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Abstract: This paper deals with a family of lightlike (null) hypersurfaces (Hu) of a Lorentzian manifold M such that each null
normal vector ` of Hu is not entirely in Hu, but, is defined in some open subset of M around Hu. Although the
family (Hu) is not unique, we show, subject to some reasonable condition(s), that the involved induced objects are
independent of the choice of (Hu) once evaluated at u = constant. We use (n+1)-splitting Lorentzian manifold to
obtain a normalization of ` and a well-defined projector onto H, needed for Gauss, Weingarten, Gauss–Codazzi
equations and calculate induced metrics on proper totally umbilical and totally geodesic Hu. Finally, we establish
a link between the geometry and physics of lightlike hypersurfaces and a variety of black hole horizons.
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1. Introduction

A hypersurface H of an (n+1)-dimensional, n > 1, semi-Riemannian manifold (M,g) of index q ∈ {1, . . . , n} is said tobe lighlike (or null) if and only if the metric g of M induces a degenerate metric g0 of a constant rank n− 1 on H., i.e.if and only if there exists a non-vanishing null vector field ` in TH which is orthogonal (with respect to g0) to all vectorfields in TH:
g0(`, X ) = 0, X ∈ TH.

Thus, ` is tangent as well as normal to H, which is a distinctive property of all lightlike submanifolds. Therefore, thereis no orthogonal projector what implies that there is no canonical way, from the lightlike structure alone, to define
∗ E-mail: yq8@uwindsor.ca
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Foliations of lightlike hypersurfaces and their physical interpretation

a mapping TpM → TpH. In other words, a vector of TpM cannot be decomposed uniquely into a component tangent to
H and a component perpendicular to H. To deal with this anomaly, in 1991, Bejancu–Duggal [7] introduced a generalgeometric technique to study the extrinsic geometry of lightlike hypersurfaces by using the decomposition

TM = Rad(TM)⊕orthS(TM), (1)
where Rad(TM) = {`} and S(TM) are a 1-dimensional radical null distribution and (n−1)-dimensional non-degeneratecomplementary screen distribution, respectively, and⊕orth is a symbol for orthogonal direct sum. Throughout the Bejancu–Duggal [7] approach of extrinsic geometry, the null normal vector field ` is defined on H only and not at the points
p 6= H. For up-to-date information on a general study of extrinsic geometry of lightlike hypersurfaces of semi-Riemannianmanifolds (where null normal is taken entirely in the hypersurface) we refer to books [10, Chapter 4] and [11, Chapter 7].A considerable work has been done also on the intrinsic geometry (some references will be cited later in the text) oflightlike (also called degenerate) submanifolds.In this paper, we adopt the following features of the intrinsic geometry of lightlike hypersurfaces. Assume that thenull normal ` is not entirely in H, but, is defined in some open subset of M around H. Then the spacetime covariantderivative ∇` is well-defined. In general, if ` is restricted to H as is the case of extrinsic geometry, where ∇ is theLevi-Civita connection on M, it is not possible. Following Carter [8], a simple way is to consider a foliation of M (in thevicinity of H) by a family (Hu) so that ` is in the part of M foliated by this family and at each point in this region ` isa null normal to Hu for some value of u. Although the family (Hu) is not unique, for our purpose we can manage (withsome reasonable condition(s)) to involve only those quantities which are independent of the choice of the foliation (Hu)once evaluated at, say, Hu=constant. Throughout this paper, for simplicity, we denote H = Hu=constant. Then the metric
g0 is simply the pull-back of the metric g of M to H, (g0)ij = gij←−

, where the under arrow denotes the pull-back to H.Degenerate (g0)ij does not have an inverse in the standard sense, but, in the weaker sense it admits an inverse (g0)ij ifit satisfies (g0)ik (g0)jm(g0)km = (g0)ij . The “bending” of H in M is described by the Weingarten map:
W` : TpH→ TpH, X →∇X`, (2)

that is, W` associates to each X of H the variation of ` along X with respect to the spacetime connection∇. The secondfundamental form, say B, of H is the symmetric bilinear form and it is related with the Weingarten map as follows:
B(X, Y ) = g0(W`X, Y ) = g0(∇X`, Y ). (3)

