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1. Introduction

Our topological notation follows [12]. For more on the “small uncountable” cardinals used here see [8] and [21]. Recallthat for a subset A of a space X ,
[A]seq = {x ∈ X : there exists a sequence converging from A to x}

is called the sequential closure of A. Of course for every A ⊂ X , [A]seq ⊆ A. X is Fréchet if for every A ⊂ X , [A]seq = A;
X is sequential if for every A ⊂ X , [A]seq \A is nonempty whenever A \A is nonempty [12]. A subset D ⊂ X is said to be
sequentially dense in X if [D]seq = X . A sequential space X has sequential order 2 if for every A ⊂ X , [[A]seq]seq = A [1].
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Definition 1.1 ([20, 23]).A space is sequentially separable if X has a countable sequentially dense subspace, that is there exists a countable
D ⊂ X such that for every x ∈ X there exists a sequence from D converging to x.
In particular, all separable Fréchet spaces and all countable spaces are sequentially separable. Every sequentiallyseparable T2 space has cardinality ≤ c.
Definition 1.2 ([13], explicitly in [16]).A space is strongly sequentially separable if it is separable and every dense countable subspace is sequentially dense.
In the literature [3, 13, 15, 16, 22, 23] sequential separability and strong sequential separability are discussed mostlywith respect to products, Tychonoff cubes 2κ and their subspaces, mappings, and Cp-spaces. In the first part of thepaper we discuss the “naive” question of how far sequentiality + separability is from sequential separability. Section 2contains some relevant counterexample and Section 3 some positive results. Of particular interest in Section 2 isExample 2.1. In the second part we introduce and study a new type of selective separability. Section 4 also contains aminor strengthening of a recent theorem of Dow and Barman.The diagram below collects elementary implications and references to examples in Section 2. In Section 3 we presentsome partial positive results. In the last section, we begin the study of a selective version of sequential separability.Let ω denote the set of nonnegative integers. The Arens space S2 [1] is the set ω× (ω+1) ∪ {p}, with p /∈ ω× (ω+1),topologized in such a way that ω× (ω+1) is the usual topological product of the discrete space ω and the convergentsequence ω+1 and for any k ∈ ω and any f ∈ ωω a typical neighbourhood of p in S2 takes the form {p}∪{(n, x) : n ≥
k, x ≥ f(n)}. The Arens space is the easiest example of a countable sequential space of sequential order 2.

separable+sequential sequentially separable-/(Example 2.1)

strongly sequentially separable

?

6

/(Example 2.3)
��

���
���

���
����

\

�
��
�
��

�
��
�
��
��*

/(S2)
(Example 2.4)

separable+Fréchet

?

XXXXXXXXXXXXXXz

2. Examples

The next example was suggested to the authors by Dow.
Example 2.1.A compact T2 separable and sequential space of sequential order 2 which is not sequentially separable.The space will be a version of a Ψ-space [11] which has a compactification whose remainder is the one-point compacti-fication of an uncountable discrete space. Let A be an infinite maximal almost disjoint family on ω. For each element
A ∈ A we select an infinite maximal almost disjoint family B(A) of infinite subsets of A. Let B be the maximal almostdisjoint family consisting of the union of all the families B(A) for A coming from A. One can easily check that thefamily B refines the family A.
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Let Y = ω ∪B ∪A and define a topology on Y as follows. Points from ω are isolated. For each B ∈ B a local base isjust {{B} ∪ B \ F : F ∈ [B]<ω}. For each A ∈ A, a local base consists of the sets {A} ∪ (B(A) \H) ∪ A \ (⋃H ∪ F
),where H is a finite subset of B(A) and F is a finite subset of A.

