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Abstract: Let G be a group, R an integral domain, and VG the R-subspace of the group algebra R [G] consisting of all the
elements of R [G] whose coefficient of the identity element 1G of G is equal to zero. Motivated by the Mathieu
conjecture [Mathieu O., Some conjectures about invariant theory and their applications, In: Algèbre non Commu-
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de France, Paris, 1997, 263–279], the Duistermaat–van der Kallen theorem [Duistermaat J.J., van der Kallen W.,
Constant terms in powers of a Laurent polynomial, Indag. Math., 1998, 9(2), 221–231], and also by recent studies
on the notion of Mathieu subspaces, we show that for finite groups G, VG also forms a Mathieu subspace of the
group algebra R [G] when certain conditions on the base ring R are met. We also show that for the free abelian
groups G = Zn, n ≥ 1, and any integral domain R of positive characteristic, VG fails to be a Mathieu subspace
of R [G], which is equivalent to saying that the Duistermaat–van der Kallen theorem cannot be generalized to any
field or integral domain of positive characteristic.
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1. Introduction

Let us first recall the following notion introduced recently by the first author in [16, 19], which can be viewed as a naturalgeneralization of the notion of ideals.
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Definition 1.1.Let R be a commutative ring and A an associative R-algebra. An R-submodule or R-subspace M of A is said to be a
left (resp., right; two-sided) Mathieu subspace of A if for any a, b, c ∈ A with am ∈ M for all m ≥ 1, we have bam ∈ M(resp., amb ∈ M; bamc ∈ M) when m� 0, i.e. there exists N ≥ 1 such that bam ∈ M (resp., amb ∈ M; bamc ∈ M) forall m ≥ N.
Two-sided Mathieu subspaces will be also called simply Mathieu subspaces. An R-subspace M of A is said to be a
pre-two-sided Mathieu subspace of A if it is both left and right Mathieu subspace of A. Note that the pre-two-sidedMathieu subspaces were previously called two-sided Mathieu subspaces or Mathieu subspaces in [16].The introduction of the notion of Mathieu subspaces in [16, 19] was mainly motivated by the studies of the Jacobian
conjecture [10] (see also [1, 3]), the Mathieu conjecture [11], the vanishing conjecture [5, 13, 14, 18] and more recently,
the image conjecture [15] as well as many other related open problems. For some recent developments on Mathieusubspaces, see [6–9, 17, 19]. For a recent survey on the image conjecture and its connections with some other problems,see [4].The notion was named, in [16], after Olivier Mathieu due to his conjecture mentioned above, which now in terms of thenew notion can be re-stated as follows.
Conjecture 1.2 (the Mathieu conjecture).
Let G be a compact connected real Lie group with the Haar measure σ . Let A be the algebra of complex-valued G-finite
functions on G, and M the subspace of A consisting of f ∈ A such that

∫
G f dσ = 0. Then M is a Mathieu subspace

of A.

The Mathieu conjecture, except for the abelian case, is currently still unsettled. The abelian case, proved by Duistermaatand van der Kallen in [2], now can be re-stated as follows.
Theorem 1.3 (Duistermaat and van der Kallen).
Let z = (z1, z2, . . . , zn) be n commutative free variables and V the subspace of the Laurent polynomial algebra C[z−1, z]
consisting of the Laurent polynomials with no constant term. Then V is a Mathieu subspace of C[z−1, z].
Actually, the main result of [2] is the following theorem, from which the theorem above follows immediately. But, for thepurpose of this paper, we will refer to the theorem above (instead of the theorem below) as the Duistermaat–van derKallen theorem.
Theorem 1.4.
Let f be a Laurent polynomial in z = (z1, z2, . . . , zn) over C such that for each m ≥ 1, the constant term of fm is equal
to zero. Then the Newton polytope of f (i.e. the convex subset of Rn spanned by all the α ∈ Zn such that the coefficient
of zα in f is nonzero) does not contain 0 ∈ Rn.