Using the expression£`g0(X, Y ) = g0(∇X`, Y ) + g0(∇Y `, X ) and the symmetricity of B(X, Y ) in the above equation, weobtain
B(X, Y ) = 12£`g0(X, Y ), X, Y ∈ TH, (4)which is well-defined up to conformal rescaling (related to the choice of `). The equation B(X, `) = 0 for any null normal

` and for any X ∈ TH implies that B has the same ` degeneracy as that of the induced metric g0.
Remark 1.1.Kupeli [17] has studied the intrinsic geometry of degenerate submanifolds by using the following equivalence class Con TpH: X ∼ Y if and only if X and Y differ only by a vector collinear to ` . This allows to define the Weingartenmap and the second fundamental form as unique objects on the quotient space TpH/C (also, see Kossowski [15]). Wedo not need to follow Kupeli or Kossowski as with our approach the Weingarten map and the second fundamental form(although not unique) are independent of the choice of the null foliation (Hu), which we need for this paper. Also, since
` is not entirely in H the distribution equation (1) will not hold. Therefore, we will not use any screen distribution.
The paper is organized as follows. In Section 2, we obtain normalized expressions for ` and a null transversal vector k,needed to define a projector mapping from vectors in M to vectors in H, for a foliation of hypersurfaces (Hu) of a classof Lorentzian manifolds. In Sections 3 and 4, using a projector map we obtain induced structure equations independentof the choice of totally umbilical (Hu). In Section 5 we find induced metrics on proper totally umbilical and totallygeodesic hypersurfaces. Finally, Section 6 deals with a physical interpretation of a lightlike hypersurface as a blackhole horizon.
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2. Normalization of ` and projector onto H

In order to obtain well-defined induced geometric objects on H one needs to define a projector mapping II : TpM → TpHfor which there has to be some direction transverse to H, i.e., some vector of TpM not belonging to H along whichthe projector II can be defined. Unfortunately, due to degeneracy of metric g0 on H, there is no canonical transversedirection since for lightlike hypersurfaces the normal vector is also tangent to H. Thus, a projector mapping II cannotbe defined from H alone. There is a need for some extra structure on M. Several researchers (for example, see [1, 7, 17])have found their ways to deal with this problem. In this paper, let (Hu) be a foliation of hypersurfaces of a classof Lorentzian manifolds (M,g), with the extra structure as follows: Let (M,g) be an (n+1)-splitting time-orientableLorentzian manifold evolved from a spacelike hypersurface Ht at a coordinate time t to another spacelike hypersurface
Ht+dt at coordinate time t + dt whose metric g is given by

gijdxidxj = −λ2dt2 + γab(dxa + Uadt)(dxb + Ubdt), (5)
where x0 = t, and xa, a = 1, . . . , n, are spatial coordinates of Ht with γab its n-metric induced from g, λ = λ(t, x1, . . . , xn)is the lapse function and Ua are the components of a spacelike vector U , called the shift vector. In this way, we have afamily of spacelike hypersurfaces (Ht) of M. Let t = ∂/∂t be the coordinate time vector such that g(dt, t) = 1. For theabove metric of M, one can write

t = λn + U, with n.U = 0, (6)
where n is the future timelike unit vector field. Consider a null hypersurface (H, g0) of this spacetime model, with itsfuture directed null normal ` defined on some open subset of M around H.Our first task is to find a way to obtain the normalized expression for ` . In general, each spacelike hypersurface Htintersects each null hypersurface Hu on some (n−1)-dimensional submanifold St , that is, St = H ∩ Ht . Considera family F = (Hu) in the vicinity of H defined by

St,u = Hu ∩Ht ,

where St,u is an element of this family (St,u). Let s ∈ Ht be a unit vector normal to St defined in some open neighborhoodof H. Taking (St) a foliation of H, the coordinate t can be used as a non-affine parameter along each null geodesicgenerating H. We normalize ` of H so that it is a tangent vector associated with this parameterization of the nullgenerators, i.e.,
` i = dxi

dt .This means that ` is a vector field “dual” to the 1-form dt. Equivalently, the function t can be regarded as a coordinatecompatible with ` , i.e.,
g(dt, `) =∇`t = 1.

