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Abstract: For a linear complementarity problem with inconsistent system of constraints a

notion of quasi-solution of Tschebyshev type is introduced. It’s shown that this solution can be

obtained automatically by Lemke’s method if the constraint matrix of the original problem is

copositive plus or belongs to the intersection of matrix classes P0 and Q0.
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1 Introduction

Let q 2 Rn be a vector and M be an (n£ n)-matrix. Consider the linear complementarity

problem: ¯nd vectors w and z which satisfy the conditions

w = Mz + q; w ¶ 0; z ¶ 0; (1)

wT z = 0: (2)

Since all variables above are non-negative, one can replace (2) by

wi zi = 0 for all i = 1; : : : ; n: (3)

Let denote this problem as LCP(q; M ):
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The linear complementarity problem belongs to the fundamental problems and is

closely connected with a theory of linear and quadratic programming and bimatrix (two-

person, nonzero-sum) games. It has been intensely studied since the 1960s. Many alter-

native formulations have been investigated, and e±cient algorithms have been proposed

[1{5]. Yet some questions about the problems which have no solutions at all or, more

widely, ill-posed (improper) optimization instances are under investigation [6{8]. One rea-

son for the presence of unsolvable problems is the accidental corruption of the problem

data. Another place where, e.g., infeasible quadratic programs can arise is in sequential

quadratic programming algorithms [9{10] etc.

Usually we do not know a priori whether a concrete problem is proper or not.

Therefore at the 1-st stage of numerical analysis of a problem we try to solve it by means

of some standard tools. If such an attempt fails then we conclude that our problem is

improper and its data revision is necessary. For a linear complementarity problem it

means that we have to determine (preferably small) adjustments ¢M; ¢q such that a

corrected problem

w = (M + ¢M )z + q + ¢q; w ¶ 0; z ¶ 0; (4)

wT z = 0: (5)

will be proper. This is the 2-nd stage of our analysis which may require some additional

numerical techniques. When it is done we apply our standard tools again, but to the

corrected problem. The solution we will obtain after this 3-rd stage may play a role of a

reasonable "quasi-solution" of initial improper problem.

Can one combine these three stages in an unique algorithm when one deals with

a linear complementarity problem? Yes, and this unique algorithm is the well-known

Lemke’s method. We intend to show that under some restrictions, applying this method

to a linear complementarity problem automatically gives us an ordinary solution when

this problem is proper (this fact is well-known) and its quasi-solution otherwise (this fact

is new). It is true (at least) for the problems with co-positive plus matrices or matrices

from Q0

T
P0; where P0 is a class of matrices with non-negative principal minors and Q0

is a class of matrices for which the feasible linear complementarity problem always has a

solution. Note, that co-positive plus matrices also belong to Q0.

But what sort of quasi-solution can Lemke’s method provide when M 2 Q0 and an

initial problem is improper? It can provide a solution of (4), (5) with ¢M = 0 and

¢q 2 Arg min fk»k®;1 : K(») 6= ;g; (6)

where

K(») = f(w; z) : w = Mz + q + »; w ¶ 0; z ¶ 0 g;

k»k®;1 = max
1·i·n

µ
j »ij
®i

¶

and ®1; : : : ; ®n are any given positive numbers.
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It is obviously, that the problem (6) is closely connected with a linear program

% = minf z0 : w = Mz + q + p z0; w ¶ 0; z ¶ 0; z0 ¶ 0 g; (7)

where p = (®1; : : : ; ®n)T : (8)

Indeed (see, e.g., [8]), any solution to (6) has the property k¢qk®;1 = %, and having

% one can obtain at least one of the optimal vectors of (6), namely ¢q := % p: Using

this connection we intend to prove the facts declared above. In particular, we shall use

well-known assertion that triplet » = ( ¹w; ¹z; ¹z0; ) is a solution of the program (7), (8) i®

¹w = q + p ¹z0 + M ¹z ¶ 0; ¹z ¶ 0; ¹z0 ¶ 0; (9)

¼T M µ 0; ¼T p µ 1; ¼ = (¼1; : : : ; ¼n) ¶ 0; (10)

¼T ¹w = 0; ¼T M ¹z = 0; (¼T p ¡ 1)z0 = 0; (11)

where ¼ = (¼1; : : : ; ¼n) is a vector of dual prices.