Note that despite its innocent looking, the proof of the theorem above is surprisingly difficult. The proof in [2] uses someheavy machineries such as toric varieties, resolutions of singularities, etc.To discuss the main motivations and results of this paper, we start with the following observation on the Duistermaat–vander Kallen theorem, Theorem 1.3. Let G be the free abelian group Zn, n ≥ 1. Then the Laurent polynomial algebra
C[z−1, z] can be identified in the obvious way with the group algebra C[G]. Under this identification, the subspace
V ⊂ C[z−1, z] in the theorem corresponds to the subspace VG of the group algebra C[G] consisting of the elements of
C[G] whose “constant term” (i.e. the coefficient of the identity element 1G of G) is equal to zero. So, we are naturallyled to the following (open) problem.
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Problem 1.5.Let R be a commutative ring and G a group. Let VG be the R-subspace of the elements of the group algebra R [G] withno “constant term”, i.e. the coefficient of the identity element 1G of G is equal to zero. Then under what conditions on
R and G, VG forms a Mathieu subspace of the group algebra R [G]?
The problem above not only provides a different point of view to get further understanding on the remarkable Duistermaat–van der Kallen theorem, but also gives a family of candidates for Mathieu subspaces, which may provide some newunderstandings on the still very mysterious notion of Mathieu subspaces. This makes the problem itself very interestingand worthy to investigate.One of the main results of this paper is that for any finite group G and an integral domain R of characteristic p = 0 or
p > |G| (the order of G), the R-subspace VG does form a Mathieu subspace of R [G] (see Theorem 3.5), i.e. Problem 1.5in this case can be solved completely. However, for the case that 0 < charR = p ≤ |G|, the situation becomes muchmore subtle. For example, the magic condition p - |G| for the group algebras of finite groups G (e.g., see [12]) does notresolve the difficulty completely, i.e. under this condition VG still may or may not be a Mathieu subspace of R [G] (e.g.,see Theorem 4.1 and Example 4.2).In this paper, we first study Problem 1.5 for the group algebras of finite groups G over integral domains R of anycharacteristic. In particular, besides the main result mentioned above, for finite abelian groups we also give a completesolution of Problem 1.5 for the case when the base integral domain R satisfies certain primitive root of unity conditions(see Theorems 3.5 and 4.1), e.g., when R is an algebraically closed field. We then show that for the group algebrasof the free abelian groups G = Zn, n ≥ 1, over any integral domain R of positive characteristic, VG is not a Mathieusubspace of R [G], by showing that an example suggested by Arno van den Essen does provide a desired counter-example.Consequently, it follows that the Duistermaat–van der Kallen theorem, Theorem 1.3, cannot be generalized to the Laurentpolynomial algebra R [z−1, z] over any field or integral domain R of positive characteristic.The arrangement of this paper is as follows. In Section 2, we recall some general results on Mathieu subspaces obtainedin [16, 19], which will be needed later in this paper. In Section 3, we prove some results on Problem 1.5 for the groupalgebras of finite groups G over arbitrary commutative rings or integral domains. In particular, we show in Theorem 3.5that when the base ring R is an integral domain of characteristic p = 0 or p > |G|, the subspace VG is always a Mathieusubspace of R [G].In Section 4, we focus on the group algebras of finite abelian groups G over integral domains R of characteristic p > 0.The main result of this section is Theorem 4.1, which combining with Theorem 3.5 provides a complete solution ofProblem 1.5 for the group algebras of finite abelian groups G over the integral domains R which satisfy a primitive rootof unity condition, e.g., when R is an algebraically closed field.In Section 5, we consider Problem 1.5 for the group algebras of the free abelian groups Zn, n ≥ 1, over an integraldomain R of characteristic p > 0. We prove that VG in this case fails to be a Mathieu subspace of R [Zn] by showingthat the example in Lemma 5.2, which was suggested by Arno van den Essen to the authors, does provide a desiredcounter-example.
2. Some results on Mathieu subspaces

Although all the results below with certain modifications hold for all types of Mathieu subspaces (one-sided, pre-two-sided, etc.), we here focus only on the two-sided case, which by Corollary 3.2 in the next section will be enough for ourpurpose.Throughout this paper, unless stated otherwise, R and K always stand respectively for a unital commutative ring and afield of any characteristic, and A is a unital algebra over R or K . Following [19], we define for any R-subspace V of an
R-algebra A the radical, denoted by √V , to be the set of a ∈ A such that am ∈ V when m� 0.We start with the following equivalent formulation of Mathieu subspaces, which was given in [19, Proposition 2.1].
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Proposition 2.1.
Let A be an R-algebra and V an R-subspace of A. Then V is a Mathieu subspace of A iff for any a ∈

√
V and

b, c ∈ A, we have bamc ∈ V when m� 0.

The following characterization of the Mathieu subspaces with algebraic radicals was also proved in [19, Theorem 4.2].
Theorem 2.2.
Let A be a K-algebra and V a K-subspace of A such that

√
V is algebraic over K (i.e. every element of

√
V is algebraic

over K ). Then V is a Mathieu subspace of A iff for any idempotent e ∈ V (i.e. e2 = e), we have (e) ⊆ V , where (e)
denotes the ideal of A generated by e.