Using the above data it is easy to get the following simple expression of ` in terms of the timelike and spacelike unitvectors n and s, respectively:
` = λ (n + s), where s.s = 1, v ∈ Tp(St) ⇔ s.v = 0, (7)

which implies that ` has the property of Lie dragging of the family (St,u). We say that the future directed ` is anoutgoing null vector with respect to St which physically represents the light rays emitted in the outgoing direction.
Remark 2.1.Since n and s are unit orthogonal vectors, ` = n + s is also null. However, this combination can be taken for a specificcase or for a single null hypersurface for which St is fixed as t varies. In general, we use the normalization equation (7)so that s is extended to the family (St,u) in the vicinity of H and the results are valid to all members of (St,u).
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Now the question is how to find some direction transverse to H. We see from the normalized equation (8) that there aretimelike and spacelike transverse directions n and s (as they both do not belong to H), respectively, which are normalto the (n−1)-dimensional spacelike submanifold St . Since we already have the outgoing null normal ` tangent to H,we define a transversal vector field k of TpM not belonging to H expressed as another suitable linear combination of nand s. It represents the light rays emitted in the opposite direction, called the ingoing direction, and satisfies
g(`, k) = −1, g(k, k) = 0. (8)

Using the normalization (7) of ` and (8), we get the following normalized expression of the null transversal vector k:
k = 12λ (n− s).

We say that two null normals ` and ˜̀ of H belong to the same equivalence class [` ] if ˜̀ = c` for some positive constant c.Then, it follows from (8) that with respect to change of ` to ˜̀ there is another k̃ = kc satisfying (8). Now we define theprojector onto H along k by
II : TpM → TpH, X 7→ X + g(`, X )k.

The above mapping is well defined, i.e., its image is in TpH. Indeed, for all X ∈ TpM,
g(`, II(X )) = g(`, X )g(`, k) = 0.

Observe that II leaves invariant any vector in TpH and II(k) = 0. Moreover, the definition of the projector II does notdepend on the normalization of ` and k as long as they satisfy the relation (8). In other words, II is determined only bythe foliation of the family (St,u) of Hu and not by any rescaling of ` .
3. Induced extrinsic geometric objects

For simplicity, throughout this paper we consider H as a member of the family (Hu), for some value of u, with theunderstanding that the results are the same for any other of its members. Since II is a well-defined mapping of TpM to
TpH, we use it to map any linear form on T ?

pH to a linear form on T ?
pM, in the same way as one does in non-degeneratecase. Thus, we have well-defined mappings between the space TpH (resp. TpM) of vectors tangent to H (resp. M)and the space T ?

pH of 1-forms on H (resp. M). More generally, one can also define these maps for an r-linear form.It is important to note that, contrary to the non-degenerate case, a degenerate metric g0 provides only a mapping
TpH→ T ?

pH, but not in the reverse way. Consider a class of lightlike hypersurfaces (Hu) such that a pair (H, [` ]) admitsan induced linear connection D. From (8) we have the following decomposition of TM�H:
TM�H = TH ⊕orth trTH, (9)

where trTH = {k} denotes a null transversal vector bundle of rank 1 over H. Using the decomposition (9) and thesecond fundamental form B, we obtain the following local Gauss and Weingarten formulas:
∇XY = DXY + B(X, Y )k, (10)
∇Xk = −AkX + τ(X )k, (11)

X, Y ∈ Γ(TH), where Ak is a linear operator on TpH in M and τ is a 1-form on H. By setting Y = ` in (10) theWeingarten map Wξ , defined by (2), will satisfy
DX` = W`X, X ∈ TH, (12)
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with respect to the induced linear connection D on a pair (H, [` ]). In general, D is not a Levi-Civita connection and itsatisfies (DXg0)(Y , Z ) = B(X, Y )η(Z ) + B(X, Z )η(Y ), X, Y , Z ∈ Γ(TH�U), (13)
where η(X ) = g(X, k), X ∈ Γ(TH�U). Let R and R denote the curvature tensors of the Levi-Civita connection ∇ on Mand the induced linear connection D on H, respectively. The induced Ricci tensor of (H, g0) is given by the followingformula as in case of semi-Riemannian manifolds:

R(X, Y ) = trace{Z → R(X, Z )Y}, X, Y ∈ Γ(TH).
Since D on H is not a Levi-Civita connection, in general, the Ricci tensor is not symmetric. Also, the 1-form τ in (11)depends on the choice of the normal ` . Therefore, we must require that R is symmetric (otherwise it has no geometricor physical meaning) and τ vanishes so that Ak is independent of the choice of the foliation (Hu). To fix this problemwe recall
Proposition 3.1 ([11, p. 225]).
Let (H, g0) be a lightlike hypersurface of a semi-Riemannian manifold (M,g). If the induced Ricci tensor of H is
symmetric then there exists a local null pair {`, k : g(`, k) = −1} such that the corresponding 1-form τ from the
equation (11) vanishes.

