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1. Introduction

Recall that [11] gives a characterization of pairs (L,A), where L is a lattice and A a unary algebra, such that thesubalgebra lattice of A is isomorphic to L. Moreover, [11] describes also pairs of unary algebras which have isomorphicsubalgebra lattices. In the present paper we solve analogous problems for finite algebras of arbitrary types. Oursolutions are particularly simple for distributive subalgebra lattices. We do not restrict our attention to total algebrasonly, but we consider the more general case of partial algebras.
1.1.

Recall that a type of algebra (partial or total) is a pair 〈K, κ〉, where K is a set of operation symbols and κ is an arityfunction from K to the set of all non-negative integers N. Note that 0-ary operation symbols k (i.e., κ(k) = 0) are justsymbols of constants.
∗ E-mail: kpioro@mimuw.edu.pl

1052



K. Pióro

A partial algebra of type 〈K, κ〉 is a pair A = 〈A, (kA)k∈K〉, where A is the carrier of A and for each k ∈ K , kA : Aκ(k) → Ais a κ(k)-ary partial operation in A, i.e., kA is defined only on a subset of Aκ(k) (see [1, 4]). Taking total operationsinstead of partial ones we obtain the well-known definition of an algebra.The notion of subalgebra can be transported onto the partial case without changes. Formally, a subset B of ele-ments of a (partial) algebra A = 〈
A, (kA)k∈K〉 is closed under operations if for every operation kA and each sequence(

b1, . . . , bκ(k)) ∈ Bκ(k), if kA
(
b1, . . . , bκ(k)) is defined, then kA

(
b1, . . . , bκ(k)) ∈ B. This set B together with operationsof A restricted to B forms a subalgebra of A.It is a classical fact, also true in the partial case, that the family of all the subalgebras of a partial algebra A withsubalgebra inclusion forms a lattice S(A) = 〈S(A),≤S(A)〉. This lattice is complete and algebraic (see [7, 9]). In particular,for every subset B ⊆ A of elements of A there is a least subalgebra containing B, which will be denoted by 〈B〉A .

1.2.

Since graph language turned out to be very useful in [11] for unary algebras (see also [13]), it seems natural to useanalogous connections between arbitrary algebras and directed hypergraphs, which are introduced in [12]. To makethe paper more readable we recall a few concepts and results from [12], which will be needed later. We start with thedefinition of directed hypergraph. This concept is a simple generalization of a directed graph to the case of hypergraphs(see [2] or [3] for the classical definition of (undirected) hypergraph).
Definition 1.1.A dihypergraph (directed hypergraph) D is a triple 〈VD, ED, ID〉 such that VD is the vertex set of D, ED is the edgeset of D and ID = 〈

ID1 , ID2 〉 is the incidence mapping of D, i.e., ID1 is a mapping from ED to the family of all the finite(possibly empty) subsets of VD and ID2 is a mapping from ED to VD. For each edge e ∈ ED, ID1 (e) is the initial set of eand ID2 (e) is the final vertex of e.An edge e ∈ ED is said to be a loop if its final vertex belongs to its initial set, i.e., ID2 (e) ∈ ID1 (e). Otherwise, e is saidto be ordinary (note that such edges are called regular in papers [11, 12]). We say that e is a k-edge if its initial set
ID1 (e) has exactly k vertices, i.e., ∣∣ID1 (e)∣∣ = k . A loop that is a k-edge is a k-loop.
By our definition, dihypergraphs may contain 0-edges, i.e., edges e such that ID1 (e) = ∅. Similarly as for algebras,0-edges can be identified with their final vertices and therefore they are sometimes called constants, too. Since we usedihypergraphs to represent algebras, the above definition admits loops, multiple edges, isolated vertices and, moreover,sets of edges and vertices may have arbitrary cardinalities. However, in this paper we consider only finite algebras, sodihypergraphs will be also finite (i.e. with finitely many vertices and edges).If we additionally assume that ID1 is a mapping from the edge set ED to the family of singletons of the vertex set VD, thenwe obtain a definition of digraph. Such a definition is unnecessarily complicated, because each edge has its one-vertexinitial set instead of the initial vertex. However, in this paper we use this definition of digraph, because a separabledefinition may cause misunderstanding.
1.3.

With each algebra A we can associate a dihypergraph D(A) (see [12]).
Definition 1.2.Let A = 〈A, (kA)k∈K〉 be a partial algebra of type 〈K, κ〉. Then D(A) is the dihypergraph defined in the following way:(i) A is the vertex set of D(A).(ii) The edge set ED(A) consists of all the quadruples of the form 〈

Va, a, k, kA(a)〉, where kA is a κ(k)-ary operationin A, a = (
a1, . . . , aκ(k)) ∈ Aκ(k) is a κ(k)-element sequence, Va = {

a1, . . . , aκ(k)} is the set of all the pairwisedistinct elements of a and the partial operation kA is defined on a.(iii) For an edge 〈Va, a, k, kA(a)〉 its initial set equals Va and its final vertex equals kA(a).
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Note that a constant cA defined in A is represented by a 0-edge of the form 〈∅, ∅, c, cA〉, where c ∈ K is the constantsymbol corresponding to cA .
Example 1.3.Take the four-element cyclic group Z4 = 〈{0, 1, 2, 3},+, 0〉 (considered as a semigroup with zero). Then the dihypergraph
D(Z4) has four vertices 0, 1, 2, 3 and the following seventeen edges: one 0-edge c in 0, i.e., ID(Z4)1 (c) = ∅, ID(Z4)2 (c) = 0,which corresponds to the identity 0 in Z4; one 1-loop l in 0, i.e., ID(Z4)1 (l) = {0}, ID(Z4)2 (l) = 0, which corresponds to theequality 0 + 0 = 0; three ordinary 1-edges e1, e2, e3 such that

ID(Z4)1 (e1) = {1}, ID(Z4)2 (e1) = 2,
ID(Z4)1 (e2) = {2}, ID(Z4)2 (e2) = 0,
ID(Z4)1 (e3) = {3}, ID(Z4)2 (e3) = 2,

which correspond to equalities 1 + 1 = 2, 2 + 2 = 0, 3 + 3 = 2, respectively; six 2-loops f1, f2, f3, f4, f5, f6 such that
ID(Z4)1 (f2i−1) = ID(Z4)1 (f2i) = {0, i}, ID(Z4)2 (f2i−1) = ID(Z4)2 (f2i) = i, i = 1, 2, 3,

which correspond to equalities 0 + i = i + 0 = i for i = 1, 2, 3, respectively; six ordinary 2-edges g1, g2, g3, g4, g5, g6such that
ID(Z4)1 (g1) = ID(Z4)1 (g2) = {1, 2}, ID(Z4)2 (g1) = ID(Z4)2 (g2) = 3,
ID(Z4)1 (g3) = ID(Z4)1 (g4) = {1, 3}, ID(Z4)2 (g3) = ID(Z4)2 (g4) = 0,
ID(Z4)1 (g5) = ID(Z4)1 (g6) = {2, 3}, ID(Z4)2 (g5) = ID(Z4)2 (g6) = 1,

which correspond to equalities 1 + 2 = 2 + 1 = 3, 1 + 3 = 3 + 1 = 0, 2 + 3 = 3 + 2 = 1, respectively.
We also need the following two kinds of subdihypergraphs introduced in [12].
Definition 1.4.Let D = 〈VD, ED, ID〉 and G = 〈VG, EG, IG〉 be dihypergraphs. Then:(a) G is a weak subdihypergraph of D if VG ⊆ VD, EG ⊆ ED and IG(e) = ID(e) for each e ∈ EG.(b) A weak subdihypergraph G of D is said to be strong if G contains all the edges of D starting in G, i.e., for each

e ∈ ED, ID1 (e) ⊆ VG implies e ∈ EG.
The first kind of subdihypergraphs is called here weak to distinguish them from the second kind of subdihypergraphs.Our definition of weak subdihypergraph is a slight modification of the classical definition of subhypergraph given in [3].The second kind is used to represent subalgebras and therefore they are called strong to stress their relation to (strong)subalgebras. Recall that in the theory of partial algebras there are several kinds of partial subalgebras and thereforethe usual subalgebras are called strong or closed (see [1]). But in this paper we investigate only strong subalgebrasand therefore the adjective “strong” is omitted. Note that weak subdihypergraphs are used in [12] to represent weaksubalgebras and therefore they have been called weak in [12].Let W ⊆ VD be a set of vertices of a dihypergraph D. Then [W ]D denotes a weak subdihypergraph of D such that

V [W ]D = W, E [W ]D = {e ∈ ED : ID1 (e) ⊆ W, ID2 (e) ∈ W}.
Informally, [W ]D consists of all edges of D which have endpoints in W . This notation will be often used in the nextsections.
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It can be shown in the same way as for algebras (see [12] for details) that the set of all the strong subdihypergraphs of adihypergraph D with (strong subdihypergraph) inclusion forms a complete and algebraic lattice S(D) = 〈S(D),≤S(D)〉. Inparticular, similarly as for algebras, for every subset W ⊆ VD there is a least strong subdihypergraph of D containing W ,which will be denoted by 〈W 〉D. The lattice order ≤S(D) of S(D) is formally defined in the following way: for each
G1,G2 ∈ S(D), G1 ≤S(D) G2 if G1 is a strong subdihypergraph of G2. But it is easy to prove (see [12]) that the followingfact holds.
Lemma 1.5.
Let D be a dihypergraph and let G1,G2 be strong subdihypergraphs of D. Then(a) G1 ≤S(D) G2 if and only if VG1 ⊆ VG2 ,(b) G1 = G2 if and only if VG1 = VG2 .

It is easy to see that if B is a (strong) subalgebra of a partial algebra A, then its dihypergraph D(B) is a strongsubdihypergraph of D(A).
Theorem 1.6.
Let A be a partial algebra. Then S(A) ' S(D(A)).
This result is obtained in [12] by a direct verification that the function assigning to each subalgebra B of A its dihyper-graph D(B) is an isomorphism of lattices. As a simple consequence of this proof, we have obtained in [12] the followingresult.
Proposition 1.7.
Let A = 〈A, (kA)k∈K〉 be a partial algebra. Then for each subset B of A, D

(
〈B〉A

) = 〈B〉D(A).

Observe that having Theorem 1.6 it is sufficient to solve our problems for dihypergraphs and their strong subdihypergraphlattices and next, translate obtained results to algebraic language.
1.4.

Definition 1.1 admits loops and multiple edges, therefore dihypergraphs without loops and multiple edges will be called
simple. Each edge e of a simple dihypergraph D may be represented by a directed pair 〈ID1 (e), ID2 (e)〉. This representationwill be sometimes used in the sequel.For a given dihypergraph D we can remove all the loops and replace multiple edges by single edges to obtain a simpledihypergraph, which will be denoted by Ds. Formally, we introduce the following definition.
Definition 1.8.Let D be a dihypergraph and EDo be the set of all the ordinary edges of D. Next, let ∼ be an equivalence relation on EDosuch that e ∼ f if and only if ID(e) = ID(f). Then Ds is the simple dihypergraph such that VD is its vertex set, the setof all the equivalence classes EDo /∼ is its edge set and IDs ([e]∼) = ID(e) for each [e]∼ ∈ EDo /∼.
Example 1.9.The dihypergraph D(Z4)s has four vertices 0, 1, 2, 3; one 0-edge 〈∅, 0〉; three 1-edges 〈{1}, 2〉, 〈{2}, 0〉, 〈{3}, 2〉; andthree 2-edges 〈{1, 2}, 3〉, 〈{1, 3}, 0〉, 〈{2, 3}, 1〉.
Observe that the identity function on the set VD forms a natural embedding of Ds into D. Thus the simple dihypergraph
Ds may be considered as a weak subdihypergraph of D. Moreover, it is easy to see that the following fact holds.
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Proposition 1.10.
Let D be a dihypergraph. Then D and Ds have the same strong subdihypergraph lattice.

1.5.

Now we outline results obtained in the present paper.
Section 2:

At the beginning we define a contraction of an edge in a dihypergraph (Definition 2.1). This is a certain generalization ofthe well-known construction for graphs (see [2]). A dihypergraph H is a contraction of a dihypergraph D (Definition 2.4)if H is obtained from D by a sequence of edge contractions, where each of contracted edges satisfies the followingcondition: its initial set is contained in the strong subdihypergraph generated by its final vertex. Each contractionof D has the same strong subdihypergraph lattice as D (Proposition 2.6). In particular, a finite dihypergraph hasa one-element (respectively, two-element) strong subdihypergraph lattice if and only if it can be contracted to theempty (a one-vertex) dihypergraph. A dihypergraph is c-minimal if it cannot be contracted (Definition 2.8). Necessaryand sufficient conditions are found for dihypergraphs to be c-minimal (Lemma 2.19). Each finite dihypergraph has acontraction which is c-minimal, but unfortunately, more than one, in general. A contraction of a dihypergraph D is calleda minimal contraction of D if it is c-minimal. The set of all c-minimal contractions of a dihypergraph D will be denotedby M(D). At the end of this section we formulate some algebraic consequences of obtained dihypergraph results.
Section 3:

In the first part of this section we show that a finite dihypergraph D has a distributive strong subdihypergraph lattice ifand only if D can be contracted to a quasidigraph; and even more, each element of M(D) is a quasidigraph (Theorem 3.6).A dihypergraph D is a quasigraph if, for each edge e ∈ ED, there is a vertex v ∈ ID1 (e) such that the final vertex ID2 (e)of e belongs to the strong subdihypergraph generated by v (Definition 3.1).In the second part of this section we describe a simple algorithm (called unary reduction or, in short, u-reduction) whichpreserves strong subdihypergraph lattices and reduces quasidigraphs to digraphs (Definition 3.17). Very informally, au-reduction of a dihypergraph D is obtained from D by a finite sequence of steps, where in each step we either omita loop or a k-edge, k ≥ 2, such that there is a directed path going from its initial set to its final vertex, or replace a
k-edge e, k ≥ 2, by a 1-edge e′ if for some vertex u of ID1 (e) there are directed paths going from u to all the othervertices of ID1 (e) (and then e′ starts from u and ends in ID2 (e)). A dihypergraph is u-minimal if it cannot be u-reduced(Definition 3.22). A u-reduction of a dihypergraph D is called a minimal u-reduction of D if it is u-minimal. Each finitedihypergraph has at least one minimal u-reduction, but generally more than one. On the other hand, in the last partof this section it is shown that for each finite simple c-minimal dihypergraph D all minimal u-reductions of D have acommon weak subdihypergraph which has the same strong subdihypergraph lattice as D (Theorem 3.47).The set of all minimal u-reductions of a dihypergraph D will be denoted by U(D). It is proved that a finite dihypergraph Dhas a distributive strong subdihypergraph lattice if and only if some dihypergraph from U(M(D)) is a digraph; and it isequivalent to the condition that each element of U(M(D)) is a digraph (Theorem 3.36 and Corollary 3.37).
Section 4:

We first generalize the well-known graph concept of isthmus (see [2]) to the case of dihypergraphs (Definition 4.1).Having this notion we define a skeleton of a dihypergraph D. It is the last element of a sequence D0,D1, . . . ,Dn, where
Di+1 is obtained from Di by omitting a non-isthmus of Di and Dn contains only isthmi. Note that we cannot omit allnon-isthmi simultaneously, because such obtained a dihypergraph behaves quite differently from D, in general. Eachfinite dihypergraph D has a skeleton, but generally more than one. The set of all skeletons of D will be denoted by
K(D). Each skeleton of D has the same strong subdihypergaph lattice as D (Proposition 4.15). So each dihypergraphof K(U(M(D))) also has the same strong subdihypergaph lattice as D. In other words, if we take any minimal contraction
D′ of D and next, any minimal u-reduction D′′ of D′ and finally, any skeleton D′′′ of D′′, then D and D′′′ have the same
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strong subdihypergraph lattice. Some other connections between operators M,U and K are also given in Sections 3and 4.
Section 5:

In the first part of this section we show that each finite lattice L can be represented by a simple dihypergraph D(L),where join-irreducible elements of L (see [9]) are its vertices and its edges are of the form 〈V , v〉, where V is a non-emptyset of join-irreducible elements and v /∈ V is a join-irreducible element contained in the supremum of V . Then D(L) isc-minimal and its strong subdihypergraph lattice equals L. Having this representation, its properties and results from theprevious sections we obtain the following solution of our first main problem (Theorems 5.18 and 5.19 for dihypergraphsand Theorem 5.35 for algebras). For a finite dihypergraph D and a finite lattice L the following conditions are equivalent:(a) the strong subdihypergraph lattice S(D) of D is isomorphic to L,(b) K(M(D)) (or respectively, K(U(M(D)))) is contained, up to isomorphism, in K(D(L)),(c) K(M(D)) and K(D(L)) (or respectively, K(U(M(D))) and K(D(L))) have, up to isomorphism, a common element.
Having these results we obtain also the following solution of our second main problem (Theorems 5.22 and 5.23 fordihypergraphs and Theorem 5.38 for algebras). For finite dihypergraphs D and G the following conditions are equivalent:(a) D and G have isomorphic strong subdihypergraph lattices,(b) there is a finite dihypergraph H such that K(M(D)) and K(M(G)) (or respectively, K(U(M(D))) and K(U(M(G)))) arecontained, up to isomorphism, in K(M(H)),(c) there is a finite dihypergraph H such that(i) K(M(D)) and K(M(H)) (respectively, K(U(M(D))) and K(M(H))) have, up to isomorphism, a common element,(ii) K(M(G)) and K(M(H)) (respectively, K(U(M(G))) and K(M(H))) have, up to isomorphism, a common element.
Moreover, it can be assumed that H is additionally c-minimal. This result can also be reformulated in terms of {c, i}-equivalence (Definition 5.30 and Theorems 5.31, 5.38).In this section some necessary and sufficient conditions are also given for finite lattices to be distributive. More precisely,we show that a finite lattice L is distributive if and only if K(D(L)) contains a digraph; and it is equivalent to the factthat the family KU(D(L)) has exactly one element and this element is a digraph.At the end we apply obtained results to finite distributive lattices. A finite distributive lattice L can be represented bya simple digraph C(L), which is a weak subdihypergraph of D(L) with the same vertex set and with edges of the form
〈{i}, j〉, where i covers j (see [5]). Moreover, C(L) is the unique digraph in the family K(D(L)). Having this representationwe obtain the following two results.(d.1) A strong subdihypergraph lattice of a finite dihypergraph D is isomorphic to a finite distributive lattice L if andonly if K(U(M(D))) contains, up to isomorphism, C(L). In fact, C(L) is, up to isomorphism, the unique elementof K(U(M(D))) (Theorem 5.53 for dihypergraphs and Theorem 5.56 for algebras).(d.2) If two finite dihypergraphs D and G have distributive strong subdihypergraph lattices, then these lattices areisomorphic if and only if K(U(M(D))) and K(U(M(G))) are equal up to isomorphism. In fact, these families are, upto isomorphism, one-element sets (Theorem 5.54 for dihypergraphs and Theorem 5.57 for algebras).
We have formulated our results only for dihypergraphs, because by Theorem 1.6 we have that for algebras A,B it issufficient to replace D by D(A) and G by D(B).
2. Contractions

At the beginning we define a contraction of edge in a dihypergraph. This is a generalization of the well-known conceptfrom graph theory (see [2]). Next, we show that this construction preserves strong subdihypergraph lattices for each
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ordinary edge such that its initial set is contained in the strong subdihypergraph generated by its final vertex. Thus wecan contract a given finite dihypergraph D so long as a next edge contraction is not possible. So obtained dihypergraphis called a minimal contraction of D. The described procedure can be done in several ways, so we can obtain severaldistinct minimal contractions, in general. Next, we show some properties of these minimal contractions. At the end ofthis section we formulate some algebraic consequences of obtained dihypergraph results.
2.1.

We start this section with the following useful construction.
Definition 2.1.Let D be a dihypergraph, f ∈ ED be an edge of D and let ID1 (f) = {v1, . . . , vk}, ID2 (f) = u. Then D/f is a dihypergraph(called sometimes an edge contraction of D by f) obtained from D in the following three steps.(a) Each edge e ∈ ED such that u ∈ ID1 (e) is replaced by an edge with the initial set (ID1 (e) ∪ {v1, . . . , vk})\{u} andwith the final vertex ID2 (e). In this way we obtain the new dihypergraph D such that u /∈ ID1 (e) for each edge e of D.(b) Each edge e of D such that ID2 (e) = u is replaced by l edges e1 . . . , el (where l = ∣∣ID1 (f)∣∣) such that their initial setsequal ID1 (e) and their final vertices are equal v1, . . . , v l, respectively, where {v1, . . . , v l} = ID1 (f). Note that u is anisolated vertex in so obtained dihypergraph D, i.e., u /∈ ID1 (e) ∪ {ID2 (e)} for each edge e of D. Note also that if f isordinary, then {v1, . . . , v l} = {v1, . . . , vk}, in particular, l = k . But if f is a loop, then {v1, . . . , v l} = {v1, . . . , vk}\{u}so l = k − 1.(c) The vertex u is removed from the dihypergraph D to obtain D/f .
For example, if f is a 1-loop, then f is replaced by a constant (in the vertex u) in the first step of this construction, andthis constant is removed in the second step. All edges with the final vertex u will also be removed (in the second step).Next, if an ordinary 1-edge e of D starts in u, i.e., ID1 (e) = {u}, then e is replaced by a constant in the first step of thisconstruction. So D/f has a constant in the vertex ID2 (e).More generally, let f be a k-loop and assume that u = v1 for simplicity. Then each loop e which ends in u (in parti-cular, f) is replaced, in the first step, by an ordinary edge with the initial set (ID1 (e) ∪ {v1, . . . , vk})\{u} (obviously,for the edge f we have (ID1 (f) ∪ {v1, . . . , vk})\{u} = {v1, . . . , vk})\{u}) and with the final vertex u. In the secondstep, this edge is replaced by k − 1 loops which have common the initial set (ID1 (e) ∪ {v1, . . . , vk})\{u} (respectively,
{v1, . . . , vk})\{u} for f) and final vertices v2, v3, . . . , vk , respectively.If f is a constant, then f is removed in the second step of our construction. In fact, all edges with the final vertex u areremoved in the second step. Note also that all ordinary 1-edges e starting in u are replaced by constants in their finalvertices ID2 (e).More generally, let f be an ordinary k-edge of D. If e is a loop with the final vertex u, then e is replaced by kloops which have common the initial set (ID1 (e) ∪ {v1, . . . , vk})\{u} and final vertices v1, . . . , vk , respectively. If e is anordinary edge such that ID2 (e) = u, then e is replaced by k edges which have common the initial set ID1 (e) and finalvertices v1, . . . , vk , respectively. In particular, each constant in the vertex u is replaced by constants in vertices v1, . . . , vk ,respectively. Next, we have also that the edge f is replaced by k loops with the same initial set ID1 (f) and final vertices
v1, . . . , vk , respectively. Therefore it may be said that D/f is obtained from D by contracting the edge f . In this paperwe will use this construction only for ordinary edges.This construction does not preserve properties of D. For instance, applying this construction to a simple dihypergraph,we may obtain a non-simple dihypergraph. This construction does not preserve also the strong subdihypergraph lattice,in general. But the following useful result holds (note that each constant satisfies the condition (∗) below).
Lemma 2.2.
Let D be a dihypergraph and f ∈ ED be an ordinary k-edge such that

ID1 (f) ⊆ V 〈ID2 (f)〉D . (∗)
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Then D and D/f have isomorphic strong subdihypergraph lattices.

Proof. Let u = ID2 (f). At the beginning we show the following fact.
Claim 1. For each strong subdihypergraph H of D let H = [VH \{u}

]
D/f . Then H is a strong subdihypergraph of D/f .

Proof. Assume first that u does not belong to H (note that this assumption implies that f is not a constant). Then
VH = VH. Take an edge e of D/f which starts in H, i.e., ID/f1 (e) ⊆ VH. If e does not belong to D, then one of thefollowing two conditions holds:(a) e is obtained from an ordinary edge g ∈ ED such that g ends in u,(b) e is obtained from an edge (possibly a loop) g ∈ ED such that u belongs to ID1 (g).
In the first case ID1 (g) = ID/f1 (e) ⊆ VH, because g is ordinary. Hence u = ID2 (g) ∈ VH, which contradicts our assumption.In the second case ID1 (f) ⊆ ID/f1 (e) ⊆ VH, because f is ordinary. Thus f starts in H, which again implies that u ∈ VH.Thus we have obtained that e is also an edge of D, in particular, ID(e) = ID/f (e). Then ID1 (e) = ID/f1 (e) ⊆ VH. So
ID/f2 (e) = ID2 (e) ∈ VH, because H is a strong subdihypergraph of D. Hence all the endpoints of e belong to H, so e isalso contained in H.Since e was chosen arbitrarily, we have shown that if u /∈ VH, then H is a strong subdihypergraph of D/f . Note(although this fact will not be needed later) that in this case H = H. Because by this proof we have that H contains allthe edges of H. Next, the inverse inclusion easily follows from the assumption that u /∈ VH.Now assume that u ∈ VH. Then by (∗) we have that

ID1 (f) ⊆ VH \{u} = VH,

because f is an ordinary edge and the condition u ∈ VH implies V 〈v〉D ⊆ VH. Take an edge e of D/f which starts in H.If e is also an edge of D, then ID1 (e) = ID/f1 (e) ⊆ VH ⊆ VH and ID2 (e) = ID/f2 (e) 6= u. So ID/f2 (e) = ID2 (e) ∈ VH \{u},because H is a strong subdihypergraph of D. Hence all the endpoints of e belong to H, so e belongs to H, too.Thus assume that e does not belong to D. Then (a) or (b) holds for e. If (a) is satisfied, then ID/f2 (e) is contained in ID1 (f),so e belongs to H. Note that ID1 (g) = ID/f1 (e), where g is the edge from (a) for e, so g belongs to H. Assume that(b) holds. Then ID1 (g) ⊆ ID/f1 (e) ∪ {u} ⊆ VH ∪ {u} = VH, where g is the edge from (b) for e. Hence, if u 6= ID2 (g), weobtain that ID/f2 (e) = ID2 (g) ∈ VH \{u}, because H is a strong subdihypergraph of D. On the other hand, if u = ID2 (g),then ID/f2 (e) is contained in ID1 (f). Thus in both cases we have that ID/f2 (e) belongs to H, so e belongs to H.Summarizing, we have shown that if u ∈ VH, then H is also a strong subdihypergraph of D/f . Observe (although thisfact will not be needed, too) that in this case H = H/f ; f is an edge of H, because ID1 (f) ⊆ VH. It is sufficient to showthat EH = EH/f , because VH = VH \{u} = VH/f (see Lemma 1.5 (b)). It is easy to see that each edge e of D/f , whichstarts in H and is outside D, is obtained from an edge g of H. Hence we have the inclusion ⊆. The inverse inclusion isobvious, because each edge of H/f has its endpoints in VH \{u} = VH. �

Claim 2. For each strong subdihypergraph K of D/f let K̂ = [W ]D, where
W = {VK ∪ {u} if ID1 (f) ⊆ VK,

VK if ID1 (f) 6⊆ VK.