Claim 1: Y is a Hausdorff space. For points in ω there is nothing to prove. If B 6= B′ ∈ B, the set F = B∩B′ is finiteand we see that {B} ∪ (B \ F ) and {B′} ∪ B′ are separating neighbourhoods. Let B ∈ B and A ∈ A. If B /∈ B(A), thenthe set F = B ∩ A is finite and so {B} ∪ (B \ F ) and {A} ∪B(A) ∪ A are separating neighbourhoods. If B ∈ B(A), then
{B}∪B and {A}∪ (B(A) \ {B})∪ (A \B) are separating neighbourhoods. If A 6= A′ ∈ A, the set F = A∩A′ is finite andwe see that {A} ∪B(A) ∪ (A \ F ) and {A′} ∪B(A′) ∪ A′ are separating neighbourhoods.
Claim 2: Y is locally compact. If B ∈ B then the set {B} ∪ B is a compact neighbourhood, actually homeomorphicto the convergent sequence ω+1. If A ∈ A, then the set {A} ∪ B(A) ∪ A is a compact neighbourhood, it is just theone-point compactification of the Ψ-space A ∪B(A).Our space X = Y ∪ {p} is the one-point compactification of Y . No member of A is the limit of a converging sequenceof integers because B is itself a maximal almost disjoint family on the integers. So, we have [ω]seq = ω ∪B. Let S be acountable infinite subset of B. If S ⊆ B(A), then S is a sequence converging to A. If S meets each B(A) in a finite set,then S is a sequence converging to p. So, we have [B]seq = B ∪A ∪ {p}. Finally, it is clear that [A]seq = A ∪ {p}. Allthese things together show that X is a sequential space of sequential order 2.Now, suppose that D is a countable subset of X . Since {B(A) : A ∈ A} is a partition of B, there is a countable set Econtained in A such that D is disjoint from B(A) for all A ∈ A\E . Taking any A ∈ A which is not in D∪E , it is easy tocheck that A is not the limit of any converging sequence from D. Therefore, the space X is not sequentially separable.
The strength of the previous construction lies in the fact that it provides a compact space. The smallest size of it is thecardinal a = min {|M| : M is an infinite maximal almost disjoint family of subsets of ω}. It is well known [8] that it isconsistent to have ℵ1 < a. So, the space in the above example may fail to have the minimal possible cardinality.To get a similar example of cardinality just ℵ1, we replace in the above construction the maximal almost disjointfamilies B(A) with copies of the Arens space. In this manner, we will lose compactness, but we will still have a niceTychonoff space.
Example 2.2.A T2 zero-dimensional (hence Tychonoff) separable sequential space X of cardinality ℵ1 which is not sequentiallyseparable.We will construct X of the form ω ∪ A ∪ B, where A is an uncountable almost disjoint family of infinite subsets of ωand B is an uncountable disjoint family of countably infinite subsets of A. Let B̃ be any almost disjoint family of infinitesubsets of ω of cardinality ℵ1. Represent each B ∈ B̃ as an infinite pairwise disjoint union of infinite subsets Bn:
B = ⊔n∈N Bn. For B ∈ B̃, put AB = {Bn : n ∈ N}. Let A = ⋃{AB : B ∈ B̃}, B = {AB : B ∈ B̃}, and X = ω ∪A ∪B.We topologize X as follows: The points of ω are isolated. A basic neighborhood of Bn ∈ A takes the form

OF (Bn) = {Bn} ∪ (Bn\ F ),
where F is an arbitrary finite subset. A basic neighborhood of AB ∈ B takes the form

