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Abstract: Goursat distributions are subbundles, of codimension at least 2, in the tangent

bundles to manifolds having the flag of consecutive Lie squares of ranks not depending on a

point and growing – very slowly – always by 1. The length of a flag thus equals the corank of

the underlying distribution.

After the works of, among others, Bryant&Hsu (1993), Jean (1996), and

Montgomery &Zhitomirskii (2001), the local behaviours of Goursat flags of any fixed

length r ≥ 2 are stratified into geometric classes encoded by words of length r over the

alphabet {G, S,T} (Generic, Singular, Tangent) starting with two letters G and having letter(s)

T only directly after an S, or directly after another T.

It follows from [6] that the Goursat germs sitting in any fixed geometric class have, up to

translations by rkD − 2, one and the same small growth vector (at the reference point) that

can be computed recursively in terms of the G, S,T code. In the present paper we give explicit

solutions to the recursive equations of Jean and show how, thanks to a surprisingly neat

underlying arithmetics, one can algorithmically read back the relevant geometric class from

a given small growth vector. This gives a secondary, Gödel-like super-encoding of the geometric

classes of Goursat objects (rather than just a 1-1 correspondence between those classes and

small growth vectors).
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1 Geometric classes of germs of Goursat flags

Goursat flags are certain special nested sequences, say F , of variable length r (2 ≤ r ≤

n − 2) of subbundles in the tangent bundle TM to a smooth (C∞) or analytic (Cω) n-

dimensional manifold M : Dr ⊂ Dr−1 ⊂ · · · ⊂ D1 ⊂ D0 = TM . Namely, one demands,

for l = r, r − 1, . . . , 1 that (a) corkDl = l, and (b) the Lie square of Dl be Dl−1. Every

member of F save D1 is called Goursat distribution, r is called the length of F . They

naturally generalize the well-known Cartan’s distributions on the jet spaces of functions

R → R. The latter (the smallest flag’s member is then of rank 2) satisfy (a) – (b), but

display no singularities. While these conditions do admit singularities, as it has been

known since 1978 (Giaro-Kumpera-Ruiz).

This, very restricted, class of objects was being investigated (intermittently) over

the last 110 years, with important contributions by E. vonWeber [12] and E.Cartan [2].

They proved independently that every corank-r Goursat distribution Dr around a generic

point of M locally behaves in a unique way visualised by the chained model – the germ

at 0 ∈ R
n(x1, . . . , xr+2; xr+3, . . . , xn) of

(
∂n, . . . , ∂r+3; ∂r+2, ∂1 + x3∂2 + x4∂3 + · · ·+ xr+2∂r+1

)
(C)

(these are vector fields generators; effectively used are only first r + 2 coordinates). Cha-

ined models can be viewed as the simplest instance of a family of local writings (preli-

minary normal forms with real parameters of, in general, unknown status) of Goursat

distributions, obtained much later by Kumpera and Ruiz in [7] and quoted in Thm. 1.1.

We call them KR pseudo-normal forms. Repeating, Kumpera and Ruiz discovered singu-

larities hidden in flags, and pseudo-normal forms were merely a byproduct. Those forms,

however, have been an important step in the (still open) problem of the local classification

(C∞ or Cω) of flags.

Theorem 1.1 ([7]). For any Goursat flag of length r on a smooth (C∞ or Cω) manifold

M of dimension n ≥ r +2, TM = D0 ⊃ D1 ⊃ D2 ⊃ · · · ⊃ Dr, around any point p ∈ M

there exist local coordinates x1, x2, . . . , xr+2; xr+3, . . . , xn centered at p, of the same

class as M , such that in these coordinates each Dj has around p a Pfaffian description

ω1 = ω2 = · · · = ωj = 0, j = 1, 2, . . . , r, where

ω1 = dxi1 − x3dxj1 , (i1, j1) = (2, 1)

ω2 = dxi2 − x4dxj2 , (i2, j2) = (3, j1) = (3, 1)

ω3 = dxi3 − x5dxj3 , (i3, j3) ∈ {(4, j2), (j2, 4)}

ω4 = dxi4 − X6dxj4 , (i4, j4) ∈ {(5, j3), (j3, 5)}

∗ ∗ ∗ ∗

ωr = dxir − Xr+2dxjr , (ir, jr) ∈ {(r + 1, jr−1), (jr−1, r + 1)} .