The next proposition is easy to check directly (or see [19, Proposition 2.7]).
Proposition 2.3.
Let I be an ideal of A and V an R-subspace of A such that I ⊆ V . Then V is a Mathieu subspace of A iff V /I is a
Mathieu subspace of the quotient algebra A/I.

Finally, let us recall the following family of Mathieu subspaces of the polynomial algebra R [z] in n variables z =(z1, z2, . . . , zn), which was given in [16, Proposition 4.6].
Proposition 2.4.
Let n, d ≥ 1 and R an arbitrary integral domain. Let S = {v1, v2, . . . , vd} ⊂ Rn (with d distinct elements) and 0 6= ci ∈ R ,1 ≤ i ≤ d. Denote by V the subspace of f(z) ∈ R [z] such that

d∑
i=1 cif(vi) = 0.

Then V is a Mathieu subspace of R [z] iff for any non-empty subset J ⊂ {1, 2, . . . , d}, we have1
∑
i∈J

ci 6= 0. (1)
Note that the proposition above was proved in [16] only under the condition that R is a field. But if R is an integraldomain, then by clearing denominators, we can obtain f(S) = {0, α} and g(S) = {0, β} in the proof of [16, Proposition4.6] for some α, β ∈ R instead of α = β = 1, and we see that the proof of [16, Proposition 4.6] actually goes throughalso for the integral domain case.
3. Some general results for the case of finite groups

Throughout the rest of this paper, unless stated otherwise, G stands for a finite group, R a commutative ring, and K afield of any characteristic. We denote by R [G] and K [G] the group algebra of G over R and K , respectively. Furthermore,we also fix the following terminology and notation.i) We denote by 1 or 1G the identity element of the group G and also the identity element of the group algebra R [G].
ii) For any u ∈ R [G], we denote by Constu the coefficient of 1G of u, and call it the constant term of u.

1 Note that the equation (1), being [16, equation (4.4)] had been misprinted there.
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iii) The set of all the elements of R [G] with no constant term will be denoted by VG,R , or simply by VG if the base ring
R is clear in the context.

iv) When R is an integral domain, by the characteristic of R (denoted by charR) we mean the characteristic of the fieldof fractions of R .
Next, we start with the following equivalent formulation of Problem 1.5 for the group algebras of finite groups.
Proposition 3.1.
Let R be any commutative ring and G a finite group. Then VG is a Mathieu subspace of R [G] of any fixed type (left,
right, pre-two-sided or two-sided) iff all elements of

√
VG are nilpotent.

Proof. First, it is easy to see that the (⇐) part follows directly from Definition 1.1. For the (⇒) part, we give a proofonly for the left Mathieu subspace case. Proofs of the other three cases are similar.Assume that VG is a left Mathieu subspace and let u ∈ √VG . Replacing u by a positive power of u, if necessary, we mayassume that um ∈ VG for all m ≥ 1. Now, since G is finite, by Definition 1.1 there exists N ≥ 1 such that g−1um ∈ VGfor all g ∈ G and m ≥ N. In particular, for each g ∈ G, the constant term of g−1uN , which is the same as the coefficientof g in uN , is equal to 0, whence uN = 0, i.e. u is nilpotent.Another way to show the (⇒) part is as follows. Assume otherwise and let u ∈ √VG be such that um 6= 0 for all m ≥ 1.Since G is finite, there exists g ∈ G such that the coefficient of g in um is nonzero for infinitely many m ≥ 1. Then theconstant term of g−1um is nonzero for infinitely many m ≥ 1. Then by Definition 1.1, VG is not a Mathieu subspace of
R [G], which is a contradiction.
The following two corollaries are immediate consequences of Proposition 3.1.
Corollary 3.2.
Let R and G be as in Proposition 3.1. Then VG is a Mathieu subspace of R [G] of any fixed type iff VG is a (two-sided)
Mathieu subspace of R [G].
Therefore, throughout the rest of this paper we may and will focus only on the two-sided case.
Corollary 3.3.
Let R and G be as in Proposition 3.1. Assume that VG is a Mathieu subspace of R [G]. Then VG contains no nonzero
idempotent of R [G].
Proof. Assume otherwise. Let e ∈ VG be a nonzero idempotent, i.e., e2 = e 6= 0. Then for any m ≥ 1, we have
em = e ∈ VG , whence e ∈ √VG . But, since e is clearly not nilpotent, by Proposition 3.1, VG is not a Mathieu subspaceof R [G], which is a contradiction.
When the base ring R is a field, we show next that the converse of Corollary 3.3 actually also holds.
Proposition 3.4.
Let K be a field and G a finite group. Then VG is a Mathieu subspace of K [G] iff VG contains no nonzero idempotent
of K [G].
Proof. The (⇒) part is a special case of Corollary 3.3. To show the (⇐) part, note that K [G] is algebraic over K ,since it is of finite dimension over K . In particular, the radical √VG of VG is algebraic over K . Then by Theorem 2.2,
VG is a Mathieu subspace of K [G].
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Next, we show that Problem 1.5 can be solved for the group algebras of all finite groups G over integral domains R suchthat charR = 0 or charR = p > |G|.
Theorem 3.5.
Let G be a finite group and R a commutative ring such that the integer (|G| − 1)! is invertible in R . Then VG is a
Mathieu subspace of R [G]. In particular, when R is an integral domain with charR = 0 or charR = p ≥ |G|, VG is a
Mathieu subspace of R [G].
Proof. Let u ∈ √VG . Then by Proposition 3.1 it suffices to show that u is nilpotent. Note that by replacing u by apositive power of u, if necessary, we may assume um ∈ VG , i.e. Constum = 0, for all m ≥ 1.Let µ : R [G] → EndRR [G] be the regular representation of G over R , i.e. the R-algebra homomorphism which mapseach v ∈ R [G] to the R-endomorphism mv ∈ EndRR [G] defined by the left multiplication by v on R [G]. Then it is easyto check that for each v ∈ R [G], the trace of the linear map µ(v) = mv is equal to |G|Const v . Consequently, for the
u ∈
√
VG fixed at the beginning and all m ≥ 1, the trace of the m-th power µm(u) = µ(um) of the linear transformation

