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Faculty of Mathematics and Physics,
Charles University,
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1 Introduction

Let f be a function defined on the set extX of all extreme points of a compact convex

set X. There is a number of papers devoted to the question under which conditions the

function f can be extended to a continuous affine function defined on the whole set X

(see [2], [7] and [9]).

The problem of finding this extension is sometimes called the abstract Dirichlet prob-

lem. The most general result in this direction due to E.M. Alfsen (see [3]) can be found

in [1, Theorem II. 4.5]).

Functions on extX, which admit a solution to the abstract Dirichlet problem, are

characterized by means of the upper and lower envelopes. The precise formulation is the

following:

Let f be a continuous function on extX. Then f can be extended to an affine contin-

uous function defined on X if and only if f ∗ = f∗ on extX and µ(f ∗) = ν(f ∗) for every

couple µ, ν of maximal probability measures on X with the same barycenter.
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We recall that the upper envelope f ∗ of a bounded function f on extX is defined as

f ∗ := inf{h : h is affine continuous on X and h ≥ f on extX} ,

and f∗ := −(−f)∗. The aim of our paper is a proof of an analogue of this result for affine
Baire–one functions. As in the aforementioned result we characterize those bounded

functions defined on extX which admit an affine Baire–one extension on the whole set

X. We remark that the results of the paper are formulated in a more general context

of function spaces. This framework required a distinction between various classes of

“abstract” affine Baire–one function as we explain later.

2 Notation and some basic facts

All topological space will be considered as Hausdorff. If K is a compact space, we denote

by C(K) the space of all continuous functions on K. We will identify the dual of C(K)
with the space M(K) of all Radon measures on K. Let M1(K) denote the set of all

probability Radon measures on K and let εx stand for the Dirac measure at x ∈ K. We

always consider the spaceM(K) endowed with the weak–star topology.

If K is a topological space, we write B(K) for the space of all bounded Baire functions
on K, i.e., the smallest space containing C(K) and closed with respect to taking pointwise
limits of sequences. The space of all Baire–one functions (the space of pointwise limits

of sequences of continuous functions) on K is denoted by B1(K). If F is a family of

functions on a space K, we denote by F b the family of all bounded elements of F .
If f is a Baire–one function than it is easy to see that there are functions un, ln,

n ∈ N, such that un, −ln, n ∈ N, are upper semicontinuous, un ↗ f and ln ↘ f on K

(see e.g. [12, Ex. 3.G.1]). We will also need the fact that a real–valued function f on a

normal topological space is of the first Baire–class if and only if f−1(U) is an Fσ–set for

any open set U ⊂ R (see e.g. [12, Ex. 3.A.1]).

Throughout the paper we will consider a function space H on a compact space K. By
this we mean a (not necessarily closed) linear subspace of C(K) containing the constant
functions and separating the points of K.

Let Mx(H) be the set of all H-representing measures (or briefly representing mea-

sures) for x ∈ K, i.e.,

Mx(H) := {µ ∈ M1(K) : f(x) =

∫
K

f dµ for any f ∈ H}.

If µ ∈ Mx(H), we say that x is a barycenter of µ and denote x = r(µ).

The set

ChHK := {x ∈ K : Mx(H) = {εx}}
is called the Choquet boundary of H. It may be highly irregular from the topological

point of view but it is a Gδ–set if K is metrizable.

We introduce the following main examples of function spaces.
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(a) In the“convex case”, the function space H is the linear space Ac(X) of all continuous

affine functions on a compact convex subset X of a locally convex space. In this

example, the Choquet boundary of Ac(X) coincides with the set of all extremal

points of X and is denoted by extX.

Thus the barycenter of a probability measure µ on X is a unique point r(µ) ∈ X

for which f(r(µ)) =
∫

X
f dµ for any f ∈ Ac(X), i.e., µ is Ac(X)–representing x.

(b) In the “harmonic case”, U is a bounded open subset of the Euclidean space R
m and

the corresponding function space H is H(U), i.e., the family of all continuous func-

tions on U which are harmonic on U . In the harmonic case, the Choquet boundary

of H(U) coincides with the set ∂ regU of all regular points of U .

We define the space A(H) of all H-affine functions as the family of all bounded Borel

functions on K satisfying the following barycentric formula:

f(x) =

∫
K

f dµ for each x ∈ K and µ ∈ Mx(H) .