In this writing, for 6 ≤ l ≤ r + 2, X l = cl + xl excepting the cases of inversions

(il−2, jl−2) = (jl−3, l − 1) when simply X l = xl. That is, in these coordinates each
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Dj becomes the germ at 0 ∈ R
n of the indicated corank-j polynomial Pfaffian system.

The c6, c7, . . . , cr+2 are real constants that are not, in general, uniquely determined by

the flag’ germ.

In a family of cases, specific simplifications occur in these pseudo-normal forms: when for

certain 4 ≤ l ≤ r there is no inversion in the forms ω3, ω4, . . . , ωl, then the constants

c6, c7, . . . , cl+2 are absent (are zero).

Conversely, all pairs of sequences {il} and {jl} ( l = 1, . . . , r) fulfilling the conditions writ-

ten above, and arbitrary real constants c6, c7, . . . , cr+2 (when applicable) are permitted

and always give a Goursat flag.

We underline that in this theorem all members of the flag of Dr simultaneously get

polynomial descriptions. The generic model (C) shows up when there is no inversion of

differentials (and, in consequence, no constants) in all the Pfaffian equations proposed in

Thm. 1.1.

Definition 1.2. Small growth vector {nj(p)} of a distribution D at a point p ∈ M

is the sequence of dimensions at p of the (local) modules of vector fields Vj, V1 = D,

Vj+1 = Vj + [D, Vj ],

nj(p) = dim Vj(p) , j = 1, 2, 3, . . .

When this sequence attains the value dim M for the first time in its l-th term, nl−1(p) <

nl(p) = dim M , then l is called the nonholonomy degree of D at p.

Corollary 1.3. It follows automatically from Theorem 1.1 that Goursat distributions D

of arbitrary rank locally are the direct sums of integrable distributions (foliations) D′ and

of Goursat distributions D′′ of rank 2 invariant with respect to the vector fields taking

values in D′. In Kumpera-Ruiz coordinates for a germ of D, that integrable summand

D′ gets a clear description dx1 = dx2 = · · · = dxr+2 = 0.

As for the small growth vector of D at any point, it is, naturally, the translation (shift)

by the value rkD − 2 of the small vector of D′′ at that point.

Constants appearing in Thm. 1.1 often reflect different geometric behaviours of flag’s

members. But not all constants, and here is the first nontrivial

Example 1.4. For r = 5 and n = r + 2 = 7, in the family of KR pseudo-normal forms

(
dx2 − x3dx1, dx3 − x4dx1, dx1 − x5dx4, dx5 − (c6 + x6)dx4, dx6 − (c7 + x7)dx4

)
(1)

around 0 ∈ R
7, the objects with c6 = 0 are non-equivalent to those with c6 6= 0. Among

the former, the value of c7 can be reduced either to 0 or to 1, and these two normalized

values are non-equivalent. Among the latter, c6 can be reduced to 1, and (quite unexpec-

tedly; overlooked in [7], rectified in [4] and [3]) c7 to 0. Thus the non-equivalent ‘model’

values of (c6, c7) are just (1, 0), (0, 1) and (0, 0).

On the whole, the entire local classification problem for Goursat distributions (still
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open in general) can be worded as follows: to tell what families of constants (meaning

the KR pseudo-normal forms with those constants) are equivalent to what other families;

when the length r is fixed, these families consist of not more than r − 5 real numbers.

Things being so, researchers have tried to approximate the orbits of the classification by

analyzing flags’ local geometries – by proposing different stratifications in the vast space

of all Goursat germs. An important approach in that direction has been commenced in

[6], or rather (if only on an experimental level) in [5].

In the present paper we want to continue and close the work [6], by joining much

more tightly the highly original stratification proposed in it with the notion of small

growth vector (Def.1.2 above) of a distribution. For, the relation established in [6] (clearly

pioneering in the mid 90s) goes only in one direction, establishing unique s. gr. v.’s for the

entire Jean’s strata. And not yet answering whether that associating mapping is injective.

Our objective is to answer this question in the affirmative (see Main Theorem in

Chap. 3), and to do that in the most effective way – by giving an arithmetical algorithm for

the retrieval of the original stratum from the small growth vector associated to it. Prior

to that, however, Jean’s strata must be carefully described and encoded – by quite natural

words over the alphabet {G,S,T}. This contribution (being of independent significance

and due to Montgomery&Zhitomirskii) is reported in the present, long chapter. Then

the main result of [6] – the recurrences yielding the s. gr. v.’s in an implicit way – is

recalled in Chap. 2, followed by a reorganization of the data issuing from it (proposed by

us). Our solutions of those recurrences are presented in Chap. 3. The injectivity, hidden

in the solutions, is being uncovered in Main Theorem in section 3.2.

