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Abstract: We describe the general form of isometries between uniformly closed function algebras on locally compact Haus-
dorff spaces in a continuation of the study by Miura. We can actually obtain the form on the Shilov boundary,
rather than just on the Choquet boundary. We also give an example showing that the form cannot be extended
to the whole maximal ideal space.
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1. Introduction

This paper is a continuation of the study of isometries between algebras of continuous functions [4] (cf. [1–3, 5]). Thesecond author described in [4] the structure of all real-linear isometries between uniformly closed function algebrason locally compact Hausdorff spaces. There, the function algebras are represented as functions defined on Choquet
boundaries. If the underlying algebras contain identities, then the representations are extended to the whole maximalideal spaces. Hence the underlying algebras are algebraically isomorphic to each other if they contain identities.This is not the case in general (cf. Example 3.2). In particular, uniformly closed function algebras need not be real-algebraically isomorphic to each other even if they are real-linearly isometric to each other. In this paper we givethe form of real-linear isometries where the algebras are represented as functions defined on Shilov boundaries. Wealso consider algebras which possess (not necessarily bounded) approximate identities and show that the algebras arereal-algebraically isomorphic to each other.
∗ E-mail: hatori@math.sc.niigata-u.ac.jp
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In this paper we say that A is a function algebra on a locally compact Hausdorff space X if A is a subalgebra of C0(X ),the algebra of all complex-valued continuous functions which vanish at infinity on X , such that for every pair of distinctpoints x and y in X there exists a function f ∈ A such that 0 6= f(x) 6= f(y). A uniform algebra on a compact Hausdorffspace K is a uniformly closed function algebra A on K which contains the constant functions. The Choquet boundaryof A is denoted by ChA. The maximal ideal space of a commutative Banach algebra B is denoted by MB . For acomplex-valued function g on a set W and a subset V of W , we define g∗V by
g∗V (w) =

g(w), w ∈ V ,

g(w), w ∈ W \ V ,

where · denotes complex conjugation. In this paper the unit circle {z ∈ C : |z| = 1} in the complex-plane C is denotedby T. The closed unit disk {z ∈ C : |z| ≤ 1} is denoted by D.
2. A form of real-algebra isomorphisms

While the representation via the Gelfand transform of complex isomorphism between semisimple commutative complexBanach algebras is well known, the authors were unable to find a description of the general form of surjective real-algebraisomorphisms between those algebras. So we give the one below.
Theorem 2.1.
Let A and B be semisimple commutative (complex) Banach algebras. Suppose that S is a bijective real-algebra iso-
morphism from A onto B. Then there exists a homeomorphism Ψ from MB onto MA and a closed and open subset MB+
of MB such that the Gelfand transform Γ(S(a)) for a ∈ A has the form

Γ(S(a))(p) = (Γ(a)◦Ψ)∗MB+ (p), p ∈ MB.

Proof. Let p ∈ MB . Then there is h ∈ A with p(S(h)) 6= 0. Since S is multiplicative, p2(S(ih)) = −p2(S(h)) holds,and hence p(S(ih)) = ip(S(h)) or p(S(ih)) = −ip(S(h)). Set
MB+ = {p ∈ MB : p(S(ih)) = ip(S(h))},

it is a closed and open subset ofMB . This definition does not depend on the choice of the element h. Indeed, let h1, h2 ∈ Awith p(S(h1)) 6= 0 and p(S(h2)) 6= 0. As S and p are multiplicative we have p(S(ih1))p(S(h2)) = p(S(h1))p(S(ih2)). Thus
p(S(ih1)) = ip(S(h1)) if and only if p(S(ih2)) = ip(S(h2)). Therefore the set MB+ is a well defined possibly empty closedand open subset of MB . Then we see that p(S(λa)) = λp(S(a)) (resp. p(S(λa)) = λp(S(a))) for every a ∈ A and acomplex number λ if p ∈ MB+ (resp. p ∈ MB \MB+). For each a ∈ A define

(Ψ(p))(a) =
p(S(a)), p ∈ MB+,
p(S(a)), p ∈ MB \MB+. (1)

Simple calculations show that Ψ(p) ∈ MA. Thus Ψ is a well-defined map from MB into MA. Taking the ∗MB+-operationto both sides of (1) we obtain for each a ∈ A
Γ(S(a))(p) = (Γ(a)◦Ψ)∗MB+ (p)

which is the desired form.
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We assert Ψ is the desired homeomorphism from MB onto MA. Let q ∈ MA and a ∈ A with q(a) 6= 0. Define q̃ by
q̃ =

q◦S−1, if q
(
S−1(iS(a))) = iq(a),

q ◦ S−1, if q
(
S−1(iS(a))) = −iq(a).