Further, let Ac(H) be the family of all continuous H–affine functions on K. It is easy to
deduce that Ac(H) coincides with H both in the “convex” and “harmonic” case.

We write B1(H) for the set of all pointwise limits of sequences from H and by Bb
1(H)

we understand the set of bounded elements from B1(H). We denote by Bbb
1 (H) the family

of all functions on K which are pointwise limits of a bounded sequence of functions from

H. Obviously we have the following inclusion

Bbb
1 (H) ⊂ A(H) ∩ Bb

1(K) ,

but the converse need not hold (see [10, Example 5.5]).

An upper bounded Borel function f is called H–convex if f(x) ≤ µ(f) for any x ∈ K

and µ ∈ Mx(H). Let Kc(H) denote the family of all continuous H–convex functions on
K. We notice that the space Kc(H)−Kc(H) is uniformly dense in C(K) due to the lattice
version of the Stone–Weierstrass theorem.

The convex cone Kc(H) determines a partial ordering ≺ (called the Choquet ordering)
on the spaceM+(K) of all positive Radon measures on K:

µ ≺ ν iff µ(f) ≤ ν(f) for each f ∈ Kc(H) .

Lemma I.4.7 in [1] implies that for any measure µ ∈ M1(K) there exists a measure ν

such that µ ≺ ν and ν is maximal in the Choquet ordering. If we take µ to be the Dirac

measure εx in a point x ∈ K, we obtain that for any point x ∈ K there exists a maximal

measure ν such that f(x) = ν(f) for every f ∈ H. This is the content of the famous
Choquet–Bishop–de-Leeuw theorem [1, Theorem I.4.8].

A signed measure µ ∈ M(K) is said to be a boundary measure if its total variation

|µ| is maximal. A measure µ is boundary if and only if both its positive part µ+ and

its negative part µ− is maximal. Also µ − ν is a boundary measure provided µ, ν are

positive maximal measures. If K is metrizable, then a measure µ is boundary if and only

if |µ|(K \ ChHK) = 0. In nonmetrizable spaces every boundary measure µ ∈ M(K)
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satisfies |µ|(G) = 0 for any Gδ–set disjoint from ChHK (see [5, Lemma 27.14]) and

µ(B) = 0 for any Baire set B ⊂ K \ ChHK (see [1, Corollary I.4.12 and the subsequent

Remark].

If, for every x ∈ K, a maximal measure representing x is uniquely determined, we say

that H is a simplicial function space. In the “convex case” it is equivalent to say that X

is a Choquet simplex (see [1, Theorem II.3.6]). We denote the unique maximal measure

representing a point x ∈ K by δx.

For a simplicial function space H we also define an operator T by

Tf(x) = δx(f) , f ∈ Bb(K) .

It is well–known (see [10, Proposition 6.1]) that Tf ∈ A(H) for any bounded Baire
function f on K. Moreover,

Tf(x) = f ∗(x) = inf{h(x) : h ≥ f, h ∈ H} , x ∈ K ,

for every H–convex bounded upper semicontinuous function f on K (see [4, Theorem

3.1]). Note also that Tf(x) = f(x) for every x ∈ ChHK and every f ∈ Bb(K).

We write H⊥ for the space of all Radon measures µ on K which satisfy µ(h) = 0 for

every h ∈ H. It follows from [4, Corollary 3.5] that H is simplicial if and only if there is

no nonzero boundary measure µ ∈ (Ac(H))⊥.
If ϕ : X → Y is a continuous mapping of a compact space X onto a compact space

Y and µ is a signed measure on X, its image ϕ̃µ ∈ M(Y ) is defined as

ϕ̃µ(B) := µ(ϕ−1(B)) , B a Borel subset of Y .

According to [8, Theorem 12.46], for any bounded Borel function g on Y holds

ϕ̃µ(g) = µ(g ◦ ϕ) . (1)

3 The Dirichlet problem for Baire–one functions

We are going to provide a necessary and sufficient condition which ensures that a bounded

function f defined on ChHK can be extended to an H–affine Baire–one function h (The-
orem 3.1). A more restrictive assumption imposed on f enables us to find an extension

h which is even contained in Bbb
1 (H) (see Theorem 3.8).

As in [1, Theorem II.4.] mentioned in the introduction, extendable Baire–one func-

tions defined on ChHK are characterized by means of the upper and lower envelopes.

Unlike continuous extensions, we need to employ envelopes generated by H–affine Baire–
one functions. This leads us to the following definitions.