1.1 Sandwich Diagram and the definition of geometric classes.

A neat geometric clarification is possible to the pseudo-normal forms of Kumpera &Ruiz.

It has been due mainly to Jean and Montgomery&Zhitomirskii. Upon closer inspection

there emerges, [6], [3], [9], a stratification of germs of flags into canonically defined geo-

metric classes, with strata encoded by words (of length equal to flag’s length) over the

alphabet {G,S,T}: Generic, Singular, Tangent, subject to certain restrictions. We want

to recall that definition and draw some natural corollaries.

The first ingredient is the classical notion, for any distribution D, of the module (or,

in the analytic category, sheaf of modules) of Cauchy-characteristic vector fields v with

values in D that preserve D, [v, D] ⊂ D. And one of first observations (see, for inst.,

Lemma 2.1 in [9]) is that for D – Goursat, L(D) is a regular corank two subdistribution of

D, rk L(D) = rkD−2, enjoying one additional (and key) property. Namely, L([D, D]) ⊂

D.

Remark 1.5. It becomes clear that L(D) is that integrable direct summand D′ in D

mentioned in Cor. 1.3 (which thus turns out to be unique). For, clearly, [D′, D] ⊂ D,

hence D′ ⊂ L(D), while these two subdistributions of D have the same rank rkD − 2.
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Therefore, in any Kumpera-Ruiz coordinates for D – Goursat of corank j on a manifold

of dimension n, its Cauchy characteristics L(D) = (∂j+3, ∂j+4, . . . , ∂n).

As to the second property L([D, D]) ⊂ D, it is also visible through Thm. 1.1 which

supplies local forms simultaneously for D and [D, D], and allows to compute L([D, D])

as well.

The second ingredient is putting this all together for a corank-r Goursat distribution

Dr, first done in [9] (p. 464) under the form of the Sandwich Diagram.

TM ⊃ D1 ⊃ D2 ⊃ D3 ⊃ · · · ⊃ Dr−1 ⊃ Dr

∪ ∪ ∪ ∪

L(D1) ⊃ L(D2) ⊃ · · · ⊃ L(Dr−2) ⊃ L(Dr−1) ⊃ L(Dr).

In view of the mentioned properties, all direct inclusions in this diagram are of codi-

mension one. One gets here r − 2 squares (indexed by the upper right vertices) built of

inclusions, and in each j-th square (j = 3, 4, . . . , r) the distributions Dj and L(Dj−2)

have the same rank. These spaces can be perceived as certain fillings in a sandwich with

covers Dj−1 and L(Dj−1) (of not the same dimension). With this interpretation at hand,

Montgomery&Zhitomirskii (preceded by Bryant&Hsu with a similar, if given in a less

explicit form, idea sketched in [1], p. 455) say that Dk is at p in singular position when

it coincides at p with L(Dk−2): Dk(p) = L(Dk−2)(p). That is, when the fillings in the

k-th sandwich coincide (coalesce) at p.

Proposition 1.6. For any Goursat flag F : D1 ⊃ D2 ⊃ · · ·Dr−1 ⊃ Dr, the corank-k

member Dk is at p in singular position iff in any KR pseudo-normal form for F near p

there is the inversion of indices (ik, jk) = (jk−1, k + 1) in the relevant Pfaffian equation

ωk = 0. In such a case the locus Nk of points where Dk is in singular position has locally

in these KR coordinates the equation xk+2 = 0.

Proof. By Rem.1.5, in any chosen KR coordinates, L(Dk−2) = (∂k+1, ∂k+2, . . . , ∂n). In

the absence of inversion in ωk, Dk = (∂n, . . . , ∂k+2, Xk+2∂k+1 +∂jk−1
+ · · · ) and jk−1 ≤ k,

so that Dk(0) 6= L(Dk−2)(0).