As explained in [11, p. 94], using the above Gauss–Weingarten formulas (with vanishing τ) we obtain the following local
Gauss–Codazzi equations:

g(R(X, Y )Z, `) = (DXB)(Y , Z )− (DYB)(X, Z ),
g(R(X, Y )Z, k) = g(R(X, Y )Z, k), X, Y , Z ∈ Γ(H�U).

Consider a quasi-orthonormal frames field E = {`, k,Wa} on M, where {Wa} are (n−1)-orthonormal unit vector fieldsand {`, k} are null vectors which satisfy the equation (8). Then, we obtain
R(X,Y ) = n−1∑

a=1 g0(R(X,Wa)Y,Wa) + g(R(X,`)Y , k).

4. Totally umbilical lightlike hypersurfaces

Consider a class of lightlike hypersurfaces such that its second fundamental form B is conformally equivalent to itsdegenerate metric g0. Geometrically, this means that (H, g0) is totally umbilical in M if and only if there is a smoothfunction f on H such that
B(X, Y ) = fg0(X, Y ), X, Y ∈ Γ(TH). (14)

It is obvious that above definition does not depend on particular choice of ` . The name “umbilical” means that extrinsiccurvature is proportional to the metric g0. H is proper totally umbilical in M if and only if f is non-zero on H. Inparticular, H is totally geodesic in M if and only if B vanishes, i.e., if and only if f vanishes on H. The equations (4)and (14) imply that
£`g0 = 2fg0 on H, (15)

that is, ` is a conformal Killing vector (CKV) field of the metric g0, with conformal function 2f , which is Killing if andonly if H is totally geodesic. This does not necessarily imply that ` is a CKV field of the full metric g. For a propertotally umbilical H in M, one can always choose ` so that B = g0 provided B = fg0 for some other ` , where f 6= 0.
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Moreover, from (3), B(X, `) = 0 for any null normal ` , and (14), we conclude that H is totally umbilical in M if and onlyif on each neighborhood U there exists a function f such that
W`X = fX for all non-null X ∈ Γ(TH). (16)

For totally umbilical H, using (14), the Gauss and Gauss–Codazzi equations, respectively, become
∇XY = DXY + fg0(X, Y )k, (17)

g(R(X, Y )Z, `) = (DX fg0)(Y , Z )− (DY fg0)(X, Z ) = {X (f)− f2η(X )}g0(Y , Z )− {Y (f)− f2η(Y )}g0(X, Z ). (18)
For totally geodesic H, the equations (13), (17) and (18) reduce to

(DXg0)(Y , Z ) = 0, ∇XY = DXY , g(R(X, Y )Z, `) = 0. (19)
It follows from [10, p. 97] that H is totally geodesic if and only if

R(X, Y )Z = R(X, Y )Z, X, Y , Z ∈ Γ(TH).
Also, (19) implies that the totally geodesic H is equivalent to the existence of a unique Levi-Civita connection D inducedby ∇ on H.
5. Induced metric on a lightlike hypersurface

We first assume that each member of the family (Hu) is proper totally umbilical in M, i.e., the conformal function f isnon-zero on each Hu. Consider an n + 1 coordinate system (xi) = (t, xa), with the associated time vector t and shiftvector U of the metric g given by (5). With respect to each St , the shift vector U can be expressed as
U = αs− V , α = s · U, V ∈ Tp(St). (20)

Using (6), (8) and (20) we obtain
` = t + V + (λ− α)s.To relate the above decomposition of ` with the conformal function f of the totally umbilical condition (14), we choose

