε ∈ M and bε ∈ B0 such that u = mε + εbε . Therefore, εbε = u−mεfor each ε > 0.Let us suppose that there is an element a0 ∈ A such that a0 ◦ (εbε) ∈ M. Then

a0 ◦ (εbε) = a0 + εbε − a0(εbε) = u−mε + a0 − a0u+ a0mε.

3 A topological algebra A is a b-algebra (or a complete multiplicatively convex bornological algebra in the terminology
of Hogbe-Nlend in [12]) if the von Neumann bornology BN of A has a pseudo-basis (that is, a subset B ⊂ BN for which
for every B ∈ BN there exist µ > 0 and B′ ∈ B such that B ⊂ µB′) which consists of idempotent and completant
absolutely convex sets.
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Hence,
u = a0 ◦ (εbε) + (mε − a0mε)− (a0 − a0u) ∈ M +M +M ⊂ M

what is impossible. Therefore εbε with ε > 0 does not have the left quasi-inverse in A for each ε > 0, see, for example,[18, p. 173] or [7, Lemma 1.2.21].On the other hand, since B0 = λ0C0, where λ0 > 0 and C0 ∈ CA, there exists a k ∈ (0, 1] such that AC0 is a k-Banachalgebra with respect to the norm ‖ · ‖ defined by ‖a‖ = inf {|µ|k : a ∈ µC0} for each a ∈ AC0 , and B0 ⊂ AC0 . Since
(εbε) ◦ n∑

k=1 (−εbε)k = −(−εbε)n+1,

(−εbε)n converges to zero in AC0 if
0 < ε <

(sup
b∈B0 ‖b‖

)−1/k
. (2)

Then, the sequence (Sn), where
Sn = n∑

k=1 (−εbε)k ,is a Cauchy sequence in the k-Banach algebra AC0 for such epsilon. Therefore, εbε is quasi-invertible in AC0 (hencealso in A) if ε satisfies the condition (2). Thus, M ′ 6= A. Hence, M ′ is a regular left ideal in A and M = M ′ by maximalityof M.To show that M ′ is closed, take a0 ∈ clAM ′. Then (a0 + O) ∩M ′ is not empty for each fixed balanced neighbourhood
O of zero in A. Thus there are m′ ∈ M ′ and o ∈ O such that m′ = a0 + o. Moreover, there exists B0 ∈ LA such that
m′ ∈ M + εB0 for each ε > 0. Hence, there are mε ∈ M and bε ∈ B0 such that mε + εbε = m′ = a0 + o for eachfixed ε. Therefore, a0 −mε = εbε − o ∈ εB0 + O for each fixed ε > 0. Hence, from4 a0 −mε ∈ clA(εB0) = εB0 (B0 isclosed as a completant absolutely pseudoconvex set) it follows that a0 ∈ M + εB0 for each ε. Thus, a0 ∈ M ′. It meansthat M ′ is a closed subset in A. Consequently, M is also closed.The proof for maximal regular right and two-sided ideals is similar.
Corollary 2.2.
If the von Neumann bornology of a sequentially Mackey complete Hausdorff algebra A has a pseudo-basis which consists
of closed, idempotent and absolutely pseudoconvex sets, then every maximal regular left (right or two-sided) ideal of A
is closed.

Proof. Since every closed bounded and absolutely pseudoconvex set in a sequentially Mackey complete Hausdorffalgebra is a completant locally pseudoconvex set [3, Proposition 2.2], then Corollary 2.2 holds by Theorem 2.1.
Corollary 2.3.
If the von Neumann bornology of a Hausdorff topological algebra A has a pseudo-basis which consists of idempotent
and completant absolutely convex sets, then every maximal regular left (right or two-sided) ideal of A is closed.

Corollary 2.3 is known in the case of unital commutative locally convex b-algebras [14, Theorem 4.18].
4 It is well known, see, for example, [19, p. 13], that clAU = ⋂ {U + O : O ∈ B}, where B is a base of neighbourhoods
of zero in A.
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3. Commutative case

If A is a commutative unital topological algebra, then restrictions to the von Neumann bornology of A can be weakened.
Theorem 3.1.
Let A be a unital commutative sequentially Mackey complete Hausdorff algebra with jointly continuous multiplication,
all elements of which are bounded. If the von Neumann bornology BA of A is idempotently pseudoconvex, then every
maximal regular ideal in A is closed.

Proof. Let CA be the collection of all closed idempotent and bounded subsets5 of A,
LA = {λC : λ > 0, C ∈ CA},

and M ′ be defined by (1). If a1, a2 ∈ M ′, then there exist λ1, λ2 > 0 and C1, C2 ∈ CA such that a1 ∈ M + ελ1C1 and
a2 ∈ M + ελ2C2. Since C1, C2 ⊂ C1C2, C1C2 ∈ CA and the von Neumann bornology of A is idempotently pseudoconvex,then there is a k ∈ (0, 1] such that Γk (C1C2) is bounded and idempotent. Hence,

a1 + a2 ∈ (M +M) + ε(λ1C1 + λ2C2) ⊂ M + ε(λ1C1C2 + λ2C1C2) ⊂ M + ελ
(
λ1
λ Γk (C1C2) + λ2

λ Γk (C1C2))
⊂ M + ελ

(Γk (C1C2) + Γk (C1C2)) ⊂ M + ελ21/kΓk (C1C2) ⊂ M + ελ21/kC,
where λ = max {λ1, λ2} and C = Γk (C1C2) ∈ CA. Let now a ∈ A. Since a is bounded, there is a µ > 0 such that S(a, µ)is an idempotent and bounded set and

aa1 ∈ a(M + ελ1C1) ⊂ M + ελ1[S(a, µ)C1] ⊂ M + ελ1C
for each ε > 0, where C = S(a, µ)C1 ∈ CA. Hence, a1 + a2 ∈ M ′ and aa1 ∈ M ′. The rest of the proof is similar to theproof of Theorem 2.1, because in the present case, every B ∈ LA defines k ∈ (0, 1] and D ⊂ A such that B ⊂ AD , where
AD is a k-Banach algebra. Indeed, every B ∈ LA first defines λ > 0 and C ∈ CA such that B = λC and then C defines
k ∈ (0, 1] such that D = clA(Γk (C )) is a (closed), bounded, idempotent and absolutely k-convex subset of A. Hence ADis a k-Banach algebra [3, Proposition 1.1] since A is sequentially Mackey complete and B ⊂ AD .
Theorem 3.1 is known [6, Corollary 1.6] for a unital commutative pseudo-Banach algebra (that is, for a unital commutativealgebra A in which a set B of closed, idempotent, bounded and absolutely convex sets has been given, so that AB (definedabove) is a Banach algebra for each B ∈ B and A = {⋃AB : B ∈ B}).
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