In the presence of inversion, Dk =
(
∂n, . . . , ∂k+2, ∂k+1+xk+2(∂jk−1

+· · · )
)

and p, recalling,

is 0 in that KR chart. In this case, for x near 0, x ∈ Nk ⇔ ( ∂n, . . . , ∂k+2, ∂k+1 +

xk+2(∂jk−1
+ · · · ) ) = (∂n, . . . , ∂k+2, ∂k+1) ⇔ xk+2 = 0. �

Corollary 1.7. For any flag F of length r, each singularity set Nk, k = 3, . . . , r, is either

empty or an embedded codimension-one submanifold of M. Moreover, at every point of

Nk, Dk is transverse to Nk.

Note. Now it is easy to produce examples of flags’ germs belonging only to beforehand

prescribed KR singularity classes. The classes can be identified with the subsets of the

set {3, 4, . . . , r}, and one just chooses the second alternatives (inversions) in Thm. 1.1
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in the Pfaffian equations ωk = 0 with indices k from the desired subset of {3, 4, . . . , r}.

(Constants in the remaining equations, if any, do not matter for any such example.)

The construction of the encoding word.

Two biggest members of F , D1 and D2, are nowhere in singular positions. Because of

that the word starts from the left with two letters G. Further members of F are, or are

not, in singular positions at p depending on the KR singularity class of the germ of F at

p.

(i) For p sitting in M \ (N3 ∪ · · · ∪ Nr) the encoding word is, by definition, r letters

G going in row.

Attention. Repeating occurrences of the same letter going in row will henceforth be

noted by a subscript expressing the number of occurrences.

In the complement of all hypersurfaces (or empty sets) Nk, the local geometry is thus

encoded by Gr.

(ii) If precisely the members Dk1 , Dk2, . . . , 3 ≤ k1 < k2 < · · · ≤ r, are at p in

singular position, then the code is being constructed in several steps. It starts with k1−1

G’s on the left, and its k1-th, k2-th, . . . letters from the left are S.

(iii) If p is such that, after step (ii), defined is still not the entire word of r letters,

then there is a sequence (possibly, more than one, and possibly of different lengths) of

l ≥ 1 blank spaces in it, after certain letter S at the k-th place. Naturally, if this is the

last S in the word, then the string of l blank spaces ends the word. How to fill these

spaces with letters G and/or T ? Here is the procedure for one blank string. If there are

several blank intervals after step (ii) then, naturally, the procedure should be applied

several times.

Nk ∋ p is smooth by Cor. 1.7. Observe at first that if the (k + 1)-th letter were S (and

not a blank space as it actually is) then Dk+1 would be transverse to Nk at p. Indeed,

in KR coordinates L(Dk−1) = (∂k+2, ∂k+3, . . . , ∂n) by Rem. 1 and Nk = {xk+2 = 0} by

Prop. 1.6. By continuity argument, also in our situation Dk+1 can be transverse to Nk at

p.‡ If it really is, then the letters No k + 1, k + 2, . . . , k + l in the word are declared G.

If, however, Dk+1 is not transverse, Dk+1(p) ⊂ TpNk, then we encounter a deeper, second

order (tangent) singularity and we put in the word a letter T at the (k + 1)-th place.

(Note here an evident thing that the tangent position of Dk+1 at a point is – due to the

absence of transversality to Nk – different from the first order singular position. And,

needless to say, this tangent position equals Dk(p) ∩ TpNk, cf. Cor. 1.7. Thus in the

sandwich L(Dk)(p) ⊂ V ⊂ Dk(p) there are two geometrically distinguished positions

for a (k + 1)-dimensional space V : the first order singular position L(Dk−1)(p) and the

second order tangent position Dk(p) ∩ TpNk.)

Before passing to singularities of higher orders, an analogue of Cor. 1.7 is needed. How

‡ A codimension-1 subspace L(Dk)(p) of Dk+1 is automatically tangent to Nk, because the flows of

vector fields in L(Dk) preserve – by definition – the equality Dk = L(Dk−2) holding originally at p. But

there is one spare dimension in Dk+1(p).
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does the locus Nk,k+1, of the singular behaviour ‘ST’ featured by Dk and Dk+1 together,

look like near p ? To answer this, and similar further questions in later stages of the

definition, we take again any KR pseudo-normal form (ω1, ω2, . . . , ωr) for F near p. (We

will resort to KR coordinates on several more occasions, after which our reference point

p ∈ M becomes 0 ∈ R
n. But those are, we underline, only technical tools for handling

the Jean stratification created by F in the vicinity of p ∈ M . Therefore, the (M, p) and

(Rn, 0) contexts will interweave.) In the situation discussed in (iii), by Prop. 1.6, there

is an inversion in ωk, while there is no inversion in ωk+1, . . . , ωk+l:

ωk = dxjk−1 − xk+2dxk+1 ,

ωk+1 = dxk+2 − (ck+3 + xk+3)dxk+1 ,

ωk+2 = dxk+3 − (ck+4 + xk+4)dxk+1 , (2)

∗ ∗ ∗ ∗ ∗

ωk+l = dxk+1+l − (ck+2+l + xk+2+l)dxk+1 .