It is easy to see that there exists some analogy between our results and well-known

properties of the simplex-method in linear programming. Namely, if initial linear program

is infeasible then one can form minimal adjustments of right-hand-side components of its

constraints using positive values of arti¯cial variables obtained at the 1-st phase of the

simplex-algorithm. But this analogy is not comprehensive, and proofs presented below

have a rather di®erent nature.

2 Brief Lemke’s method description

Let’s recall some necessary aspects of the algorithm in question. To begin let us include

an arti¯cial variable z0 in the initial instance as follows

w = Mz + q + p z0; (12)

where a column p = (p1; : : : ; pn)T > 0: According to standard terminology, any solution of

this system is called almost complementary if ziwi = 0 for i = 1; : : : ; n and complementary

if, in addition, z0 = 0: Such a solution is called basic if the columns (of extended matrix

(I; q ¡ M )) corresponding to its nonzero components are linear independent (i.e., form a

basis). A basic solution is called non-degenerate if the number of its nonzero components

is equal to n:

Lemke’s algorithm moves from one non-negative basic almost complementary solution

to another in a special manner (using Lemke’s rule), aiming to meet a complementary

one. At each iteration some variable enters a basis (it’s called an increasing variable) and

some variable leaves it (it’s called a blocking variable).

For i = 1; : : : ; n the corresponding variables zi and wi are called complementary and

each is the complement of the other. According to Lemke’s rule an increasing variable is

a complement of a variable leaving the basis at previous iteration. The leaving (blocking)
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variable is determined by standard primal simplex-method rule to keep all variables non-

negative.

To simplify our discourses we assume that all feasible (i.e. non-negative) basic solu-

tions of (12) are non-degenerate. Under this assumption (assumption of nondegeneracy)

they determine (or correspond to) di®erent extreme points of a polyhedral set

P = f(w; z; z0) : w = Mz + q + p z0; w ¶ 0; z ¶ 0; z0 ¶ 0g:

Therefore, each iteration of Lemke’s method corresponds to motion from some extreme

point of this set to another along its edge, all points of which are almost complementary.

If the edge is bounded, then an adjusted extreme point is reached which is either comple-

mentary or almost complementary. The process terminates if (i) the edge is unbounded

(an alternative ray), (ii) an adjusted point coincides with a previously generated one,

(iii) an adjusted point is a complementary extreme point. Note that, due to to Lemke’s

rule, along an almost complementary path, the only almost complementary basic feasible

solution which can reoccur is the initial one.

The initial extreme point is formed as follows:

z = 0; z0 = ¡ qs

ps
= min

i: qi<0

µ
¡ qi

pi

¶
; w = q + pz0:

Here ws = 0; i.e., we have a feasible basic almost complementary solution. Moreover, this

solution is the origin of a ray of P (its points are generated when z0 increases to +1).

Therefore, terminate case (iii) is impossible. As for the ¯rst increasing variable, it is zs:

Note that for copositive plus matrices and matrices from class Q0 with non-negative

principal minors the case (i) means incompatibility of initial constraint system.

3 Copositive plus matrices

Matrix M is called copositive plus if it satisfy the conditions

xT Mx ¶ 0 for all x ¶ 0; (13)

(M + M T )x = 0 for all x ¶ 0; xT Mx = 0: (14)

The class of such matrices is su±ciently large and includes

1) all strictly copositive matrices, i.e., those for which xT Mx > 0 for all 0 6= x ¶ 0;

2) all positive semide¯nite matrices, i.e., those for which xT Mx ¶ 0 for all x:

Positive matrices are obviously strictly copositive. But some examples show that

matrices of the form

M =

0
B@

0 A

BT 0

1
CA ; where A > 0; B > 0;
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may violate relations (14). Furthermore, it is possible to build a block-diagonal matrix

M =

0
B@

M1 0

0 M2

1
CA

satisfying (13), (14), out of smaller matrices M1 and M2 which also satisfy (13), (14).