Then K̂ is a strong subdihypergraph of D.
Proof. Assume first that ID1 (f) 6⊆ VK and take an edge e of D which starts in K̂. By our assumption u /∈ ID1 (e), soif additionally u 6= ID2 (e), then e is also an edge in D/f which starts in K and moreover, ID(e) = ID/f (e). Hence,
ID2 (e) = ID/f2 (e) ∈ VK ⊆ W , because K is a strong subdihypergraph of D/f . Consequently, e belongs to K̂.Thus assume that e ends in u. Then e is ordinary, because ID1 (e) ⊆ W = VK . So there are edges g1, . . . , gk in thedihypergraph D/f such that ID/f1 (g1) = ID/f1 (g2) = . . . = ID/f1 (gk ) = ID1 (e) and {ID/f2 (g1), . . . , ID/f2 (gk )} = ID1 (f), because f
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is also ordinary. This implies that ID1 (f) ⊆ VK , because K is a strong subdihypergraph of D/f . But it is a contradictionwith our assumption.Now assume that ID1 (f) ⊆ VK and take an edge e of D which starts in K̂. If ID2 (e) = u, then obviously e belongs to K̂.Thus we can assume that ID2 (e) 6= u. Whence we have that if u ∈ ID1 (e), then there is an edge in D/f with the initialset (ID1 (e) ∪ ID1 (f))\{u} and the final vertex ID2 (e). Since (ID1 (e) ∪ ID1 (f))\{u} ⊆ VK , we obtain that ID2 (e) belongs to
VK ⊆ W , because K is a strong subdihypergraph of D/f . On the other hand, if u /∈ ID1 (e), then e is also an edge of D/f .Hence ID/f2 (e) = ID2 (e) and ID/f1 (e) = ID1 (e) ⊆ W \{u} = VK . So again ID2 (e) belongs to VK ⊆ W . Thus in both cases e iscontained in K̂. �

Claim 3. For each strong subdihypergraph H of D, Ĥ = H.
Proof. By Lemma 1.5 (b) it is sufficient to show that these two dihypergraphs have the same vertex set. If u /∈ VH, thenfirst VH = VH. Secondly, ID1 (f) 6⊆ VH by the definition of strong subdihypergraph. Thus V Ĥ = VH = VH. If u ∈ VH,then ID1 (f) ⊆ V 〈v〉D ⊆ VH by (∗). Hence, ID1 (f) ⊆ VH \{u}, because f is an ordinary edge of D. So ID1 (f) ⊆ VH, whichimplies that V Ĥ = VH ∪ {u} = VH. �Applying Lemma 1.5 (b) we obtain also that
Claim 4. For each strong subdihypergraph K of D/f , K̂ = K.
Proof. If ID1 (f) 6⊆ VK , then V K̂ = VK . In particular, u /∈ V K̂ . Hence, V K̂ = V K̂ , so V K̂ = VK . If ID1 (f) ⊆ VK , then K̂contains all the vertices of K and u. Thus V K̂ = V K̂ \{u} = VK . �

Claim 5. Let φ : S(D)→ S(D/f) and ψ : S(D/f)→ S(D) be functions such that
φ(H) = H for all H ∈ S(D), ψ(K) = K̂ for all K ∈ S(D/f),

where S(D) and S(D/f) are families of all the strong subdihypergraphs of D and D/f , respectively. Then φ is a latticeisomorphism and ψ = φ−1.
Proof. By Claims 1 and 2 we have that φ and ψ are well defined. By Claims 3 and 4 we obtain that ψ ◦φ and φ ◦ψ areidentities on S(D) and S(D/f), respectively. Thus φ and ψ are bijections and ψ = φ−1. To end the proof it is sufficientto show that φ and ψ preserve lattice orders of strong subdihypergraph lattices S(D) and S(D/f), respectively. To thispurpose we use Lemma 1.5 (a).Take strong subdihypergraphs H1,H2 of D such that H1 ≤S(D) H2. Then VH1 ⊆ VH2 , so VH1 = VH1 \{u} ⊆ VH2 \{u} =
VH2 which implies that φ(H1) = H1 ≤S(D/f) H2 = φ(H2). Next, take strong subdihypergraphs K1, K2 of D/f such that
K1 ≤S(D/f) K2. Then VK1 ⊆ VK2 . We have the following two cases: If ID1 (f) ⊆ VK1 , then ID1 (f) ⊆ VK2 . Thus V K̂1 =
VK1 ∪ {u} ⊆ VK2 ∪ {u} = V K̂2 . Hence ψ(K1) = K̂1 ≤S(D) K̂2 = ψ(K2). If ID1 (f) 6⊆ VK1 , then V K̂1 = VK1 ⊆ VK2 ⊆ V K̂2 .So, again, ψ(K1) = K̂1 ≤S(D) K̂2 = ψ(K2). �Claim 5 completes the proof of Lemma 2.2.
The following example shows that Lemma 2.2 is not true for loops.
Example 2.3.Let D be a dihypergraph with two vertices v, w, one 1-edge e = 〈{w}, v〉 and one 2-loop f = 〈{v, w}, w〉. Then D hasthree strong subdihypergraphs: the empty dihypergraph ∅, the dihypergraph H with one vertex v and without edges, D.Thus the strong subdihypergraph lattice S(D) is a three-element chain. On the other hand, it is easy to see that D/fhas one vertex v and two 1-loops. Hence the strong subdihypergraph lattice S(D/f) is a two-element chain. So lattices
S(D) and S(D/f) are not isomorphic, although the 2-loop f satisfies (∗) of Lemma 2.2. Observe, using notation from theproof of this lemma, that D has one vertex v and no edges, so D̂ = H and therefore the above proof fails in this case.
2.2.

Having Lemma 2.2 we can introduce the following construction of new dihypergraphs from a given dihypergraph, whichpreserves strong subdihypergraph lattices.
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Definition 2.4.Let D and H be dihypergraphs. We say that H is a contraction of D (or that D can be contracted to H) if there is asequence of dihypergraphs D0,D1, . . . ,Dn such that:• D0 = D and Dn = H.• For each 0 ≤ i ≤ n− 1 there is an ordinary edge fi of Di such that IDi1 (fi) ⊆ V 〈IDi2 (fi)〉Di , Di+1 = Di/fi.
Example 2.5.Take a directed cycle D of length n ≥ 2, i.e., D is a digraph with n vertices v1, v2, . . . , vn and n edges 〈{v1}, v2〉, 〈{v2}, v3〉,
. . ., 〈{vn−1}, vn〉, 〈{vn}, v1〉. Then the edge 〈{v1}, v2〉 satisfies (∗) of Lemma 2.2 and the digraph D/〈{v1}, v2〉 has n − 1vertices v1, v3, v4, . . . , vn, n − 1 ordinary edges 〈{v1}, v3〉, 〈{v3}, v4〉, 〈{v4}, v5〉, . . . , 〈{vn−1}, vn〉, 〈{vn}, v1〉 and one loopin v1. The edge 〈{v1}, v3〉 satisfies (∗) for D/〈{v1}, v2〉. So we can take (D/〈{v1}, v2〉)/〈{v1}, v3〉. And so on. Thus D canbe contracted to a one-vertex dihypergraph with some loops.
As a consequence of Lemma 2.2 and simple induction we have
Proposition 2.6.
Let D be a dihypergraph. Then every contraction of D has the same strong subdihypergraph lattice as D.

Example 2.7.Take the four-element cyclic group Z4 = 〈{0, 1, 2, 3}, 0,+〉 (considered as a semigroup with zero) and let D = (D(Z4))sbe a simple dihypergraph obtained from the dihypergraph representing Z4.The dihypergraph D has four vertices 0, 1, 2, 3, one 0-edge 〈∅, 0〉 three 1-edges 〈{1}, 2〉, 〈{2}, 0〉, 〈{3}, 2〉 and three2-edges 〈{1, 2}, 3〉, 〈{1, 3}, 0〉, 〈{2, 3}, 1〉. Then the dihypergraph H = (D/〈∅, 0〉)s has three vertices 1, 2, 3, two 1-edges
〈{1}, 2〉, 〈{3}, 2〉 and two 2-edges 〈{1, 2}, 3〉, 〈{2, 3}, 1〉.Next, the dihypergraph K = (H/〈{1, 2}, 3〉)s contains two vertices 1, 2 and one 1-edge 〈{1}, 2〉. Since the 2-edge
〈{1, 2}, 3〉 of H satisfies the condition (∗) of Lemma 2.2, we have that K is a contraction (up to some loops and multipleedges) of D. Consequently, D(Z4) can be also contracted (up to some loops and multiple edges) to a two-elementdigraph with one edge between its two vertices.By Proposition 2.6 the strong subdihypergraph lattice S(D) of D equals the strong subdihypergraph lattice S(K) of K.Note that S(K) is a three-element chain. Thus the strong subdihypergraph lattice of D(Z4) is also a three-element chain.
Definition 2.8.(a) A dihypergraph D is said to be c-minimal if each contraction of D equals D

(equivalently, there is no ordinary edge
e ∈ ED such that ID1 (e) ⊆ V 〈ID2 (e)〉D).(b) A contraction H of a dihypergraph D is said to be a minimal contraction of D if H is c-minimal.(c) By M(D) we denote the set of all the minimal contractions of D.(d) Let Ms(D) = {Gs : G ∈M(D)} be the set of all the simple dihypergraphs obtained from minimal contractions of D.Each element of this family will be called a simple minimal contraction of D.(e) For each non-empty family of dihypergraphs D let

M(D) =⋃{M(D) : D ∈ D}, Ms(D) =⋃{Ms(D) : D ∈ D}.

Remark 2.9.C-minimal dihypergraphs have no constants. It follows from the fact that ID1 (c) = ∅ ⊆ V 〈ID2 (c)〉D for each constant c of anydihypergraph D.
Example 2.10.By Example 2.5, a one-vertex digraph without edges is a simple minimal contraction of D for each directed cycle D. Infact, it is not difficult to show that each simple minimal contraction of D has one vertex and no edges.
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Example 2.11.By Example 2.7, a two-element digraph with one ordinary edge is a simple minimal contraction of D(Z4). It is also easyto see that each simple minimal contraction of D(Z4) is isomorphic to such a two-element digraph.
Remark 2.12.For each dihypergraph D, Ms(D) = Ms(Ds). Indeed, it is easy to see that an ordinary edge f of a dihypergraph Dsatisfies (∗) of Lemma 2.2 if and only if the edge [f ]∼ of the dihypergraph Ds satisfies the same condition. Moreover,dihypergraphs (D/f)s and (Ds/[f ]∼)s are equal. These two facts imply our equality.
Note that there are infinite dihypergraphs which do not have minimal contractions.
Example 2.13.Take an infinite simple dihypergraph D with the vertex set VD = {vij : i, j ∈ N, 0 ≤ j ≤ i}, which has the 1-edges:
〈{vij}, vi+1,j〉, 〈{vij}, vi+1,j+1〉, and 2-edges 〈{vi+1,j , vi+1,j+1}, vi,j〉, i, j ∈ N, 0 ≤ j ≤ i. Then each 2-edge of D is ordinaryand satisfies (∗) of Lemma 2.2. Next, it is not difficult to see that each contraction H of D has infinitely many ordinary
k-edges for k ≥ 2 and each of these edges satisfies (∗) (in H).
On the other hand, it is easy to see that the following fact holds.
Proposition 2.14.
Each finite dihypergraph D has a minimal contraction (simple minimal contraction).
Unfortunately, in general a finite dihypergraph may have more than one minimal contraction.
Example 2.15.Take a simple dihypergraph D with six vertices v1, v2, v3, v4, v5, v6, five 1-edges 〈{v5}, v1〉, 〈{v5}, v2〉, 〈{v5}, v3〉, 〈{v4}, v3〉,
〈{v6}, v5〉 and two 2-edges e1 = 〈{v1, v2}, v5〉, e2 = 〈{v2, v3}, v5〉. Then e1 and e2 satisfy condition (∗). The dihypergraph(D/e1)s contains five vertices v1, v2, v3, v4, v6, three ordinary 1-edges 〈{v6}, v1〉, 〈{v6}, v2〉, 〈{v4}, v3〉 and two ordinary2-edges 〈{v1, v2}, v3〉, 〈{v2, v3}, v1〉. The dihypergraph (D/e2)s contains five vertices v1, v2, v3, v4, v6, three ordinary 1-edges
〈{v6}, v2〉, 〈{v6}, v3〉, 〈{v4}, v3〉 and two ordinary 2-edges 〈{v2, v3}, v1〉, 〈{v1, v2}, v3〉. These dihypergraphs are c-minimal,so

Ms(D) = {(D/e1)s, (D/e2)s}.On the other hand, they are not even isomorphic, because v3 in (D/e2)s is the final vertex of two ordinary 1-edgeswhereas (D/e1)s has no such vertex. Note also that dihypergraphs of M(Ds) are not simple, because D/e1 and D/e2have, for example, 2-loops with initial sets {v1, v2} and {v2, v3}, respectively. Thus Ms
(
Ds
) and M

(
Ds
) are not equal(note that in this example Ds = D).

As a consequence of Propositions 2.6 and 1.10 we have
Proposition 2.16.
Let D be a finite dihypergraph. Then for each minimal contraction G ∈M(D) (simple minimal contraction G ∈Ms(D)),
the strong subdihypergraph lattice S(G) is isomorphic to S(D).
Since c-minimal dihypergraphs have no constants, we have that every minimal contraction of any dihypergraph has noconstants. Next, it is well known that each finite lattice can be represented by the subalgebra lattice of some finitealgebra. Thus by Theorem 1.6 we obtain that finite lattices can be also represented by lattices of strong subdihypergraphsof finite dihypergraphs. By these facts and Proposition 2.16 we have
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Corollary 2.17.
Each finite lattice is isomorphic to the strong subdihypergraph lattice S(D) for some finite dihypergraph D without
constants.

Now we describe finite dihypergraphs with one-element strong subdihypergraph lattices.
Proposition 2.18.
Let D be a finite dihypergraph. Then the following conditions are equivalent:(a) D = 〈∅〉D, i.e., D is generated by the set of all the constants of D.(b) D can be contracted to the empty dihypergraph.(c) The empty dihypergraph is the unique element of the family M(D).
Proof. (c)⇒ (b) is obvious. If D can be contracted to the empty dihypergraph, then by Proposition 2.6, D hasone-element strong subdihypergraph lattice. Hence we have the implication (b)⇒ (a).(a)⇒ (b): It is sufficient to use induction on the number of vertices. If D is empty, then the implication is obvious.Thus assume that D has n ≥ 1 vertices. Since D is generated by the empty set, there is at least one constant c in D.Thus we can take the contraction D/c of D, which has n − 1 vertices. We know that D/c and D have the same strongsubdihypergraph lattice, so D/c is also generated by the empty set. Hence and by the induction hypothesis we obtainthat D/c can be contracted to the empty dihypergraph.(a)⇒ (c): Take H ∈M(D). By Proposition 2.6 we know that H has also one-element strong subdihypergraph lattice.Thus by the implication (a)⇒ (b), proved above, we obtain that H can be contracted to the empty dihypergraph. But His c-minimal, so H is just the empty dihypergraph.
Lemma 2.19.
A finite dihypergraph D is c-minimal if and only if the following two conditions hold:(a) For distinct vertices v, w of D, strong subdihypergraphs 〈v〉D and 〈w〉D generated by v and w, respectively, are also

distinct.(b) For each vertex v ∈ VD, the strong subdihypergraph 〈v〉D is a join-irreducible element in the lattice S(D).
Recall (see [5, 6] or [9]) that a non-zero element i of a lattice L = 〈L,∧,∨〉 is join-irreducible if, for each j, k ∈ L, i = j∨kimplies j = i or k = i.
Proof. “⇒”: Take a c-minimal dihypergraph D.(a) Assume that there are two distinct vertices v, w of D such that 〈v〉D = 〈w〉D. Similarly as for algebras (see [12] fordetails) we have that

V 〈v〉D = ⋃
n∈N

Xn,

where X0 = {v} and Xn+1 = Xn ∪
{
ID2 (e) : ID1 (e) ⊆ Xn, e ∈ ED

} for n ∈ N. Since Xn ⊆ Xn+1 for n ∈ N, we can takethe least m ∈ N such that w ∈ Xm (note that m ≥ 1, because w 6= v). Then there is an edge f such that ID2 (f) = w and
ID1 (f) ⊆ Xm−1. But Xm−1 ⊆ V 〈v〉D = V 〈w〉D , so f satisfies (∗) of Lemma 2.2. Thus D is not c-minimal.(b) Assume that for some vertex v there are two strong subdihypergraphs G1 and G2 of D such that

〈v〉D = G1∨G2, 〈v〉D 6= G1, 〈v〉D 6= G2,
where ∨ denotes the operation of supremum in the lattice S(D). By the first condition we have that VG1 ⊆ V 〈v〉D and
VG2 ⊆ V 〈v〉D . Hence the last two conditions are equivalent to v /∈ VG1 , v /∈ VG2 . Similarly as for algebras (see [12] fordetails) we have that G1∨G2 = 〈VG1 ∪ VG2〉D. So

VG1∨G2 = ⋃
n∈N

Xn,
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where X0 = VG1 ∪ VG2 and Xn+1 = Xn ∪
{
ID2 (e) : ID1 (e) ⊆ Xn, e ∈ ED} for n ∈ N. Thus, similarly as above, we can takethe least m ∈ N such that v ∈ Xm. Since v /∈ VG1 ∪VG2 we have that m ≥ 1. So there is an edge f such that ID2 (f) = vand ID1 (f) ⊆ Xm−1. But Xm−1 ⊆ VG1∨G2 = V 〈v〉D , which implies that f satisfies (∗). Thus again, D is not c-minimal.“⇐”: Assume that D is not c-minimal. Then there is an ordinary k-edge f such that

ID1 (f) ⊆ V 〈ID2 (f)〉D .
Denote ID1 (f) = {v1, v2, . . . , vk} and ID2 (f) = w. Hence 〈w〉D = 〈v1, v2, . . . , vk〉D. Assume first that w ∈ V 〈vi〉D for some
i = 0, 1, . . . , k . Then we obtain V 〈w〉D ⊆ V 〈vi〉D ⊆ V 〈v1, v2, . . . , vk 〉D ⊆ V 〈w〉D . So 〈w〉D = 〈vi〉D, which is a contradictionwith (a), because vi and w are distinct. Thus we can assume that w /∈ V 〈vi〉D , for each i = 0, 1, . . . , k . Note that by thisassumption we obtain, in particular, that k ≥ 2. Since 〈v1〉D ∨ 〈v2, . . . , vk〉D = 〈v1, v2, . . . , vk〉D = 〈w〉D, the condition (b)and this assumption imply

〈w〉D = 〈v2, v3 . . . , vk〉D = 〈v2〉D∨〈v3, . . . , vk〉D.
In the same way we obtain 〈w〉D = 〈v3, . . . , vk〉D. And so on. Thus by k − 1 steps we will obtain that w ∈ V 〈vk 〉D , whichis impossible.
Note that by above results we obtain
Remark 2.20.Each finite dihypergraph D can be contracted to a c-minimal dihypergraph G which satisfies the following four conditions:• S(D) ' S(G),• |VG| ≤ |VD|,• 〈v〉G 6= 〈w〉G for all distinct v, w ∈ VG,• for each vertex v ∈ VG the strong subdihypergraph 〈v〉G is a join-irreducible element in S(G).
Having Lemma 2.19 we can describe finite dihypergraphs with two-element strong subdihypergraph lattices.
Proposition 2.21.
Let D be a finite dihypergraph. Then the following conditions are equivalent:(a) The lattice S(D) has exactly two elements.(b) D can be contracted to a one-vertex dihypergraph.(c) Each minimal contraction of D has exactly one vertex.(d) Each simple minimal contraction of D is a one-vertex dihypergraph without edges.

Proof. Recall that c-minimal dihypergraphs have no constants. Thus if H is a c-minimal dihypergraph with onevertex, then H may have only 1-loops. So Hs has no edges. Hence we have the implication (c)⇒ (d). The implication(b)⇒ (a) follows from Proposition 2.16, because each one-vertex dihypergraph H without constants has exactly twostrong subdihypergraphs: the empty dihypergraph and H.(a)⇒ (c): Take a minimal contraction H of D. Since H has no constants, the empty dihypergraph is its strong subdihy-pergraph. By Proposition 2.16 we have that H has exactly two strong subdihypergraphs. In particular, H is non-empty,so the empty dihypergraph and H are two distinct strong subdihypergraphs of H. Hence and by Lemma 2.19 (a) weobtain that H has exactly one vertex.Implications (d)⇒ (c) and (c)⇒ (b) are obvious.
At the end of this subsection we show that Lemma 2.19 has a simpler form for digraphs. Namely, the following fact holds(we say that a directed cycle is non-trivial if it contains at least two distinct vertices).
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Remark 2.22.A digraph D is c-minimal if and only if D has no non-trivial directed cycles. In particular, each minimal contraction ofany digraph has no non-trivial directed cycles.
Recall a simple result from [9] that for a finite unary partial algebra A, a subalgebra of A is a join-irreducible elementin the subalgebra lattice S(A) if and only if it is generated by one element. This fact easily follows from the simpleobservation that if two subsets of a unary algebra are closed under unary operations, then their union is also closed underthese unary operations. This algebraic observation takes the following digraph form. If G1,G2 are strong subdigraphsof a digraph D, then the weak subdigraph [VG1 ∪VG2 ]D is also a strong subdigraph of D. Thus G1∨G2 = [VG1 ∪VG2 ]D.Having this fact, in the same way as for algebras, it can be proved that for a finite digraph D, a strong subdigraph of Dis a join-irreducible element in the strong subdigraph lattice S(D) if and only if it is generated by one vertex. Thusdigraphs always satisfy (b) of Lemma 2.19.Next, a digraph satisfies (a) of Lemma 2.19 if and only if it has no non-trivial directed cycles. The implication “⇒” isobvious, because if v and w are distinct vertices of a directed cycle, then v ∈ V 〈w〉D and w ∈ V 〈v〉D by the definition ofstrong subdigraph. Hence 〈v〉D = 〈w〉D. To see the second implication it is sufficient to apply the following simple factgiven in [13].
Remark 2.23.For each distinct vertices v, w of D, w belongs to 〈v〉D if and only if there is a directed path going from v to w.
The implication “⇐” of this fact is an immediate consequence of the definition of strong subdigraph. The inverseimplication follows from the equation V 〈v〉D = ⋃n∈N Xn, where X0 = {v} and Xn+1 = Xn ∪

{
ID2 (e) : ID1 (e) ⊆ Xn, e ∈ ED}(see the beginning of the proof of Lemma 2.19). More precisely, for digraphs we have that each vertex u of Xn+1 is afinal vertex of some 1-edge which starts in some vertex of Xn. Hence and by induction on n, there is a directed pathgoing from v to u.

2.3.

At the end of this section we formulate some algebraic consequences of dihypergraph results proved above. But firstnote that the construction given in Definition 2.1 can be formulated directly for algebras (then a given partial algebraand its contraction would be of different types, in general). However, in this way we would obtain a very complicatedconstruction and therefore hypergraph language would be useful.For each dihypergraph D there is a partial algebra A such that D(A) ' D (see [12]). In particular, S(A) ' S(D) byTheorem 1.6. In general there are many such partial algebras of different types for a given dihypergraph. For example,let 〈K, κ〉 be a type such that K = ED and κ(k) = ∣∣ID1 (k)∣∣. Note that if D has no constants, then this type has noconstant symbols. Take an arbitrary total order ≤ on VD. Define a partial algebra A = 〈A, (kA)k∈K〉 of the type 〈K, κ〉with the carrier VD (i.e., A = VD) in the following way: for each k ∈ K and any sequence (v1, . . . , vκ(k)) ∈ Aκ(k), theoperation kA is defined on (v1, . . . , vκ(k)) if and only if v1 � v2 � . . . � vκ(k) and {v1, . . . , vk} = ID1 (k); and then we set
kA(v1, . . . , vk ) = ID2 (k).Observe also that A can be completed to a total algebra A of the same type which has the same subalgebras as A(precisely, the same subsets closed under operations). In particular, S(A) ' S(A). It is sufficient to set kA

(
a1, . . . , aκ(k)) =

a1 if kA is not defined on (a1, . . . , aκ(k)) for each k ∈ K and (a1, . . . , aκ(k)) ∈ Aκ(k). By the construction of A, eachconstant of A is defined. So A is correctly defined.By these facts and Corollary 2.17 we obtain that each finite lattice is isomorphic to the subalgebra lattice of some finitealgebra without constants.
Proposition 2.24.
For each finite partial algebra A = 〈A, (kA)k∈K〉 of type 〈K, κ〉 there is a finite (total) algebra B = 〈B, (fB)f∈F〉 of type
〈F, η〉, where 〈F, η〉 has no constant symbols, such that
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(a) S(B) ' S(A),(b) |B| ≤ |A|,(c) for distinct elements b1, b2 of B, subalgebras 〈b1〉B and 〈b2〉B are distinct,(d) for each element b ∈ B, the subalgebra 〈b〉B is a join-irreducible element of the lattice S(B).
Proof. Take the dihypergraph D(A) and its arbitrary minimal contraction D. We know that D satisfies (a)–(d) for
D(A), thus also for A. Next, take a partial algebra B of type 〈F, η〉 such that D(B) ' D. Then B satisfies (a) and (b)(see Theorem 1.6). Moreover, D has no 0-edges, so 〈F, η〉 does not contain constant symbols.Recall (see [12]) that the function C 7→ D(C), for each subalgebra C of B, is a lattice isomorphism of S(B) onto S(D(B)).This fact and Proposition 1.7 easily imply that B satisfies (c) and (d). Finally, it is sufficient to complete B to a totalalgebra B which has the same subalgebras as B.
Example 2.25.Take the four-element cyclic group Z4. By Example 2.7 and Proposition 2.24 we have that there is a two-elementalgebra which satisfies conditions (a)–(d) and has no constants. Moreover, by Example 2.7 we know that the strongsubdihypergraph lattice of D(Z4) is a three-element chain. Hence and by Theorem 1.6 we obtain the well-known factthat the subgroup lattice of the group Z4 is a three-element chain.
By Propositions 2.18 and 2.21 we have the following two facts.
Proposition 2.26.
For a finite partial algebra A the following conditions are equivalent:

• A = 〈∅〉A , i.e., A is generated by the set of all its constants.