So

Dk+1 = ( ∂n, . . . , ∂k+3, ∂k+1 + (ck+3 + xk+3)∂k+2 + xk+2(∂jk−1
+ · · · ) ) (3)

and

Dk+1(p) ⊂ TpNk ⇔ Dk+1(0) ⊂ T0{x
k+2 = 0} ⇔ ck+3 = 0 .

That is, T follows S in the code iff ck+3 = 0 in any KR coordinates. Substituting this

value to (3), now for a general point x near 0,

Dk+1(x) ⊂ T0{x
k+2 = 0} ⇐⇒ xk+2 = xk+3 = 0 . (4)

This together with (3) justify, on the level of M ,

Proposition 1.8. If only nonempty, Nk,k+1 is an embedded codimension-2 submanifold

of M. Moreover, at every point of Nk,k+1, Dk+1 is transverse in Nk to Nk,k+1.

But Dk+2(p) – smaller than Dk+1(p) – can either be transverse to Nk,k+1 in Nk [in the

KR glasses, think about slightly perturbing at 0 the 1st order singular position L(Dk) =

(∂k+3, . . . , ∂n) that is clearly transverse to {xk+2 = xk+3 = 0} within {xk+2 = 0}], which

replaces M at this stage, because analysed are the points of Nk,k+1 ⊂ Nk, or else tangent

to Nk,k+1, thus creating a new third order singularity of F . In the latter case, clearly,

Dk+2(p) = Dk+1(p)∩TpNk,k+1. (The transverse alternative notwithstanding the fact that

a codimension-1 subspace L(Dk+1) ⊂ Dk+2 is always tangent to Nk,k+1, because the flows

of its v. f.’s preserve Dk+1, hence also Dk and L(Dk−2).) At this point we underline, as

previously, that L(Dk)(p) – transverse to Nk,k+1 at p, and Dk+1(p) ∩ TpNk,k+1 are two

different invariantly (geometrically) defined subspaces, V , in the (k + 2)-th sandwich

L(Dk+1)(p) ⊂ V ⊂ Dk+1(p).

In the transverse case the letters No k+2, k+3, . . . , k+l in the word are declared G. In

the tangent case the (k+2)-th letter is T. In a moment (during the analysis related to the

next letter) we will see that this second T appears exactly when ck+3 = ck+4 = 0 in (2).
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Having STT in the code one proceeds further by finding, around p, the locus Nk,k+1,k+2 ⊂

Nk,k+1 of the behaviour ‘STT’ featured by F , and doing this most conveniently in the

already chosen KR coordinates. Looking at Thm. 1.1, and at (2) where ck+3 is now absent,

there holds

Dk+2 = ( ∂n, . . . , ∂k+4, ∂k+1 + (ck+4 + xk+4)∂k+3 + xk+3∂k+2 + xk+2(∂jk−1
+ · · · ) ) . (5)

On using the local equations of Nk,k+1 obtained in (4), Dk+2(p) ⊂ TpNk,k+1 ⇔ Dk+2(0) ⊂

T0{x
k+2 = xk+3 = 0} ⇔ ck+4 = 0, and this value stands in reality in (5). Now the

power of KR pseudo-normal forms plays off as usual: Dk+2(x), read off from (5), is

tangent to {xk+2 = xk+3 = 0} iff xk+2 = xk+3 = xk+4 = 0, and these are the local

equations of Nk,k+1,k+2 near p. Also, by (5) with now ck+4 = 0, Dk+2(0) sticks out of

{xk+2 = xk+3 = xk+4 = 0} inside {xk+2 = xk+3 = 0}. Thus, on the level of M ,

Proposition 1.9. If only nonempty, Nk,k+1,k+2 is an embedded codimension-3 submani-

fold of M. Moreover, at every point of Nk,k+1,k+2, the flag member Dk+2 is transverse in

Nk,k+1 to Nk,k+1,k+2.

In this framework, the next step of filling in the word becomes geometrically clear.