λ− α = f on H. Therefore,
`

H= t + V + fs. (21)The role of this choice will be clear when we discuss the totally geodesic case for which f vanishes so α = λ.With the above data, consider a coordinate system (xA) = (t, x2, . . . , xn) on (H, g0) defined by {x1 = constant}. Then,the degenerate metric g0 is
ds2�H = (g0)ABdxAdxB = (g0)ttdt2 + 2(g0)tkdt dxk + (g0)kmdxkdxm, (22)

where 2 ≤ k,m ≤ n, and (g0)tt = V kVk + f2, (g0)tk = Uk = αsk − Vk = −Vk .Observe that there is a freedom of choice in taking any of the spacelike coordinates constant. Consider a family
F = (Hu, x1 = constant) such that ` is in the part of M foliated by this family and, at each point in this region,
` is a null normal to Hu for some value of u and is given by (21). Choose a member (H, g0) ∈ F (the analysis forany other member of this family is the same), whose degenerate metric g0 is given by (22) and B = fg0 for some
f 6= 0. To fix the boundary for the lapse λ on H, we observe from equation (21) that λ 6= α for any proper totallyumbilical H. With this choice, the metric g0 is time dependent everywhere on H and it follows from the equation (15)that£`g0 = 2fg0 = 2(λ− α)g0, i.e., ` is a proper CKV field on H.
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Example 5.1.The null cone Λn0 is a simple example of a lightlike hypersurface in Minkowski space Rn+11 . Consider for H the outgoingnull cone Λn0 from a given point 0, excluding 0 itself to keep the null cone smooth, and take (xi) = (t, x1, . . . , xn) thestandard Minkowskian coordinates with origin at 0. Then, the scalar u generates a family of null cones ((Λn0 )u) and isgiven by
u(t, x1, . . . , xn) = r − t + 1, with r2 = n∑

a=1 (xa)2.Note that u generates a full null foliation ((Λn0 )u) as the level sets of u. Since ` is the position vector field for the aboveconstruction of the set of null cones, it follows from the Gauss equation (10) that
∇X` = DX` = uX, X ∈ (Λn0 )u.

Then, using the Weingarten mapping equation (12), we obtain
W`X = uX for all non-null X ∈ (Λn0 )u.

Hence, by (16), we conclude that any member of the set of null cones ((Λn0 )u) is proper totally umbilical with the conformalfunction f = u 6= 0. Therefore, λ = u+ α and
` = (u+ α)(n + s), k = n− s2(u+ α) .

In particular, for a slice (Λn0 )1 we have f = 1, λ = 1 and α = 0. Therefore,
` = n + s, k = n− s2 .

5.1. Induced metric on a totally geodesic hypersurface

Consider a particular case of totally geodesic lightlike hypersurface H, denoted by ∆, of (M,g). We know from Section 2that B vanishes on ∆. Therefore, f in the equation (14) also vanishes on ∆. At this state of transition, let q be thetransformed degenerate metric on ∆ which is the pull-back to M of g such that£`q = 0 on ∆. Then,
α

∆= λ is constant on ∆, `
∆= t + V . (23)

Thus, the degenerate metric (22) reduces to the metric q on ∆ given by
ds2�∆ = qABdxAdxB = qkm(dxk − V kdt)(dxm − Vmdt) (24)

such that the transformed coordinate system (xA) is stationary with respect to the hypersurface ∆ as it is clear that itsmetric (24) is time independent. In other words, the location of St is fixed as t varies. Moreover,
(xA) stationary w.r.t. ∆ ⇐⇒ ∂u

∂t = 0 ⇐⇒ t ∈ T (∆).
A special case of stationary coordinates on (∆, q) is (xA) for which V = 0, it is called a coordinate system comoving with∆. It implies from (23) that

t
(∆,q)= `

and the metric q, w.r.t. this special coordinate system, reduces to
ds2�∆ = qkmdxkdxm.
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Example 5.2.Consider the plane wave 4-dimensional spacetime (M,g) satisfying the vacuum field equations with the metric
g = H(y, z, v)dv2 + 2dvdw + dy2 + dz2,

for coordinates (v, w, y, z), where H = (y2 − z2)φ(v) − 2yh(v) and φ(v), h(v) are arbitrary C 3 functions determiningthe amplitude and polarization of the waves. One can generate a family F of lightlike hypersurfaces v = constant anda member (∆, q) ∈ F whose degenerate metric q is given by
ds2�∆ = dy2 + dz2.