Moreover, if S is any skew-symmetric matrix (of suitable order) then M + S is copositive

plus any time as M is so. Consequently, block matrix

M =

0
B@

M1 ¡ AT

A M2

1
CA

satis¯es (13), (14) if and only if M1 and M2 do too.

The class of all copositive plus matrices possesses an important property: if a con-

straint matrix of an LCP(q; M ) belongs to this class then termination of Lemke’s method

on an alternative ray proves inconsistency of its constraint system [2]. The next propo-

sition elaborates this well-known fact.

Theorem 3.1. Let matrix M be copositive plus and Lemke’s method with (8) terminate

on an alternative ray. Then the constraint system of the initial linear complementarity

problem LCP(q; M ) is inconsistent and the origin of the alternative ray (w; z; z0) has the

property: (w; z) is a solution of the corrected problem LCP(¹q; M ); where ¹q = q + p z0;

z0 = %; % is the optimal value of (7):

Proof. Termination in a ray means that a feasible basic solution (w; z; z0) and a ray

direction vector ( ¹w; ¹z; ¹z0) are available such that

¹w = p¹z0 + M ¹z; ( ¹w; ¹z0; ¹z) ¶ 0; (15)

and for all ¸ ¶ 0 it holds

w + ¸ ¹w = q + p (z0 + ¸¹z0) + M (z + ¸¹z); (16)

(wi + ¸ ¹wi) (zi + ¸¹zi) = 0; i = 1; : : : ; n: (17)

These relations evidently imply that the pair (w; z) solves the corrected linear comple-

mentarity problem di®ering from initial one only by the vector ¹q = q + p z0: Next we

must show that the triplet (w; z; z0) is a solution of (7), i.e., z0 = % > 0: To do that let

us investigate the conditions (13){(17) in detail.

First, from ( ¹w; ¹z; ¹z0) 6= 0 it follows that ¹z > 0: Indeed, if, on the contrary, ¹z = 0 then

¹z0 > 0 and ¹w > 0 too, which implies (see (17)) z + ¸¹z = z = 0; i.e., an alternative ray

coincides with the initial one.
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Secondly, all points of the obtained alternative ray are almost complementary, i.e.,

zi wi = zi ¹wi = ¹zi wi = ¹zi ¹wi = 0; i = 1; : : : ; n: (18)

By (15),

0 = ¹zT ¹w = ¹zT p ¹z0 + ¹zT M ¹z: (19)

As matrix M is copositive plus and ¹z ¶ 0; both terms in the right side of (19) are

non-negative and, consequently, are equal to zero. The scalar ¹z0 = 0 because of ¹zT p > 0:

Thirdly, the equality ¹zT M ¹z = 0 means, by assumption, that

M ¹z + MT ¹z = 0 or M ¹z = ¡ MT ¹z:

But, by (15), ¹z0 = 0 implies ¹w = M ¹z ¶ 0; whence M T ¹z µ 0 or, what is the same thing,

¹zT M µ 0:

At last, by (18),

0 = zT ¹w = zT M ¹z = zT ( ¡ MT ¹z) = ¹zT Mz:

Hence,

¹z 6= 0; ¹zT w = 0; ¹zT M µ 0; ¹zT Mz = 0: (20)

It makes it possible to determine dual prices

¼ =

µ
1

¹zT p

¶
¹z

which are non-negative and, by (20), together with triplet (w; z; z0) satisfy to optimality

conditions (9){(11) for (7). The proof is complete.

Note that in general, i.e., when matrix M is arbitrary, the origin (w; z; z0) of the

terminal alternative ray in Lemke’s method provides a solution (w; z) of the corrected

linear complementarity problem LCP(q + p z0; M ): Nevertheless, the initial problem may

be solvable as well as unsolvable.