• D(A) can be contracted to the empty dihypergraph.

• The empty dihypergraph is the unique minimal contraction of D(A).
Proposition 2.27.
Let A be a finite partial algebra. Then the following conditions are equivalent:

• The lattice S(A) has exactly two elements.

• D(A) can be contracted to a one-vertex dihypergraph.

• Each minimal contraction of D(A) has exactly one vertex.

• Each simple minimal contraction of D(A) is a one-vertex dihypergraph with loops.

3. Unary reductions

At the beginning we describe finite dihypergraphs which have distributive strong subdihypergraph lattices. Hence weobtain also a characterization of finite algebras whose subalgebra lattices are distributive. More precisely, we show(Theorem 3.6) that a finite dihypergraph D has a distributive strong subdihypergraph lattice if and only if D can becontracted to a quasidigraph; and even more, each element of M(D) is a quasidigraph (Definition 3.1).In the second part of this section we describe a simple algorithm (called unary reduction or, in short, u-reduction) whichpreserves strong subdihypergraph lattices and reduces quasidigraphs to digraphs (Definition 3.17). A dihypergraph isu-minimal if it cannot be u-reduced. A u-reduction of a dihypergraph is called its minimal u-reduction if it is u-minimal.Each finite dihypergraph has at least one minimal u-reduction, but generally more than one. On the other hand, inthe last part of this section it is shown that for each simple finite c-minimal dihypergraph D all minimal u-reductionsof D have a common weak subdihypergraph which has the same strong subdihypergraph lattice as D (Theorem 3.47 andCorollary 3.48).
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In the third part it is proved that a finite dihypergraph D has a distributive strong subdihypergraph lattice if and only ifsome minimal u-reduction of some minimal contraction of D is a digraph; and it is equivalent to the condition that eachminimal u-reduction of each minimal contraction of D is a digraph (Theorem 3.36 and Corollary 3.37).
3.1.

We start with the following definition, which simplifies formulation of next results.
Definition 3.1.We say that a dihypergraph D is a quasidigraph (with respect to strong subdihypergraphs) if, for each edge e ∈ ED,there is a vertex v ∈ ID1 (e) such that ID2 (e) ∈ V 〈v〉D .
It is sufficient to verify the condition of this definition for k-edges such that k ≥ 2, because every 1-edge satisfies thiscondition. Next, this condition is satisfied for each loop and is not satisfied for all constants. Thus we have
Remark 3.2.Let D be a dihypergraph.• If D is a quasidigraph, then D does not contain constants.• D is a quasidigraph if and only if Ds is a quasidigraph.
Each digraph is, in particular, quasidigraph. But there are many quasidigraphs which are not digraphs.
Example 3.3.Take a simple dihypergraph D with three vertices v1, v2, v3, one 1-edge 〈{v1}, v2〉 and one 2-edge 〈{v1, v2}, v3〉. Then Dis a quasidigraph, but not a digraph. Note also that this quasidigraph is also c-minimal.
This hypergraph concept has a simple algebraic interpretation.
Remark 3.4.Let A = 〈A, (kA)k∈K〉 be a finite partial algebra of type 〈K, κ〉. Then its dihypergraph D(A) is a quasidigraph if and onlyif A satisfies the following condition: for each operation symbol k ∈ K and a sequence (a1, a2, . . . , aκ(k)) ∈ Aκ(k) if theoperation kA is defined on (a1, a2, . . . , aκ(k)), then there is a ∈ {a1, a2, . . . , aκ(k)} such that kA

(
a1, a2, . . . , aκ(k)) ∈ 〈a〉A .Similarly as for dihypergraphs, this condition implies that there is no constant defined in A, i.e., the type 〈K, κ〉 has noconstant symbols or if c ∈ K is a constant symbol, then cA is not defined in A. Next, it is sufficient to verify this conditionfor operation symbols k ∈ K and sequences (a1, a2, . . . , aκ(k)) ∈ Aκ(k) such that κ(k) ≥ 2 and ∣∣{a1, a2, . . . , aκ(k)}∣∣ ≥ 2.

It is the well-known result that unary algebras have distributive subalgebra lattices (see [8, 9]). Hence it is easy toobtain (see [13] for details) that digraphs have distributive strong subdigraph lattices, too. Now we have the followingslightly more general fact.
Proposition 3.5.
Each quasidigraph D has a distributive strong subdihypergraph lattice.

Proof. Take strong subdihypergraphs G,H of D and let K = [VG ∪ VH]D. It is easy to see that K is also a strongsubdihypergraph of D. More precisely, take an edge e of D such that ID1 (e) ⊆ VG∪VH. Since D is a quasidigraph, thereis a vertex v ∈ ID1 (e) such that ID2 (e) ∈ V 〈v〉D . Then v ∈ VG or v ∈ VH, which implies that the strong subdihypergraph
〈v〉D generated by v is contained in G or H, respectively. Hence, ID2 (e) ∈ VG ∪ VH and consequently, e belongs to K.
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Thus G∨H = K, where ∨ denotes the operation of supremum in the lattice S(D). Recall also (see [12]) that the infimum
G ∧H of G and H in S(D) is the strong subdihypergraph of D such that VG∧H = VG ∩ VH and EG∧H = EG ∩ EH.These two facts imply that for each strong subdihypergraphs G1,G2,G3 of D, strong subdihypergraphs G1 ∧ (G2∨G3)and (G1∧G2) ∨ (G1∧G3) have the same vertex sets. So G1 ∧ (G2∨G3) = (G1∧G2) ∨ (G1∧G3) by Lemma 1.5.
Theorem 3.6.
Let D be a finite dihypergraph. Then the following conditions are equivalent:(a) The strong subdihypergraph lattice S(D) is distributive.(b) D can be contracted to a quasidigraph.(c) There is a minimal contraction of D which is a quasidigraph.(d) Each element of M(D) is a quasidigraph.

Proof. Implications (d)⇒ (c) and (c)⇒ (b) are obvious. The implication (b)⇒ (a) easily follows from Proposition 3.5,because each contraction of D has the same strong subdihypergraph lattice as D.(a)⇒ (d): Assume that S(D) is distributive and (d) does not hold. Then there is G ∈M(D) which is not a quasidigraph,but its strong subdihypergraph lattice S(G) is distributive by Proposition 2.16.
Claim 1. Let F be the set of all edges f of G such that IG2 (f) /∈ V 〈u〉G for each u ∈ IG1 (f). Then:(i) F 6= ∅.(ii) For each edge e ∈ F , e is an ordinary k-edge for some k ≥ 2.
Proof. The property (i) holds, because G is not a quasidigraph. By the definition of F we have that each edge of F isordinary. Next, F does not contain constants, because G, being c-minimal, does not have constants. These two factsimply (ii). �

Claim 2. Let A be a family of all finite subsets A ⊆ VG such that:(i) |A| ≥ 2.(ii) For distinct elements a, b ∈ A, 〈a〉G and 〈b〉G are not comparable elements of S(G).(iii) There is f ∈ F with ⋃
u∈IG1 (f)V

〈u〉G = ⋃
a∈A

V 〈a〉G .

Then A is non-empty and finite.Before the proof observe that A ⊆ IG1 (f). More precisely, for each a ∈ A, a ∈ V 〈u〉G for some u ∈ IG1 (f). Next, u ∈ V 〈b〉Gfor some b ∈ A. Hence, 〈a〉G ≤S(G) 〈u〉G ≤S(G) 〈b〉G. Thus a = b by (ii). Consequently, 〈a〉G = 〈u〉G, which implies
a = u by Lemma 2.19, because G is c-minimal.
Proof. Take some f ∈ F and choose all the maximal (up to inclusion) elements M1, . . . ,Mk of the family {〈u〉G : u ∈
IG1 (f)} (this family is non-empty by Claim 1 (ii)). Let a1, . . . , ak ∈ IG1 (f) generate M1, . . . ,Mk , respectively. Next, let
A = {a1, . . . , ak}. Then A satisfies (ii). Moreover, A and f satisfy the equality of (iii). Assume that |A| = 1. Then

IG1 (f) ⊆ ⋃
u∈IG1 (f)V

〈u〉G = ⋃
a∈A

V 〈a〉G = V 〈a1〉G ,

so IG2 (f) ∈ V 〈a1〉G , which is a contradiction with the choice of f . Thus |A| ≥ 2 and consequently, A ∈ A. The family A isalso finite, because G is a finite dihypergraph. �

Claim 3. Let 4 be a relation on A such that for all A,B ∈ A,
A 4 B ⇐⇒

⋃
a∈A

V 〈a〉G ⊆
⋃
b∈B

V 〈b〉G .
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Then 4 is a partial order on A.Before the proof note that the definition of 4 is equivalent to the following condition: For each a ∈ A, there is b ∈ Bsuch that a ∈ V 〈b〉G . Because if a ∈ V 〈b〉G , then 〈a〉G is contained in 〈b〉G.
Proof. Reflexivity and transitivity of 4 are easy to see. Assume that A 4 B and B 4 A and take an element a ∈ A.Then there is b ∈ B such that a ∈ V 〈b〉G . Similarly, b ∈ V 〈a〉G for some a ∈ A. Thus

〈a〉G ≤S(G) 〈b〉G ≤S(G) 〈a〉G.
Hence and by (ii) of Claim 2 we obtain that a = a, so 〈a〉G = 〈b〉G, which implies a = b by Lemma 2.19. Since a wasarbitrarily chosen, we have obtained that A ⊆ B. The proof of the inverse inclusion is analogous. Summarizing, A ispartially ordered by 4. �Since 〈A,4〉 is a non-empty finite partially ordered set, we obtain the following fact.
Claim 4. There is a minimal element {a1, . . . , an} in 〈A,4〉. Let f ∈ F be an edge from (iii) of Claim 2 correspondingto {a1, . . . , an}. Denote also {u1, . . . , uk} = IG1 (f) and u = IG2 (f).Now we show
Claim 5. There is 1 ≤ i0 ≤ n such that 〈u〉G∧〈ai0〉G � 〈ai0〉G.
Proof. Assume that 〈ai〉G = 〈u〉G∧〈ai〉G for each i = 1, . . . , n. Then V 〈ai〉G ⊆ V 〈u〉G for each i = 1, . . . , n, which impliesthat u1, . . . , uk ∈ V 〈u〉G , because for each 1 ≤ i ≤ k , ui ∈ V 〈aji 〉G for some 1 ≤ ji ≤ n. But it is impossible, because G isc-minimal and f is an ordinary edge. �

Claim 6. The vertex u satisfies the following two conditions:
(a) 〈u〉G = (〈u〉G∧〈a1〉G) ∨ · · · ∨ (〈u〉G∧〈an〉G) = 〈 n⋃

i=1V
〈u〉G∧〈ai〉G

〉
G

.
(b) u /∈

n⋃
i=1V

〈u〉G∧〈ai〉G .
Proof. (a): Since S(G) is distributive, we have by (iii) of Claim 2 the following equalities:

〈u〉G = 〈u〉G ∧ 〈u1, . . . , uk〉G = 〈u〉G ∧ k∨
i=1〈ui〉G = 〈u〉G ∧〈 k⋃

i=1V
〈ui〉G

〉
G

= 〈u〉G ∧〈 n⋃
i=1V

〈ai〉G

〉
G

= 〈u〉G ∧ n∨
i=1〈ai〉G = (〈u〉G∧〈a1〉G) ∨ · · · ∨ (〈u〉G∧〈an〉G).

(b): Assume that u belongs to 〈u〉G∧〈ai〉G for some 1 ≤ i ≤ n. Then there is 1 ≤ j ≤ k such that ai ∈ V 〈uj 〉G . Hence
u ∈ V 〈ai〉G ⊆ V 〈uj 〉G , which implies that f /∈ F , a contradiction. Thus u /∈ V 〈u〉G∧〈ai〉G for each 1 ≤ i ≤ n. �

Claim 7. There is an edge e of G such that:
(a) {w1, . . . , wl} ⊆

n⋃
i=1V

〈u〉G∧〈ai〉G ,
(b) w /∈

n⋃
i=1V

〈u〉G∧〈ai〉G ,
(c) l⋃

i=1V
〈wi〉G ⊆

n⋃
i=1V

〈u〉G∧〈ai〉G ,
(d) w /∈

l⋃
i=1V

〈wi〉G ,
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(e) e ∈ F ,
where IG1 (e) = {w1, . . . , wl} and IG2 (e) = w.
Proof. (a) and (b): Assume that if an edge starts in ⋃n

i=1 V 〈u〉G∧〈ai〉G , then it ends in this set. Then the vertex set ofthe dihypergraph 〈⋃n
i=1 V 〈u〉G∧〈ai〉G〉G equals ⋃n

i=1 V 〈u〉G∧〈ai〉G . Consequently, u does not belong to this dihypergraph byClaim 6 (b). But this is a contradiction with Claim 6 (a). Thus there is an edge which satisfies (a) and (b).(c): By (a) we have that for each 1 ≤ i ≤ l there is 1 ≤ j ≤ n such that wi ∈ V 〈u〉G∧〈aj 〉G , so V 〈wi〉G ⊆ V 〈u〉G∧〈aj 〉G . Hencewe obtain (c).The property (d) is implied by (b) and (c). The last property (e) follows from (d). �

Claim 8. Let 〈wi1〉G, . . . , 〈wij 〉G be all the maximal (up to inclusion) elements of the non-empty family {〈wi〉G : i =1, . . . , l}. Then {wi1 , . . . , wij } ∈ A.
Proof. Assume that |{wi1 , . . . , wij }| = 1. Then w1, . . . , wl ∈ V 〈wi1 〉G and consequently,

w ∈ V 〈wi1 〉G ⊆
l⋃
i=1V

〈wi〉G ,

which is a contradiction with Claim 7 (d). Thus |{wi1 , . . . , wij }| = j ≥ 2, i.e., (i) of Claim 2 holds. The other two conditions(ii) and (iii) of Claim 2 are obviously satisfied. �Now we apply the above claims to prove our implication (a)⇒ (d). Since by Claim 7 (c) we have
j⋃

m=1V
〈wim 〉G ⊆

l⋃
i=1V

〈wi〉G ⊆
n⋃
i=1V

〈u〉G∧〈ai〉G ⊆
n⋃
i=1V

〈ai〉G ,

Claim 8 implies {wi1 , . . . , wij } 4 {a1, . . . , an}. Hence {wi1 , . . . , wij } = {a1, . . . , an}, by the minimality of {a1, . . . , an}.On the other hand, ai0 /∈ V 〈u〉G∧〈ai0 〉G by Claim 5. By (ii) of Claim 2 we have also that ai0 /∈ V 〈ai〉G for i 6= i0. Hence
ai0 /∈ V 〈u〉G ∩ V 〈ai〉G = V 〈u〉G∧〈ai〉G for each 1 ≤ i ≤ n.

In particular, by Claim 7 (c),
ai0 /∈

j⋃
m=1V

〈wim 〉G .

Thus ai0 /∈ {wi1 , . . . , wij }. This contradiction completes the proof of (a)⇒ (d).
Example 3.7.Take the direct product Z2×Z2 of the two-element cyclic group Z2 = 〈{0, 1}, 0,+〉 (considered as a semigroup withzero). Let D be a simple dihypergraph obtained from the dihypergraph D(Z2×Z2), i.e., D = D(Z2×Z2)s.The dihypergraph D has four vertices v0 = (0, 0), v1 = (1, 0), v2 = (0, 1), v3 = (1, 1), one 0-edge 〈∅, v0〉, three 1-edges
〈{vi}, v0〉 for i = 1, 2, 3 (which correspond to equalities vi + vi = v0 for i = 1, 2, 3) and three 2-edges 〈{v1, v2}, v3〉,
〈{v2, v3}, v1〉, 〈{v1, v3}, v2〉 (which correspond to equalities v1 + v2 = v3, v2 + v3 = v1, v1 + v3 = v2).Then H = D/〈∅, v0〉 contains three vertices v1 = (1, 0), v2 = (0, 1), v3 = (1, 1) and three 2-edges 〈{v1, v2}, v3〉, 〈{v2, v3}, v1〉,
〈{v1, v3}, v2〉. Thus H is not a quasidigraph. Since H is c-minimal, H belongs to M(D). Hence the strong subdihypergraphlattice of D is not distributive. Consequently, we obtain the well-known fact that Z2×Z2 has no distributive subgrouplattice. Finally, note that M(D) = {H}, so Ms(D) = {H}, because H is simple.
Example 3.8.By Example 2.7 we obtain that the dihypergraph D(Z4)s can be contracted to a quasidigraph (and even to a digraph).Hence we obtain another proof of the well-known fact that the four-element cyclic group Z4 has a distributive subgrouplattice.
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3.2.

Now we define a simple algorithm which preserves strong subdihypergraph lattices and reduces quasidigraphs to di-graphs. To this purpose we first introduce the following notation.
Definition 3.9.Let D be a finite dihypergraph and F ⊆ ED be an arbitrary set of edges. Then DF is the dihypergraph obtained from Dby removing all edges of F . Equivalently, DF is the weak subdihypergraph of D such that VDF = VD and EDF = ED \F .To simplify notation we will write Df instead of D{f}. Next, for every weak subdihypergraph G of D, the dihyper-graph GF∩EG , which is a weak subdihypergraph of DF , will be denoted by GF .
The following simple fact will be often used (its simple proof is omitted).
Remark 3.10.Let G be a strong subdihypergraph of a dihypergraph D and F ⊆ ED. Then GF is a strong subdihypergraph of DF . Inparticular, GF = [VG]DF .
Definition 3.11.Let D be a finite dihypergraph, f ∈ ED and u ∈ VD. Then D(f,u) denotes the dihypergraph obtained from D by replacing
f by a new 1-edge f which starts in u and ends in ID2 (f), i.e., ID(f,u)1 (f) = {u} and ID(f,u)2 (f) = ID2 (f).
The dihypergraphs Df and D(f,u) behave quite differently from D, in general. But the following simple result holds.
Lemma 3.12.
Let D be a dihypergraph and f be an edge of D.(a) If ID2 (f) belongs to

〈
ID1 (f)〉Df , then strong subdihypergraph lattices S(D) and S(Df ) are isomorphic. Moreover, this

isomorphism is given by the mapping φ such that φ(H) = Hf = [VH]Df for each strong subdihypergraph H of D.(b) If there is a vertex u ∈ ID1 (f) such that ID1 (f) is contained in 〈u〉D, then strong subdihypergraph lattices S(D) and
S(D(f, u)) are isomorphic. Moreover, this isomorphism is given by the mapping ψ such that ψ(H) = [VH]D(f,u) for each
strong subdihypergraph H of D.(c) If there is a vertex u ∈ ID1 (f) such that ID1 (f) is contained in 〈u〉Df , then strong subdihypergraph lattices S(D) and
S(D(f, u)) are isomorphic. Moreover, this isomorphism is given by the mapping ψ from (b).

Proof. (a): We know that φ is a well-defined function from S(D) to S(Df ) (see Remark 3.10). Moreover, φ is injectiveby Lemma 1.5 (b). If f starts in a strong subdihypergraph K of Df , then ID2 (f) ∈ V 〈ID1 (f)〉Df ⊆ VK , so we can add f to Kto obtain a strong subdihypergraph H of D such that Hf = K. Next, if f does not start in a strong subdihypergraph Kof Df , then K is also a strong subdihypergraph of D, which does not contain f . These two facts imply that φ is surjective.Thus φ is a lattice isomorphism, because Lemma 1.5 (a) implies that φ and its inverse φ−1 preserve lattice orders. Notethat φ−1(K) = [VK ]D for each strong subdihypergraph K of S(Df ).(b): Let D be a dihypergraph obtained from D by adding a new 1-edge f which starts in u and ends in ID2 (f). Then
Df = D(f, u). Next, ID2 (f) = ID2 (f) ∈ V 〈u〉Df ⊆ V 〈I

D1 (f)〉
Df . Hence and by (a) we have the lattice isomorphism φ1 : S(D) →

S(D(f, u)), where φ1(H) = [VH]Df = [VH]D(f,u) for each strong subdihypergraph H of D. On the other hand, we have
D f = D. Moreover, ID2 (f) ∈ V 〈u〉D , because ID1 (f) ⊆ V 〈u〉D by the assumption. Thus, again by (a), we have the latticeisomorphism φ2 : S(D)→ S(D), where φ2(H) = [VH]

D f = [VH]D for each strong subdihypergraph H of D.
Then φ1 ◦φ−12 : S(D) → S(D(f, u)) is a lattice isomorphism such that φ1 ◦φ−12 (H) = φ1([VH]D) = [

V [VH ]D]D(f,u) = [VH]D(f,u)for each strong subdihypergraph H of D. In particular, ψ = φ1 ◦φ−12 .(c): Note that V 〈u〉Df ⊆ V 〈u〉D , because Df is a weak subdihypergraph of D. Thus (c) follows directly from (b).
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The following example shows that it is not sufficient to assume in the point (b) of Lemma 3.12 that ID1 (f) is containedin 〈u〉D(f,u) .
Example 3.13.Take a dihypergraph D with three vertices v1, v2, v3, one 1-edge from v2 to v3 and one 2-edge f from {v1, v3} to v2.Observe that D is c-minimal and is not a quasidigraph. Hence its strong subdihypergraph lattice is not distributive, byTheorem 3.6. On the other hand, the dihypergraph D(f, v1) consists of three vertices v1, v2, v3 and two 1-edges 〈{v1}, v2〉and 〈{v2}, v3〉. Hence D(f, v1) has a distributive strong subdihypergraph lattice.Summarizing, strong subdihypergraph lattices of D and D(f, v1) are not isomorphic, although {v1, v3} is containedin 〈v1〉D(f,v1) .
In the rest of this section we will use directed paths and cycles defined analogously as for digraphs (see [2]). Formally,we will use the following definition.
Definition 3.14.Let D be a dihypergraph and let e1, e2, . . . , en be 1-edges of D. Then(a) (e1, e2, . . . , en) is a directed path (or more formally, a directed 1-path) in D if the final vertex of one 1-edge is theinitial set of the next, i.e., {ID2 (ei)} = ID1 (ei+1) for i = 1, 2, . . . , n− 1.(b) We say that a directed path (e1, e2, . . . , en) of D starts in a set of vertices W ⊆ VD if ID1 (e1) ⊆ W . Similarly, itends in W if ID2 (e1) ∈ W . If W = {w}, then we sometimes say that a directed path starts in w (ends in w) insteadof {w}. A directed path goes from a set W to a set U if it starts in W and ends in U .(c) A directed path (e1, e2, . . . , en) of D is called a directed cycle (or more formally, a directed 1-cycle) if its initial setequals its finial vertex, i.e., ID1 (e1) = {ID2 (en)}.(d) We say that a directed cycle is non-trivial if it contains at least one ordinary edge. For example, a 1-loop forms adirected cycle, which is trivial.
Note that by the definition of strong subdihypergraphs we obtain the following simple fact, which will be often used inthis section.
Remark 3.15.If a directed path p starts in a set of vertices W , then p belongs to the least strong subdihypergraph generated by W .In particular, p belongs to the least strong subdihypergraph generated by its initial set.
Hence and by Lemma 3.12 we obtain the following fact.
Corollary 3.16.
Let D be a dihypergraph.(a) If f is a loop of D, then Df has the same strong subdihypergraph lattice as D.(b) Let f be an ordinary k-edge of D such that k ≥ 2 and there is a directed path going from ID1 (f) to ID2 (f). Then Df

has the same strong subdihypergraph lattice as D.(c) Let an ordinary k-edge f of D, k ≥ 2, and a vertex u ∈ ID1 (f) be such that there is a directed path pv going from u
to v for each v ∈ ID1 (f)\{u}. Then D(f,u) has the same strong subdihypergraph lattice as D.

Therefore we can introduce the following definition.
Definition 3.17.Let D be a finite dihypergraph. We say that a dihypergraph G is a u-reduction (or more formally, a unary reduction)of D if there is a sequence of dihypergraphs D0,D1, . . . ,Dn such that D0 = D, Dn = G and for each i = 0, 1, . . . , n− 1one of the following three conditions holds:
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(a) Di+1 = Dfi
i for some loop fi ∈ EDi .(b) Di+1 = Dfi
i for some edge fi ∈ EDi which satisfies the following condition:(ur1) fi is an ordinary k-edge of Di such that k ≥ 2 and there is a directed path in Di going from IDi1 (fi) to IDi2 (fi).

(c) Di+1 = D(fi,ui)
i for some fi ∈ EDi and ui ∈ VDi such that fi does not satisfy (ur1) (i.e., there is no directed path goingfrom IDi1 (fi) to IDi2 (fi)) and the pair (fi, ui) satisfies the following condition:(ur2) fi is an ordinary k-edge of Di, k ≥ 2, and ui ∈ IDi1 (fi) and there is a directed path in Di going from ui to v foreach v ∈ IDi1 (fi)\{ui}.