6. Physical interpretation

Let (M,g) be a (3+1)-splitting 4-dimensional spacetime of general relativity, where its metric g is defined by (5), evolvedout of a 3-dimensional spacelike hypersurface H. In the literature, such a spacetime is known as ADM spacetime (due toArnowitt, Deser and Misner [2]). Examples are the Minkowski space, de-Sitter spacetime, Robertson–Walker spacesand, in general, globally hyperbolic spacetimes [6], asymptotically flat and plane wave spacetimes. We use a nulllimit technique (first introduced by Swift [19]) to show how the family of spacelike hypersurfaces (Ht) degenerates intoa foliation of lightlike hypersurfaces (Hu), thereby, establish a relation between the objects of lightlike and spacelikehypersurfaces of (M,g). Then, we discuss physical interpretation of this relationship in the language of black holehorizons.We know from Section 2 that, in general, each spacelike hypersurface Ht intersects each null hypersurface Hu on some2-dimensional spacelike submanifold St of M. Consider the following orthogonal complementary decomposition:
TM = TSt ⊥ T (St)⊥, TSt ∩ T (St)⊥ = {0}.

Take a pseudo-orthonormal basis {`, k, v, w} at each point p ∈ M, where `, k, satisfying (8), are null vectors, and v, ware unit spacelike vectors. Let Tp(St)⊥ and TpSt be generated by {`, k} and {v, w}, respectively. Let Ht be foliatedby a family of 2-surfaces (St,u) and containing a member St,u as a codimension one submanifold, where s ∈ (0, δ) is anarc-length parameter and δ > 0. Let C (s) be a differentiable curve of a slice St,u, for some constant u, such that its unittimelike normal vector n(s) is given by
n(s) = 1√2 (s−1k − s`),

and the component of n(s) in the `-direction approaches zero as s→ 0. This means that n(s) approaches a null vector
n(s)0 which is entirely in the k-direction as s → 0. Similarly, if we consider another differentiable curve C′(s) of St,usuch that its other unit spacelike normal vector s(s) is given by

s(s) = 1√2 (sk − s−1`),
and the component of s(s) in the k-direction approaches zero as s → 0. This means that s(s) approaches a null vector
s(s)0 which is entirely in the `-direction as s→ 0. From this data, using null normals n(s)0 and s(s)0 as the transversaland tangential null vectors of TpM and TpH respectively, we construct the foliation of null hypersurfaces (Hu) of M asfollows. Suppose Ω(H(s)) is an object defined on each member H(s) of (Ht). Then, the above concept of null limit canbe used to define an object Ω(H0), for the corresponding lightlike hypersurface, as

Ω((H(s)0)) = Lim
s→0 Ω(H(s)).
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In this way, we say that for any H(s) ∈ (Hu)
H(s) = Lim

s→0 H(s) for each s ∈ (0, δ), δ > 0.
For a physical interpretation of the above relation between (Hu) and (Ht), we need the following (some terms used hereare taken from Hawking–Ellis [14, Chapter 4]). As explained in Section 1, using the weaker sense of the inverse of thedegenerate metric g0 of H, we define the expansion θ(`) by

θ(`) = (g0)ij∇i`j .

The vorticity-free Raychaudhuri equation is given by
d(θ(`))
ds = −Rij` i` j − σijσ ij − θ22 , (25)

where σij = ∇
← (i`j ) − θ(`)(g0)ij /2 is the shear tensor, s is a pseudo-arc parameter such that ` is null geodesic and Rij isthe Ricci tensor of M. We assume the following field equations hold:

Rij −
12 rgij = Tij .

In the 1999 paper [3] Ashtekar et al. introduced the following three notions of horizons (non-expanding, weakly andisolated horizons, respectively):
Definition 6.1.A lightlike hypersurface (H, g0) of a 4-dimensional spacetime (M,g) is called a non-expanding horizon (NEH) if(a) H has a topology R×S2,(b) any null normal ` i of H has vanishing expansion, θ(`) = 0,(c) all equations of motion hold on H and the energy tensor Tij is such that −T i

j ` j is future-causal for any futuredirected null normal ` i.
The condition (a) is a restriction on topology of H which is imposed for definiteness. Physically the R×S2 case hasbeen tested as the most useful. The condition (b) and the energy condition (c) imply from the Raychaudhuri equation (25)that Tij` j←−−

= 0 and ∇← (i`j ) ≡£`g0 = 0 on H, which further implies (as per subsection 5.1) that (H, g0) = (∆, q) is totallygeodesic in M, with the transformed degenerate metric q on ∆. Therefore, it follows from (19) that for ∆ as an NEH thespacetime connection ∇ induces a unique (torsion-free) connection, say D, on ∆ which is compatible with qij .
Definition 6.2.The pair (∆, [` ]) is called a weakly isolated horizon (WIH) if ∆ is an NEH and each normal ` ∈ [` ] satisfies