Then q̃ ∈ MB and Ψ(q̃) = q. We claim that Ψ is injective. Let p1 and p2 be different points in MB . Then thereexists b ∈ B with p1(b) = 0 and p2(b) = 1. Using the definition of Ψ simple calculations show that Ψ(p1)(S−1(b)) 6=Ψ(p2)(S−1(b)), whence Ψ(p1) 6= Ψ(p2). A proof of the continuity of Ψ goes as follows. Suppose that p ∈ MB and a net
{pα} in MB converges to p. The two sets MB+ and MB− = MB \MB+ are closed and open, so there is no serious lossof generality if we assume that {pα} ⊂ MB+ if p ∈ MB+ and {pα} ⊂ MB− if p ∈ MB−. Then

Ψ(pα )(a) = pα (S(a)) → p(S(a)) = Ψ(p)(a), p ∈ MB+,Ψ(pα )(a) = pα (S(a)) → pα (S(a)) = Ψ(p)(a), p ∈ MB−,

for every a ∈ A. We conclude that the net {Ψ(pα )} converges to Ψ(p) since the Gelfand topology on MB is the weaktopology induced by Γ(B). Hence Ψ is continuous. We see in a similar manner that Ψ−1 is continuous.
3. A form of real linear isometries

Miura proved the following.
Theorem 3.1 ([4]).
Let A and B be uniformly closed function algebras on locally compact Hausdorff spaces X and Y respectively. Suppose
that T is a surjective real-linear isometry from A onto B. Then there exists a continuous function k : ChB→ T, a closed
and open subset K of ChB and a homeomorphism φ : ChB→ ChA such that for every f ∈ A,

T (f)(y) = k(y)(f ◦φ)∗K (y), y ∈ ChB. (2)
Recall that a uniform algebra is a closed subalgebra of the algebra of all complex-valued continuous functions on acompact Hausdorff space which contains constants and separates the points of the compact Hausdorff space. If, inparticular, X and Y are compact, and A and B are the uniform algebras on X and Y respectively in Theorem 3.1, thenthe real-linear isometry T from A onto B is a real-algebra isomorphism followed by the multiplication by a function k ofthe unit modulus in B. Hence the homeomorphism φ may be extended to a homeomorphism between the maximal idealspaces by Theorem 2.1 and the form (2) is lifted to a map on the maximal ideal space of B.On the other hand, in the general situation in Theorem 3.1, k need not be an element in B and A need not be real-algebraisomorphic to B. Furthermore the maximal ideal spaces of A and B need not be homeomorphic to each other. The nextexample shows that (2) cannot always be extended to a map on the maximal ideal space of B.
Example 3.2.Let A(D) be the disk algebra on the closed unit disk D. Put A = {f�D0 : f ∈ A(D), f(0) = 0}, where D0 = D \ {0}. Thenthe map T : A→ A(D) defined by T (f)(z) = f(z)/z gives a surjective complex-linear isometry. In this case MA(D) = D isnot homeomorphic to MA = D\{0}. Furthermore the corresponding function k which appears in Theorem 3.1 is 1/z on T,the Choquet boundary of A(D), which cannot be extended naturally to MA(D) in the sense that there is no continuousextension k̃ on MA(D) = D of k such that T (f) = k̃f on D. (If such a k̃ existed, then k̃ = 1/z at least on D0, which isimpossible.)
We now prove one of the main results of this paper, which is that we can actually obtain the form (2) on the Shilovboundary, rather than just on the Choquet boundary.
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Theorem 3.3.
Let A and B be uniformly closed function algebras on locally compact Hausdorff spaces X and Y respectively. Suppose
that T is a surjective isometry from A onto B. Then there exists a continuous function k̃ : ∂B → T, a closed and open
subset K̃ of ∂B and a homeomorphism Φ: ∂B → ∂A, where ∂B (resp. ∂A) is the Shilov boundary for B (resp. A), such
that for every f ∈ A,

T (f)(y) = T (0) + k̃(y)(f ◦Φ)∗K̃ (y), y ∈ ∂B. (3)
Proof. By a celebrated theorem of Mazur and Ulam, T is a real-linear map followed by adding T (0). Without lossof generality we may assume that T (0) = 0 and T is a surjective real-linear isometry.Let k be the continuous function from ChB to ChA provided by Theorem 3.1. We now show that k can be extendedto a continuous function on ∂B. Since ChB is dense in ∂B it is sufficient to show that k can be locally extended toa continuous function. Let y ∈ ∂B. Then there exists f ∈ A with T (f)(y) = 1. Applying (2), kT 2(f) = T (f2) on ChBsince |k| = 1 on ChB. Hence there exists a neighbourhood Uy of y such that k can be extended to a continuousfunction T (f2)/T 2(f). Note that the extension is unique since ChB is dense in ∂B. As y is an arbitrary element in ∂B,
k can be extended to a continuous function k̃ from ∂B into T.Let φ : ChB → ChA be the homeomorphism provided by Theorem 3.1. For every f ∈ A the function k̃ T (f) which is theextension of (f ◦φ)∗K is continuous on ∂B. Put B̃ = {