µ(u) is equal to zero.Using the fact that (|G| − 1)! is a unit in R , it follows from Newton’s identities [20] that all coefficients, except maybethe zeroth and the |G|-th of the characteristic polynomial of µ(u), are zero. Hence by the Cayley–Hamilton theorem [21],
µ(u|G|) corresponds to the multiplication by det µ(u) ∈ R . Since µ is clearly injective (e.g. apply µ(v) to 1 ∈ R [G] forall v ∈ R [G]), we see that u|G| is constant. But u|G| has constant term zero by assumption, so we can conclude that
u|G| = 0.
One remark on Theorem 3.5 is that when the conditions charR = 0 and charR = p ≥ |G| fail, i.e. when 0 < charR =
p < |G|, the situation for Problem 1.5 becomes much more complicated. For instance, as shown by the next lemma andalso by Theorem 4.1 in Section 4, the magic condition p - |G| for the theory of group algebras R [G] of finite groups G,see e.g. [12], does not resolve the difficulty completely for Problem 1.5.
Lemma 3.6.
Let G be any finite group with |G| ≥ 2, and R an integral domain of charR = p > 0. Assume p | (|G| − 1) (hence,
p - |G|). Then VG is not a Mathieu subspace of R [G].
Proof. Let u = −∑g∈G\{1G} g ∈ VG and v = 1G − u = 1− u. Note that v is the sum of all the distinct elements of
G in R [G]. Hence, for any g ∈ G, we have vg = gv = v . Consequently, by the condition p | (|G| − 1) we have

v2 = |G|v = ((|G| − 1) + 1)v = v.

Hence, we also have u = 1− v = 1− v − v + v2 = u2, i.e., u is an idempotent of R [G]. Since the constant term of u iszero, it follows from Corollary 3.3 that VG is not a Mathieu subspace of R [G].
Next, we show the following lemma which will be needed later.
Lemma 3.7.
Let R be any commutative ring and G any group (not necessarily finite). Assume that VG is a Mathieu subspace of R [G].
Then for each subgroup H of G, VH is a Mathieu subspace of R [H].
Proof. Assume otherwise. Let H be a subgroup of G such that VH is not a Mathieu subspace of R [H]. Then byDefinition 1.1 and the definition of VH , there exist u, v ∈ R [H] such that Constum = 0 for all m ≥ 1, but Constumv 6= 0for infinitely many m ≥ 1. Since R [H] ⊆ R [G], we have u, v ∈ R [G], and um ∈ VG for all m ≥ 1, but umv 6∈ VG forinfinitely many m ≥ 1. Hence, VG is not a Mathieu subspace of R [G], which is a contradiction.
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Corollary 3.8.
Let R and G be as in Lemma 3.7 and H a subgroup of G. Assume that VH is not a Mathieu subspace of R [H]. Then VG
is not a Mathieu subspace of R [G].
As an application of Lemma 3.7 or Corollary 3.8, we derive the following necessary condition for VG to be a Mathieusubspace of R [G] over integral domains R of positive characteristic.
Proposition 3.9.
Let R be an integral domain of characteristic p > 0 and G an arbitrary finite group. Write |G| = prd for some r ≥ 0
and d ≥ 1 with p - d. Assume that R contains a primitive d-th root of unity and VG is a Mathieu subspace of R [G].
Then for each prime divisor q of |G|, we have p ≥ q.