OF,(Fn :n∈N)(AB) = {AB} ∪ {Bn : n ∈ N \ F} ∪
⋃
{Bn\ Fn : n ∈ N \ F},

where F and Fn are arbitrary finite sets. It follows from the definition that the sets ω and ω ∪ A are open in X and
ω ∪A is in fact a Ψ-space.Next, for an AB ∈ B, the neighborhood OF,(Fn :n∈N)(AB) is homeomorphic to the Arens space and contains all but finitelymany Bn together with its basic neighborhood. If B 6= B′, then for every F, F ′, Fn and F ′n, the set OF,(Fn :n∈N)(AB) ∩
OF ′,(F ′n :n∈N)(AB′ ) has empty intersection with A ∪B and finite intersection with ω (because B ∩ B′ is finite).Choosing appropriate F ′ and F ′n provides empty intersection. (∗)
Other cases are trivial, so X is Hausdorff.
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Let W = OF,(Fn :n∈N)(AB) and p ∈ X \W . If p ∈ ω then p /∈ W since p is isolated. Let p ∈ A. If p = Bm for some m,then m ∈ F (otherwise p would be in W ) and then any basic neighborhood of p has empty intersection with W (becausethe sets Bm, Bn are pairwise disjoint). If p = B′m for some B′ 6= B, then F = B′ ∩ B is finite, and OF (p) does notintersect W . Finally, if p = AB′ for B′ 6= B, then p has a neighborhood not intersecting W by (∗). This shows that thesets OF,(Fn :n∈N)(AB) are clopen. The proof that the sets OF (Bn) are clopen is similar. So X is zero-dimensional.The space X has the following properties:(a) ω is dense in X and |X | = ℵ1.(b) [ω]seq = ω ∪A.
(c) [A]seq = A ∪B.
(d) For every countable A ⊂ A, A is countable.
That X is sequential of sequential order 2 follows from conditions (b) and (c). That X is separable is evident from (a).To see that X is not sequentially separable, assume by contradiction that S is a countable sequentially dense subsetof X . Put Z = B \ [S ∩A]seq. By (b), S ∩B must be sequentially dense in Z . By (d), Z is uncountable. A contradiction,since Z is discrete and S ∩B is countable.
It is very easy to find a countable space which is neither strongly sequentially separable nor sequential, take for instancethe subspace ω ∪ {p} ⊆ βω. A much nicer example is given below.
Example 2.3.The topological group X = Cp(2ω, 2) is (countable hence) sequentially separable but neither strongly sequentiallyseparable nor sequential.To show that X is not strongly sequentially separable, let µ be the standard measure on 2ω (with respect to which
µ(2ω) = 1, the “halves” of 2ω have measure 1/2, etc.). Put E = {f ∈ Cp(2ω, 2) : µ(f−1(0)) ≤ 1/2}. Then E is dense in Xbut not sequentially dense since ~0 /∈ [E ]seq.Indeed, if (fn : n ∈ ω) were a sequence of functions from E converging to ~0, then ∫2ω fndµ ≥ 1/2 for every n while∫2ω~0dµ = 0, in contrast with the Lebesgue Dominated Convergence Theorem. To check the non-sequentiality of X , fixa dense set D = {dn : n ∈ ω} ⊆ 2ω, an enumeration {Cn : n ∈ ω} of all clopen subsets of 2ω of measure less than 1/2and for each n choose a function gn ∈ Cp(2ω, 2) such that {d0, . . . , dn} ∪ Cn ⊆ g−1

n (0) and µ(g−1
n (0)) ≤ 1/2. Letting

A = {gn : n ∈ ω}, we have A \ A = {~0}, but as before no sequence from A can converge to ~0.
Example 2.4.A countable T2 space which is strongly sequentially separable but not sequential.Let O be the set of all odd integers and let E = ω\O. Fix a free ultrafilter F on O and define a topology on X = ω∪{p},by declaring each point of ω isolated and by taking as a local base at p the collection {{p} ∪ F ∪ {2k : n < κ < ω} :
F ∈ F, n ∈ ω}. The space X is strongly sequentially separable because a dense set D must contain ω and if p /∈ Dthen the set E is a sequence converging to p. Thus, in any case D is sequentially dense in X . On the other hand, X isnot sequential because the non-closed set O is sequentially closed, i.e. [O]seq = O.
A different example follows from
Theorem 2.5 ([15]).
The space 2κ is strongly sequentially separable if and only if κ < p.

Thus, under the assumption p > ω1, we see that the compact topological group 2ω1 is strongly sequentially separablebut not sequential.
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3. Positive results

In this section we will discuss some conditions under which sequential + separable implies sequentially separable oreven strongly sequentially separable. The following is obvious.
Proposition 3.1.
Every separable Fréchet space is strongly sequentially separable.

The following is well known.
Proposition 3.2.
Let A be a countable subset of a space X . If χ(X, x) < p and x ∈ A, then there exists a sequence S ⊂ A which converges
to x.

An immediate consequence of the previous proposition is
Proposition 3.3.
If the space X is sequential and for every x ∈ X , χ(X, x) < p, then X is Fréchet.

However, for sequential spaces we may show that the cardinal p in the previous proposition can be replaced with thelarger cardinal b. Notice that, a similar result for compact spaces of cardinality less than b is mentioned in [10].
Proposition 3.4.
If X is sequential and for every x ∈ X , χ(X, x) < b, then X is Fréchet.