For a bounded function f on ChHK and x ∈ K, we set

f̂(x) := inf{h(x) : h ≥ f on ChHK,h ∈ Bb
1(K) ∩ A(H)} , and

f̌(x) := sup{h(x) : h ≤ f on ChHK,h ∈ Bb
1(K) ∩ A(H)} .
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Theorem 3.1. Let f be a bounded function on ChHK. Then the following two conditions

are equivalent:

(i) there is an H–affine Baire–one function h on X such that f = h on ChHK;

(ii) f̂ = f̌ on ChHK, f̂ is a Baire–one function on ChHK and µ(f̂) = ν(f̂) for every

x ∈ K and every couple of maximal measures µ, ν ∈ Mx(H).
Moreover, if this H–affine Baire–one extension of f exists, it is uniquely determined.

We start with the following well–known minimum principle for Baire H–concave func-
tions.

Proposition 3.2. Let f be an H–concave Baire function on K such that f ≥ 0 on

ChHK. Then f ≥ 0 on K.

Proof. Let f be anH–concave Baire–one function on K which is positive on the Choquet
boundary ChHK. Suppose that f(x) < 0 for some x ∈ K. Then

L := {y ∈ K : f(y) ≤ f(x)}
is a Baire set not intersecting ChHK. According to [1, Corolary I.4.12 and the subsequent

Remark], µ(L) = 0 where µ is a maximal measure representing x. Then the following

inequalities

f(x) ≥ µ(f) =

∫
K\L

f dµ >

∫
K\L

f(x) dµ = f(x)

yield a contradiction and concludes the proof. �

Before the proof of Theorem 3.1 we establish the following useful proposition which

may be interesting on its own right. Note that it is a more general version of [15, Theorem

3.3].

Proposition 3.3. Let f be a bounded Borel function on K such that µ(f) = f(x) for

every x ∈ K and µ ∈ M1(ChHK) ∩Mx(H). Then f is H–affine.

Proof. Set

L := {µ ∈ M1(ChHK) : there exists x ∈ K such that r(µ) = x} .
Then L is a compact subset ofM1(ChHK) and the mapping r : L → K is continuous

and surjective. For any bounded Borel function g on ChHK we define g̃ : ChHK → R

as g̃(µ) := µ(g), µ ∈ L. It is well–known that g̃ is a bounded Borel function on L (see

e.g. [15, Proposition 3.2]).

Let µ be an H–representing measure for x ∈ K. We need to prove that µ(f) = f(x).

Let {µi}i∈I be a net of molecular measures such that µi → µ, i.e.,

µi =

ni∑
k=1

αi
kεxi

k
, ni ∈ N , αi

k ∈ (0, 1) ,
ni∑

k=1

αi
k = 1 , and x

i
k ∈ K for k = 1, . . . , ni .
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For every xi
k we choose a measure λ

i
k ∈ L with r(λi

k) = xi
k and define

λi :=

ni∑
k=1

αi
kλ

i
k and Λi :=

ni∑
k=1

αi
kελi

k
.

Then λi ∈ M1(ChHK) and Λi ∈ M1(L) for i ∈ I. By passing to a subnet if necessary

we may assume that there are probability measures λ ∈ M1(ChHK), Λ ∈ M1(L) such

that λi → λ and Λi → Λ.

We claim that

r(λ) = x , r̃Λ = µ , and Λ(f̃) = λ(f) . (2)

Indeed, for a function h ∈ H we have

λ(h) = lim
i
λi(h) = lim

i
µi(h) = µ(h) = h(x) .

Thus r(λ) = x as required.

If g is a continuous function on K, then

(
r̃Λ

)
(g) = Λ(g ◦ r) = lim

i

ni∑
k=1

αi
kελi

k
(g ◦ r)

= lim
i

ni∑
k=1

αi
k(g ◦ r)(λi

k) = lim
i

ni∑
k=1

αi
kg(x

i
k)

= lim
i
µi(g) = µ(g) ,

which proves r̃Λ = µ.

Since L ⊂ M1(ChHK), we may regard Λ as a probability measure on M1(ChHK).

Further, for a continuous function g on ChHK we have

Λ(g̃) = lim
i

ni∑
k=1

αi
kελi

k
(g̃) = lim

i

ni∑
k=1

αi
kg̃(λ

i
k)

= lim
i

ni∑
k=1

αi
kλ

i
k(g) = lim

i
λi(g) = λ(g)

= g̃(λ) .