Example [3] Let apply Lemke’s algorithm to LCP(q; M ) with

M =

0
B@

0 1

0 0

1
CA ; q =

0
B@

¡ 1

0

1
CA ; p =

0
B@

1

1

1
CA :

Just the ¯rst iteration terminates on an alternative ray with z0 = 1 > 0. However,

w =

0
B@

0

0

1
CA ; z =

0
B@

0

1

1
CA

give a solution to this problem.
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4 Matrices with non-negative principal minors

Let us consider next the matrix class P0 consisting of the matrices whose principal minors

are non-negative. This class possesses many signi¯cant properties and plays a prominent

role in linear complementarity theory. However, it’s too wide for our purposes, as one

can see from the example above exploiting the matrix from this class. That is why we

must restrict ourselves to a more narrow matrix set, e.g., by intersection P0\Q0.

It should be noted at this point that P0\Q0 is not contained in any of the better

known matrix classes that arise within linear complementarity theory. Complicated but

constructive characterizations of such matrices are given in [4]. To describe it let us

introduce some notations.

Let I and J be an arbitrary subsets of the index set f1; : : : ; ng. Then MIJ is a matrix

obtained from (n £ n)-matrix M by retaining the rows indexed by I and the columns

indexed by J: If I = f1; : : : ; ng or J = f1; : : : ; ng; we write M¢ J or MI ¢ respectively. If I

or J is a singleton, say i; we simply write i: At last, if I » f1; : : : ; ng is a set of indexes,

then ¹I = f1; : : : ; ng n I is the complementary index set. With this notations, a matrix M

is said to have T-property if for ever nonempty index set I; the existence of a solution u

to the system

MII u µ 0; M ¹II u ¶ 0; u > 0;

implies there exists a nonzero vector v ¶ 0 such that

vT MI¢ µ 0; vT MII u = 0:

Let M be a constraint matrix in (1). At each iteration of Lemke’s method this matrix

changes to principal (pivotal) transform ¹M :

¹MJJ = M¡1
JJ ; ¹MJ ¹J = ¡ M¡1

JJ MJ ¹J ;

¹M ¹JJ = M ¹JJ M¡1
JJ ; ¹M ¹J ¹J = M ¹J ¹J ¡ M ¹JJ M¡1

JJ MJ ¹J ;

where J is a nonempty index set of z-variables being basic.

The next assertion gives the characterization of the matrices under investigation.

Theorem 4.1. [4] If M 2 Q0\P0 then M and each of its principal (pivotal) transforms

has T-property. Inversely, if M is P0-matrix, and each of its principal transforms has

T-property, then M 2 Q0.

This characterization was used in [4] to show that for any q and M 2 Q0\P0 Lemke’s

method either solves an LCP(q; M ) or proves its infeasibility (when terminates on a ray).

And again, we show that in the last case some quasi-solution of (7)-type is generated.

Theorem 4.2. Let M 2 Q0\P0 and Lemke’s method with (8) terminate on an alter-

native ray. Then the constraint system of the initial linear complementarity problem
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LCP(q; M ) is inconsistent and the origin of the alternative ray (w; z; z0) has the prop-

erty: (w; z) is a solution of the corrected problem LCP(¹q; M ); where ¹q = q + p z0; z0 = %;

% is the optimal value of (7):

Proof. T -property of M allows us to verify the conditions (9){(11) for the basic almost

complementary solution in Lemke’s method. Nevertheless, it is easier to use well-known

fact: a value of an arti¯cial variable does not increase along Lemke’s path for such

matrices [3].

Let us apply Lemke’s method to initial problem assuming it is infeasible. We shall

refer to this calculation as process I. Process I must terminate on a ray with arti¯cial

variables z0 ¶ % in a basis. Inequality z0 < % is impossible, since, by de¯nition, the

system

w = Mz + q + p z0; w ¶ 0; z ¶ 0; z0 ¶ 0;

can not be consistent for z0 < %.

Along with the initial problem (1), (2), let consider the corrected one:

w = Mz + ¹q; w ¶ 0; z ¶ 0; (21)

wT z = 0; (22)

where ¹q = q+p ¹z0; ¹z0 is a solution of (7), i.e., ¹z0 = %. As the assumption of nondegeneracy

of the initial problem is valid, at least feasible almost complementary basic solutions of

the corrected problem are non-degenerate too.