The operation (a) commutes with the other two operations and with itself. It is also easy to see that (b) commutes withitself. On the other hand, (c) is not commutative with itself or with (b).
Example 3.18.Take a dihypergraph D with four vertices v1, v2, v3, v4, one 1-edges 〈{v1}, v2〉 and two 2-edges e = 〈{v1, v2}, v3〉, f =
〈{v1, v3}, v4〉.Then the pair (e, v1) satisfies (ur2) in D and e does not satisfy (ur1) in D. Thus we can take D1 = D(e,v1) (i.e., we omit
e and add 〈{v1}, v3〉). Then the pair (f, v1) satisfies (ur2) in D1 and f does not satisfy (ur1) in D1. So we can take
D2 = D(f,v1)1 , which consists of four vertices and of three edges 〈{v1}, v2〉, 〈{v1}, v3〉, 〈{v1}, v4〉. Note that these two stepscannot be done in the inverse way.
Example 3.19.Take a dihypergraph D with five vertices v1, v2, v3, v4, v5, two ordinary 1-edges 〈{v1}, v2〉, 〈{v4}, v5〉 and two ordinary2-edges e = 〈{v1, v2}, v4〉, f = 〈{v1, v3}, v5〉. Then the pair (e, v1) satisfies (ur2) in D and e does not satisfy (ur1) in D.Thus we can take D1 = D(e,v1). Then the edge f satisfies (ur1) in D1, so we can take D2 = Df1, which consists of fivevertices and of three edges 〈{v1}, v2〉, 〈{v4}, v5〉 and 〈{v1}, v4〉. Again these two steps cannot be done in the inverse way.
In the next example we show that the simple dihypergraph representing the group Z4 can be u-reduced to a digraphwith one constant.
Example 3.20.Let D = (D(Z4))s be a simple dihypergraph obtained from the dihypergraph representing Z4 (see Example 2.7). Recallthat D has four vertices 0, 1, 2, 3, one 0-edge 〈∅, 0〉, three 1-edges 〈{1}, 2〉, 〈{2}, 0〉, 〈{3}, 2〉 and three 2-edges e1 =
〈{1, 2}, 3〉, e2 = 〈{1, 3}, 0〉, e3 = 〈{2, 3}, 1〉. Pairs (e1, 1) and (e3, 3) satisfy (ur2) and 2-edges e1, e3 do not satisfy (ur1).Thus we can take D1 = (D(e1,1))(e3,3). Then e2 satisfies (ur1) in D1. So we can take D2 = De21 . The dihypergraph D2 hasfour vertices 0, 1, 2, 3, one 0-edge 〈∅, 0〉 and five 1-edges 〈{1}, 2〉, 〈{2}, 0〉, 〈{3}, 2〉, 〈{3}, 1〉, 〈{1}, 3〉. Observe that D2cannot be u-reduced.
It is easy to see that if G is a simple dihypergraph, then the dihypergraphs Gf and G(f,u) are also simple, where fand (f, u) are as in Definition 3.17 for G. Note only that the second case follows from the assumption that f does notsatisfy (ur1). Thus we obtain
Remark 3.21.Each u-reduction of a simple dihypergraph is also simple.
Definition 3.22.Let D be a finite dihypergraph.(a) D is called u-minimal (or more formally, unary minimal) if each of its u-reductions equals D.(b) A u-reduction G of D is called a minimal u-reduction of D if G is u-minimal.(c) U(D) denotes the family of all the minimal u-reductions of D.
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(d) Let Us(D) = {
Gs : D ∈ U(D)} be the family of all the simple dihypergraphs obtained from minimal u-reductionsof D. Each element of this family will be called a simple minimal u-reduction of D.(e) For each family of finite dihypergraphs H let

U(H) =⋃{U(D) : D ∈ H}, Us(H) =⋃{Us(D) : D ∈ H}.

Naturally, we can compose operators U and M to obtain new operators UM and MU.
Example 3.23.Consider the three-element cyclic group Z3 = 〈{0, 1, 2},+〉 as a groupoid with one operation +. The dihypergraph
D = D(Z3)s has three vertices 0, 1, 2, two 1-edges 〈{1}, 2〉, 〈{2}, 1〉 and one 2-edge 〈{1, 2}, 0〉. Then U(D) = {D1,D2},where D1,D2 are digraphs with three vertices 0, 1, 2 and three 1-edges. Edges 〈{1}, 2〉 and 〈{2}, 1〉 belong to the both.Next, one of them contains 〈{1}, 0〉 and the other contains 〈{2}, 0〉.
Example 3.24.By Example 3.20 we have that D2 ∈ U(D(Z4)s), where D2 is the dihypergraph from Example 3.20. Moreover, it is easyto see that D2 is the unique minimal u-reduction of D(Z4)s, i.e., U(D(Z4)s) = {D2}.
Example 3.25.By Example 2.11 (see also Remark 2.9) we have that the two-element simple digraph with one ordinary edge belongsto UMs(D(Z4)).
Note the following simple characterization of u-minimal dihypergraphs.
Lemma 3.26.
A dihypergraph D is u-minimal if and only if the following three conditions hold:(a) there is no loop in D,(b) there is no edge which satisfies (ur1) of Definition 3.17 for D,(c) there is no pair (f, u) which satisfies (ur2) of Definition 3.17 for D.

Note also the following simple fact.
Proposition 3.27.
Each finite dihypergraph has a minimal u-reduction (simple minimal u-reduction).
In other words, for a finite dihypergraph D, the family U(D) is non-empty. But it follows from Example 3.23 (see alsotwo examples below) that a finite dihypergraph may have more than one minimal u-reduction.
Example 3.28.Let D have four vertices v1, v2, v3, v4 and five edges e1 = 〈{v1, v2}, v3〉, e2 = 〈{v1}, v2〉, e3 = 〈{v2}, v4〉, e4 = 〈{v4}, v1〉,
e5 = 〈{v1}, v4〉. Then there are two minimal u-reductions of D. The first is obtained by removing e1 and adding theedge 〈{v1}, v3〉 and the other by removing e1 and adding 〈{v2}, v3〉. These two dihypergraphs are not even isomorphic.On the other hand, note that D is not c-minimal.
Example 3.29.Take a dihypergraph D with four vertices v1, v2, v3, v4, two 1-edges 〈{v1}, v2〉, 〈{v3}, v4〉 and two 2-edges e1 = 〈{v1, v2}, v3〉,
e2 = 〈{v1, v2}, v4〉. Then pairs (e1, v1), (e2, v1) satisfy (ur2) and edges e1, e2 do not satisfy (ur1). Thus we can take D(e1,v1)and D(e2,v1). Then e2 satisfies (ur1) in the first dihypergraph and e1 does not satisfy (ur1) in the second. Hence (D(e1,v1))e2and (D(e2,v1))(e1,v1) are two minimal u-reduction of D. They are not isomorphic, but the first is a weak subdihypergraphof the second. Note that in this example D is c-minimal.
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Remark 3.30.For each finite dihypergraph D, Us(D) = Us(Ds) = U(Ds).
Proof. By Remark 3.21 we have Us(Ds) = U(Ds). Next, observe that an edge f (respectively, a pair (f, u)) of Dsatisfies the condition (ur1) (respectively, the condition (ur2)) of Definition 3.17 if and only if the edge [f ]∼ (respectively,the pair ([f ]∼, u)) satisfies (ur1) (respectively, (ur2)) for Ds.Dihypergraphs (Df )s and (Ds)[f ]∼ need not be equal. But it is easy to see that

(Ds)[f ]∼ = (((. . . (Df )e1 )e2 . . .)ek )s,
where e1, e2, . . . , ek are all edges of D such that ID(ei) = ID(f) and ei 6= f for i = 1, 2, . . . , k . Similarly, dihypergraphs(
D(f,u))s and (Ds)([f ]∼ ,u) may not be equal, too. But again it is not difficult to see that

(Ds)([f ]∼,u) = (((. . . (D(f,u))e1)e2 . . .)ek )s,
where e1, e2, . . . , ek are all edges of D such that ID(ei) = ID(f) and ei 6= f for i = 1, 2, . . . , k . We have also that(De)s = Ds for each loop e. These facts imply the equality U(Ds) = Us(D) (details of the proof are omitted).
3.3.

Now we show that u-reductions preserve strong subdihypergraph lattices.
Lemma 3.31.
Let D be a finite dihypergraph, W ⊆ VD be a set of vertices and let G be an arbitrary u-reduction of D. Next, let φ and
ψ be mappings such that φ(H) = [VH]G and ψ(K) = [VK ]D for each strong subdihypergraphs H and K of dihypergraphs
D and G, respectively. Then:(a) φ is a lattice isomorphism from S(D) to S(G) and ψ = φ−1.(b) S(G) ' S(D).(c) V 〈W 〉G = V 〈W 〉D .

Proof. Note first that (b) follows from (a).(a): Applying Lemma 3.12 (see also Corollary 3.16) and simple induction it is easy to see that φ is a lattice isomorphism.This fact and definitions of φ and ψ imply that ψ is the inverse function of φ.(c): By (a) we have that [V 〈W 〉G]D is a strong subdihypergraph of D which contains W . Thus 〈W 〉D is a strongsubdihypergraph of [V 〈W 〉G]D, because 〈W 〉D is the least strong subdihypergraph of D which contains W . Hence
V 〈W 〉D ⊆ V 〈W 〉G . The proof of the inverse inclusion is similar.
From Proposition 1.10 and Lemma 3.31 we have
Proposition 3.32.
Let D be a finite dihypergraph. Then:(a) For each G ∈ U(D), S(G) ' S(D).(b) For each G ∈ Us(D), S(G) ' S(D).
Proposition 3.33.
Let D be a finite dihypergraph and G ∈ UM(D). Then S(G) ' S(D).

1075



The subalgebra lattice of a finite algebra

Indeed, take D ∈M(D) such that G ∈ U(D). Then S(G) ' S(D) ' S(D), by Propositions 2.16 and 3.32.
Proposition 3.34.
For each finite dihypergraph D the following three conditions are equivalent:(a) D is a quasidigraph.(b) There is a u-reduction of D, which is a quasidigraph.(c) Each u-reduction of D is a quasidigraph.

Proof. The implication (c)⇒ (b) is obvious.(a)⇒ (c): Recall first that it is sufficient to verify the condition of Definition 3.1 for k-edges such that k ≥ 2. Next,take a u-reduction G of D and any k-edge e of G with k ≥ 2. Then e is also a k-edge of D and IG(e) = ID(e) byDefinition 3.17. Hence and by Lemma 3.31 we obtain that IG2 (e) = ID2 (e) ∈ V 〈v〉D = V 〈v〉G for some v ∈ ID1 (e) = IG1 (e),because D is a quasidigraph. Thus G is a quasidigraph, too, because e was arbitrarily chosen.(b)⇒ (a): Let G be a u-reduction of D such that G is a quasidigraph. Let D0 = D,D1,D2, . . . ,Dn = G be a suitablesequence for G from Definition 3.17. Observe that it is sufficient to show that if a dihypergraph Di+1 is a quasidigraph,then Di is also a quasidigraph (for i = 0, 1, 2, . . . , n − 1). We have three cases. In the first case Di+1 is obtained from
Di by omitting a loop, so Di is a quasidigraph, too. In the second case Di+1 is obtained from Di by omitting someordinary k-edge f which satisfies (ur1) of Definition 3.17 in Di, i.e., there is a directed path of Di going from some vertex
v ∈ IDi1 (f) to IDi2 (f). Then IDi2 (f) belongs to 〈v〉Di . In the last case Di+1 is obtained from Di by omitting some ordinary
k-edge f which satisfies, together with some vertex u ∈ IDi1 (f), the condition (ur2) in Di. Then (ur2) implies that IDi1 (f) iscontained in 〈u〉Di . Thus IDi2 (f) belongs to 〈u〉Di .
In the rest of this section we will use the following notation.
Definition 3.35.For a dihypergraph D let D(1) denote a digraph obtained from D by omitting all edges which are not 1-edges, i.e.,
ED(1) = {e ∈ ED : e is a 1-edge}.
Recall (see [2] or [10]) that a digraph is strongly connected if each two distinct vertices lie on a directed cycle, orequivalently, for each distinct vertices v and w, there is a directed path going from v to w. It is the well-knownand simple fact (see also [2] or [10]) that each digraph can be decomposed into pairwise disjoint strongly connectedcomponents.Recall also (see [10]) that the family of all the strongly connected components of a digraph G can be partially orderedin the following way: for each two strongly connected components H and K of G, H is less than or equal to K if theyare equal or there is a directed path starting in VK and ending in VH. This relation will be denoted by ≤G. Note that
≤G is antisymmetric by the definition of strongly connected components.
Theorem 3.36.
Let D be a finite dihypergraph. Then the following conditions are equivalent:(a) D is a quasidigraph.(b) There is a minimal u-reduction of D which is a digraph.(c) Each minimal u-reduction of D is a digraph.

Proof. The implication (c)⇒ (b) is obvious. Next, the implication (b)⇒ (a) is obtained by Proposition 3.34, becauseeach digraph is, in particular, a quasidigraph.(a)⇒ (c): Assume that D is a quasidigraph and there is a minimal u-reduction K of D which is not a digraph. Then Kis a quasidigraph (see Proposition 3.34) such that
A = {e ∈ EK : ∣∣IK1 (e)∣∣ ≥ 2} 6= ∅.
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Claim 1. Let B be a family of all directed pairs (e, w) such that e ∈ A, w ∈ IK1 (e), IK2 (e) ∈ V 〈w〉K . Then:(i) The family B is non-empty and finite.(ii) For each pair (e, w) ∈ B, w 6= IK2 (e).
Proof. (i): Since K is a quasidigraph, for each edge e ∈ A, there is at least one vertex w such that w ∈ IK1 (e) and
IK2 (e) ∈ V 〈w〉K . Hence B 6= ∅, because A is a non-empty set. Next, D, thus also K, has finitely many edges. So B is afinite set.(ii): Since K is u-minimal, K has no loops, in particular. �Take the set C = {w1, . . . , wk} of all the vertices which occur in B. Let G1, . . . ,Gk be strongly connected componentsof the digraph K(1) which contain w1, . . . , wk , respectively. The set {G1, . . . ,Gk} is partially ordered by ≤K(1), so thereexists a minimal element, say G1, in this set. Next, take all the strongly connected components H1, . . . ,Hl of K(1) whichare less (under ≤K(1)) than G1.
Claim 2. For each vertex v ∈ (VG1 ∪ VH1 ∪ · · · ∪ VHl

)
\{w1} there is a directed path qv in K going from w1 to v .

Proof. By the definition of the partial order ≤K(1) we have that there is a directed path going from VG1 to VHi for each
i = 1, 2, . . . , l. This fact and the definition of strongly connected components complete the proof of Claim 2. �

Claim 3.
[
VG1 ∪ VH1 ∪ · · · ∪ VHl

]
K is a strong subdihypergraph of K.

Proof. Take an ordinary k-edge f which starts in X = VG1 ∪ VH1 ∪ · · · ∪ VHl . At the beginning assume that k ≥ 2.Then f ∈ A, so there is a vertex w such that (f, w) ∈ B, because K is a quasidigraph. By the definition of C there is1 ≤ i ≤ k such that w = wi. Since wi ∈ IK1 (f) ⊆ X we have by Claim 2 that wi = w1 or wi 6= w1 and there a directedpath going from w1 to wi.In the first case we have by Claim 2 that for each u ∈ IK1 (f)\{wi} there is a directed path going from wi to u, because
IK1 (f) ⊆ X . But this is impossible, because K is u-minimal (see Lemma 3.26). In the second case, Gi ≤K(1) G1 which gives
Gi = G1 by the minimality of G1. Hence there is a directed path p going from wi to w1. By this fact we easily obtainthat for each u ∈ IK1 (f)\{wi} there is a directed path going from wi to u, because it is sufficient to take p together withan arbitrary directed path qu from Claim 2 for u. So again we obtain that K is not u-minimal.This contradiction implies that k = 1. Then f starts in Hj for some 0 ≤ j ≤ l, where H0 = G1. Thus the stronglyconnected component H of the digraph K(1) that contains IK2 (f) is less or equal than Hj , so H is less or equal than G1.Hence H ∈ {G1,H1, . . . ,Hl}, because H1, . . . ,Hl are all strongly connected components of K(1) which are less than G1.In particular, IK2 (f) ∈ X . Thus we have obtained that the weak subdihypergraph [X ]K is also strong. �

Claim 4. 〈w1〉K = [VG1 ∪ VH1 ∪ · · · ∪ VHl
]
K .

Proof. By Claim 2 we have, in particular, VG1∪VH1∪· · ·∪VHl ⊆ V 〈w1〉K . Next, by Claim 3, V 〈w1〉K ⊆ VG1∪VH1∪· · ·∪VHl ,because w1 ∈ VG1 ∪ VH1 ∪ · · · ∪ VHl and 〈w1〉K is the least strong subdihypergraph which contains w1. By these twoinclusions we have
VG1 ∪ VH1 ∪ · · · ∪ VHl = V 〈w1〉K .

Thus Lemma 1.5 completes the proof of Claim 4. �Now we apply the above claims to prove our implication. By the definition of w1, there is an edge e1 ∈ A suchthat (e1, w1) ∈ B. Then Claims 1 (ii), 2 and 4 imply that there is a directed path going from w1 to IK2 (e1), because
IK2 (e1) ∈ V 〈w1〉K . But then K is not u-minimal by Lemma 3.26. This contradiction completes the proof of the implication(a)⇒ (c).
By Theorems 3.6 and 3.36 we obtain the following result.
Corollary 3.37.
Let D be a finite dihypergraph. Then the following conditions are equivalent:(a) The strong subdihypergraph lattice S(D) is distributive.(b) Some element of UM(D) is a digraph.(c) Each element of UM(D) is a digraph.

1077



The subalgebra lattice of a finite algebra

3.4.

Now we show some connections between operators M and U.
Proposition 3.38.
Let D be a c-minimal finite dihypergraph. Then:(a) Each u-reduction of D is c-minimal.(b) Each element of U(D) is c-minimal.

Proof. The point (b) is implied by (a).(a): It is sufficient to show that De,Df and D(e,v) are c-minimal, where e is a loop, f satisfy (ur1) of Definition 3.17 and(e, v) satisfies (ur2) of that definition. By Definition 2.8 we have that if D is c-minimal, then Df is also c-minimal for anarbitrary edge f ∈ ED. Hence we have the first two cases.Take a pair (e, v) which satisfies the condition (ur2) and e does not satisfy (ur1). First, (ur2) implies that ID1 (e) ⊆ V 〈v〉D .Second, e is replaced by a 1-edge g such that ID(e,v)1 (g) = {v} and ID(e,v)2 (g) = ID2 (e). Third, V 〈v〉D = V 〈v〉D(e,v) and
V 〈ID2 (e)〉D = V 〈ID2 (e)〉D(e,v) by Lemma 3.31 (c). Assume also that g satisfies (∗) of Lemma 2.2 in D(e,v). Then v ∈ V 〈ID2 (e)〉D(e,v) ,so V 〈v〉D(e,v) ⊆ V 〈ID2 (e)〉D(e,v) and consequently, V 〈v〉D ⊆ V 〈ID2 (e)〉D . Hence it follows that e satisfies (∗) in D, which is notpossible.Further, for each edge h of D(e,v) distinct from g we have that h is also an edge in D and ID(e,v) (h) = ID(h). Next,
V 〈ID

(e,v)2 (h)〉D(e,v) = V 〈ID2 (h)〉D by Lemma 3.31 (c). Hence if h would satisfy (∗) in D(e,v), then h would also satisfy thiscondition in D. Thus we have obtained that D(e,v) is also c-minimal.
As an immediate consequence we have
Corollary 3.39.
Let D be a finite dihypergraph. Then MUM(D) = UM(D).
Operators M and U do not commute with each other. Even more, families UM(D) and MU(D) may be disjoint, for somedihypergraphs D.
Example 3.40.Take a dihypergraph D with seven vertices v1, v2, . . . , v7, four ordinary 1-edges 〈{v3}, v2〉, 〈{v3}, v4〉, 〈{v3}, v5〉, 〈{v6}, v3〉and three ordinary 2-edges 〈{v1, v2}, v3〉, 〈{v4, v5}, v1〉, 〈{v6, v1}, v7〉. Then D is u-minimal, so U(D) = {D}. Next, f =
〈{v1, v2}, v3〉 satisfies (∗) of Lemma 2.2, i.e., {v1, v2} ⊆ V 〈v3〉D . The dihypergraph G = D/f has six vertices v1, v2, v4, v5, v6, v7,two ordinary 1-edges 〈{v6}, v1〉, 〈{v6}, v2〉, four ordinary 2-edges 〈{v1, v2}, v4〉, 〈{v1, v2}, v5〉, 〈{v4, v5}, v1〉, 〈{v6, v1}, v7〉and three 2-loops with the initial set {v1, v2}. Thus G is a minimal contraction of D. So we have MU(D) = M(D) = {G}.On the other hand, G is not u-minimal, because it has loops and it contains edges 〈{v6}, v1〉 and 〈{v6, v1}, v7〉. Let G bea dihypergraph obtained from G by removing loops, the edge 〈{v6, v1}, v7〉 and adding 〈{v6}, v7〉. Then G is u-minimaland it is the unique minimal u-reduction of G. Thus UM(D) = U(G) = {G}. Since G 6= G, families MU(D) and UM(D)are disjoint.Note that G and G are not isomorphic, because G has four ordinary 2-edges whereas G has only three ordinary 2-edges.This argument implies also that G is not (up to isomorphism) a weak subdihypergraph of G. Moreover, G is not (up toisomorphism) a weak subdihypergraph of G, because G has three 1-edges whereas G has two 1-edges.
3.5.

Observe that by Theorems 3.6, 3.36 and Corollary 3.37 we obtain the following algebraic result.
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Theorem 3.41.
Let A be a finite partial algebra. Then the following conditions are equivalent:(a) The subalgebra lattice S(A) is distributive.(b) There is a contraction of D(A) which is a quasidigraph.(c) There is a minimal contraction of D(A) which is a quasidigraph.(d) Each minimal contraction of D(A) is a quasidigraph.(e) Some element of UM(D(A)) is a digraph.(f ) Each element of UM(D(A)) is a digraph.

Example 3.42.Take a unary (partial or total) algebra A. Then its dihypergraph D(A) is a digraph, so by the above theorem we obtainthe well-known fact (see [8, 9]) that finite unary algebras have distributive subalgebra lattices.
Take a finite distributive lattice L. We know that there is a finite dihypergraph D such that S(D) ' L (see Corollary 2.17).By Proposition 3.33 and Corollary 3.37, there is a digraph G such that S(G) ' S(D). Applying the construction describedat the beginning of subsection 2.3, we obtain a partial algebra B such that D(B) ' G. Since G is a digraph, thisconstruction implies that B is unary. Next, we know that B can be completed to a total algebra A of the same type(thus A is still unary) such that S(A) ' S(B). Hence we obtain another proof of the classical result (see [9]) that if afinite lattice L is distributive, then L ' S(A) for some finite unary (total) algebra A.
3.6.

Although generally there are many minimal u-reductions for a given finite dihypergraph, in this subsection we provethat for some special dihypergraphs D (in particular, for c-minimal simple and finite dihypergraphs) all the u-reductionsof D have a common weak subdihypergraph which has the same strong subdihypergraph lattice as D. To this purposewe first show the following, interesting in itself, result.
Lemma 3.43.
Let D be a finite dihypergraph and G,H ∈ U(D) be two arbitrary minimal u-reductions of D. Let e be a 1-edge of G
which is not an edge of D. Then there is a path in H going from IG1 (e) to IG2 (e).
Before the proof note that this fact is obvious for 1-edges of D, because G and H contain all the 1-edges of D by thedefinition of u-reduction.
Proof. Assume otherwise that there is a 1-edge g in G such that g /∈ ED and there is no a directed path in H goingfrom IG1 (g) to IG2 (g). Let A ⊆ EG be the set of all such 1-edges.Let D0 = D,D1, . . . ,Dn = G be the sequence of u-reductions from Definition 3.17 for G. Next, for each f ∈ A let lf bethe least number such that f belongs to Dlf . Choose a 1-edge e ∈ A with the least number le. Then le ≥ 1, because
e /∈ ED. Additionally, let u be a vertex such that {u} = IG1 (e).By the construction of u-reduction there is an ordinary k-edge f of Dle−1 such that k ≥ 2 and the pair (f, u) satisfies thecondition (ur2) of Definition 3.17 for Dle−1 and f does not satisfy (ur1) of that definition for Dle−1 and also IDle−12 (f) = IG2 (e).More precisely, Dle is obtained from Dle−1 by replacing f by e. Note that f belongs to D, because all new edges ofeach u-reduction are 1-edges.(a) For each vertex w ∈ ID1 (f)\{u} there is a directed path pw in H going from u to w.
By (ur2), there is a directed path pw = (g1, g2, . . . , gn) in Dle−1 going from u to w. Let gi1 , . . . , gim be all edges of pwwhich do not belong to H (in particular, they do not belong to D, too). Since these edges belong to Dle−1 and G containsall the 1-edges of Dle−1, we obtain by the choice of e that gij /∈ A for j = 1, 2, . . . , m. Thus there is a directed path pj
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in H going from IG1 (gij ) to IG2 (gij ) for each 1 ≤ j ≤ m. It is easy to see that paths p1, p2, . . . , pm, together with theseedges of pw which belong to H, form a path pw in H going from u to w.By the choice of e we have that there is no directed path in H which starts in u and ends in IDle2 (f) = IG2 (e). Hence andby (a) we obtain that(b) there is no directed path in H which starts in ID1 (f) and ends in IDle2 (f) = IG2 (e).
Let H0 = D,H1, . . . ,Hm = H be the sequence of u-reductions for H. By (a) and (b) we obtain that if the pair (f, u)would belong to H, then this pair would satisfy (ur2) for H and f would not satisfy (ur1) for H. But it is not possible,because H is u-minimal. Thus f is not an edge of H. On the other hand, f belongs to D, so there is 0 ≤ i ≤ m − 1such that f belongs to Hi and f does not belong to Hi+1. Since f is an ordinary edge, by Definition 3.17 we have that
Hi+1 is obtained from Hi by omitting f or Hi+1 is obtained from Hi by replacing f by a 1-edge which starts in ID1 (f)and ends in ID2 (f) = IG2 (e). If the first case holds, then there exists a directed path in Hi which starts in ID1 (f) and endsin ID2 (f) = IG2 (e). Since each 1-edge of Hi is also a 1-edge of H, this directed path belongs to H. This is a contradictionwith (b). In the second case, this added 1-edge forms a directed path in Hi+1, so also in H, which goes from ID1 (f)to IG2 (e). Thus again this is a contradiction with (b).
Lemma 3.44.
Let D be a simple finite dihypergraph such that(∗∗) For each distinct vertices v, w ∈ VD, strong subdihypergraphs 〈v〉D and 〈w〉D are also distinct.