Dk+3 can, at 0 in Nk,k+1 = {xk+2 = xk+3 = 0}, be either transverse to Nk,k+1,k+2 =

{xk+2 = xk+3 = xk+4 = 0} (when ck+5 6= 0), or tangent to Nk,k+1,k+2 (when ck+5 = 0).§

These alternatives reflect transversality or tangency to the submanifold Nk,k+1,k+2 within

bigger submanifold Nk,k+1 (cf. Props 1.8, 1.9). By definition, in the code, in the first

alternative, after STT there go l−2 letters G. In the second alternative the letters present

at this moment are STTT, and one or more further steps is necessary.

Formally the whole procedure is done inductively, and commences at each step by

the observation that the subsequent member, say L(Dk+j−2), j ≤ l, of the Cauchy-

characteristic subflag is always transverse, in the ‘older’ singularity locus Nk,...,k+j−2, to

the assumed in the induction embedded singularity manifold Nk,...,k+j−1 detecting the

behaviour ‘STj−1’. And hence – that so can be, after a slight perturbation, the flag

member Dk+j that is assumed in (iii) not in singular position at p. Recalling, this

algorithmic pattern starts from

• (∂k+3, ∂k+4, . . . , ∂n) = L(Dk) is transverse in Nk = {xk+2 = 0} to Nk,k+1 = {xk+2 =

xk+3 = 0} ,

• (∂k+4, ∂k+5, . . . , ∂n) = L(Dk+1) is transverse in Nk,k+1 = {xk+2 = xk+3 = 0} to

Nk,k+1,k+2 = {xk+2 = xk+3 = xk+4 = 0} ,

and passes by

• (∂k+j+1, . . . , ∂n) = L(Dk+j−2) is transverse in Nk,...,k+j−2 = {xk+2 = · · · = xk+j = 0}

to Nk,k+1,...,k+j−1 = {xk+2 = · · · = xk+j+1 = 0} .

§ The tangent position of Dk+3(p) clearly differs from the special transversal position L(Dk+1)(p),

and both these invariant potential positions for Dk+3(p) find, as well as the pairs of potential positions

distinguished at previous steps, a nice interpretation in the systematization of all possible one-step

prolongations of Goursat flags proposed in [9].
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Hence Dk+j, deviating from L(Dk+j−2) at p, is either transverse – then one gives a string

of G’s from the (k + j)-th place through the (k + l)-th, or tangent – then STj is in

the code, plus further analysis of farther possible tangencies. And that tangent position

clearly differing from the first order singular L(Dk+j−2) – always two different positions

in Montgomery-Zhitomirskii sandwiches and systematization.

In the tangent case STj point p sits in the next step singularity locus Nk,...,k+j that

is subsequently inspected via the machinery of (2). The # of vanishing constants in

the Pfaffian equations grows together with the # of T’s in the code. At the one before

last moment one supposes that STl−1 already stands in the code, i. e., that, starting with

Dk+1, there occur l−1 consecutive tangencies in the local behaviour of F at p. Moreover,

one supposes known that this behaviour ‘STl−1’ of F happens at points of an embedded

codimension–l submanifold Nk,...,k+l−1 having around p local equations

xk+2 = xk+3 = · · · = xk+l+1 = 0 . (6)

These equations are meaningful, because for points p that have survived all sieves by

alternatives up to this moment there holds in (2)

ck+3 = · · · = ck+l+1 = 0 . (7)

Then Dk+l(p) can be – in Nk,...,k+l−2 – either transverse or tangent to Nk,...,k+l−1. Upon

writing the vector fields of Dk+l in KR glasses and using (6), it becomes clear that

‘transverse’ means ck+l+2 6= 0, and ‘tangent’ means ck+l+2 = 0, independently of the KR

coordinates in which all this geometry is watched. Naturally, in the transverse case we

write in the code a letter G at the (k + l)-th place, and eventually the whole segment

under discussion in (iii) is STl−1G. In the tangent case – a letter T, with the segment

now filled in as STl.