Thus Λ is a Ac(M1(ChHK))–representing measure for λ, in other words, λ is a

barycenter of Λ (we remind thatM1(ChHK) is a compact convex set and every continu-

ous affine function onM1(ChHK) is of the form µ �→ µ(g) for some continuous function

g on ChHK). According to [15, Proposition 3.1], Λ(g̃) = λ(g) for every bounded Borel

function g on ChHK, in particular we have Λ(f̃) = λ(f). This concludes the proof of

(2).

Now we are able to finish the proof of the proposition. By combining (1) and (2)
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together with the assumption on the function f we get

µ(f) = (r̃Λ)(f) = Λ(f ◦ r) =
∫

L

(f ◦ r)(ν) dΛ(ν)

=

∫
L

f̃(ν) dΛ(ν) =

∫
M1(ChH K)

f̃(ν) dΛ(ν)

= Λ(f̃) = λ(f) = f(x) .

Hence f is H–affine and the proof is finished. �

Now we are ready for the proof of Theorem 3.1.

Proof (of Theorem 3.1). The implication (i) =⇒ (ii) is almost obvious. If h is a

Baire–one H–affine function on K satisfying h = f on ChHK then h = f̂ = f̌ on ChHK.

Obviously, h(x) = µ(f̂) = ν(f̂) for each couple of maximal measures µ, ν ∈ Mx(H).
For the proof of the converse implication (ii) =⇒ (i), let f be a bounded Baire–one

function on ChHK possesing the properties described in (ii). Let g stand for the common

value of f̂ and f̌ on ChHK.

Claim 3.4. There exists a bounded sequence {kn} of H–concave continuous functions
on K such that kn → g on ChHK.

Proof. Let {ln} and {un} be bounded sequences of functions on ChHK such that each

ln and −un is lower semicontinuous, un < g < ln, un ↗ g and ln ↘ g. Let C be a real

number such that −C ≤ un < ln ≤ C for every n ∈ N.

Fix n ∈ N. We claim that

u∗,ChH K
n = inf{h ∈ H : h ≥ un on ChHK} < ln

on ChHK.

Indeed, let x be a point in ChHK. We use [4, Lemma 1.1] and find a probability

measure µ ∈ Mx(H) such that µ(un) = u∗,ChH K
n (x) and sptµ ⊂ ChHK. Then

u∗,ChH K
n (x) = µ(un) < µ(g) = µ(f̂)

≤ inf{µ(h) : h ≥ f on ChHK,h ∈ Bb
1(K) ∩ A(H)}

= inf{h(x) : h ≥ f on ChHK,h ∈ Bb
1(K) ∩ A(H)}

= f̂(x) < ln(x) .

As x ∈ ChHK is arbitrary, u∗,ChH K
n < ln on ChHK.

For every x ∈ ChHK we find a continuous H–affine function hx so that un ≤ hx on

ChHK and hx(x) < ln(x). It follows from the continuity of hx and the semicontinuity

of ln that the inequality hx < ln holds on some neighbourhood Ux of x. Compactness

of ChHK yields the existence of finitely many points x1, . . . , xk ∈ ChHK such that

ChHK ⊂ ⋃k
i=1 Uxi

. Then the function

kn := hx1 ∧ · · · ∧ hxk
∧ C
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is an H–concave continuous function on K which satisfies un ≤ kn ≤ ln on ChHK and

kn ≤ C on K.

As−C ≤ un ≤ kn on ChHK, it follows from Proposition 3.2 and from the construction

that the sequence {kn} is bounded. Since kn → g on ChHK, the proof of the claim is

finished.

Claim 3.5. Let µ, ν be positive measures supported by ChHK such that µ ≺ ν. Then

µ(g) = ν(g).

Proof. Let {kn} be a bounded sequence of H–concave continuous functions converging
pointwise to g on ChHK. Then µ(kn) ≥ ν(kn), n ∈ N, and from the Lebesque dominated

convergence theorem it follows that µ(g) ≥ ν(g).

On the other hand, Claim 3.4 obviously admits its counterpart. Thus we may find a

bounded sequence of H–convex continuous functions which pointwise converges to g on
ChHK. Hence µ(g) ≤ ν(g) and the claim is proved.

Claim 3.6. Let x be a point of K and µ1, µ2 ∈ M1(ChHK) be a couple of measures

representing x. Then µ1(g) = µ2(g).