Then D and all its u-reductions (in particular, all the elements of U(D)) are simple and satisfy (∗∗). In particular, all
these dihypergraphs are acyclic (i.e., without directed cycles).
Proof. Observe that each two vertices of a directed cycle generate the same strong subdihypergraph. Hence andby (∗∗) we obtain that D does not contain non-trivial directed cycles. Take an arbitrary u-reduction G of D. ThenLemmas 1.5 and 3.31 imply that G also satisfies (∗∗). In particular, G does not contain non-trivial directed cycles, too.Next, it follows from Remark 3.21 that G is simple, because D is simple.
To formulate the main result of this subsection we need the notion of isthmus in a digraph (see [2]). Recall that anordinary edge e in a digraph D is called an isthmus if each directed path going from the initial set of e to the finalvertex of e contains e. In other words, there is no directed path in De which goes from ID1 (e) to ID2 (e). We also need thefollowing well-known fact.
Remark 3.45.For each acyclic simple and finite digraph H and its two distinct vertices v, w, if there is a directed path going from
v to w (in particular, if 〈{v}, w〉 is an edge of H), then there is a directed path (f1, f2, . . . , fn) going from v to w and
f1, f2, . . . , fn are isthmi in H.
Proof. Recall that this fact follows from properties of finite partially ordered sets. Take a relation ≤H on VH suchthat w ≤H v if w = v or there is a directed path going from v to w (see e.g., [10]). Since H is acyclic, ≤H is apartial order on VH. Let ≺H be the covering relation corresponding to ≤H (see e.g., [5]), i.e., y ≺H x if y ≤H x and
y 6= x and {u ∈ VH : y ≤H u ≤H x} = {y, x}. Take u1, u2 ∈ VH such that u1 ≺H u2. Then there is at leastone path starting in u2 and ending in u1. Moreover, each such path must have one edge. Since H is simple, thesetwo facts imply that there is exactly one edge f starting in u2 and ending in u1 and f is an isthmus. Since VH isfinite, we have that for each two distinct vertices w ≤H v , there is a sequence (possibly empty) u1, u2, . . . , un such that
w ≺H u1 ≺H u2 ≺H . . . ≺H un ≺H v . Hence there is a directed path containing only isthmi starting in v and endingin w.
Lemma 3.46.
Let D and D̂ be finite dihypergraphs such that(�) D is simple and satisfies (∗∗) of Lemma 3.44,
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(��) D̂ is obtained from D by omitting all the non-isthmi of the digraph D(1).
Let φ and ψ be functions such that(� � �) φ(H) = [VH]D̂ and ψ(K) = [VK ]D for each H ∈ S(D) and K ∈ S(D̂).
Then φ is a lattice isomorphism from S(D) to S(D̂) and ψ = φ−1.
Proof. Since D̂ is a weak subdihypergraph of D, we have that φ(H), for each H ∈ S(D), is a strong subdihypergraphof D̂. So φ is well defined. To see that ψ is well defined, take a strong subdihypergraph K of D̂. Observe that it issufficient to show that for each edge e of D if ID1 (e) ⊆ VK , then ID2 (e) ∈ VK . Because then e belongs also to [VK ]D, so[VK ]D is a strong subdihypergraph of D.Take an edge e of D which starts in VK . If e is no 1-edge, then e is also an edge of D̂. Hence ID̂1 (e) = ID1 (e) ⊆ VKwhich implies that e ∈ EK . In particular, ID2 (e) = ID̂2 (e) ∈ VK . Thus assume that e is a 1-edge of D. In particular, ebelongs to D(1). Then by Lemma 3.44, Remark 3.45 and (�) there is a directed path p in D(1) which goes from ID1 (e)to ID2 (e) and each edge of p is an isthmus in D(1). Since all the isthmi of D(1) belong to D̂, we have that p is a directedpath in D̂. Hence, because p starts in K, we obtain that p lies in K. In particular, ID2 (e) belongs to K.Summarizing, we have shown that φ and ψ are well defined. By Lemma 1.5 we obtain also that they are injective andpreserve lattice orders of S(D) and S(D̂), respectively.Finally, it follows from definitions of φ and ψ that for each strong subdihypergraph H of D, ψ ◦φ(H) and H have thesame vertex set, so ψ ◦φ(H) = H by Lemma 1.5 (b). In a similar way, we obtain that φ◦ψ(K) = K for each strongsubdihypergraph K of D̂. Thus φ is a lattice isomorphism between S(D) and S(D̂) and ψ = φ−1.
Now can prove the following main result of this subsection.
Theorem 3.47.
Let D be a simple finite dihypergraph such that(•) for each distinct vertices v, w ∈ VD, strong subdihypergraphs 〈v〉D and 〈w〉D are also distinct.

Next, for each G ∈ U(D) let Ĝ be the dihypergraph obtained from G by omitting all the non-isthmi of the digraph G(1).
Then,(a) for each dihypergraph G ∈ U(D), S(Ĝ) ' S(D),(b) for every two dihypergraphs G,H ∈ U(D), Ĝ = Ĥ.

Proof. (a): Take G ∈ U(D). We know that lattices S(G) and S(D) are isomorphic (see Proposition 3.32), so byLemmas 3.44 and 3.46 we obtain S(Ĝ) ' S(D).(b): Let F be a set of all edges f of D such that ∣∣ID1 (f)∣∣ ≥ 2 and f satisfies (ur2) of Definition 3.17 and f does notsatisfy (ur1) of that definition.If F = ∅, then each u-reduction of D is obtained by operations (a) and (b) of Definition 3.17. Hence each minimalu-reduction of D is obtained from D by omitting all loops and all edges which satisfy (ur1). Thus D has exactly oneminimal u-reduction, i.e., U(D) has one element. So (b) holds in this case. Thus we can assume F 6= ∅. By Lemma 3.44and (•) we have that D is acyclic, i.e., does not contain directed cycles. Hence
Claim 1. For each f ∈ F there is exactly one vertex which satisfies, together with f , the condition (ur2). Denote thisvertex by vf .Since the family {〈vf〉D : f ∈ F} is non-empty and finite, we have also the following fact.
Claim 2. There is an edge emin ∈ F such that 〈vemin〉D is a minimal (up to inclusion) element of the family {〈vf〉D : f ∈ F}.
Claim 3. Let G ∈ U(D) be an arbitrary minimal u-reduction of D. Let AG be a family of all 1-edges e of G such that ehas all its endpoints in 〈vemin〉D and e is not an edge of D. In other words,

AG = {e ∈ EG(1) : IG1 (e) ∪ {IG2 (e)} ⊆ V 〈vemin 〉D , e /∈ ED}.
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Then AG is non-empty.
Proof. Take G ∈ U(D) and let D0,D1, . . . ,Dn be a sequence from Definition 3.17 for G. Take the greatest 0 ≤ i ≤ nsuch that the edge emin belongs to Di. Then i ≤ n− 1, because otherwise Dn = G would not be a minimal u-reductionof D.Since emin satisfies (ur2) for D, we have that emin satisfies the same condition for Di.If emin does not satisfy (ur1), then Di+1 is obtained from Di by replacing emin by a 1-edge which starts in vemin and endsin ID2 (emin). This new 1-edge does not belong to D and its endpoints belong to 〈vemin〉Di+1 .If emin satisfies (ur1), then there is a path p in Di going from vemin to ID2 (emin). But such a path does not exist in D, sothere is a 1-edge e of p which is not an edge of D. Since p belongs to 〈vemin〉Di , endpoints of e belong also to 〈vemin〉Di .Since V 〈vemin 〉G = V 〈vemin 〉D = V 〈vemin 〉Di = V 〈vemin 〉Di+1 (see Lemma 3.31) and all the 1-edges of dihypergraphs Di and Di+1are also 1-edges of G, in both cases we have obtained that there is a 1-edge e of G such that e is not an edge of Dand all its endpoints belong to 〈vemin〉D, i.e., IG1 (e) ∪ {IG2 (e)} ⊆ V 〈vemin 〉D . �

Claim 4. For every G ∈ U(D) and each g ∈ AG if g does not start in vemin , then its initial set generates the properstrong subdihypergraph of 〈vemin〉D, i.e., vemin /∈ V 〈IG1 (g)〉D ⊆ V 〈vemin 〉D .
Proof. Since IG1 (g) ⊆ V 〈vemin 〉D , we have that V 〈IG1 (g)〉D ⊆ V 〈vemin 〉D . Next, by (•) we obtain that if IG1 (g) 6= {vemin}, then〈
IG1 (g)〉D 6= 〈vemin〉D. These two facts imply that vemin /∈ V 〈IG1 (g)〉D . �Using Claim 4 we show that

Claim 5. For every G ∈ U(D) and each g ∈ AG, g starts in vemin , i.e., IG1 (g) = {vemin}.
Proof. Assume that for some G ∈ U(D) there is g ∈ AG such that IG1 (g) 6= {vemin}. Let A ⊆ AG be a set of all 1-edges
e ∈ AG such that e does not start in vemin . Then g ∈ A.Let D0,D1, . . . ,Dn be a sequence from Definition 3.17 for G. Next, for each g ∈ AG let lg be the least non-negativeinteger such that g belongs to Dlg . Then 1 ≤ lg ≤ n, because g /∈ ED. Take a 1-edge h ∈ A such that lh is the leastelement of the set {lg : g ∈ A}. Denote IG1 (h) = {u}. Then, by Claim 4,

V 〈u〉D $ V 〈vemin 〉D ,

because u 6= vemin . By the construction of u-reduction, we have that for j = lh − 1 there is a k-edge f of Dj such that
k ≥ 2 and the pair (f, u) satisfies (ur2) for Dj , f does not satisfy (ur1) for Dj and h ends in IDj2 (f). Since Dj has eventuallymore 1-edges than D, f does not satisfy (ur1) for D, too.Assume that (f, u) does not satisfy (ur2) for D. Then there is a path p in Dj which goes from u to some vertex
w ∈ IDj1 (f)\{u} and p does not belong to D. Thus there is a 1-edge e of p which is not an edge of D. Endpoints of ebelongs to 〈u〉Dj , so also to 〈u〉D by Lemma 3.31. Hence e ∈ A ⊆ AG, because V 〈u〉D $ V 〈vemin 〉D . On the other hand, wehave that le ≤ j = lh− 1, which is a contradiction with the choice of h. Thus we have shown that the pair (f, u) satisfies(ur2) for D. But then it is a contradiction with the choice of the edge emin ∈ F , because f does not satisfy (ur1) for Dand V 〈u〉D $ V 〈vemin 〉D . This completes the proof of Claim 5. �Now we prove the following fact.
Claim 6. There is a vertex w ∈ VD such that(i) each G ∈ U(D) contains a 1-edge with the initial set {vemin} and with the final vertex w,(ii) D does not contain a 1-edge with the initial set {vemin} and with the final vertex w.
Proof. Assume otherwise that such a vertex does not exist. Then (see Claim 5) for each G ∈ U(D) and for every 1-edge
e ∈ AG there is H ∈ U(D) such that

IH2 (g) 6= IG2 (e) for each g ∈ AH. (?)
Observe that this assumption implies a little more general fact that H does not contain a 1-edge starting in vemin andending in IG2 (e). Assume that such 1-edge h exists. Then h /∈ AH by (?). So h is also an edge of D. Thus h belongsto G, which implies that h = e, because G is simple (see Lemma 3.44). But it is not possible.
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We show first that there is g ∈ AH such that there is a path in D going from IH2 (g) to IG2 (e). By Lemma 3.43 there isa path p = (h1, h2, . . . , hm) in H going from vemin to IG2 (e). This path does not belong to D. Because otherwise each
k-edge f of D such that k ≥ 2 and vemin ∈ ID1 (f) and ID2 (f) = IG2 (e), would satisfy (ur1) for D. In particular, we could notadd to D a 1-edge which starts in vemin and ends in IG2 (e).Since p starts in vemin , all the edges of p belong to 〈vemin〉H. So endpoints of these edges belong to 〈vemin〉D by Lemma 3.31.Hence each edge of p being outside D belongs to AH. In particular, each of these edges starts in vemin by Claim 5.Thus hm /∈ AH, because hm ends in IG2 (e). Choose the edge hi of p with the greatest index i which belong to AH. Then
i ≤ m− 1, so (hi+1, . . . , hm) is a path in D going from IH2 (hi) to IG2 (e). Thus it is sufficient to take g = hi.Now take an arbitrary G0 ∈ U(D) and a 1-edge e0 ∈ AG0 . Let a0 = IG2 (e0). Then there is G1 ∈ U(D) which satisfies (?)for G0. Take a 1-edge e1 ∈ AG1 for which there is a path p1 in D going from IG12 (e1) to a0. Let a1 = IG12 (e1). Repeatingthis procedure we obtain an infinite sequence (a0, a1, a2, . . .) of vertices of D such that there is a path pi in D goingfrom ai to ai−1 for each i = 1, 2, 3, . . .Since D is a finite dihypergraph, there are r, s ∈ N such that ar = as and r ≤ s− 1. Moreover, paths ps, ps−1, . . . , pr+1form a path p which goes from as to ar . But then p is a cycle in D, which is impossible by Lemma 3.44. This completesthe proof of Claim 6. �Applying Claim 6 we prove the following fact.
Claim 7. There is a sequence of simple dihypergraphs D0 = D,D1,D2, . . . ,Dm and a sequence of 1-edges g1, g2, . . . , gmsuch that for each l = 0, 1, . . . , m− 1,(s1) Dl+1 is obtained from Dl by adding a 1-edge gl+1,(s2) Dl does not contain a 1-edge with the initial set IDl+11 (gl+1) and with the final vertex IDl+12 (gl+1) (this implies that

Dl+1 is simple),(s3) each G ∈ U(Dl) contains gl+1 (formally, G contains an edge with the initial set IDl+11 (gl+1) and with the final vertex
IDl+12 (gl+1), but to simplify notation we will say “that contains gl+1”),(s4) if a pair (f, u) satisfies (ur2) for Dm, then f satisfies (ur1) for Dm.

Note that for each G ∈ U(Dl), G contains also g1, g2, . . . , gl, because G contains all the 1-edges of Dl.
Proof. Take the vertex w from Claim 6 and a dihypergraph D1 obtained from D by adding a 1-edge g1 such that
ID11 (g1) = {vemin} and ID12 (g1) = w. By Claim 6 (ii), there is no such an edge in D, in particular, D1 is also simple. Next,by Claim 6 (i), each G ∈ U(D) contains g1. Then (s1), (s2) and (s3) are satisfied for l = 0.If there is a pair (f, u) which satisfies (ur2) for D1 and f does not satisfy (ur1) for D1, then we can repeat the whole aboveproof for D1 to obtain that there are two distinct vertices u1, w1 of D1 (thus also of D) which satisfy conditions (i) and(ii) of Claim 6 (where we replace vemin by u1 and w by w1). Thus we can take a dihypergraph D2 obtained from D1 byadding a 1-edge g2 such that ID21 (g2) = {u1} and ID22 (g2) = w1. Again we have that D2 is simple and each G ∈ U(D1)contains g2. Next, if again there is a pair (f, u) which satisfies (ur2) for D2 and f does not satisfy (ur1) for D2, then wecan repeat this procedure to D2. And so on.On the other hand, for each directed pair of distinct vertices of D we add at most one edge in this construction. Since
D is a finite dihypergraph, there are only finitely many such pairs. Consequently, this procedure must be stopped. Thiscompletes the proof of Claim 7. �Now we show that for l = 0, 1, . . . , m− 1 the following condition holds.
Claim 8. For each G ∈ U(Dl) there is H ∈ U(Dl+1) which satisfies the following three conditions:(i) H is a weak subdihypergraph of G.(ii) For each 1-edge h of G there is a path in H going from IG1 (h) to IG2 (h).(iii) For each directed path p = (d1, d2, . . . , dk ) in G, there is a directed path q in H going from IG1 (d1) to IG2 (dk ).
Proof. The point (iii) easily follows from (ii). More precisely, for each 1 ≤ i ≤ k take a directed path pi = (di1, di2, . . . , dili)in H going from IG1 (di) to IG2 (di). Next, take their sum (d11, d12, . . . , d1

l1 , d21, d22, . . . , d2
l2 , . . . , dl1, dl2, . . . , d2

lk

) to obtain therequired directed path q in H.
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(i) and (ii): Take a sequence A0 = Dl,A1, . . . ,An = G of u-reductions from Definition 3.17 for G. Note that all thesedihypergraphs are simple, so the operation (a) of Definition 3.17 is not used here. Define inductively a sequence ofdihypergraphs A′0,A′1, . . . ,A′n in the following four steps: First, A′0 = Dl+1. Second, if Aj+1 is obtained from Aj by (b) ofDefinition 3.17 (i.e., by omitting some suitable k-edge), then A′j+1 is obtained from A′j in the same way. Third, if Aj+1 isobtained from Aj by (c) of Definition 3.17 (i.e., by replacing some suitable k-edge f by a 1-edge h), then we have twocases: If there is not a path in A′j going from IAj+11 (h) to IAj+12 (h), then A′j+1 is obtained from A′j in the same way. If sucha path exists in A′j , then A′j+1 is obtained from A′j by omitting f .We prove that A′n is the required dihypergraph, i.e., we can take H = A′n. By this definition we have that the same edgeis removed from Aj and A′j for each 1 ≤ j ≤ n. Hence all edges removed in the sequence (Aj )nj=1 are also removed in thesequence (A′j )nj=1. On the other hand, some 1-edges added in the first sequence may not be added in the second. Bythese two facts and properties (s1), (s2), (s3) of Claim 7 we easily obtain that A′n is a weak subdihypergraph of An = G(i.e., the condition (i) holds). Thus A′n is u-minimal, because otherwise An would be not u-minimal.Observe that if we show that the sequence (A′j )nj=1 is well defined (i.e., that this construction gives a sequence ofu-reductions of Dl+1), then we obtain that A′n ∈ U(Dl+1), because A′n is u-minimal. Since EAj \EAj (1) = EA′j \EA′j (1), wehave to show that if a k-edge, k ≥ 2, satisfies (ur1) (or (ur2), together with some vertex) for Aj , then this edge satisfies(ur1) (or (ur2) with the same vertex) for A′j . To this purpose it is sufficient to show that if there is a directed path in Ajgoing from v1 to v2, then there is also a directed path in A′j which goes from v1 to v2. But it is equivalent to the followingproperty.
For each 0 ≤ j ≤ n and every 1-edge h of Aj , there is a directed path in A′j going from IAj1 (h) to IAj2 (h). (p)

Before the proof observe that taking j = n in (p) we obtain that for each 1-edge h of G, there is a directed path in A′ngoing from IG1 (h) to IG2 (h) (i.e., the condition (ii) holds).We use induction on 0 ≤ j ≤ n to prove (p). For j = 0 it is obvious by (s1) of Claim 7. Thus assume that it is true for0 ≤ j − 1 ≤ n− 1 and take a 1-edge h of Aj . Let v be a vertex such that {v} = IAj1 (h). If h belongs also to Aj−1, thenour fact is obtained by induction hypothesis, because A′j contains all the 1-edges of A′j−1.Thus we can assume that h is not an edge of Aj−1. Then there is a k-edge f of Aj−1 such that k ≥ 2 and the pair (f, v)satisfies (ur2) for Aj−1 and f does not satisfy (ur1) for Aj−1 and IAj−12 (f) = IAj2 (h) and Aj is obtained from Aj−1 by replacing
f by h. Since f is not a 1-edge, f is also a k-edge of A′j−1 and IA′j−11 (f) = IAj−11 (f), IA′j−12 (f) = IAj−12 (f).
If there is no path p in A′j−1 going from I

A′j−11 (f) to IA′j−12 (f), then A′j is obtained from A′j−1 by adding a 1-edge startingin v and ending in IA′j−12 (f). This 1-edge forms the desired path in A′j . If there is a path p in A′j−1 going from some vertex
w ∈ I

A′j−11 (f) to IA′j−12 (f), then p is also a path in A′j , because all the 1-edges of A′j−1 belong to A′j . Thus if w = v , then pis the desired path. If w 6= v , then there is a path q in Aj−1 going from v to w, by (ur2). Thus by induction hypothesisthere is a path q in A′j−1 (thus also in A′j ) going from v to w. Then q and p form a path in A′j going from v to IAj2 (h).This completes the proof of induction step, so also the proof of (p). �From Claim 8 and simple induction we have
Claim 9. For each G ∈ U(D) there is H ∈ U(Dm) such that(i) H is a weak subdihypergraph of G.(ii) For each 1-edge h of G, there is a path in H going from IG1 (h) to IG2 (h).
Now we can complete the proof of Theorem 3.47 (b). By the condition (s4) of Claim 7 we have that each u-reductionof Dm is obtained from Dm by omitting some edges f such that ∣∣IDm1 (f)∣∣ ≥ 2. In particular, there is exactly one minimalu-reduction H of Dm, i.e., U(Dm) = {H}. Hence and by Claim 9 we obtain that for each G ∈ U(D), H is a weaksubdihypergraph of G which satisfies (ii) of Claim 9. This condition implies that each 1-edge h of G outside H is notan isthmus in G. Summarizing, we have obtained that for each G ∈ U(D), Ĝ is obtained from H by omitting all thenon-isthmi of H. This implies that Ĝ1 = Ĝ2 for each G1,G2 ∈ U(D).
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By Lemma 2.19 we have that each simple c-minimal dihypergraph satisfies (•) of Theorem 3.47. Thus we obtain thefollowing result.
Corollary 3.48.
Let D be a c-minimal finite dihypergraph. For each G ∈ Us(D) = U(Ds) let Ĝ be the dihypergraph obtained from G by
omitting all the non-isthmi of the digraph G(1). Then:(a) for each dihypergraph G ∈ Us(D), S(Ĝ) ' S(D),(b) for every two dihypergraphs G,H ∈ Us(D), Ĝ = Ĥ.

Having this fact we introduce the following definition.
Definition 3.49.Let D be a finite dihypergraph and D be a family of finite dihypergraphs. Then:(a) Û(D) = {Ĝ : G ∈ U(D)}, where Ĝ is the dihypergraph obtained from G by omitting all the non-isthmi of thedigraph G(1).(b) Û(D) = ⋃{Û(D) : D ∈ D}.(c) If D be simple and c-minimal, then the unique element of Û(D) will be denoted by UD.
Elements of the family Û(D) behave quite differently from D, in general.
Example 3.50.Take a complete digraph (i.e., between each two distinct vertices, there are exactly two edges oppositely directed) with
n ≥ 2 vertices. This digraph does not contain isthmi, so by omitting all the non-isthmi we obtain the discrete digraphwith n vertices. In particular, we have that the first digraph has a two-element strong subdigraph lattice, while thestrong subdigraph lattice of the second digraph is the lattice of all the subsets of an n-element set.
On the other hand, the operator Û preserves strong subdihypergraph lattices for finite simple c-minimal dihypergraphs.In this paper Definition 3.49 will be used only for such dihypergraphs and families of such dihypergraphs.If D is a family of finite simple c-minimal dihypergraphs, then Û(D) = {UD : D ∈ D}. Hence we obtain the followingfact.
Remark 3.51.Let D be an arbitrary finite dihypergraph. Then:(a) ÛMs(D) = {UG : G ∈Ms(D)}.(b) The family ÛMs(D) has the same number of elements as Ms(D).
In particular, ÛMs(D) has much less elements than UMs(D), in general.
By Proposition 2.16 and Corollary 3.48 we obtain also
Proposition 3.52.
Let D be a finite dihypergraph. Then S(G) ' S(D) for each G ∈ ÛMs(D).
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4. Skeletons

We start this section with a generalization of the well-known digraph notion of isthmus (see [2]) to the case of dihy-pergraphs. Having this concept we define (isthmus) skeletons of finite dihypergraphs. Each finite dihypergraph has askeleton, but generally more than one. Let K(D) denote the family of all skeletons of D. We show that each skeletonof D has the same strong subdihypergraph lattice as D. Hence each element of families KUM(D) and KM(D) has thesame strong subdihypergraph lattice as D.
4.1.