Reiterating, in the case of geometry ‘STl’ at p – on top of (7) there also holds ck+l+2 = 0,

i. e., all constants present in (2) vanish. Taking this into account, we draw one last

consequence that is not needed now for the continuation of the construction, but will be

needed in the next section for a general statement (Prop. 1.13) about the loci of geometric

classes of Goursat flags. Namely, the explicit writing of Dk+l shows immediately that the

locus Nk,...,k+l−1,k+l of the behaviour ‘STl’ of F , has near p: the local equations (6) of the

bigger submanifold Nk,...,k+l−1 in which it sits, plus one new equation xk+l+2 = 0,

xk+2 = xk+3 = · · · = xk+l+1 = xk+l+2 = 0 . (8)

As expected then, when only supposed nonempty, Nk,...,k+l is an embedded codimension-

(l + 1) submanifold.

1.2 Materializations of geometric classes.

Clearly, the codes of geometric classess issuing from this definition are not all 3r words of

length r existing over the alphabet G, S,T, but are subject to the following two limitations:
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• a word starts with GG,

• never a T goes directly after a G.

Observation 1.10. There is F2r−3 words of length r fulfilling these two restrictions.

Therefore, the asymptotics of this number is const
(

3+
√

5
2

)r

.

Proof. Denote by br the number in question. Naturally, b2 = 1 and b3 = 2 (only the

words GGG and GGS). There holds the recurrence relation br+2 = 3br+1 − br, because

prolonging to the right any admissible word of length r + 1 by one letter from {G,S,T}

yields all admissible words of length r + 2 and br superfluous words GG . . .
︸ ︷︷ ︸

r letters

GT that are

not allowed. This is precisely the recurrence defining the odd indices’ Fibonacci numbers.

�

Remark 1.11. Geometric classes of Goursat germs defined in sec. 1.1 are, naturally, finer

than KR singularity classes. For any fixed flags’ length r, all F2r−3 geometric classes are

non-empty, i. e., the relevant singularities of flags really occur. Indeed, tracing down the

long defining procedure one easily writes KR pseudo-normal forms having inversions of

differentials only in beforehand prescribed Pfaffian equations ωk = 0, and constants equal

to 0 in, also arbitrarily prescribed, numbers l′, 0 ≤ l′ ≤ l, of the equations that in a KR

form directly follow every such ωk = 0. And, if l′ < l, having a non-zero constant in

ωk+l′+1 (and, if l′ < l − 1, does not matter what constants in ωk+l′+2, . . . , ωk+l).

Example 1.12. In Ex.1.4, the geometric classes that build up the KR class ‘only D3 in

singular position’ are: GGSGG (c6 6= 0 in (1) ), GGSTG (c6 = 0, c7 6= 0), and GGSTT

(c6 = c7 = 0). As for the relevant small growth vectors, they are constant within each of

these classes (cf. Thm. 2.2 below) but differ among classes. It is

• [2, 3, 4, 5, 62, 7] in GGSGG ,

• [2, 3, 4, 5, 63, 7] in GGSTG ,

• [2, 3, 4, 5, 64, 7] in GGSTT

(subscripts, like in the encoding words, mean the #’s of repetitions of a given integer).

Proposition 1.13. Let W be any admissible word of length r, F be a Goursat flag of

length r on a manifold M. Let N be the locus of points p ∈ M such that the germ of F

at p has the basic geometry (encoded by) W. Then, if only non-empty, N is an embedded

submanifold in M of codimension equal to the number of letters S and T in W.

Proof. If W = Gr then N = M \ (N3∪· · ·∪Nr), see (i) in sec. 1.1. All Nk are embedded

codimension-1 submanifolds of M (Cor. 1.7), hence N is open and dense in M . Let us

assume now that there are different from G letters in W and that they appear in s ≥ 1

groups ST. . . T, the j-th group (j = 1, . . . , s) encompassing S at the kj-th place in W and

lj ≥ 0 letters T following it. Let us also, assuming N non-empty, fix any point p ∈ N .

One arbitrarily chosen system of local KR coordinates (Thm. 1.1) x1, . . . , xn centered at
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p does for showing that, in the vicinity of p, the set N ⊂ M is an embedded submanifold

of codimension c = s +
∑s

j=1 lj .

Indeed, by (8), for every j ∈ {1, . . . , s} the local equations of the geometry ‘ST. . .T’ (lj
letters T) featured near p by flag’s members Dkj , Dkj+1, . . . , Dkj+lj read

xkj+2 = xkj+3 = . . . = xkj+2+lj = 0 .

The conjunction over 1 ≤ j ≤ s of all these equations is the local description of N . And

it is just the vanishing of c different variables from the chosen coordinate system, with c

being equal to the number of the S’s and T’s in W. �

Corollary 1.14. For any Goursat flag F on M , the basic geometries of F at different

points define certain stratification of M by embedded submanifolds. Codimension of the

stratum containing any given point p is directly computable from the basic geometry of

F at p : it equals the number of letters S and T in the code of the geometric class of

the germ of F at p.