Proof. Let νi, i = 1, 2, be maximal measures with µi ≺ νi, i = 1, 2. Then each νi

represents x and ν1(g) = ν2(g) due to our assumption. As the support of both measures

ν1 and ν2 is contained in ChHK, Claim 3.5 implies that µi(g) = νi(g) for i = 1, 2.

Combining these equalities together we get that µ1(g) = µ2(g).

Claim 3.7. There exists an H–affine Baire–one function h on K such that h = f on

ChHK.

Proof. We define the function h : K → R as

h(x) := µ(g) , µ ∈ M1(ChHK) ∩Mx(H) , x ∈ K .

According to Claim 3.6, the function h is well defined and h = g on ChHK. Let L and

r : L → K be as in Proposition 3.3. If g̃ : L → R is defined as g̃(µ) := µ(g), µ ∈ L, then

g̃ = h ◦ r.
et {gn} be a bounded sequence of continuous functions on ChHK such that gn → g.

Then each function g̃n : µ �→ µ(gn), µ ∈ L, is continuous on L and g̃n → g̃. Thus g̃ is a

Baire–one function on L. Let U be an open subset of R. Then h−1(U) = r(g̃−1(U)) is an

Fσ–set in K because g̃−1(U) is an Fσ–set in L and r maps Fσ–sets in L to Fσ–sets in K.

Thus h is a Baire–one function on K.

It follows from the definition that µ(h) = h(x) for any x ∈ K and µ ∈ Mx(H) with
the support in ChHK. Proposition 3.3 implies that h is H–affine and the proof of the
claim is finished.

To conclude the proof of the theorem it remains to verify the last assertion concerning
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the unicity of the extension. But this easily follows from the minimum principle contained

in Proposition 3.2. �

Theorem 3.8. Let f be a bounded function on ChHK. Then the following two conditions

are equivalent:

(i) there is a Baire–one function h ∈ Bbb
1 (H) (respectively h ∈ Bbb

1 (Ac(H))) on X such

that f = h on ChHK;

(ii) f̂ = f̌ on ChHK, f̂ is a Baire–one function on ChHK and µ(f̂) = 0 for every

boundary measure µ ∈ H⊥ (respectively µ ∈ (Ac(H))⊥).
Moreover, if this extension of f exists, it is uniquely determined.

Proof. Let {ln} and {un} be bounded sequences of semicontinuous functions on ChHK

as in the proof of Theorem 3.1. We find a real number C satisfying −C ≤ un < ln ≤ C

and extend functions un and ln on the whole space K by setting un := −C and ln := C

on K \ChHK. Then every un and −ln is an upper semicontinuous function and un < ln.

We are going to use the following version of the Hahn–Banach separation theorem:

Let H be a function space on a compact space K and ϕ1, −ϕ2 be upper semicontinuous

function on K with ϕ1 < ϕ2. Then there exists a function h ∈ H such that ϕ1 < h < ϕ2

if and only if µ1(ϕ1) < µ2(ϕ2) for every couple of measures µ1, µ2 ∈ M1(K) satisfying

µ1 − µ2 ∈ H⊥. (For the proof see [11, Lemma 3.3].)
Let µ1, µ2 ∈ M1(K) be measures satisfying µ1(h) = µ2(h) for each h ∈ H. For i = 1, 2

we find a maximal measue µ̂i with µi �K\ChH K≺ µ̂i and set λi := µi �ChH K +µ̂i. Then

λ1(h) = λ2(h) for any h ∈ H, µ1(un) ≤ λ1(un) and λ2(ln) ≤ µ2(ln). We find maximal

measures ν1, ν2 ∈ M1(K) so that λi ≺ νi, i = 1, 2. As g satisfies the assumptions (ii) of

Theorem 3.1, λi(g) = νi(g) due to Claim 3.5 for i = 1, 2. Since ν1(g) = ν2(g) due to our

assumption, we get

µ1(un) ≤ λ1(un) < λ1(g) = ν1(g)

= ν2(g) = λ2(g) < λ2(ln)

≤ µ2(ln) .

Hence we may apply the italicized result and find a function hn ∈ H such that

un < hn < ln.

Then {hn} is a bounded sequence of functions from H which converges pointwise to

g on ChHK. If x is an arbitrary point of K and µ is a maximal measure in Mx(H),
hn(x) = µ(hn) for every n ∈ N. It follows from the Lebesgue dominated convergence

theorem that {hn(x)} is a convergent sequence. Hence, by setting
h(x) := lim

n→∞
hn(x) , x ∈ K ,

we obtain the desired function h ∈ Bbb
1 (H).