In the last part of the previous section we have used the notion of isthmus in digraphs (see [2]). Recall that an ordinaryedge e in a digraph D is an isthmus if there is no directed path in De which goes from the initial set of e to the finalvertex of e. Now we generalize this concept on the case of arbitrary dihypergraphs in the following way.
Definition 4.1.Let D be a dihypergraph and e ∈ ED be its edge. We say that e is an isthmus in D if ID2 (e) /∈ V 〈ID1 (e)〉De .
Note that each isthmus (in this new sense) is, in particular, an ordinary edge. Observe also that it is indeed ageneralization of the classical definition.
Remark 4.2.If a 1-edge e of a dihypergraph satisfies the condition of Definition 4.1, then e is also an isthmus in the classical (graph)sense. Indeed, take a 1-edge e of a dihypergraph D which is not an isthmus under the classical definition. Then e is aloop or there is a directed path p which goes from the initial set of e to the final vertex of e and does not contain e. Inthe both cases, ID2 (e) belongs to 〈ID1 (e)〉De , so e is also no isthmus under Definition 4.1.
On the other hand, observe that the classical definition is too limited for arbitrary dihypergraphs.
Example 4.3.Take a simple dihypergraph D with four vertices v1, v2, v3, v4, three 1-edges 〈{v1}, v2〉, 〈{v1}, v3〉, 〈{v1}, v4〉 and one 2-edge
〈{v2, v3}, v4〉. Then 〈v1〉D〈{v1},v4〉 = D〈{v1},v4〉, so it contains v4. On the other hand, the one-element sequence (〈{v1}, v4〉) isthe unique directed path of D going from v1 to v4.
However, in the case of digraphs these two definitions are equivalent. Namely,
Remark 4.4.An edge e of a digraph D satisfies the condition of Definition 4.1 if and only if e is an isthmus in the classical sense.Indeed, the implication “⇒” is obtained by Remark 4.2. The inverse implication follows from Remark 2.23. More precisely,assume that e does not satisfy the condition of Definition 4.1. Then its final vertex w belongs to the strong subdigraphof De generated by its initial set {v}. Then there is a directed path in De going from v to w or w = v .
Generally (see Example 3.50) by omitting all non-isthmi from a given dihypergraph D we obtain the dihypergraphwhose strong subdihypergraph lattice is completely different than the strong subdihypergraph lattice of D. Thereforewe introduce the following definition.
Definition 4.5.Let D be a finite dihypergraph. A weak subdihypergraph G of D is said to be a skeleton (or more formally, an isthmus
skeleton) of D if
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(a) each edge of G is an isthmus in G.(b) There is a sequence of dihypergraphs D0, . . . ,Dn such that(b1) D0 = D and Dn = G,(b2) for each i = 0, . . . , n− 1, there is a non-isthmus ei of Di such that Di+1 = Dei
i .

In other words, a weak subdihypergraph G of D is a skeleton of D if VG = VD and G satisfies (a) and all edges of Dwhich are outside G can be set in a sequence (e0, e1, . . . , en−1) in such a way that ei is a non-isthmus in D{e0,e1,...,ei−1}for each i = 0, 1, . . . , n− 1 (where D∅ = D). Note that G = D{e0,e1,...,en−1}.
Infinite dihypergraphs do not have skeletons, in general.
Example 4.6.Let D be a simple digraph such that VD = {v0, v1, v2, . . .} ∪ {w} (where w 6= vi for i ∈ N) and ED = A ∪ B, where
A = {〈{vi}, vi+1〉 : i ∈ N}, B = {〈{vi}, w〉 : i ∈ N}. Then A is the set of all the isthmi of D and each edge of B is anon-isthmus. Next, for each finite set F ⊆ B, the digraph DF has the same isthmi as D. Thus D has no skeleton.On the other hand, for each i ∈ N take ei = 〈{vi}, w〉 and Di = D{e0,e1,...,ei−1}, where D0 = D. Then we have an infinitesequence (Di)∞i=0 of digraphs such that ei is non-isthmus in Di and Di+1 = Dei

i for i ∈ N. Moreover, H = D{e0,e1,e2,...}contains only isthmi. Unfortunately, the strong subdigraph lattice S(H) of H is not isomorphic to the strong subdigraphlattice S(D) of D. More precisely, each strong subdigraph of D is generated by one vertex and each two distinct verticesare connected by a directed path. Hence S(D) is a countable chain. But H has non-comparable strong subdigraphs, forexample, 〈v0〉H and 〈w〉H. Note that the first contains vertices v0, v1, . . . and all edges from A and the second consists ofone vertex w and no edges. Thus S(H) is not a chain.
This example shows why we do not consider infinite dihypergraphs and infinite sequences in Definition 4.5, althoughit could seem that such natural generalization is correct. Note that we will show in Proposition 4.15 (a) (see alsoLemma 3.12 (a)) that the construction from Definition 4.5 preserves strong subdihypergraph lattices.Since finite dihypergraphs have, in particular, finitely many edges, the following fact is satisfied.
Proposition 4.7.
Each finite dihypergraph has a skeleton.

Note that the following fact holds.
Remark 4.8.A finite simple and acyclic (i.e., without directed cycles) digraph D has exactly one skeleton and this skeleton is obtainedfrom D by omitting all the non-isthmi of D. Indeed, by Remark 3.45 we know that for each edge e of D there is a pathwhich contains only isthmi and goes from the initial set of e to the final vertex of e. Next, each skeleton of D hasto contain all isthmi of D. These two facts imply that the digraph which consists of all the isthmi of D is the uniqueskeleton of D.
It is easy to see that a finite dihypergraph may have many distinct (and non-isomorphic) skeletons.
Example 4.9.Take a dihypergraph D with four vertices v1, v2, v3, v4 and two 2-edges 〈{v2, v3}, v1〉, 〈{v2, v3}, v4〉 and one 3-edge
〈{v1, v2, v3}, v4〉. Then it is easy to see that D has two skeletons. Both of them have four vertices v1, v2, v3, v4, onecontains only two 2-edge and the other has one 2-edge 〈{v2, v3}, v1〉 and one 3-edge 〈{v1, v2, v3}, v4〉. Thus they are notisomorphic.
Therefore we introduce the following notation.
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Definition 4.10.(a) For each finite dihypergraph D, K(D) denotes the family of all the skeletons of D.(b) For each non-empty family H of finite dihypergraphs,
K(H) =⋃{K(D) : D ∈ H}.

By Remark 4.8 we obtain the following fact.
Remark 4.11.If D is a finite simple and acyclic digraph, then K(D) = Û(D) = {UD}.
By Definition 4.5 we have that (because loops are not isthmi)
Remark 4.12.Each skeleton of a finite dihypergraph is a simple dihypergraph.
Hence we obtain the following two equalities.
Remark 4.13.For each finite dihypergraph D, KMs(D) = KM(D), KUMs(D) = KUM(D).
Similarly, because Us(D) = U(Ds),
Remark 4.14.For each finite dihypergraph D, KU(Ds) = KUs(D) = KU(D).
Proposition 4.15.
Let D be a finite dihypergraph and H ∈ K(D) be an arbitrary skeleton of D. Next, let φ and ψ be mappings such that
φ(G) = [VG]H and ψ(K) = [VK ]D for each strong subdihypergraphs G and K of dihypergraphs D and H, respectively.
Then,(a) φ is a lattice isomorphism from S(D) to S(H) and ψ = φ−1,(b) S(H) ' S(D),(c) V 〈W 〉H = V 〈W 〉D for each set of vertices W ⊆ VD.

Proof. Let D0,D1, . . . ,Dn and e0, e1, . . . , en−1 be suitable sequences of dihypergraphs and of edges from Definition 4.5for H. For each i = 0, 1, . . . , n − 1 let φi be a mapping such that φi(G) = Gei for every G ∈ S(Di). By Lemma 3.12 (a)we have that φi is a lattice isomorphism from S(Di) to S(Di+1). Thus the composition φ̃ = φn−1◦φn−2◦ · · · ◦φ0 isa lattice isomorphism between S(D) and S(H). It is easy to see that φ̃(G) = G{e0,e1,...,en−1} = [VG]H for each strongsubdihypergraph G of D, because H = D{e0,e1,...,en−1}. Hence φ̃ = φ. This fact and the definition of φ and ψ imply that
ψ is the inverse function of φ. Point (c) is obtained from (a) in a similar way as in the proof of Lemma 3.31 and thereforedetails are omitted.
By the above fact we obtain that
Remark 4.16.Each skeleton of a c-minimal dihypergraph is c-minimal.
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In particular,
Remark 4.17.For each finite dihypergraph D, MKM(D) = KM(D).
Corollary 4.18.
Let D be a finite dihypergraph. Then(a) for all G ∈ KM(D), S(G) ' S(D),(b) for all G ∈ KUM(D), S(G) ' S(D),(c) for all G ∈ KÛMs(D), S(G) ' S(D),(d) for all G ∈ KU(D), S(G) ' S(D).
Proof. (a): Take G ∈ KM(D). Then there is D ∈M(D) such that G ∈ K(D). Thus S(G) ' S(D) by Proposition 4.15.Next, by Proposition 2.16 we have that S(D) ' S(D). Proofs of (b) and (c) are analogous (see also Propositions 3.33and 3.52). Finally, (d) is obtained from Proposition 3.32 in a similar way as (a).
By Proposition 4.15 we obtain the following characterization of skeletons.
Proposition 4.19.
Let D be a finite dihypergraph, G be a weak subdihypergraph of D and let F = ED \EG. Then the following conditions
are equivalent:(a) G is a skeleton of D.(b) G satisfies all three statements below:(b1) VG = VD,(b2) each edge of G is an isthmus in G,(b3) for each edge f ∈ F , f is not an isthmus in DF \ {f}. Note that DF \ {f} can be obtained from G by adding the

edge f .

Proof. (a)⇒ (b): By the definition of skeleton we have (b1) and (b2). Thus take an edge f ∈ F and let H = DF \ {f}.Then Hf = G. So by Proposition 4.15 (c) we have that ID2 (f) ∈ V 〈ID1 (f)〉D = V 〈ID1 (f)〉G = V 〈ID1 (f)〉Hf , which implies that f isnot an isthmus in H.(b)⇒ (a): Put all the edges of F in an arbitrary sequence (e0, e1, . . . , en−1). Then by (b3) we obtain that ei is notan isthmus in D{e0,e1,...,ei−1} for each i = 0, 1, . . . , n − 1 (where D∅ = D), because DF \ {ei} is a weak subdihypergraphof D{e0,e1,...,ei−1}.
4.2.

Since a skeleton G of a dihypergraph D is, in particular, a weak subdihypergraph of D, we have that if D is u-minimal,then G is also u-minimal. Hence
Remark 4.20.For each finite dihypergraph D, UKU(D) = KU(D).
The following example shows that compositions KU and UK give completely different families, in general. In particular,operators K and U do not commute.
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Example 4.21.Take a simple dihypergraph D with five vertices v1, v2, v3, v4, v5, three 1-edges 〈{v1}, v2〉, 〈{v1}, v3〉, 〈{v1}, v4〉 and two 2-edges 〈{v2, v3}, v4〉, 〈{v1, v4}, v5〉. Then the family U(D) contains exactly one dihypergraph G1 obtained from D by omitting
〈{v1, v4}, v5〉 and adding a new 1-edge 〈{v1}, v5〉. Next, K(G1) also contains exactly one dihypergraph G2 obtained from
G1 by omitting the 1-edge 〈{v1}, v4〉. Hence KU(D) = {G2}. On the other hand, K(D) consists of one dihypergraph Hobtained from D by omitting the 1-edge 〈{v1}, v4〉. Since H is u-minimal, we obtain UK(D) = U(H) = {H}. Dihypergraphs
G2 and H are not equal (and even non-isomorphic). Moreover, none of them is a weak subdihypergraph of the other.
Operators K and M do not commute, too. Moreover, sets KM(D) and MK(D) are disjoint for some finite dihypergraphs D.
Example 4.22.Take D with five vertices v1, v2, v3, v4, v5, one 2-edge 〈{v1, v2}, v3〉 and four 1-edges 〈{v4}, v3〉, 〈{v4}, v5〉, 〈{v5}, v1〉,
〈{v3}, v1〉, 〈{v3}, v2〉. Then K(D) = {D}, because all the edges of D are isthmi. Next, M(D) contains one digraph
G = D/〈{v1, v2}, v3〉 with four vertices v1, v2, v4, v5, four 1-edges 〈{v4}, v5〉, 〈{v4}, v1〉, 〈{v4}, v2〉, 〈{v5}, v1〉 and four 2-loops with the initial set {v1, v2}, where two of them ends in v1 and the other two in v2. It is easy to see that G hasexactly one skeleton G obtained from G by removing all the loops and the 1-edge 〈{v4}, v1〉. Summarizing, MK(D) = {G}and KM(D) = {G}. These two sets are disjoint.
On the other hand, we show that the family KMK(D) is contained in KM(D) for each finite dihypergraph D. To thispurpose we first proof the following auxiliary fact.
Lemma 4.23.
Let D and G be finite dihypergraphs. Then the following conditions are equivalent:(a) G is a skeleton of D.(b) G is a weak subdihypergraph of D such that(b1) each edge of G is an isthmus in G,(b2) VG = VD,(b3) for each subset W ⊆ VD, dihypergraphs 〈W 〉G and 〈W 〉D have the same vertex sets , i.e., V 〈W 〉G = V 〈W 〉D .(c) G is a weak subdihypergraph of D with (b1), (b2), and(c3) the mapping ψ : S(G)→ S(D) such that ψ(H) = [VH]D for each strong subdihypergraph H of G is a well-defined

lattice isomorphism.

Proof. (a)⇒ (c): It follows from Definition 4.5 and Proposition 4.15.(c)⇒ (b): It is sufficient to show that for each subset W ⊆ VD, V 〈W 〉G = V 〈W 〉D . First, 〈W 〉G is a weak subdihypergraphof 〈W 〉D, because G is a weak subdihypergraph of D. Hence V 〈W 〉G ⊆ V 〈W 〉D . On the other hand, by (c3) we have that[
V 〈W 〉G

]
D is a strong subdihypergraph of D which contains W . Hence 〈W 〉D is a strong subdihypergraph of [V 〈W 〉G]D.Thus

V 〈W 〉D ⊆ V [V 〈W 〉G ]D = V 〈W 〉G .

(b)⇒ (a): Let f0, . . . , fn−1 be all edges of D which do not belong to G. Next, let D0, . . . ,Dn be a sequence of weaksubdihypergraphs of D such that D0 = D and Di+1 = Dfi
i for i = 0, 1, . . . , n− 1. Take 0 ≤ i ≤ n− 1 and let Wi = ID1 (fi).Since G is a weak subdihypergraph of Di, we have that 〈Wi〉G is a weak subdihypergraph of 〈Wi〉Di , so V 〈Wi〉G ⊆ V 〈Wi〉Di .Next, 〈Wi〉Di is a weak subdihypergraph of 〈Wi〉D, because Di is a weak subdihypergraph of D. Hence V 〈Wi〉Di ⊆ V 〈Wi〉D .Thus by (b3) we obtain

V 〈Wi〉D = V 〈Wi〉G ⊆ V 〈Wi〉Di ⊆ V 〈Wi〉D ,so V 〈Wi〉Di = V 〈Wi〉D for each i = 0, 1, . . . , n. Hence
ID2 (fi) ∈ V 〈ID1 (fi)〉D = V 〈I

D1 (fi)〉Di+1 = V
〈ID1 (fi)〉

Dfii ,

so fi is not an isthmus in Di for each 0 ≤ i ≤ n − 1. This fact and (b1) imply that G is a skeleton of D, because
Dn = G.
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Having the above lemma we can show the following fact.
Remark 4.24.For an arbitrary finite dihypergraph D, KÛMs(D) ⊆ KUMs(D).
Proof. Take a finite simple c-minimal dihypergraph H ∈Ms(D) and G ∈ U(H). Then UH ∈ Û(H) is obtained from Gby omitting all non-isthmi of the digraph G(1) (see Definition 3.49). Thus it is sufficient to show that K(UH) ⊆ K(G).Take the lattice isomorphism φ−1 : S(UH) → S(G) from Lemma 3.46. Recall φ−1(L) = [V L]G for each strong subdihyper-graph L ∈ S(UH). Next, take M ∈ K(UH). Then VM = V UH = VG and M has only isthmi. Applying Lemma 4.23 we cantake the lattice isomorphism ψ : S(M) → S(UH) such that ψ(K) = [VK ]UH for each K ∈ S(M). Then φ−1 ◦ψ is a latticeisomorphism from S(M) to S(G) such that φ−1 ◦ψ(K) = [VK ]G for each K ∈ S(M). Thus, again by Lemma 4.23, we obtainthat M is a skeleton of G.
The following example shows that the inverse inclusion in Remark 4.24 is not true.
Example 4.25.Take a dihypergraph D with four vertices v1, v2, v3, v4, four 1-edges 〈{v1}, v2〉, 〈{v1}, v3〉, 〈{v2}, v3〉, 〈{v1}, v4〉 and one2-edge 〈{v3, v4}, v2〉. This dihypergraph is simple c-minimal and u-minimal, so Ms(D) = {D}, UMs(D) = U(D) = {D}.Next, it is easy to see that Û(D) = {G}, where G is obtained from D by omitting the 1-edge 〈{v1}, v3〉. Since Gcontains only isthmi, we have also that K(G) = {G}. Hence KÛMs(D) = {G}. On the other hand, K(D) consistsof two dihypergraphs G and H, where H is a dihypergraph obtained from D by omitting the 1-edge 〈{v1}, v2〉. Thus
KUMs(D) = K(D) = {G,H}. Summarizing, KUMs(D) is not contained in KÛMs(D). Note also that H is not (even upto isomorphism) a weak subdihypergraph of G.
We need also the following technical fact.
Lemma 4.26.
Let D be a finite dihypergraph. Let a sequence of dihypergraphs G0,G1, . . . ,Gk and a sequence of edges f0, f1, . . . , fk−1
satisfy the following conditions:(i) fi is an ordinary edge of Gi such that IGi1 (fi) ⊆ V 〈IGi2 (fi)〉Gi for each i = 0, 1, . . . , k − 1.(ii) Gi+1 = Gi/fi for each i = 0, 1, . . . , k − 1.(iii) G0 is a weak subdihypergraph of D such that(iii1) VG0 = VD,(iii2) the mapping φ : S(G0)→ S(D) such that φ(H) = [VH]D for each strong subdihypergraph H of G0 is a lattice

isomorphism.

Then(a) fi is an ordinary edge of Di = (. . . ((D/f0)/f1) . . .)/fi−1 such that IDi1 (fi) ⊆ V 〈I
Di2 (fi)〉Di (where we set D0 = D) for each

i = 0, 1, . . . , k − 1,(b) Gi is a weak subdihypergraph of Di such that VGi = VD
i for each i = 0, 1, . . . , k ,(c) for each i = 0, 1, . . . , k , the mapping φi : S(Gi) → S(Di) such that φi(H) = [VH]Di for each strong subdihypergraph

H of Gi is a lattice isomorphism.

Proof. Points (a) and (b) follow from the definition of edge contraction and simple induction on i. For (c) we againapply induction on i. If i = 0, then it follows from (iii2). Thus take i ≥ 0 and assume that we have the latticeisomorphism φi from S(Gi) to S(Di). Next, let φ1 : S(Gi) → S(Gi+1) and φ2 : S(Di) → S(Di+1) be lattice isomorphismsdefined in Claim 5 of the proof of Lemma 2.2. Then the composition φi+1 = φ2 ◦φi ◦φ−11 is a lattice isomorphism between
S(Gi+1) and S(Di+1). By the definition of φ1 and φ2 we obtain φi+1(H) = [VH]Di+1 for each strong subdihypergraph Hof Gi+1.
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Proposition 4.27.
Let D be a finite dihypergraph. Then KMK(D) ⊆ KM(D).
Proof. Take K ∈MK(D). Then there is a sequence of dihypergraphs G0,G1, . . . ,Gk such that G0 ∈ K(D), Gk = Kand for each i = 0, 1, . . . , k − 1, Gi+1 = Gi/fi, where fi is an ordinary edge of Gi such that

IGi1 (fi) ⊆ V 〈IGi2 (fi)〉Gi .
Since G0 is a skeleton of D, by Lemma 4.23 we have that VG0 = VD and we can take the lattice isomorphism
φ : S(G0)→ S(D) such that φ(H) = [VH]D for each strong subdihypergraph H of G0. Thus by Lemma 4.26 (for i = k) weobtain that K is a weak subdihypergraph of the dihypergraph D = (. . . ((D/f0)/f1) . . .)/fk−1 such that VK = VD and themapping φk is a lattice isomorphism between S(K) and S(D). It easily follows from these two facts and Lemma 4.23 (c)that(i) each skeleton of K is also a skeleton of D.
More precisely, take M ∈ K(K). By Lemma 4.23 we can take the lattice isomorphism ψ : S(M) → S(K) such that
ψ(N) = [VN]K for each strong subdihypergraph N of M. Then φk ◦ψ is a lattice isomorphism from S(M) to S(D) suchthat φk ◦ψ(N) = [VN]D for each strong subdihypergraph N of M. Hence and by Lemma 4.23 we obtain that M is askeleton of D. Having (i), since K was arbitrarily chosen, to end the proof it is sufficient to show that(ii) D is c-minimal, i.e., D ∈M(D).
Assume otherwise that D is not c-minimal. Then there is an ordinary edge e of D such that ID1 (e) ⊆ V 〈ID2 (e)〉D . Thus
〈w1, . . . , wl〉D = 〈w〉D, where {w1, . . . , wl} = ID1 (e) and w = ID2 (e).In the same way as in the proof of the implication (c)⇒ (b) of Lemma 4.23 we obtain also the following equalities:

V 〈w〉K = V 〈w〉D , V 〈w1,...,wl〉K = V 〈w1,...,wl〉D .
By all these facts, V 〈w1,...,wl〉K = V 〈w〉K , so by Lemma 1.5 (b), 〈w1〉K ∨ · · · ∨ 〈wl〉K = 〈w1, . . . , wl〉K = 〈w〉K . But K isc-minimal, so Lemma 2.19 (b) implies 〈w〉K = 〈wj〉K for some j = 1, . . . , k . Thus applying the first point of the samelemma we obtain w = wj . But it is impossible, because e is an ordinary edge.
The following example shows that the inverse inclusion in Proposition 4.27 need not hold.
Example 4.28.Let D be a simple dihypergraph with five vertices v1, v2, v3, v4, v5, four 1-edges 〈{v5}, v1〉, 〈{v5}, v2〉, 〈{v5}, v4〉, 〈{v4}, v3〉,one 2-edge 〈{v2, v3}, v5〉 and one 3-edge 〈{v1, v2, v3}, v5〉. Then D has exactly one skeleton G, which is obtained byomitting the 3-edge. Next, the 2-edge f = 〈{v2, v3}, v5〉 is the unique ordinary edge in G which satisfies (∗) of Lemma 2.2.Hence MK(D) = M(G) = {G/f} and G/f consists of four vertices v1, v2, v3, v4, five 2-edges (all of them have the sameinitial set {v2, v3}, two of them have the final vertex v2, one has v1, one has v3 and one has v4) and one 1-edge (with theinitial set {v4} and with the final vertex v3). The dihypergraph G/f has the exactly one skeleton K which contains fourvertices v1, v2, v3, v4, one 1-edge 〈{v4}, v3〉 and two 2-edges 〈{v2, v3}, v4〉, 〈{v2, v3}, v1〉. Thus KMK(D) = {K}. On theother hand, the 3-edge e = 〈{v1, v2, v3}, v5〉 is an ordinary edge of D which satisfies (∗). The dihypergraph D/e has fourvertices v1, v2, v3, v4, one 1-edge (with the initial set {v4} and with the final vertex v3), three 2-edges (they have the sameinitial set {v2, v3} and final vertices v1, v2, v3, respectively) and six 3-edges (they have the same initial set {v1, v2, v3}, fiveof them are loops and the last is ordinary with final vertex v4). Thus D/e is c-minimal, so belongs to M(D). Let H be aweak subdihypergraph of D/e which consists of all its vertices and three edges 〈{v4}, v3〉, 〈{v2, v3}, v1〉, 〈{v1, v2, v3}, v4〉.It is easy to see that H is a skeleton of D/e and H is not equal to K (because K does not have a 3-edge). So
KM(D) is not contained in KMK(D). At the end observe that H is the unique skeleton of D/e, i.e., K(D/e) = {H}.Moreover, M(D) = {D/f,D/e} and D/f is obtained from G/f by adding two 3-loops 〈{v1, v2, v3}, v2〉 and 〈{v1, v2, v3}, v3〉.Summarizing, KM(D) = {H,K}.
The above example also shows that compositions MK and KM give completely different families for some dihypergraphs.Note that H is no weak subdihypergraph of G/f .
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5. Main results

At the beginning we show that each finite lattice L can be represented by a simple finite dihypergraph D(L). Thisdihypergraph is c-minimal and its strong subdihypergraph lattice is isomorphic to L. Applying this representation andresults from Sections 2, 3 and 4 we are able to solve our two main problems of the present paper. At the end of this sectionwe apply obtained results to finite distributive lattices. In this case our solutions have a much simpler form. For instance,a finite distributive lattice L can be represented by a simple finite digraph C(L), which is a weak subdihypergraph of D(L)and moreover, it is the unique digraph in the family K(D(L)). We obtain also a simple dihypergraph characterization offinite distributive lattices.
5.1.

In this section we need the following lattice result (see [6] for details of its simple proof). By ∨X we denote a supremumof a set X in a given lattice. Next, let I(L) denote the family of all the join-irreducible elements of L. Recall (see alsoa note below Lemma 2.19) that a non-zero element i of a lattice L = 〈L,∧,∨〉 is join-irreducible if, for each j, k ∈ L,
i = j ∨ k implies j = i or k = i.
Theorem 5.1.
Let L = 〈L,≤L〉 be a finite lattice. Then:(a) The family CL = {C ⊆ I(L) : for all i ∈ I(L), i ≤L

∨
C implies i ∈ C

}
is a closure system. In particular, 〈CL,⊆〉 is

a finite lattice.(b) For each element l ∈ L, O(l) ∈ CL and l = ∨O(l), where O(l) = {i ∈ I(L) : i ≤L l}.(c) For each set C ∈ C, C = O
(∨

C
)
.(d) The function φ : L→ CL such that φ(l) = {i ∈ I(L) : i ≤L l}, for every l ∈ L, is a lattice isomorphism.

Having this theorem it is natural to introduce the following definition.
Definition 5.2.Let L = 〈L,≤L〉 be a finite lattice. Then D(L) denotes a finite simple dihypergraph such that(a) VD(L) = I(L), i.e., join-irreducible elements of L are vertices of D(L),(b) ED(L) = {〈V , v〉 ∈ P(I(L))× I(L) : V 6= ∅, v /∈ V , v ≤L

∨
V
}, where P(I(L)) is the family of all the subsets of I(L).