Since conditions (21) are compatible now and M 2 P0\Q0; Lemke’s algorithm ap-

plying to (21),(22), will pass through extreme points of "shifted" polyhedral set

¹P = f(w; z; z0) : w = Mz + q + p ¹z0| {z }
¹q

+p z0; w ¶ 0; z ¶ 0; z0 ¶ 0g (23)

until it terminates on a complementary solution. We shall refer to this calculation process

as process II. Let show that both processes produce the same sequence of the bases.

To start, consider the initial basis for process I. It consists of all w-variables, except

one, say ws; where

( µ := )
qs

ps
= min

i2I

qi

pi
; I := fi : qi < 0g:

Instead ws, an arti¯cial variable z0 enters the basis with a value z0 = ¡ µ ¶ ¹z0 (= %) (see

Section 2).

If ¡ µ = ¹z0, then the proof is complete (as z0 can not increase). Otherwise we try to

take the same basis as the initial one for process II. We can do that because the minima

¹µ := min
i2I0

¹qi

pi

; I0 := fi : ¹qi < 0g;

is attained at the same indexes i as µ: It is so, because: (i) one has ¹qi=pi = qi=pi + ¹z0;

i.e., all compared fractions of processes I and II di®er from each other by a constant; (ii)
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index set I0 keeps within I; (iii) qi=pi = µ implies ¹qi = qi + pi¹z0 < qi ¡ piµ = 0 as ¡ µ > ¹z0,

i.e., I0 contains all indexes at which µ is attained.

At the next iterations of both processes, the variables entering the basis are uniquely

determined as the complement to the variables leaving it at the previous iterations.

In its turn, the variable leaving the basis is determined by minimal ratio test which

involves values of basic variables and positive elements of the pivotal transform column

corresponding to entering variables. For both processes all the quantities coincide as far

as the basis contains an arti¯cial variable. Only the values of z0 di®er from each other by

the constant ¹z0. But when an arti¯cial variable leaves the basis of the corrected problem,

process II terminates. Therefore, two sequences of the bases coincide till the corrected

problem will be solved.

To ¯nish, consider the last pivotal tableau of process II

z0
1 : : : z0

s : : : z0
n

z0 q0
0 m0

0s

w0
1 q0

1 m0
1s

...
...

...

w0
n q0

n m0
ns

where z0
s is the increasing variable which forces an arti¯cial variables z0 to leave the basis,

i.e.,
q0

0

m0
0s

= µ̂ := min
i2I 0

m0
is

pi

; I 0 := fi : m0
is < 0g:

But at this stage the pivotal tableau and the increasing variable of process I are the same

z0
1 : : : z0

s : : : z0
n

z0 q00
0 m0

0s

w0
1 q0

1 m0
1s

...
...

...

w0
n q0

n m0
ns

except for a value of q00
0 = q0

0 + ¹z0. That is why a new value of an arti¯cial variable in

process I satis¯es

znew
0 = q00

0 + m0
0sz

new
s µ q0

0 + ¹z0 + m0
0sµ̂ = ¹z0

(indeed, znew
0 = ¹z0). Though several iterations may occur before this process terminates

too, an arti¯cial variable can not increase. Consequently, one has z0 = ¹z0 = % at the end

of the calculation. The proof is complete.
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5 Conclusions

In the article there are presented a new notion of quasi-solution to infeasible linear com-

plementarity problem and some conditions which guarantee this solution be obtained by

the classical Lemke’s algorithm. The conditions are formulated in terms of some matrix

classes, in particular, classes Q0, P0 and class of all copositive plus matrices. Among

close works, in [11], using a multiple-objective framework, feasible but unsolvable lin-

ear complementarity problems are analyzed and transformed into well-posed problems

by means of matrix correction, and in [12] some iterative schemes of Tikchonov’s type

are applied to improper generalized monotone equations and ¯nite-dimension variational

inequalities.
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