It is clear that a sequential space X is Fréchet if and only if for every A ⊂ X , [[A]seq]seq = [A]seq. Then, in order to proveProposition 3.4 it is enough to prove the following lemma.
Lemma 3.5.
If for every x ∈ X , χ(X, x) < b, then for every A ⊂ X ,

[[A]seq]seq = [A]seq.
Proof. Let A ⊂ X and x ∈

[[A]seq]seq. Then there is a sequence {xn : n ∈ ω} ⊂ [A]seq converging to x. For each
n ∈ ω, fix a sequence Sn = {xkn : k ∈ ω} which converges to xn. Let χ(X ) = λ and {Uα : α < λ} be a base at x.For each α there is a function fα ∈ ωω such that xkn ∈ Uα whenever n > fα (0) and k ≥ fα (n). As λ < b, there is afunction g ∈ ωω such that fα ≤∗ g for every α . Then S = {xg(n)

n : n ∈ ω} is a sequence of points of A converging to x.So x ∈ [A]seq.
The following is an immediate corollary of the previous proposition.
Proposition 3.6.
If X is separable, sequential, and for every x ∈ X , χ(X, x) < b, then X is strongly sequentially separable.

Next we will show that for a countably compact X , the character in Proposition 3.4 can be replaced by pseudocharacter.More precisely, the following two propositions, the second of which is a corollary of the first one, hold.
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Proposition 3.7.
A countably compact sequential space in which every point is the intersection of less than b many closed neighborhoods
is Fréchet.

Proof. Again, like in the proof of Proposition 3.4, it suffices to check that if X is countably compact and every pointof X is the intersection of less than b many closed neighborhoods, then for every A ⊂ X , [[A]seq]seq = [A]seq. Let A, xand xn be like in the proof of Lemma 3.5, only now let {Uα : α < λ} be a family of neighborhoods of x such that λ < band ⋂{Uα : α < λ} = {x}. Define S as in the proof of Lemma 3.5. Then x is the only possible accumulation point of S.Therefore by countable compactness of X , S converges to x.
Proposition 3.8.
If X is regular, countably compact, separable, sequential and for every x ∈ X , ψ(X, x) < b, then X is strongly sequentially
separable.

In the non-regular case, we have another corollary from Proposition 3.7. Recall that for a Hausdorff space X , theHausdorff pseudocharacter of X is the cardinal number Hψ(X ) = min τ, where τ ranges over all cardinals with thefollowing property: for every x ∈ X there is a family of neighborhoods {Vx,α : α < τ} such that whenever x 6= y there is
α < τ such that Vx,α ∩ Vy,α = ∅. It is clear that if {Vx,α : α < Hψ(X )} is the family of neighborhoods from the definitionof Hψ, then ⋂{Vx,α : α < Hψ(X )} = {x}.
Proposition 3.9.
If X is countably compact, separable, sequential and Hψ(X ) < b, then X is strongly sequentially separable.

4. On selective sequential separability

A great attention has recently received the notion of selective separability [2, 4–7, 14, 19] (sometimes under differentnames). A space X is selectively separable or M-separable if for every sequence (Dn : n ∈ ω) of dense subspaces of Xone can pick finite Fn ⊂ Dn, n ∈ ω, so that ⋃{Fn : n ∈ ω} is dense in X [4]; “M” comes from the similarity with theMenger covering property, see for example [17, 18].Taking into account the notions discussed in the first part of this paper, it is quite natural to consider a selective versionof sequential separability. Here, we are going to make only the first step in this direction.
Definition 4.1.A space X is M-sequentially separable if for every sequence (Dn : n ∈ ω) of sequentially dense subspaces of X , onecan pick finite Fn ⊂ Dn, n ∈ ω, so that ⋃{Fn : n ∈ ω} is sequentially dense in X .
In Scheepers’ terminology [18, 19] the M-sequential separability is Sfin(S, S), where S is the family of all sequentiallydense subspaces of X . An immediate consequence of the definitions is
Proposition 4.2.
Every M-sequentially separable space is sequentially separable.