(£`Di −Di£` )` i = 0. (26)
The condition (26) implies that, in addition to the metric qij , the connection component Di` j is also time independentfor a WIH. Given an NEH, one can always have an equivalence class [` ] (which is not unique) of null normals such that(∆, [` ]) is a WIH.
Definition 6.3.A WIH (∆, [` ]) is called an isolated horizon (IH) if the full connection D is time independent, that is, if

(£`Di −Di£` )V j = 0 (27)
for arbitrary vector fields V j tangent to ∆.
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An IH is a stronger notion of isolation as its condition (27) cannot always be satisfied by a judicious choice of nullnormals. For details on three types of isolated horizons (with a variety of examples) we refer to Gourgoulhon andJaramillo [13] and Lewandowski [18].In 2003, Ashtekar–Krishnan [5] used the geometry of spacelike hypersurfaces of a spacetime manifold (M,g) in the studyof black hole horizons as follows. Recall from their work that a smooth 3-dimensional spacelike hypersurface H ofa spacetime M is called a dynamical horizon, briefly denoted as DH, if it is foliated by a family of closed 2-surfaces sothat, on each leaf• one of its future directed null normal ` has zero expansion, θ(`) = 0;
• the other null normal, k, has the negative expansion θ(k) < 0.

They first required that H is spacelike everywhere and then studied the case in which portions of closed 2-surfaces lieon a spacelike horizon and the remainder on a lightlike hypersurface. In the lightlike case, H = ∆ reaches equilibriumfor which the shear and the matter flux vanish and this portion is represented by a weakly isolated horizon (WIH). TheVaidya metrics [5, p. 21] are explicit examples of dynamical horizons with their equilibrium states – the isolated horizons.However, in reality, black holes are rarely in equilibrium [5]. Therefore, there is a need to have a quasi-local concept ofa horizon which is always a null geodesic hypersurface (not just at the equilibrium state) describing the null geometryof the surface of a spacetime manifold. For this purpose we consider a class of null hypersurfaces, denoted by C (Hu),such that each of its members, called Evolving Null Horizon (ENH), satisfies the following two conditions.
Definition 6.4.A null hypersurface (H, g0) of a 4-dimensional spacetime (M,g) is called an Evolving Null Horizon (ENH) if(i) H is totally umbilical in (M,g),(ii) all equations of motion hold at H and the energy tensor Tij is such that −T i

j ` j is future-causal for any futuredirected null normal ` .
For the condition (i), it follows from the equation (15) that £`g0 = 2fg0 on H, that is, ` is a conformal Killing vector(CKV) of the metric g0, with conformal function 2f . As the shear tensor σ is trace free part of the second fundamentalform B, using (14) we get

σ = B − 12 θ(`)g0 = (f − 12 θ(`)
)
g0.

θ(`) is non-zero on proper totally umbilical H and vanishes when, in particular, H is totally geodesic.The energy condition (ii) requires that Rij` i` j is non-negative for any ` , which implies (see Hawking–Ellis [14, p. 95])that θ(`) monotonically decreases in time along ` , that is, M obeys the null convergence condition.Now consider a proper totally umbilical null hypersurface (H, g0) of ADM spacetime (M,g) with the metric given by (5).Suppose that M obeys the null convergence condition, with respect to each future directed null normal of the family(Hu) of M. Then, subject to the null convergence condition on a class of the above described ADM spacetime, a member(H, g0, x1 = constant) of C (Hu) is a model of a proper totally umbilical ENH whose degenerate metric is given by (22).In particular, see in Example 5.1 a slice (Λn0 )1 of the set of null cones ((Λn0 )u) for which f = 1, λ = 1 and α = 0. Notethat for a null cone (Λn0 )1 the conformal function f = 1 implies that the future null normal ` is a homothetic vector of theslice (Λn0 )1.
6.1. Transition to equilibrium