Proof. Assume otherwise and let q be a prime divisor of |G| such that p < q. Then we have q |d, whence R alsocontains a primitive q-th root of unity. Since q | |G|, there is at least one element g ∈ G of order q. Let Cq be thecyclic subgroup of G generated by g. Then by Theorem 4.1 to be proved in Section 4, VCq is not a Mathieu subspaceof R [Cq]. Hence, by Corollary 3.8, VG is not a Mathieu subspace of R [G] either, which is a contradiction.
Finally, we point out that when the finite group G in Proposition 3.9 is abelian, a stronger conclusion will be given inTheorem 4.1 of the next section.
4. The case of finite abelian groups

In this section, we study Problem 1.5 for finite abelian groups over certain integral domains. The main result of thissection is the following theorem.
Theorem 4.1.
Let R be an integral domain of characteristic p > 0, and G a finite abelian group with |G| = prd for some r ≥ 0 and
d ≥ 1 with p - d. Assume that R contains a primitive d-th root of unity. Then VG is a Mathieu subspace of R [G] iff
p > d.

Two remarks on Theorem 4.1 are as follows. First, when the integral domain R has charR = 0 (or charR = p ≥ |G|),Problem 1.5 has been solved by Theorem 3.5. Theorems 3.5 and 4.1 together provide a complete solution of Problem 1.5for the group algebras of all finite abelian groups when the base integral domain R satisfies the primitive root of unitycondition in Theorem 4.1, e.g., when R is an algebraically closed field. Second, from the example below we see that the
d-th primitive root of unity condition on the integral domain R in Theorem 4.1 is necessary.
Example 4.2.Let F3 be the field with three elements. Note that F3 obviously does not contain any primitive 5-th root of unity. But,
VZ5 is a Mathieu subspace of F3[Z5], although charF3 = 3 < d = 5. Indeed, since 3 is a generator modulo 5 andgcd(5− 1, 3) = 1, this is proved in the proposition below.
Proposition 4.3.
Let p be a prime number and assume that q is a power of a prime which is a generator modulo p. Then VZp is a Mathieu
subspace of Fq[Zp] iff gcd(p− 1, q) = 1.

Proof. Assume first that VZp is a Mathieu subspace of Fq[Zp]. Then by Lemma 3.6, the prime divisor of q does notdivide |Zp| − 1 = p− 1, whence gcd(p− 1, q) = 1. This gives the (⇒) part.
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To prove the (⇐) part, assume next that gcd(p − 1, q) = 1. Suppose that there exists a nonzero idempotent f ∈ VZp .By identifying the group algebra Fq[Zp] with the quotient algebra Fq[t]/(tp − 1) of the polynomial algebra Fq[t] in onevariable t, we may write f = c1t + c2t2 + · · ·+ cp−1tp−1, and we have
fq = cq1 tq + cq2 t2q + · · ·+ cqp−1t(p−1)q = c1tq + c2t2q + · · ·+ cp−1t(p−1)q.

Since q is a unit modulo p and f = fq, the coefficient of tj of f is the same as that of tqj mod p of f , for all 1 ≤ j ≤ p− 1.Moreover, q is a generator modulo p, whence f = c1(t+ t2 + · · ·+ tp−1) follows. Consequently, Const f2 = (p− 1)c21 = 0and since p − 1 6= 0 in Fq, we have c1 = 0 in Fq. Thus f = 0 is the only idempotent of VZp , and the desired resultfollows from Proposition 3.4.
We will devote the rest of this section to a proof for Theorem 4.1. First, we need to show the following reduction lemma.
Lemma 4.4.
Let R be an integral domain of characteristic p > 0 and H a finite abelian group. Let q = pr for some r ≥ 1 and
G = H×Zq. Then VH is a Mathieu subspace of R [H] iff VG is a Mathieu subspace of R [G].
Proof. For convenience, we identify Zq with the multiplicative cyclic group Cq with q elements. We also identify
H and Cq with the subgroups H×{1Cq} and {1H}×Cq of G, respectively. Under these identifications, G is also the
internal direct product of its subgroups H and Cq, and the group algebras R [H] and R [Cq] become subalgebras of R [G].Now the (⇐) part of the lemma follows immediately from Lemma 3.7.To show the (⇒) part, pick any u ∈ √VG . Then by Proposition 3.1, it suffices to show that u is nilpotent. To do so,replacing u by a positive power of u, if necessary, we assume that um ∈ VG for all m ≥ 1. Write u = ∑