k̃ T (f)�∂B : f ∈ A
}. Then B̃ is an algebra which consists of theextensions of the continuous functions (f ◦φ)∗K where f ∈ A. In fact B̃ is a uniformly closed function algebra on ∂B,hence a semisimple commutative Banach algebra. The operator T̃ : A → B̃ defined by T̃ (f) = k̃ T (f)�∂B is a surjectivereal-algebra isomorphism. Then by Theorem 2.1 there exists a homeomorphism Φ from MB̃ onto MA and a closed andopen set K ′ of MB̃ such that Γ(T̃ (f))(y) = (Γ(f)◦Φ)∗K ′ (y), f ∈ A, y ∈ MB̃, (4)

where Γ( · ) denotes the Gelfand transform. As ∂B ⊂ MB̃ , T̃ (f) = Γ(T̃ (f))�∂B . On the other hand T̃ (f) = (f ◦φ)∗K on ChB.It follows that (Γ(f)◦Φ)∗K ′ (y) = (f ◦φ)∗K (y), f ∈ A, y ∈ ChB.
We claim that Φ�ChB = φ. Let y ∈ ChB. Suppose that Φ(y) 6= φ(y). Then there is f0 with f0(φ(y)) = 0 andΓ(f0)(Φ(y)) = 1. Hence (f0◦φ)∗K (y) 6= (Γ(f0)◦Φ)∗K ′ (y), which is a contradiction proving Φ�ChB = φ. As the Choquetboundary is dense in the Shilov boundary, Φ is a homeomorphism with

Φ(∂B) = Φ(cl ChB) = cl Φ(ChB) = clφ(ChB) = cl ChA = ∂A,

that is, Φ�∂B is a homeomorphism from ∂B onto ∂A, where cl( · ) denotes the closure in the maximal ideal space. We claimthat K ′∩ChB = K . Let y ∈ K ′∩ChB. Choose an f1 ∈ A with f1(φ(y)) = i. Then, since i = (Γ(f1)◦Φ)∗K ′ (y) = (f1◦φ)∗K (y)it follows that y ∈ K . Thus K ′ ∩ ChB ⊂ K . In the same way K ⊂ K ′ ∩ ChB. Put K̃ = K ′ ∩ ∂B. Restricting (4) to ∂B
T (f) = k̃ T̃ (f) = k̃ (f ◦Φ)∗K̃, f ∈ A.

As Example 3.2 shows the two algebras A and B need not be real-algebra isomorphic even if one of these has an identity.However the two algebras are real-algebra isomorphic to each other if both have approximate identities.
Corollary 3.4.
Suppose that A and B both have an approximate identity respectively. Then

T̃ (f)(y) = (f ◦Φ)∗K̃ (y), y ∈ ∂B,

defines a real-algebra isomorphism from A onto B.
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Proof. As in the proof of Theorem 3.3 the map T̃ is a real-algebra isomorphism from A onto B̃. Hence we only needto prove that B̃ is identified with B.Let f ∈ A and {gα} be an approximate identity in A. Then
T (f)T (gα ) = (k̃)2(f ◦Φ)∗K̃ (gα ◦Φ)∗K̃

on ∂B. As T is surjective and B is an algebra there is uα ∈ A with T (f)T (gα ) = T (uα ). Hence
k̃ (f ◦Φ)∗K̃ (gα ◦Φ)∗K̃ = (uα ◦Φ)∗K̃ ∈ B̃.

As {gα} is an approximate identity
∥∥k̃ (f ◦Φ)∗K̃ (gα ◦Φ)∗K̃ − k̃ (f ◦Φ)∗K̃∥∥∞(∂B) = ‖fgα − f‖∞(∂A) = ‖fgα − f‖∞(X ) → 0,

where ‖ ·‖∞(L) denotes the supremum norm on a set L. Therefore k̃ (f ◦Φ)∗K̃ ∈ B̃ for every f ∈ A, that is, B ⊂ B̃.Let {hβ} be an approximate identity in B. Choose vβ ∈ A with hβ = k̃ (vβ◦Φ)∗K̃ . Let (f ◦Φ)∗K̃ be an arbitrary functionin B̃. Then k̃ (f ◦Φ)∗K̃ ∈ B and
k̃ (f ◦Φ)∗K̃hβ = (k̃ (f ◦Φ)∗K̃)(k̃ (vβ◦Φ)∗K̃) = k̃

(
k̃ ((fvβ)◦Φ)∗K̃) ∈ k̃B.

As {hβ} is an approximate identity in B we observe that k̃ (f ◦Φ)∗K̃ ∈ k̃B. Hence (f ◦Φ)∗K̃ ∈ B for every (f ◦Φ)∗K̃ ∈ B̃.Therefore B̃ ⊂ B. Combining with the reverse inclusion which we have already proved, B̃ = B.
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