If µ(g) = 0 for every boundary measure µ ∈ (Ac(H))⊥, we apply the Hahn–Banach
separation theorem for the function space Ac(H) instead of H. The unicity of the exten-
sion again follows from Proposition 3.2. �
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Remarks 3.9. (a) For a simplicial function spaceH, any function f ∈ Bb
1(K)∩A(H) is in

fact a pointwise limit of a bounded sequence of functions fromAc(H), i.e., Bb
1(K)∩A(H) =

Bbb
1 (Ac(H)). This assertion was proved in [10, Theorem 6.3].
(b) If f is a Baire–one affine function on a compact convex set X, then f is a pointwise

limit of a bounded sequence of affine continuous functions. The proof of this assertion

can be found in [13, Théorème 80]. If we write A(X) for the space of affine functions on

X, we have the following equalities

A(Ac(X)) ∩B1(X) = A(X) ∩ B1(X) = Bbb
1 (A

c(X)) = Bb
1(A

c(X)) = B1(A
c(X)) .

The first equality is the Choquet barycentric theorem [6] (see also [1, Theorem I.2.6]).

The inclusion A(X) ∩ B1(X) ⊂ Bbb
1 (X) follows from the aforementioned [13, Théorème

80] and the remaining inclusions are trivial. With these facts in mind, we can rewrite

Theorems 3.1 and 3.8 for the “convex case” in the form laid down in Corollary 3.10.

Corollary 3.10. Let X be a compact convex set and f be a bounded function on extX.

Then the following conditions are equivalent:

(i) there is a Baire–one affine function h on X such that f = h on extX;

(ii) f̂ = f̌ on extX, f̂ is a Baire–one function on extX and µ(f̂) = ν(f̂) or every couple

µ, ν of maximal probability measures on X with the same barycenter.

Moreover, if this extension of f exists, it is uniquely determined.

The following example shows that the assumption of the “topological” quality of the

function f̂ in condition (ii) of Theorem 3.1 is necessary.

Proposition 3.11. Let H be a simplicial function space on a metrizable compact space

K. If f is a bounded Baire–one function on ChHK, then f̂(x) = f̌(x) = δx(f) for every

x ∈ K and µ(f̂) = 0 for every boundary measure µ ∈ (Ac(H))⊥.
In particular, if ChHK is not an Fσ–set, then there exists a bounded Baire–one

function f on ChHK such that f̂ = f̌ on ChHK, µ(f̂) = 0 for every boundary measure

µ ∈ (Ac(H))⊥ and f cannot be extended to an H–affine Baire–one function.

Proof. Obviously, f̌(x) ≤ δx(f) ≤ f̂(x) for every x ∈ K.

To verify the equality f̂(x) = f̌(x), fix x ∈ K. Since K is supposed to be metrizable,

δx(ChHK) = 1 and thus we can find a sequence {Kn} of compact sets Kn ⊂ ChHK such

that δx(Kn)→ 1. Let {ln} be a bounded sequence of lower semicontinuous functions on
ChHK satisfying ln ↘ f and C be an upper bound of the sequence {ln}. If we define

l̃n :=

{
ln on Kn ,

C on K \Kn ,

we obtain a sequence {l̃n} of H–concave lower semicontinuous functions on K which

converges to f almost everywhere with respect to δx. Then {T l̃n} is a bounded sequence
of lower semicontinuous (and hence also Baire–one) H–affine functions such that f ≤ T l̃n
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on ChHK. Moreover, from the Lebesque dominated convergence theorem it follows that

T l̃n(x) → δx(f). Hence f̂(x) = δx(f). Similarly we verify that f̌(x) = δx(f) for any

x ∈ K.

As was mentioned in the introduction, Tf is a Borel function. Since H is a simplicial

function space, there is no nonzero boundary measure µ ∈ (Ac(H))⊥, and thus the
condition µ(f̂) = 0 for every boundary measure µ ∈ (Ac(H))⊥ is vacuously satisfied.
If ChHK is not an Fσ–set, according to [14, Theorem] there exists a bounded Baire–

one function f on K such that Tf is not of the first Baire class. Hence the function

f �ChH K cannot be extended to an H–affine Baire–one function defined on the whole
space K. �
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