s∈Cq αss with
αs ∈ R [H] for each s ∈ Cq. Note that for any s ∈ Cq, we have sq = 1Cq , since |Cq| = q. Then by the conditions thatcharR = p > 0 and q = pr for some r ≥ 1, we also have

uq = ∑
s∈Cq

αqs sq = ∑
s∈Cq

αqs ∈ R [H].
Moreover, since um ∈ VG for all m ≥ 1 and R [H] is a subalgebra of R [G], we have (uq)k = uqk ∈ VG ∩ R [H] = VH forall k ≥ 1, whence uq ∈ √VH . Since by assumption VH is a Mathieu subspace of R [H], applying Proposition 3.1 to thegroup algebra R [H] yields that uq is nilpotent, whence so is u.
Next, let us recall the following well-known fundamental theorem on finite abelian groups.
Theorem 4.5.
Any finite abelian group can be written as a direct product of cyclic groups whose orders are powers of primes.

Note that by applying Theorem 4.5 and Lemma 4.4 (inductively), it is easy to see that we may actually assume that theexponent r in Theorem 4.1 is equal to zero, i.e., it suffices to show the following lemma.
Lemma 4.6.
Let G be a finite abelian group and R an integral domain of characteristic p > 0 such that p - d = |G|. Assume that R
contains a primitive d-th root of unity. Then VG is a Mathieu subspace of R [G] iff p > d = |G|.
From now on and throughout the rest of this section, we let G and R be as in the lemma above. Note first that when
d = |G| = 1, we have VG = {0}, which is obviously a Mathieu subspace of R [G]. Hence, Lemma 4.6 holds in this trivial
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case. So we will assume d = |G| ≥ 2. Note also that by Theorem 4.5, we may (and will) further assume that the abeliangroup G is given by
G = Zd1×Zd2× · · ·×Zdn (2)

for some n ≥ 1 and di ≥ 2, 1 ≤ i ≤ n. But, here we do not need to assume that the integers di ≥ 2, 1 ≤ i ≤ n, arepowers of primes. In order to study the group algebra R [G] of G in (2), we need to write the factor groups Zdi , 1 ≤ i ≤ n,in (2) as multiplicative groups Hi with a fixed generator ei ∈ Hi, i.e., for each 1 ≤ i ≤ n, we let
Hi = {eki : 0 ≤ k ≤ di − 1} ' Zdi .

For convenience, for each 1 ≤ i ≤ n, we also identify Hi (implicitly) with the subgroup of G in (2) consisting of all the
n-tuples whose j-th, j 6= i, component is the identity element of Hj ' Zdj . Note that under this identification, we have
Hi ⊂ G, whence G is also the internal direct product of the subgroups Hi, 1 ≤ i ≤ n, i.e., with the abusive notationsfixed above, we have

G = H1 ·H2 · · ·Hn = H1×H2× · · ·×Hn.

Furthermore, we also introduce the following two sets:
D = {β = (β1, β2, . . . , βn) ∈ Nn : 0 ≤ βi ≤ di − 1 for all i}, (3)
S = {a = (a1, a2, . . . , an) ∈ Rn : adii = 1 for all i}. (4)

Note that since R contains a primitive d-th root of unity, R also contains a primitive di-th, 1 ≤ i ≤ n, root of unity,since di |d. Then from (3) and (4), we have |S| = d = |D| = |G|.Next, with the notations fixed above we give an equivalent formulation of Lemma 4.6 in terms of the polynomial algebra
R [z] over R in n variables z = (z1, z2, . . . , zn). First, we define and consider the following R-linear functional:

L : R [z]→ R, f 7→
∑
a∈S

f(a). (5)
Lemma 4.7.
Let G and R be fixed as above. Then for any α ∈ D, we have

L(zα ) = {d if α = 0,0 if α 6= 0. (6)
Proof. If α = 0, then L(zα ) = ∑

a∈S 1 = |S| = d. So we let α 6= 0. Without losing any generality, we assume thatthe first component of α is nonzero, and denote it by k (for short).Let ξ1 be a primitive d1-th root of unity in R . Then we have ξk1 6= 1, since 1 ≤ k ≤ d1 − 1. Note that for each root1 6= r ∈ R of the polynomial zd11 − 1 ∈ R [z1], r is also a root of the polynomial ∑d1−1
`=0 z`1 , for zd11 − 1 = (z1 − 1)∑d1−1