Note that for an edge 〈V , v〉, the set V is its initial set and the vertex v is its final vertex. Note also that D(L) has no0-edges.
Example 5.3.Take a distributive four-element lattice L with two atoms. Then D(L) is a dihypergraph with two vertices and no edges.
Example 5.4.Take the modular and non-distributive five-element lattice M3, i.e., M3 has three atoms a, b, c. Then D(M3) has threevertices a, b, c and the following three 2-edges: 〈{a, b}, c〉, 〈{a, c}, b〉, 〈{b, c}, a〉. Note that this dihypergraph isc-minimal, u-minimal and is its own skeleton. Thus M(D(M3)) = {D(M3)}, U(D(M3)) = {D(M3)}, K(D(M3)) = {D(M3)}.
Example 5.5.Take the non-modular five-element lattice N5, i.e., N5 has two atoms a, b and one non-atomic join-irreducible element csuch that b < c. Then D(N5) has three vertices a, b, c, one 1-edge 〈{c}, b〉 and two 2-edges 〈{a, b}, c〉, 〈{a, c}, b〉. Notethat K(D(N5)) consists of one dihypergraph H obtained from D(N5) by omitting 〈{a, c}, b〉. Similarly, U(D(N5)) = {H}.On the other hand, D(N5) is c-minimal i.e., M(D(N5)) = {D(N5)}.
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Applying this dihypergraph representation of finite lattices we are able to solve our two algebraic problems. But firstwe prove three important properties of this representation, which are needed to solve these problems. To show the firstproperty we need the following technical fact.
Lemma 5.6.
Let L = (L,≤L) be a finite lattice. Then(a) for each C ∈ CL, [C ]D(L) is a strong subdihypergraph of D(L),(b) for each strong subdihypergraph H of D(L), VH ∈ CL.

Proof. (a): Take C ∈ CL and observe that if an edge e = 〈{v1, . . . , vk}, v〉 starts in C , then
v ≤L

∨
{v1, . . . , vk} ≤L

∨
C.

Hence v ∈ C , so e belongs to [C ]D(L).(b): Assume that there is an element i ∈ I(L) such that i ≤L
∨
VH and i /∈ VH. Then e = 〈VH, i〉 is an edge of D.Since e starts in VH, we obtain that i ∈ VH by the definition of strong subdihypergraph. This contradiction implies

VH ∈ CL.
Having the above result we can show the following first property of our representation.
Proposition 5.7.
Let L = (L,≤L) be a finite lattice. Then S(D(L)) ' L.

Proof. Denote D = D(L). Having Lemma 5.6 we can take functions φ : CL → S(D) and ψ : S(D)→ CL such that
φ(C ) = [C ]D for each C ∈ CL, ψ(H) = VH for each H ∈ S(D).

Lemma 1.5 implies that φ and ψ are injective and preserve the lattice orders. Next, it is easy to see that φ◦ψ = idS(D)and ψ ◦φ = idCL , so ψ = φ−1. Hence lattices S(D) and (CL,⊆) are isomorphic. Thus S(D) ' L by Theorem 5.1.
By Proposition 5.7 we have that the dihypergraph of a finite lattice uniquely determines this lattice. More precisely,since isomorphic dihypergraphs have isomorphic strong subdihypergraph lattices, we obtain the following fact.
Corollary 5.8.
Finite lattices L1 and L2 are isomorphic if and only if dihypergraphs D(L1) and D(L2) are isomorphic.

Next, by Corollary 4.18 (d) and Propositions 4.15 (b), 5.7 we obtain the following fact.
Proposition 5.9.
Let L = (L,≤L) be a finite lattice. Then(a) for each D ∈ K(D(L)), S(D) ' L,(b) for each D ∈ KU(D(L)), S(D) ' L.

Now we show the second property of our representation of finite lattices.
Proposition 5.10.
Let L = 〈L,≤L〉 be a finite lattice. Then D(L) is c-minimal.

1094



K. Pióro

Proof. Assume that D(L) is not c-minimal. Then there is an ordinary edge 〈V , v〉 of D(L) such that V ⊆ V 〈v〉D(L) .By Lemma 5.6 and Theorem 5.1 we know that [O(v)]D(L) is a strong subdihypergraph of D(L) which contains v . Thus
V ⊆ V 〈v〉D(L) ⊆ O(v), because 〈v〉D(L) is the least strong subdihypergraph of D(L) which contains v . Hence w ≤L v for all
w ∈ V . So ∨V ≤L v and consequently, v = ∨V , because v ≤L

∨
V . This implies that v ∈ V by the join-irreducibilityof v . But it is impossible, because v /∈ V .

To show the third property of our representation we need the following technical lemma.
Lemma 5.11.
Let D be a finite c-minimal dihypergraph. Then:(a) φ : VD → I(S(D)) such that φ(u) = 〈u〉D, for all u ∈ VD, is a well-defined bijection.(b) For each ordinary edge e of D, the directed pair

〈{
〈w〉D : w ∈ ID1 (e)}, 〈ID2 (e)〉D〉 is an edge in D(S(D)).(c) φ determines an injective dihypergraph homomorphism φ from Ds to D(S(D)).

Proof. (a): By Lemma 2.19 we obtain that φ is a well-defined injection, because D is c-minimal. Next, since D isa finite dihypergraph, it is easy to see (similarly as for finite algebras) that if a strong subdihypergraph K of D is ajoin-irreducible element of S(D), then K = 〈v〉D for some vertex v ∈ VD. Hence we obtain that φ is also a surjection.(b): Take an ordinary edge e of D and let ID1 (e) = {w1, . . . , wn}, ID2 (e) = v . Then v belongs to 〈w1, . . . , wn〉D, so
〈v〉D ≤S(D) 〈w1, . . . , wn〉D = 〈w1〉D ∨ · · · ∨ 〈wn〉D.

Next, since v /∈ {w1, . . . , wn}, we have by Lemma 2.19 (a) that 〈v〉D /∈
{
〈w1〉D, . . . , 〈wn〉D}, These two facts and (a) implythat 〈{〈w1〉D, . . . , 〈wn〉D}, 〈v〉D〉 is an edge in D(S(D)).(c): It easily follows from (b). More precisely, recall that Ds is a simple dihypergraph which can be naturally consideredas a weak subdihypergraph of D. Then by (b) we have that if e is an edge of Ds with the initial set W and the finalvertex v , then D(S(D)) contains an edge with the initial set φ(W ) and the final vertex φ(v).

The following fact is the third important property of our representation.
Lemma 5.12.
Let D be a finite c-minimal dihypergraph. Then for each dihypergraph K ∈ K(D) there is H ∈ K

(
D(S(D))) such that

K ' H.

Proof. Denote L = S(D) and take the bijection φ : VD → VD(L) and the injective homomorphism φ : Ds → D(S(D))from Lemma 5.11. Take an arbitrary skeleton K of D. Since K is a simple dihypergraph we can consider K as a weaksubdihypergraph of Ds. Formally, K can be naturally embedded in Ds and this embedding is given by the identity onthe vertex set of D. Let H be the homomorphic image of K under φ. Since VK = VDs = VD and φ is surjective, wehave that (note that (a2) follows from (a1))(a) H is a weak subdihypergraph of D(L) such that(a1) H is isomorphic to K,(a2) each edge of H is an isthmus in H,(a3) VH = VD(L).
Now we show that(b) For each edge f = 〈{〈w1〉D, . . . , 〈wk〉D}, 〈u〉D〉 of D(L), the vertex 〈u〉D of D(L) belongs to the strong subdihypergraph〈

〈w1〉D, 〈w2〉D, . . . , 〈wk〉D〉H of H which is generated by vertices 〈w1〉D, 〈w2〉D, . . . , 〈wk〉D.
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By the definition of D(L) we have that
〈u〉D ≤L 〈w1〉D ∨ · · · ∨ 〈wk〉D,

which implies that 〈w1, . . . , wk〉D = 〈w1〉D ∨ · · · ∨ 〈wk〉D contains u. Thus by Proposition 4.15 (c) we obtain that
〈w1, . . . , wk〉K also contain u. Hence the strong subdihypergraph 〈φ(w1), φ(w2), . . . , φ(wk )〉H of H contains φ(u).Properties (a2), (a3), (b) and Proposition 4.19 imply that H is a skeleton of D(L) and this skeleton is isomorphic to Kby (a1).
5.2.

The dihypergraph D(L) need not be u-minimal for a given finite lattice L. However, we prove the interesting fact thateach u-reduction of D(L) is obtained by applying only the operation (b) of Definition 3.17, i.e., by removing some edgeswhich satisfy (ur1). Since D(L) has no loops, to prove this fact it is sufficient to show that if an edge 〈V , v〉 of D(L) anda vertex w ∈ V satisfy (ur2), then 〈V , v〉 satisfies (ur1). We first show the following lemma.
Lemma 5.13.
Let L be a finite lattice and let v be a vertex of D(L). Then for each vertex w ∈ V 〈v〉D(L) ,(a) w ≤L v ,(b) if w 6= v , then the directed pair 〈{v}, w〉 is an edge of D(L).
Proof. Note first that (b) follows from (a) and Definition 5.2.(a): By [12] we have (this fact is also used in the proof of Lemma 2.19) that

V 〈v〉D(L) = ⋃
n∈N

Xn,

where X0 = {v} and Xn+1 = Xn ∪ {u ∈ VD(L) : there exists U such that U ⊆ Xn, 〈U, u〉 ∈ ED(L)} for n = 0, 1, 2, . . .Since v ≤L v , we can apply induction on n. Assume that all vertices of Xn satisfy (a) and take a vertex w ∈ Xn+1. Wecan also assume that w /∈ Xn. Then there is U ⊆ Xn such that 〈U,w〉 is an edge of D(L). By induction hypothesis wehave that u ≤L v for all u ∈ U . Hence ∨U ≤L v . So w ≤L v , because w ≤L
∨
U by Definition 5.2.

Lemma 5.14.
Let L be a finite lattice. Then if an edge 〈V , v〉 and a vertex w ∈ V satisfy (ur2) of Definition 3.17 in the dihypergraph
D(L), then 〈V , v〉 satisfies (ur1) in D(L).
Proof. If 〈V , v〉 and w ∈ V satisfy (ur2), then V is contained in V 〈w〉D(L) , so v also belongs to 〈w〉D(L). Hence and byLemma 5.13 there is an edge of D(L) with the initial set {w} and with the final vertex v . In particular 〈V , v〉 satisfies (ur1)of Definition 3.17.
Proposition 5.15.
Let L be a finite lattice. Then the dihypergraph D(L) has exactly one minimal u-reduction, which is obtained from D(L)
by removing all edges from F , where F is the set of all edges f such that

∣∣ID(L)1 (f)∣∣ ≥ 2 and there is a directed path
going from ID(L)1 (f) to ID(L/0)2 (f). In other words, U(D(L)) = {D(L)F}.
Proof. Take a minimal u-reduction D of the dihypergraph D(L). Let (Di)ni=0 be a sequence of dihypergraphs suchthat D0 = D(L), Dn = D and Di+1 is obtained from Di by one of two operations (b) and (c) of Definition 3.17 for each
i = 0, 1, 2, . . . , n − 1. Note that the operation (a) is never used here, because D(L) and as a consequence, each of itsweak subdihypergraphs, has no loops.
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By Lemma 5.14 we have that D1 is obtained from D(L) by omitting some edge f0 which satisfies (ur1) of Definition 3.17,i.e., ∣∣ID(L)1 (f0)∣∣ ≥ 2 and there is a path going from ID(L)1 (f0) to ID(L)2 (f0). In particular, D1 is a weak subdihypergraph of D(L)which contains all 1-edges of D(L). Thus if an edge g of D1 satisfies (ur2) of Definition 3.17 in D1, then g is alsoan edge of D(L) which satisfies the same condition in D(L). Hence and by Lemma 5.14, g satisfies (ur1) in D(L) andconsequently, g satisfies this condition in D1. This fact implies that D2 is obtained from D1 by omitting some edge f1which satisfies (ur1) in D1. Again, D2 is a weak subdihypergraph of D(L) which contains all 1-edges of D(L). So we canrepeat the above arguments to show that D3 is obtained from D2 by omitting some edge f2 which satisfies (ur1) in D2.And so on.Summarizing, we have shown that Di+1 is obtained from Di by omitting some edge fi which satisfies (ur1) in Di for each
i = 0, 1, 2, . . . , n− 1. We know that {f0, f1, . . . , fn−1} are also edges of D(L), so it is easy to see that

D = D(L){f0,f1,...,fn−1}.

Since D is u-minimal, D does not contain any k-edge, with k ≥ 2, which satisfies (ur1). Hence f0, f1, . . . , fn−1 are alledges of D(L) which satisfy (ur1). Since D(L) has no loops, we have {f0, f1, . . . , fn−1} = F . Thus we have shown thateach minimal u-reduction of D(L) is obtained from D(L) by removing all edges from F . In particular, D(L) has the exactlyone minimal u-reduction.
Proposition 5.16.
Let L be a finite lattice. Then KU(D(L)) ⊆ K(D(L)).
Proof. Take the unique minimal u-reduction D of D(L) and let ED(L) \ED = {f0, f1, . . . , fn−1}. By Proposition 5.15 wecan take a sequence of dihypergraphs (Di)ni=0 such that D0 = D(L), Dn = D and Di+1 = Dfi

i for each i = 0, 1, . . . n− 1.Recall that fi satisfies (ur1) of Definition 3.17 in D, so also in Di. Hence fi is non-isthmus in Di.Let H be a skeleton of D. By Definition 4.5 there is a sequence of dihypergraphs (Hj )kj=0 such that H0 = D, Hk = H andfor each j = 0, 1, . . . n− 1, Hj+1 = Hej
j , where ej is an edge of Hj which is not an isthmus in Hj . Then the sequence ofdihypergraphs (D0,D1, . . . ,Dn,H0,H1, . . . ,Hk ) satisfies (b) of Definition 4.5 for H and D(L). Thus H is also a skeletonof D(L).

The following example shows that the inverse inclusion in Proposition 5.16 need not hold.
Example 5.17.Take a four-element lattice L = 〈{0, a, b, c, 1},≤L〉, where 0 is the least element, 1 is the greatest element and a, b ≤L c(note that this lattice is distributive). Then I(L) = {a, b, 1} and D(L) has two 1-edges 〈{1}, a〉, 〈{1}, b〉 and two 2-edges
〈{a, 1}, b〉, 〈{b, 1}, a〉. Hence we have that U(D(L)) = {D1}, where D1 is the digraph with three vertices a, b, 1 and twoedges 〈{1}, a〉, 〈{1}, b〉. Next, it is easy to see that D1 is a skeleton of itself, so KU(D(L)) = {D1}. On the other hand,we have K(D(L)) = {D1,D2,D3}, where D2 and D3 are weak subdihypergraphs of D(L) such that VD2 = VD3 = {a, b, 1}and ED2 = {〈{1}, a〉, 〈{a, 1}, b〉}, ED3 = {〈{1}, b〉, 〈{b, 1}, a〉}.
5.3.

Now we prove our first main result (for dihypergraphs).
Theorem 5.18.
Let L be a finite lattice and let D be a finite dihypergraph. Then the following three conditions are equivalent:(a) S(D) ' L.(b) For each G ∈ KM(D) there is H ∈ K(D(L)) such that G ' H.(c) There is G ∈ KM(D) and there is H ∈ K(D(L)) such that G ' H.
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Proof. (a)⇒ (b): Take G ∈ KM(D). Then G ∈ K(D) for some D ∈ M(D). Since D is c-minimal, we obtain byLemma 5.12 that there is H ∈ K(D(S(D)) such that G ' H. Next, S(D) ' S(D) ' L by Proposition 2.16. Hencedihypergraphs D(S(D)) and D(L) are isomorphic by Corollary 5.8. Thus families K(D(S(D))) and K(D(L)) are equal upto isomorphism.The implication (b)⇒ (c) is obvious. (c)⇒ (a) follows easily from Corollary 4.18 and Proposition 5.9, because isomorphicdihypergraphs have isomorphic lattices.
In a similar way we obtain the following result. It is sufficient to replace the operator M by the composition UM ofoperators U and M and additionally to apply Propositions 3.33 and 3.38 (b) in the above proof.
Theorem 5.19.
Let L be a finite lattice and let D be a finite dihypergraph. Then the following three conditions are equivalent:(a) S(D) ' L.(b) For each G ∈ KUM(D) there is H ∈ K(D(L)) such that G ' H.(c) There is G ∈ KUM(D) and there is H ∈ K(D(L)) such that G ' H.

The following example shows that in this theorem we cannot replace the family K(D(L)) by KU(D(L)).
Example 5.20.Take a simple dihypergraph D with five vertices v1, v2, v3, v4, v5, two 1-edges 〈{v1}, v2〉, 〈{v1}, v3〉 and two 2-edges
〈{v2, v3}, v4〉, 〈{v1, v4}, v5〉. Then KUM(D) = {D}. Take L = S(D) and observe that the dihypergraph D(L) has fivevertices a1 = 〈v1〉D, a2 = 〈v2〉D, a3 = 〈v3〉D, a4 = 〈v4〉D, a5 = 〈v5〉D (for example, note also that D(L) contains exactlyfour 1-edges, they start in {a1} and end in a2, a3, a4, a5, respectively). It is easy to see that U(D(L)) = {D1}, where
D1 is a simple dihypergraph which has five vertices a1, a2, a3, a4, a5, four 1-edges 〈{a1}, a2〉, 〈{a1}, a3〉, 〈{a1}, a4〉,
〈{a1}, a5〉 and one 2-edge 〈{a2, a3}, a4〉. Moreover, K(D1) = {D2}, where D2 is obtained from D1 by omitting the1-edge 〈{a1}, a4〉. So KU(D(L)) = {D2}. Observe also that D and D2 are not isomorphic.
Example 5.21.Take the modular and non-distributive five-element lattice M3 and its dihypergraph D(M3) (see Example 5.4). Then
KUM(D(M3)) = KM(D(M3)) = {D(M3)}. Take the dihypergraph D = D(Z2×Z2) which represents the abelian group
Z2×Z2. It easily follows from Example 3.7 and Remarks 2.12, 4.13 that KM(D) = KMs(D) = KMs(Ds) = K(H) = {H}and KUM(D) = KUMs(D) = KUMs(Ds) = KU(H) = K(H) = {H}, where H has three vertices v1, v2, v3 and three2-edges 〈{v1, v2}, v3〉, 〈{v1, v3}, v2〉, 〈{v2, v3}, v1〉. Since dihypergraphs D(M3) and H are isomorphic, by Theorem 5.18or 5.19 we have that the strong subdihypergraph lattice S(D) of D is isomorphic to M3. Next, take the dihypergraph
G = D(Z4) which represents the four-element cyclic group Z4. By Example 2.7 and Remarks 2.12, 4.13 we obtain
KM(G) = KMs(G) = KMs(Gs) = K(K) = {K} and KUM(G) = KUMs(G) = KUMs(Gs) = KU(K) = K(K) = {K},where K contains two vertices v1, v2 and one 1-edge 〈{v1}, v2〉. Thus lattices S(G) and M3 are not isomorphic, becausedihypergraphs D(M3) and K are not isomorphic.
By Theorem 5.18 we obtain the following necessary and sufficient conditions for pairs of finite dihypergraphs to haveisomorphic strong subdihypergraph lattices.
Theorem 5.22.
Let D and G be finite dihypergraphs. Then the following conditions are equivalent:(a) S(D) ' S(G).(b) There is a finite c-minimal dihypergraph H such that(b1) for each K1 ∈ KM(D), there is F1 ∈ K(H) with K1 ' F1,(b2) for each K2 ∈ KM(G), there is F2 ∈ K(H) with K2 ' F2.(c) There is a finite c-minimal dihypergraph H such that(c1) there is K1 ∈ KM(D) and there is F1 ∈ K(H) with K1 ' F1,
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(c2) there is K2 ∈ KM(G) and there is F2 ∈ K(H) with K2 ' F2.(d) There is a finite dihypergraph H such that(d1) for each K1 ∈ KM(D) there is F1 ∈ KM(H) with K1 ' F1,(d2) for each K2 ∈ KM(G) there is F2 ∈ KM(H) with K2 ' F2.(e) There is a finite dihypergraph H such that(e1) there is K1 ∈ KM(D) and there is F1 ∈ KM(H) with K1 ' F1,(e2) there is K2 ∈ KM(G) and there is F2 ∈ KM(H) with K2 ' F2.
Proof. (a)⇒ (b): Let L = S(G) and take H = D(L). Then H is c-minimal by Proposition 5.10. Since S(D) and Lare isomorphic, we have by Theorem 5.18 that for each K1 ∈ KM(D) there is F1 ∈ K(H) which is isomorphic to K1.Similarly, applying Theorem 5.18 to G and L we obtain the condition (b2).Implications (b)⇒ (c) and (d)⇒ (e) are trivial. Implications (b)⇒ (d) and (c)⇒ (e) are also obvious, because M(H) = {H}for each c-minimal dihypergraph H. Thus to end the proof we must only show the implication (e)⇒ (a). By Corollary 4.18we have

S(D) ' S(K1), S(F1) ' S(H), S(H) ' S(F2), S(K2) ' S(G).
Since K1 is isomorphic to F1 and K2 is isomorphic to F2, we have also S(K1) ' S(F1), S(K2) ' S(F2). All these factsgive (a).
In a similar way we obtain the following result. It is sufficient to replace the operator M by the composition UM ofoperators U and M and to apply Theorem 5.19 in the above proof.
Theorem 5.23.
Let D and G be finite dihypergraphs. Then the following conditions are equivalent:(a) S(D) ' S(G).(b) There is a finite c-minimal dihypergraph H such that(b1) for each K1 ∈ KUM(D) there is F1 ∈ K(H) with K1 ' F1,(b2) for each K2 ∈ KUM(G) there is F2 ∈ K(H) with K2 ' F2.(c) There is a finite c-minimal dihypergraph H such that(c1) there is K1 ∈ KUM(D) and there is F1 ∈ K(H) with K1 ' F1,(c2) there is K2 ∈ KUM(G) and there is F2 ∈ K(H) with K2 ' F2.(d) There is a finite dihypergraph H such that(d1) for each K1 ∈ KUM(D) there is F1 ∈ KM(H) with K1 ' F1,(d2) for each K2 ∈ KUM(G) there is F2 ∈ KM(H) with K2 ' F2.(e) There is a finite dihypergraph H such that(e1) there is K1 ∈ KUM(D) and there is F1 ∈ KM(H) with K1 ' F1,(e2) there is K2 ∈ KUM(G) and there is F2 ∈ KM(H) with K2 ' F2.

Example 5.20 shows that in conditions (b) and (c) of this theorem the family K(H) cannot be replaced by KU(H). Moreprecisely,
Example 5.24.Take dihypergraphs D and D2 from Example 5.20. Then by Proposition 5.9, S(D2) ' L = S(D). Next, KUM(D) = {D},
KUM(D2) = {D2}. Take an arbitrary finite c-minimal dihypergraph H such that D is (up to isomorphism) an elementof KU(H). It follows from definitions of operators U and K that it can be assumed (to simplify notation) that H has
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the same vertex set as D. Since KU(H) = KU(Hs) (see Remark 4.14), we can take H ∈ U(Hs) such that D belongsto K(H). Then H has the 2-edge 〈{v1, v4}, v5〉, because the skeleton of a dihypergraph is just obtained by omittingsome edges. Next, H is simple and c-minimal (see Proposition 3.38 and Remark 3.21). Thus Corollary 3.48 impliesthat each dihypergraph of U(Hs) contains this edge. Hence none of dihypergraphs of U(Hs) contains 1-edges 〈{v1}, v5〉,
〈{v1}, v4〉 (and also 〈{v4}, v5〉), because otherwise such a dihypergraph would be not u-minimal. This fact implies thateach element K of KU(Hs) = KU(H) does not contain 1-edges 〈{v1}, v5〉 and 〈{v1}, v4〉. So K contains at most two1-edges which start in {v1}, because K has five vertices and is simple (see Remark 4.12). Since v1 is the unique vertexof D which generates D (i.e., 〈v1〉D = D), we have (see also Lemmas 3.31 and 4.23) that v1 has the same property foreach K ∈ KU(H). Observe also that a1 generates D2 and it is the unique vertex of D2 with this property. Thus there isno element of KU(H) which is isomorphic to D2, because D2 has three 1-edges which start in {a1}.
Since for each finite dihypergraph D we have that KMs(D) = KM(D), KUMs(D) = KUM(D) and KÛMs(D) ⊆ KUMs(D)(see Remarks 4.13 and 4.24), the following facts hold.
Remark 5.25.(a) The operator M may be replaced by Ms in Theorems 5.18, 5.19, 5.22 and 5.23.(b) The composition of operators KUM may be replaced by KÛMs in Theorems 5.19 and 5.23.
The next examples show that two finite dihypergraphs D and G may have isomorphic strong subdihypergraph lattices,although KM(D) and KM(G) (respectively, KUM(D) and KUM(G)) do not contain a common (up to isomorphism)dihypergraph. Thus stronger versions of Theorems 5.22 and 5.23 cannot be proved.
Example 5.26.Take the lattice L = 〈{0, a, b, c, 1},≤L〉 and dihypergraphs D1 and D2 from Example 5.17. Then we know that S(D1) =
S(D2) = L, KM(D1) = {D1}, KM(D2) = {D2}. Recall also that D1 is a digraph, while D2 is not. On the other hand, wehave KUM(D2) = {D1}, so KUM(D1) = KUM(D2).
Note that the last equality in Example 5.26 is not accidental. We will show later that if strong subdihypergraph latticesof dihypergraphs D and H are distributive, then S(D) ' S(H) implies that families KUM(D) and KUM(H) have a commonelement. The following example shows that it is not true in general case.
Example 5.27.Take the dihypergraph D from Example 4.9. Recall that D has four vertices v1, v2, v3, v4, two 2-edges 〈{v2, v3}, v1〉,
〈{v2, v3}, v4〉 and one 3-edge 〈{v1, v2, v3}, v4〉. Then D is c-minimal and by Example 4.9, K(D) = {D1,D2}, where D1, D2have four vertices v1, v2, v3, v4, D1 contains the both 2-edges of D and D2 contains 〈{v2, v3}, v1〉, 〈{v1, v2, v3}, v4〉. Henceand by Proposition 4.15, S(D1) ' S(D2). On the other hand, KUM(D1) = KM(D1) = {D1}, KUM(D2) = KM(D2) = {D2},and D1 6' D2.
The next two examples give some applications of Theorems 5.22 and 5.23.
Example 5.28.Take dihypergraphs D and G from Example 5.21. Then KUM(D) = KM(D) = {H} and KUM(G) = KM(G) = {K},where H and K are defined in Example 5.21. Since H has three vertices and K has only two vertices, there is noc-minimal dihypergraph which satisfies the condition (b) of Theorem 5.22 (or (b) of Theorem 5.23). Thus lattices S(D)and S(G) are not isomorphic.
Example 5.29.Take the dihypergraph D = D(Z2×Z2). Then by Example 5.21, KUM(D) = KM(D) = {H}, where H is definedin Example 5.21. Next, take the dihypergraph G with three vertices v1, v2, v3, one 1-edge 〈{v3}, v2〉 and one 2-edge
〈{v1, v2}, v3〉. Then KUM(G) = KM(G) = {G}. Observe that if a c-minimal dihypergraph K has an ordinary 1-edge e,
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then each of its skeletons also has some 1-edge. More precisely, let v be a vertex such that IK1 (e) = {v}. Then 〈v〉Khas at least two vertices, because IK2 (e) ∈ V 〈v〉K . On the other hand, if some skeleton of K has no 1-edges, then eachof its vertices forms one-element strong subdihypergraph (recall that a c-minimal dihypergraph has no constants). Thusby Lemma 3.31 we obtain a contradiction. Now assume that there is a c-minimal dihypergraph K such that H and Gbelong, up to isomorphism, to K(K). Then it follows from the above fact that K has no ordinary 1-edges, because H hasno 1-edges. On the other hand, G contains an ordinary 1-edge. This implies that K contains also an ordinary 1-edge,because G is obtained from K by omitting some edges. By this contradiction we obtain that D and G do not satisfy thecondition (b) of Theorem 5.22 (and also (b) of Theorem 5.23). Hence strong subdihypergraph lattices S(D) and S(G) arenot isomorphic.
Definition 5.30.Let D and G be two finite dihypergraphs.(a) We say that D and G are KM-equivalent if there is a sequence H0, . . . ,Hn of dihypergraphs such that H0 ' D, Hn '

G and families KM(Hi) and KM(Hi+1) have (up to isomorphism) a common dihypergraph for each i = 0, 1, . . . , n−1.(b) We say that D and G are {c, i}-equivalent if there is a sequence H0, . . . ,Hn of dihypergraphs such that H0 ' D,
Hn ' G and for each i = 0, 1, . . . , n− 1 one from the following four conditions holds:• Hi+1 = Hi/f for some ordinary edge f of Hi such that IHi1 (f) ⊆ V 〈IHi2 (f)〉Hi ,• Hi+1 is obtained from Hi by omitting some edge which is not an isthmus in Hi,• Hi = Hi+1/f for some ordinary edge f of Hi+1 such that IHi+11 (f) ⊆ V 〈IHi+12 (f)〉Hi+1 ,• Hi is obtained from Hi+1 by omitting some edge which is not an isthmus in Hi+1.