We know from condition (ii) of the definition of an ENH that θ(`) monotonically decreases in time along ` . This meansthat a state may reach, for some particular cases of ENH, the moment when θ(`) vanishes and, therefore, H = ∆ becomestotally geodesic in M. Then, as explained in subsection 5.1, (H, g0) reduces to a totally geodesic (∆, q), where q isits degenerate metric. B and f both vanish on ∆. Therefore, £`q = 0. At this state of transition, the Raychaudhuriequation (25) implies that shear also vanishes. Consequently, the two conditions (i) and (ii) of the definition of a totally
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geodesic evolving null horizon (∆, q) reduce to the conditions (b) and (c) of an NEH. For this subcase of ENH thedegenerate metric q on H is given by (24). In case ∆ is a null horizon of some black hole, then, with respect to astationary coordinate system (xA) the vector V ∈ Tp(St) is called the surface velocity of the black hole, see Damour [9].Moreover, to get a quasi-local notion of a null horizon one can take a class of this subcase (∆, q) of an ENH whosetopology is R×S2, a physically desirable choice. Then, such a class of totally geodesic ENHs are NEHs. Examplesinclude the de-Sitter space and anti-de-Sitter space and they have the topology of R×S2. Furthermore, as stated afterDefinition 6.2, for this subcase of ENH (just as the case of an NEH) one can always have an equivalence class [` ] ofnull normals such that (∆, q, [` ]) is a weakly isolated horizon (WIH). Finally, for the completeness, one can add thestronger condition (27) of Definition 6.3 which is required for a WIH to be an isolated horizon (IH) of a class of blackhole spacetimes.Gourgoulhon–Jaramillo [13] used (3+1) formulation in showing that the Schwarzschild spacetime with spherically sym-metric Eddington–Finkelstein coordinates (t, r, θ, φ) admits an isolated horizon w.r.t. a comoving, V = 0, coordinatesystem (t, θ, φ). They calculated that the lapse function λ = 1/√2 = |U| on ∆ and its metric q is given by
ds2�q = r2(dθ2 + sin2 θdφ2).

7. Conclusion

In this paper, we have developed an approach to lightlike hypersurfaces based on the (n+1)-splitting time-orientableLorentzian manifold (M,g). There is a twofold motivation for this approach. First of all, this extra structure on M hasprovided a well-defined projector II on H which has given a natural normalization of the null normal ` . This fixes thesetwo ambiguities inherent to the lightlike case. Secondly, the use of a differential geometric concept of totally umbilicalhypersurfaces has provided a new way of research on evolving null horizons (ENH) in general relativity, as so far almostall the research on black hole physics has been limited to a totally geodesic event (for example, Kerr family) and isolatedhorizons. Moreover, we have established a link between the dynamical, isolated and evolving null horizons. Precisely,the following is a picture view: (M,g) ⊃ DH(H, γ)−→ IH(∆, q)←− ENH(H, g0) ⊂ (M,g).
Observe that the Ashtekar–Krishnan work [5] is concentrated only on

(M,g) ⊃ DH(H, γ) −→ IH(∆, q)
for the description of a time-independent black hole spacetime at its equilibrium state. In 2007, Krishnan [16] extended theclassical theory to fully dynamical horizons in non-stationary spacetimes with a focus on numerical relativity applications.Whereas an interesting new aspect of our approach by using totally umbilical concept is that the evolving null horizon(ENH) is always a null hypersurface of the black hole spacetime and transforms in a natural way to an isolated horizonat the equilibrium state. In this respect, our mathematical tool aims to provide a useful geometric setting for furtherstudy of non-isolated and time-dependent black hole spacetimes.However, since a single black hole may admit more than one DHs as it comes from a chosen foliation of closed 2-surfaces(St,u), it is important to deal with this anomaly to assure the well-defined concept of an IH and also an ENH. Ashtekar–Galloway [4] have studied this problem and proved that, subject to a maximal principal (see details in [12]), the intrinsicgeometric structure of a DH is unique. Moreover, they have also proved (subject to physically reasonable constraints)some uniqueness results for the location of 2-surfaces St in the vicinity of any DH. Thus, there is a need to research onthe unique existence of the intrinsic structure of an ENH. In this aspect one can use the works of Ashtekar–Krishnan [5]and for uniqueness problem Ashtekar–Galloway [4]. Our new advantage is the link

St = DH(H, γ) ∩ ENH(H, g0)
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between the 2-surfaces, along with the mathematical tool for solving the proposed uniqueness problem. A word ofwarning: as opposed to the case of spacelike DH, due to degenerate metric of ENH, working on this problem isexpected to be much more involved and rather difficult, but, nevertheless important to assure the well-defined conceptof an ENH.In general, the results of this paper open the possibility of working on interrelated geometries of totally umbilicallightlike hypersurfaces and spacelike hypersurfaces of Lorentzian manifolds.
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