`=0 z`1 .Therefore, for the fixed primitive d1-th root of unity ξ1 ∈ R , we have
d1−1∑
`=0 (ξ`1 )k = d1−1∑

`=0 (ξk1 )` = 0. (7)
Now, for each 1 ≤ i ≤ n, set Ci = {ξ`i : 0 ≤ ` ≤ di − 1}, where ξi is any fixed primitive di-th root of unity in R . Thenfrom the definition of the set S in (4), we have S = C1×C2× · · ·×Cn. By taking the sum L(zα ) = ∑

a∈S aα first overthe set C1, it follows immediately from (7) that L(zα ) = 0.
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Next, we define the following R-algebra homomorphism:
φ : R [z]→ R [G], zi 7→ ei. (8)

Note that the kernel of the R-algebra homomorphism φ above is the ideal of R [z] generated by the polynomials zdii − 1,1 ≤ i ≤ n. We will denote this ideal by I~d, where ~d stands for the n-tuple (d1, d2, . . . , dn). The pre-image of VG ⊂ R [G]under the linear map φ is given by the following lemma.
Lemma 4.8.
With the setting above, we have

φ−1(VG) = KerL. (9)
Proof. First, let V0 be the R-subspace of R [z] spanned by zα , 0 6= α ∈ D, and V = R · 1⊕V0. Then by the definitionof φ in (8), it is easy to see that we have

φ−1(VG) = {f ∈ R [z] : f ≡ r (mod I~d) for some r ∈ V0}. (10)
Therefore, it suffices to show that KerL coincides with the set on the right-hand side of the equation above.Now, let f ∈ R [z]. Then there exists a unique r ∈ V such that f ≡ r (mod I~d). By (10) we have

f ∈ φ−1(VG) ⇐⇒ r ∈ V0. (11)
Furthermore, since S is the zero-set in Rn of the ideal I~d, we have f(a) = r(a) for all a ∈ S. In particular, we have
L(f) = L(r) and hence,

f ∈ KerL ⇐⇒ r ∈ KerL. (12)
Write r(z) =∑α∈D cαzα . Then by (6) we have

L(r) = L(c0) + ∑
06=α∈D cαL(zα ) = dc0.

Since p - d, we see that r ∈ KerL iff c0 = 0 iff r ∈ V0. Then by the equivalences in (11) and (12), we have that
f ∈ φ−1(VG) iff f ∈ KerL, whence the lemma follows.
Finally, we can give a proof for Lemma 4.6. With it, the proof of the main result, Theorem 4.1, will be completed.
Proof of Lemma 4.6. Note that the (⇐) part of the lemma follows directly from Theorem 3.5, which actually doesnot need the primitive root of unity condition on R in the lemma. But, with the primitive root of unity condition on R italso follows from the arguments below.First, we consider the R-homomorphism φ : R [z] → R [G] defined in (8). Note that φ is surjective with the kernel I~d.Hence, from (9) we have I~d ⊆ KerL and φ(KerL) = VG . Therefore, we may identify R [G] with the quotient algebra
R [z]/I~d, and VG with KerL/I~d. Via these identifications and by Proposition 2.3, we have that VG is a Mathieu subspaceof R [G], iff KerL is a Mathieu subspace of the polynomial algebra R [z].Second, by applying Proposition 2.4 to the set S in (4) with ci = 1, 1 ≤ i ≤ d, we have that KerL is a Mathieu subspaceof R [z] iff for any non-empty subset J ⊆ {1, 2, . . . , d}, the cardinal number |J| 6= 0 in R , i.e., |J| 6≡ 0 modp. Furthermore,it is easy to see that the latter property holds iff p > d = |G|.By combining the three equivalences above the lemma follows.
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5. The case of the group algebra R [Zn] with charR = p > 0
In this section, we show that Problem 1.5 has a negative answer for the group algebras of the free abelian groups Zn,
n ≥ 1, over all integral domains R of positive characteristic. More precisely, we have the following proposition.
Proposition 5.1.
For any integral domain R of charR = p > 0, VZn is not a Mathieu subspace of the group algebra R [Zn].
Note that under the natural identification R [Zn] ' R [z−1, z] (the Laurent polynomial algebra in n variables z =(z1, z2, . . . , zn) over R), the proposition above is equivalent to saying that for any integral domain R of charR = p > 0,the subspace V of all the Laurent polynomials in R [z−1, z] with no constant term does not form a Mathieu subspace of theLaurent polynomial algebra R [z−1, z]. In particular, it follows that the Duistermaat–van der Kallen theorem, Theorem 1.3,cannot be generalized to any field of characteristic p > 0.To show Proposition 5.1, note first that we may identify Z with the subgroup of Zn consisting of all the elements(a, a, . . . , a) ∈ Zn with a ∈ Z. Then by Corollary 3.8, we may actually assume n = 1. Furthermore, via the identification
R [Z] ' R [z, z−1] mentioned above, it will be enough to show the following lemma. The Laurent polynomial f in thelemma was suggested to the authors by Arno van den Essen.
Lemma 5.2.
Let p be a prime and z a free variable. Set f = z−1 + zp−1 ∈ Zp[z−1, z]. Then the following two statements hold:i) Const fm = 0 for all m ≥ 1;