These two relations are equivalence relations. It is simple to prove, note only that to obtain reflexivity it is sufficientto take the one-element sequence (D) for each finite dihypergraph D. Formally, we can only say that these relationssatisfy the three conditions of equivalence relation, because they are defined in the class of all the finite dihypergraphs.
Having the above definition we can formulate Theorem 5.22 in the following form.
Theorem 5.31.
Let D and G be finite dihypergraphs. Then the following conditions are equivalent:(a) S(D) ' S(G).(b) D and G are KM-equivalent.(c) D and G are {c, i}-equivalent.

Proof. (a)⇒ (b): By Theorem 5.22 there is a dihypergraph H which satisfies the condition (e) of that theorem forour dihypergraphs D and G. Then the three-element sequence D,H,G satisfies conditions of Definition 5.30 (a). So Dand G are KM-equivalent.(b)⇒ (c): By the definition of operators M and K (Definitions 2.4, 2.8, 4.5 and 4.10) we easily obtain that if two finitedihypergraphs are KM-equivalent, then they are also {c, i}-equivalent.Next, the implication (c)⇒ (a) follows straightforward from Lemmas 2.2, 3.12 (a) and the definition of isthmus (see Defi-nition 4.1).
By Theorem 5.31 we obtain, in particular, the following fact.
Remark 5.32.Relations of KM-equivalence and of {c, i}-equivalence are equal.
Note that the implication (c)⇒ (b) of Theorem 5.31 (thus also the fact that the {c, i}-equivalence relation is contained inthe KM-equivalence relation) can be proved directly using only Proposition 4.27, but this proof is technically complicated.
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Example 5.33.Take dihypergraphs D1 and D2 from Example 5.17. Then they are {c, i}-equivalent, because we can add to D1 the2-edge 〈{a, 1}, b〉 and next, remove the 1-edge 〈{1}, b〉 to obtain D2.
Example 5.34.Dihypergraphs D1 and D2 from Example 5.27 are {c, i}-equivalent. Because D1 is obtained from D2 by adding the2-edge 〈{v2, v3}, v4〉 in the first step and by omitting the 3-edge 〈{v1, v2, v3}, v4〉 in the second step.
5.4.

Having the above dihypergraph results and Theorem 1.6 we obtain the following results for finite algebras of arbitrarytypes, which solve our two algebraic problems.
Theorem 5.35.
Let L be a finite lattice and let A be a finite algebra. Then the following conditions are equivalent:(a) S(A) ' L.(b) The dihypergraph D(A) and the lattice L satisfy (b) or (c) of Theorem 5.18.(c) The dihypergraph D(A) and the lattice L satisfy (b) or (c) of Theorem 5.19.

Example 5.36.By Example 5.21 and Theorem 5.35 we obtain the well-known fact that the subgroup lattice of Z2×Z2 is isomorphic tothe lattice M3 and the subgroup lattice of Z4 is not isomorphic to M3.
Example 5.37.Take the non-modular five-element lattice N5 and its dihypergraph D(N5) (see Example 5.5). We know that
KUM(D(N5)) = KM(D(N5)) = {H}, where H has three vertices a, b, c, one 1-edge 〈{c}, b〉 and one 2-edge 〈{a, b}, c〉.Let A = 〈{x, y, z}, ◦〉 be a commutative groupoid given by

◦ x y z
x x z y
y z y y
z y y y

Then D(A)s has three vertices x, y, z, one 1-edge 〈{z}, y〉 and two 2-edges 〈{x, y}, z〉, 〈{x, z}, y〉. Hence and byRemarks 2.12, 4.13, KM(D(A)) = KMs(D(A)) = KMs(D(A)s) = K(D(A)s) = {G} and KUM(D(A)) = KUMs(D(A)) =
KUMs(D(A)s) = KU(D(A)s) = K(D(A)s) = {G}, where G is obtained from D(A)s by removing the 2-edge 〈{x, z}, y〉.Since dihypergraphs H and G are isomorphic, we obtain that the subalgebra lattice S(A) is isomorphic to N5.
Theorem 5.38.
Let A and B be finite algebras (of possibly different types). Then the following conditions are equivalent:(a) S(A) ' S(B).(b) Dihypergraphs D(A) and D(B) satisfy one of (b)–(e) from Theorem 5.22.(c) Dihypergraphs D(A) and D(B) satisfy one of (b)–(e) from Theorem 5.23.(d) D(A) and D(B) are KM-equivalent.(e) D(A) and D(B) are {c, i}-equivalent.

Example 5.39.By Examples 5.21, 5.28 and Theorem 5.38 we obtain the well-known fact that abelian groups Z4 and Z2×Z2 havenon-isomorphic subgroup lattices, because dihypergraphs D(Z4) and D(Z2×Z2) do not satisfy the condition (b) ofTheorem 5.22 (and also (b) of Theorem 5.23).
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Example 5.40.Take the abelian group Z2×Z2 and the commutative groupoid A from Example 5.37. Then (see Examples 5.21 and 5.37)
KUM

(
D(Z2×Z2)) = KM

(
D(Z2×Z2)) = {H} and KUM(D(A)) = KM(D(A)) = {G}, where H and G are dihypergraphsfrom Examples 5.21 and 5.37, respectively. It has been shown in Example 5.29 that there is no c-minimal dihypergraph

K such that K(K) contains, up to isomorphism, both dihypergraphs H and G, simultaneously. Thus dihypergraphs
D(Z2×Z2) and D(A) do not satisfy (b) of Theorem 5.22 (and also (b) of Theorem 5.23). Hence and by Theorem 5.38 weobtain that the subgroup lattice S(Z2×Z2) of the group Z2×Z2 is not isomorphic to the subalgebra lattice S(A) of thegroupoid A.
Example 5.41.Let B = 〈{x, y, z}, ◦〉 be a commutative groupoid given by

◦ x y z
x x z y
y z y x
z y x z

Then D(B)s has three vertices x, y, z and three 2-edges 〈{x, y}, z〉, 〈{x, z}, y〉, 〈{y, z}, x〉. Hence, similarly as inExample 5.37, we obtain KUM(D(B)) = KM(D(B)) = {D(B)s}. Thus Z2×Z2 and B have isomorphic subalgebra latticesby Example 5.21.
5.5.

Now we apply obtained results to finite distributive lattices. More precisely, we will show that our results may beformulated in a simpler way in this important case. In particular, we will obtain other proofs of results from thepaper [14], where our problems have been solved for finite unary partial algebras and finite digraphs.First we prove the following characterization of finite distributive lattices.
Theorem 5.42.
Let L be a finite lattice. Then the following conditions are equivalent:(a) L is distributive.(b) The unique element of U(D(L)) is a digraph. In other words, the dihypergraph D(L)F from Proposition 5.15 is a

digraph.(c) KU(D(L)) contains an exactly one element and this element is a digraph.(d) KU(D(L)) contains a digraph.(e) K(D(L)) contains a digraph.

Proof. (a)⇒ (b): By Proposition 5.7 we have that D(L) has a distributive strong subdihypergraph lattice. Next,
UM(D(L)) = U(D(L)), because D(L) is c-minimal (see Proposition 5.10). Thus by Corollary 3.37 we obtain that eachelement of U(D(L)) is a digraph. So by Proposition 5.15 we obtain the implication (a)⇒ (b).(b)⇒ (c): Let H = D(L)F be the unique element of U(D(L)). Since D(L) is c-minimal (see Proposition 5.10), D(L)satisfies (a) and (b) of Lemma 2.19. Thus by Lemma 3.31 (a) we obtain that H also satisfies these two conditions. Hence
H does not contain non-trivial cycles by Remark 2.22. Next, D(L) is a simple dihypergraph, so H is also simple byRemark 3.21. Summarizing, H is a finite simple and acyclic digraph. Thus by Remark 4.8 we have that H has exactlyone skeleton K. Hence KU(D(L)) = K(H) = {K}.The implication (c)⇒ (d) is obvious, while implication (d)⇒ (e) is implied by Proposition 5.16.(e)⇒ (a): We know (see Proposition 3.5) that a digraph has a distributive strong subdigraph lattice. Hence and byProposition 5.9 we obtain that L is also distributive.
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Recall the following well-know and simple fact.
Proposition 5.43.
Let L = 〈L,≤L〉 be a finite distributive lattice. Then for each join-irreducible element i ∈ I(L) and elements a1, . . .,
an ∈ L, if i ≤L

∨
{a1, a2, . . . , an}, then i ≤L ak for some k = 1, . . . , n.

Proof. By the distributivity law we have
i = i ∧

∨
{a1, a2, . . . , an} = (i∧a1) ∨ · · · ∨ (i∧an).

Thus join-irreducibility implies that i = i∧ak ≤L ak for some k = 1, . . . , n.
The following result easily follows from Proposition 5.43 (see [5] or [6], where the definition of order ideal can be alsofound).
Corollary 5.44.
Let L = 〈L,≤L〉 be a finite distributive lattice. Then the closure system CL on I(L) is equal to the family of all order
ideals of I(L).
Lemma 5.45.
Let L = 〈L,≤L〉 be a finite distributive lattice. Then for each edge f of D(L) there is a 1-edge starting in ID(L)1 (f) and
ending in ID(L)2 (f).
Proof. Take an edge 〈V , v〉 of D(L). Then v ≤L

∨
V and v /∈ V by Definition 5.2. Since V ⊆ I(L), Proposition 5.43implies that v ≤L w for some w ∈ V . Hence the directed pair 〈{w}, v〉 is a 1-edge in D(L).

From Lemma 5.45 and Definitions 3.17, 3.22 we have
Proposition 5.46.
Let L = 〈L,≤L〉 be a finite distributive lattice. Then U(D(L)) = {D̃(L)}, where D̃(L) is the digraph obtained from D(L)
by omitting all the edges which are not 1-edges.

Definition 5.47.For a finite distributive lattice L = 〈L,≤L〉 let C(L) be a simple digraph such that
V C(L) = I(L), EC(L) = {〈{i}, j〉 ∈ I(L)× I(L) : j ≺L i

}
,

where ≺L is the covering relation corresponding to ≤L, i.e., for each two elements x, y ∈ L, y ≺L x if x 6= y and
{z ∈ L : y ≤L z ≤L x} = {x, y}.
Example 5.48.Take the distributive lattice L = 〈{0, a, b, c, 1},≤L〉 and the digraph D1 from Example 5.17. Then C(L) = D1, i.e., C(L)has three vertices a, b, 1 and two 1-edges 〈{1}, a〉, 〈{1}, b〉.
Proposition 5.49.
Let L = 〈L,≤L〉 be a finite distributive lattice. Then(a) C(L) is a weak subdihypergraph of D(L) and V C(L) = VD(L).(b) K

(
D̃(L)) = {C(L)}.
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(c) KU(D(L)) = {C(L)}.(d) Û(D(L)) = {C(L)}, i.e., UD(L) = C(L).
Proof. (a) follows from Definition 5.2.(b): The dihypergraph D(L) is c-minimal by Proposition 5.10. So its distinct vertices generate distinct strong subdihy-pergraphs of D(L) (Lemma 2.19). Thus D(L) does not contain non-trivial directed cycles, because each two vertices of adirected cycle generate the same strong subdihypergraph. Moreover, D(L) is a finite simple dihypergraph. These twofacts imply that D̃(L) is an acyclic simple and finite digraph. By Remark 4.8 we have that each finite simple and acyclicdigraph has exactly one skeleton, which is obtained by omitting all non-isthmi. Thus we have to show that each edgeof C(L) is an isthmus in D̃(L) and each edge of D̃(L) outside C(L) is not an isthmus in D̃(L).The first fact is implied by the definition of covering relation, because D̃(L) is simple. Take an edge 〈{i}, j〉 of C(L) andassume that there is a directed path (〈{a1}, a2〉, 〈{a2}, a3〉 . . . 〈{an−1}, an〉) in D̃(L) such that a1 = i and an = j . Then
ai+1 �L ai for i = 1, 2, . . . , n − 1 by the definition of D(L). Hence j = an �L an−1 �L . . . �L a2 �L a1 = i. But j ≺ i,which implies that n = 2 and a2 = j .To see the second fact take an edge 〈{x}, y〉 of D̃(L). Since y �L x, there is a sequence of elements
i0, i1, . . . , in ∈ I(L) such that i0 = x, in = y and ik covers ik+1 for k = 0, 1, . . . , n − 1, because L is finite. Then
〈{i0}, i1〉, 〈{i1}, i2〉, . . . , 〈{in−1}, in〉 are edges of C(L) which form a directed path going from x to y. Thus if 〈{x}, y〉 isnot an edge in C(L), then it is no isthmus in D̃(L).(c) can be obtained from (b), because U(D(L)) = {D̃(L)} by Proposition 5.46.(d): By the proof of (b) we have that C(L) is obtained from D̃(L) by omitting all the non-isthmi of D̃(L). Thus by thedefinition of the operator Û we obtain (d).
By Example 5.17 we have that even in the case of distributive lattices L the family K(D(L)) may contain dihypergraphswhich are not digraphs. On the other hand, the following fact holds.
Proposition 5.50.
Let L be a finite distributive lattice. Then(a) C(L) ∈ K(D(L)),(b) if D ∈ K(D(L)) is a digraph, then D = C(L).
In other words, C(L) is the unique digraph which belongs to K(D(L)).
Proof. (a) can be obtained by Propositions 5.16 and 5.49 (c).(b): Take a digraph D ∈ K(D(L)) and denote F = ED(L) \ED, F = F ∩ ED̃(L). Observe that if a weak subdihypergraphof D(L) is a digraph, then it is also a weak subdigraph of D̃(L). Hence D is a weak subdigraph of D̃(L) such that
VD = V D̃(L). So

D̃(L)F \ {f} = D(L)F \ {f} for each f ∈ F. (1)
Since D is a skeleton of D(L), Proposition 4.19 implies that

for each edge f ∈ F , f is not an isthmus in D(L)F \ {f}. (2)
Conditions (1) & (2) and Proposition 4.19 imply that D is also a skeleton of D̃(L), because D contains only isthmi. Hence
D = C(L), because K

(
D̃(L)) = {C(L)} by Proposition 5.49 (b).

By the above result and Proposition 5.9 we obtain the following fact.
Proposition 5.51.
Let L be a finite distributive lattice. Then S(C(L)) ' L.
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Corollary 5.52.
Let L1 and L2 be finite distributive lattices. Then L1 and L2 are isomorphic if and only if their digraphs C(L1) and C(L2)
are isomorphic.

Now we can reformulate Theorems 5.19 and 5.23 for finite distributive lattices.
Theorem 5.53.
Let L be a finite distributive lattice and let D be a finite dihypergraph. Then the following conditions are equivalent:(a) S(D) ' L.(b) C(L) belongs (up to isomorphism) to KUM(D).(c) Each element of KUM(D) is isomorphic to C(L).
Proof. (a)⇒ (c): Since D has a distributive strong subdihypergraph lattice, we have that the family UM(D) containsonly digraphs by Corollary 3.37. Thus each element of KUM(D) is a digraph, too. Now take G ∈ KUM(D). Then byTheorem 5.19 there is a dihypergraph H ∈ K(D(L)) such that G ' H. In particular, H is a digraph, so H = C(L) byProposition 5.50. Hence, since G was arbitrarily chosen, we obtain (c).The implication (c)⇒ (b) is obvious. Next, (b)⇒ (a) follows from Corollary 4.18 and Proposition 5.51.
Theorem 5.54.
Let D and G be finite dihypergraphs with distributive strong subdihypergraph lattices. Then the following conditions
are equivalent:(a) S(D) ' S(G).(b) H ' K for each H ∈ KUM(D) and for each K ∈ KUM(G).(c) There is H ∈ KUM(D) and there is K ∈ KUM(G) such that H ' K.

Proof. (a)⇒ (b): Let L1 = S(G) and L2 = S(D). Applying Theorem 5.53 (to pairs D, L1 and G, L2) we obtainthat C(L1) ' H for each H ∈ KUM(D) and C(L2) ' K for each K ∈ KUM(G). Next, L1 and L2 are isomorphic, so
C(L1) ' C(L2). These facts complete the proof of (a)⇒ (b).The implication (b)⇒ (c) is obvious. Finally, (c)⇒ (a) follows from Corollary 4.18 (b), because isomorphic dihypergraphshave isomorphic strong subdihypergraph lattices.
Example 5.55.Take the two-element lattice L = 〈{0, 1, },≤L〉. Then the digraph C(L) has two vertices 0, 1 and one edge 〈{1}, 0〉. Next,take the dihypergraph D = D(Z4) which represents the group Z4. Then by Example 5.21 we have KUM(D) = {K},where K is a digraph which contains two vertices v1, v2 and one 1-edge 〈{v1}, v2〉. Digraphs K and C(L) are isomorphic,so the strong subdihypergraph lattice S(D) is isomorphic to L by Theorem 5.53. Take a digraph G which has threevertices w1, w2, w3 and two edges 〈{w1}, w2〉, 〈{w3}, w2〉. Then KUM(G) = {G}. Since G and C(L) are not isomorphic,by Theorem 5.53 we have that the strong subdigraph lattice S(G) is not isomorphic to L. By these two facts we obtainthat S(D) and S(G) are not isomorphic too. Note that it follows also from Theorem 5.54.
5.6.

Applying Theorem 1.6 we can translate Theorems 5.53 and 5.54 on algebraic language to obtain the following analogousresults for finite algebras with distributive subalgebra lattices.
Theorem 5.56.
Let L be a finite distributive lattice and let A be a finite algebra. Then the following conditions are equivalent:(a) S(A) ' L.
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(b) Dihypergraphs D(A) and C(L) satisfy either (b) or (c) of Theorem 5.53.

Theorem 5.57.
Let A and B be finite algebras (of possibly different types) with distributive subalgebra lattices. Then the following
conditions are equivalent:(a) S(A) ' S(B).(b) Dihypergraphs D(A) and D(B) satisfy either (b) or (c) of Theorem 5.54.

Example 5.58.By Example 5.55 and Theorem 5.56 we obtain the well-known fact that the subgroup lattice of Z4 is the two-elementchain.
Example 5.59.Let A be a two-element discrete algebra (i.e., without operations). Then D(A) is a digraph with two vertices and noedges, so KUM(D(A)) = {D(A)}. Take a monounary algebra B = 〈{a, b, c, }, f〉 such that f(a) = f(b) = f(c) = b.Then KUM(D(B)) = {G}, where G is the digraph from Example 5.55. Thus by Theorem 5.57, S(A) 6' S(B). Now takethe six-element cyclic group Z6 = 〈{0, 1, 2, 3, 4, 5, 6},+, 0〉 (considered as a semigroup with zero) and its dihypergraph
D = D(Z6). First, we can contract the 0-edge e0 = 〈∅, 0〉 to obtain D1. Second, we can contract the 1-edge e1 = 〈{2}, 4〉(which corresponds to the equality 2 + 2 = 4) to obtain D2. Third, we can contract the 2-edge e2 = 〈{2, 5}, 1〉 (whichcorresponds to the equality 2 + 5 = 1) to obtain D3. Fourth, we can contract the 2-edge e3 = 〈{2, 3}, 5〉 (whichcorresponds to the equality 2 + 3 = 5) to obtain D4. It is not difficult to see that ei, for i = 0, 1, 2, 3, satisfies thecondition of Definition 2.4 (see also the condition (∗) of Lemma 2.2) in Di, where D0 = D. Next, it is also easy to seethat D4 has two vertices 2, 3 and some loops, so the simple digraph Ds4 is a simple minimal contraction of D, whichcontains two vertices and no edges. Thus Ds4 ∈ KUM(D). Hence and by Theorem 5.57 we obtain that the subgrouplattice S(Z6) of the group Z6 is isomorphic to S(A), but S(Z6) is not isomorphic to S(B).
5.7.

It is the well-known fact (see [9] for details) that unary algebras have distributive subalgebra lattices. Thus Theorems 5.56and 5.57 (and also Theorems 5.53 and 5.54) solve, in particular, our two algebraic problems for finite unary partialalgebras. Recall that unary partial algebras are represented by digraphs. On the other hand, the paper [14] also solvesthese two algebraic problems in this case. Now we show that by Theorems 5.56 and 5.57 we obtain, in fact, the sameresults as in [14].Take a finite digraph G. Since digraphs have distributive strong subdigraph lattices (Proposition 3.5), we have byTheorem 5.53 that the family KUM(G) has (up to isomorphism) one element. But in the case of digraphs this familyindeed has one element. To see this fact assume first that there is an ordinary edge e in G such that v ∈ V 〈w〉, where
v is the initial vertex of e, i.e., {v} = IG1 (e), and w is the final vertex of e, i.e., w = IG2 (e). In other words, we assumethat G is not c-minimal. Then we know (see Remark 2.23) that there is a path going from w to v . Thus v and w lie onone directed cycle, so they belong to the same strongly connected component K of G (see notes before Theorem 3.36).Next, the dihypergraph G/e is also a digraph and it can be obtained from G by contracting the set {v, w} to the onevertex v in such a way that each edge of G which starts (respectively, ends) in the set {v, w} is replaced by an edgewhich starts (respectively, ends) in v . Note that a strongly connected component of G/e generated by v consists of allthe vertices of K except v and w.Observe also that if a digraph contains a strongly connected component with at least two vertices, then this componenthas ordinary edges f and each of these edges satisfies the same condition as e, i.e., the initial vertex of f is containedin the strong subdigraph generated by the final vertex of f . So such digraphs are not c-minimal.Thus we have shown that a minimal contraction H of G may be obtained (up to isomorphism) from G in the following way:the vertex set VH consists of all the strongly connected components of G and if an edge e of G has the initial vertex v ,i.e., IG1 (e) = {v}, and the final vertex w, i.e., IG2 (e) = w, then the strongly connected component of G containing v is the
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initial vertex of e in H and the strongly connected component of G containing w is the final vertex of e in H. Hence weobtain that G has exactly one minimal contraction H, i.e.,
M(G) = {H}, Ms(G) = {Hs}.

Next, UMs(G) = {Hs}, since H is a digraph. Hence and by Remark 4.13,
KUM(G) = KUMs(G) = K(Hs).

We also know that H has no non-trivial directed cycles (see notes before Theorem 3.36), so Hs is a finite simple andacyclic digraph. Thus Hs has exactly one skeleton (see Remark 4.8), which is the unique element of KUM(G). Denotethis skeleton by TG.Summarizing, we have sketched the proof of the following fact (details are left to the reader).
KUM(G) = {TG} for each finite digraph G. (3)

By (3) and Theorems 5.53, 5.54 we obtain new proofs of the following two results from the paper [14]: For each finite
digraph D and every finite distributive lattice L,

S(D) ' L ⇐⇒ TD ' C(L). (4)
For each finite digraphs D and G,

S(D) ' S(G) ⇐⇒ TD ' TG. (5)We do not formulate the precise proof of (3), because the above two facts are proved in the paper [14] in a much simplerway.By (4), (5) and Theorem 1.6 we obtain the following analogous results for finite unary partial algebras (these facts havebeen also proved in [14]): For each finite unary partial algebra A and every finite distributive lattice L,

S(A) ' L ⇐⇒ TD(A) ' C(L).
For finite unary partial algebras A and B (of possible different unary types),

S(A) ' S(B) ⇐⇒ TD(A) ' TD(B).
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