As it is pointed out in [6], every space with a countable π-base is M-separable. This fact and the above propositionimmediately show that βω is a compact M-separable space which is not M-sequentially separable. Even better, thespaces in Examples 2.1 and 2.2 are sequential and M-separable but not M-sequentially separable. We expect theaffirmative answer to the following question.
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Question 4.3.Does there exist a sequentially separable (or even countable) M-separable space which is not M-sequentially separable?
In the other direction, we have the answer.
Example 4.4.An M-sequentially separable (hence sequentially separable) space which is not M-separable.In [2, 7] it is shown that there exists a countable maximal regular space X which is not M-separable. First of all, X beingcountable is sequentially separable. Moreover, in a maximal space [9] there are no non-trivial convergent sequences.Therefore, if (Dn : n < ω) is a sequence of sequentially dense subspaces, then we must have Dn = X for each n. Letting
X = {xn : n < ω}, the choice xn ∈ X = Dn witnesses that X is M-sequentially separable.
The example above could appear “extreme” as the space involved does not contain non-trivial convergent sequences.However, at least consistently, we can provide a compact counterexample with “a lot of” convergent sequences. Itsuffices to take the space 2ω1 and assume ω1 < p. This space is not M-separable, but it is M-sequentially separableby Theorem 2.5 and Corollary 4.9 below.Dow and Barman showed [2, Theorem 2.9] that every separable Fréchet T2 space is M-separable. Proposition 3.1indicates a possible strengthening of this very nice result. In view of Example 2.4 or even the example followingTheorem 2.5, it is a proper strengthening. Our argument for proving this conjecture is a modification of the proofof [2, Theorem 2.9]. Before giving it, we would like to make the following
Remark 4.5.Dow–Barman’s theorem is equivalent to the assertion “A countable Fréchet T2 space is M-separable.”
Theorem 4.6.
A countable strongly sequentially separable T2 space is M-separable.

Proof. If Iso(X ) is the set of all isolated points of X , then M-separability of X boils down to M-separability of thesubspace X \ Iso(X ). So, we may assume for the proof that the space X does not have isolated points. Let {Dn : n < ω}be a sequence of dense subsets of X . Fix a dense set {zi : i < ω} and let {Li : i < ω} be a partition of ω intoinfinite sets. Let {zi,n : n ∈ Li} be a dense set of points distinct from zi and for each n ∈ Li, let Si,n be a sequenceof points of Dn \ {zi,n} converging to zi,n. The set ⋃{Si,n : n ∈ Li} is dense in X and so there exists a sequence
Ti ⊆

⋃
{Si,n : n ∈ Li} \ {zi} which converges to zi. As we are working in a T2 space, the set Fn = Ti ∩ Si,n is finitefor each n. We obviously have Fn ⊆ Dn and zi ∈

⋃
{Fn : n ∈ Li}. Doing this for each i, we finally get that the set⋃

{Fn : n ∈ ω} is dense in X and we are done.
Lemma 4.7.
Every sequentially dense subspace of a separable space is itself separable.

Proof. Let Y be a sequentially dense subspace of the separable space X and fix a countable dense set {xn : n <
ω} ⊆ X . For each n there exists a sequence Sn ⊆ Y which converges to xn. The countable set ⋃{Sn : n < ω} ⊆ Y isclearly dense in Y .
With the help of Lemma 4.7, the next two corollaries follow immediately from Theorem 4.6.
Corollary 4.8 (Dow–Barman).
Every Fréchet separable T2 space is M-separable (and hence M-sequentially separable).
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Corollary 4.9.
Every strongly sequentially separable T2 space is M-sequentially separable.

Notice that a strongly sequentially separable space may fail to be M-separable: take again 2ω1 under ω1 < p.It is shown in [7] that “separable + sequential” does not imply M-separability. Perhaps, it should analogously happenwith M-sequential separability, but the example presented in [7] does not seem good for this purpose. So we may ask
Question 4.10.Find a separable sequential space which is not M-sequentially separable.
We would like to conclude the paper by calling the reader’s attention to one more question concerning Tychonoff cubes.The cardinal q is defined as the smallest cardinal such that no set of reals of this size or larger is a Q-set [21]. (A subset
S of the real line is called a Q-set if each of its subsets is Gδ ).
Theorem 4.11 ([13]).min {κ : 2κ is not sequentially separable} = q.

Let µ = min {κ : 2κ is not M-sequentially separable}. Taking into account Theorem 4.11 and Proposition 4.2 on onehand and Theorem 2.5 and Corollary 4.9 on the other hand, we have p ≤ µ ≤ q. We do not have a pure combinatorialcharacterization of the cardinal µ. However, we would like to leave the reader with the following
Question 4.12.Is it the case that µ ∈ {p, q}?
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