ii) Const(z−1fpk−1) = (−1)pk−1 for all k ≥ 1.

In order to prove the lemma above, we first need to show the following lemma.
Lemma 5.3.
For any prime number p > 0, the following statements hold.i) For any k, a ∈ N such that k ≥ 1 and a ≤ pk − 1, we have(

pk − 1
a

)
≡ (−1)a modp. (13)

ii) For any integer b ≥ 1, we have (
bp
b

)
≡ 0 modp. (14)

Proof. i) Let x be a free variable. We consider the polynomial (x − 1)pk−1 in the rational function field Zp(x), forwhich we have the following two equations:
(1− x)pk−1 = pk−1∑

a=0 (−1)a(pk − 1
a

)
xa, (15)

(1− x)pk−1 = (1− x)pk1− x = 1− xpk1− x = pk−1∑
a=0 x

a. (16)
Note that (16) also holds for the case p = 2, since 1 = −1 in Z2. Now, by comparing the coefficients of xa in thepolynomials on the right-hand sides of (15) and (16), we see that i) follows.
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ii) Write b = prn for some r ≥ 0 and n ≥ 1 such that p - n. In particular, we have pr+1 - b. We consider the polynomial(x + 1)bp ∈ Zp[x]. Note that the coefficient of xb in (x + 1)bp is equal to (bpb ). On the other hand, we also have
(x + 1)bp = (x + 1)npr+1 = (xpr+1 + 1)n.

Now, assume that (bpb ) 6≡ 0 modp. Then by the equation above, xb appears in the polynomial (xpr+1 +1)n with a nonzerocoefficient, whence b = pr+1k for some 1 ≤ k ≤ n. But this implies pr+1 |b, which is a contradiction.
Proof of Lemma 5.2. i) Since f = z−1 + zp−1, the constant term of fm, m ≥ 1, is given by the sum of (mb) for allthe integers 0 ≤ b ≤ m such that −(m − b) + b(p − 1) = 0, which is the same as m = bp. Therefore, there is at mostone such an integer b, which is m/p if (and only if) p |m. Hence we have

Const fm =

(
bp
b

) if p |m and b = m/p,

0 if p - m.

Then from the equation above and (14), we see that i) follows.ii) By a similar argument as in i), it is easy to check that for any k ≥ 1, the coefficient of z in fpk−1 is given by (pk−1
pk−1),which by (13) is equal to (−1)pk−1 . Hence, we have Const(z−1fpk−1) = (−1)pk−1 for all k ≥ 1, i.e., ii) holds.

We conclude this paper with the following two remarks on Lemma 5.2 i). First, from Lemma 5.2 i), or from the moregeneral Lemma 5.4 below, we immediately see that Theorem 1.4, the main result of [2], cannot be generalized to thepositive characteristic case either. Second, Lemma 5.2 i) can actually be generalized to all Laurent polynomials of theform f = zbg(zp) with g(z) ∈ Zp[z] and b ∈ Z such that p - b.
Lemma 5.4.
Let p > 0 be a prime, g(z) a univariate polynomial in Zp[z], and b ∈ Z such that p - b. Set f(z) = zbg(zp). ThenConst fm = 0 for all m ≥ 1.

Proof. Assume otherwise. Let m ≥ 1 be the least positive integer such that Const fm = Const(zbmg(zp)m) 6= 0. Thenit is easy to see that m must be a multiple of p. Write m = pd for some d ≥ 1 and consider
0 6= Const(zbmgm(zp)) = Const((zbdgd(zp))p) = Constp(zbdg(zp)d) = Constpfd.

Hence we also have Const fd 6= 0. But this contradicts the minimum choice of the positive integer m, since d < m.
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