Important realizations of Goursat distributions of rank-2 and corank-r, and of the

geometric classes hidden in them, come from kinematical models of car + attached r − 1

trailers, extensively investigated in the 1990s (to quote but [5], [8]). The configuration

space is Σ = R
2×

(
S1

)r
and the motion (only kinematical side!) of the system is described

by a rank-2 distribution D [that instantly turns out to be Goursat]. Now one takes in

Σ an, arbitrarily fixed, point p = (x, y, θ1, . . . , θr) (θ1 expresses the angle of the farthest

trailer, θr−1 – the angle of the trailer next to the car, θr – of the car itself). The angle

θ2 − θ1 between the two most distant trailers is irrelevant for the basic geometry of D at

any point, also at p. Of key importance is the sequence (tending to 0) of critical angles

a1 = π
2
, ai+1 = arctan(sin ai), i = 1, 2, 3, . . .

To begin with, one locates all right angles, disregarding the angle θ2 −θ1, in the instanta-

neous position p. Let θkj
− θkj−1 = ǫja1, kj ≥ 3, j = 1, . . . , s, where the ǫj ’s take values

±1, be all such angles. (If there is none of them, then (D, p) sits in the generic class Gr.)

The germ of D at p belongs to the following geometric class C.

Proposition 1.15 (Jean, Montgomery&Zhitomirskii). Letters S are precisely at the

kj-th places, j = 1, . . . , s. After the letter S at the kj-th place there go exactly lj ≥ 0

letters T, where θkj+1 − θkj
= ǫja2, θkj+2 − θkj+1 = ǫja3, . . . θkj+lj − θkj+lj−1 = ǫja1+lj ,

but already θkj+lj+1 − θkj+lj 6= ǫja2+lj .

Note that when the next angle θkj+lj+1−θkj+lj is right (that is, when kj+lj+1 = kj+1)

then the sequence of critical values in this proposition is discontinued automatically, and

a new sequence of length ≥ 1 starts. Moreover, in each j-th string of consecutive critical

angles (1 ≤ j ≤ s), the constant sign ǫj is important. For inst., θkj+lj+1−θkj+lj = − ǫja2+lj

would, naturally, mean a disconnection in the string.
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2 Jean’s functions β, small growth vectors, and derived func-

tions d

In what follows we will predominantly work on the properties of the small growth vectors

(s. gr. v.) of Goursat distributions. And – guided by the last item in Cor. 1.3 – entirely

restrict ourselves to rank-2 Goursat distributions. The length r ≥ 2 of the associated

flag is kept fixed in this chapter. That is, the distributions under consideration are of

corank r and the underlying manifold M has dimension r + 2.

Since the appearance of the work [6] we know in general how to compute the small

growth vectors for rank-2 Goursat distributions. Prior to it one knew only how to compute

s. gr. v.’s for Goursat distributions of small coranks (using plainly Thm. 1.1 and in practice

rarely exceeding the corank 6). To be precise, instead of s. gr. v., in [6] used is the function

β (clearly depending on the point p ∈ M) that carries precisely the same information.

Definition 2.1. For 2 ≤ j ≤ r + 2, β(j) = the number of Lie factors from among X, Y

necessary to span at p at least j dimensions.

(X, Y being any local basis of sections of D, and β clearly not depending on it.) In fact,

Jean computes β only for germs of the car+trailers systems, but this does for all Goursat

germs. For, as is explained in detail in Appendix D of [9], car+trailers systems are locally

universal for all G. distributions.¶

This universality restricted to a fixed region, say R, in Σ (see sec. 1.2) says that the kine-

matic model at points of R gives, up to diffeomorphisms, all G. germs in the geometric

class represented by R (cf. the interpretation of first order singular positions and consecu-

tive tangencies in terms of car+trailers’ critical angles in Prop. 1.15). Now, via the main

theorem in [6] that furnishes the β’s as only functions of regions in Σ for car+trailers,

one is able to compute these functions for all Goursat germs. And they depend only on

the geometric class represented by the germ in question:

Theorem 2.2 ([6]). For each fixed geometric class C of corank-r Goursat germs, the

function β
(
= β(C)

)
is one and the same for any rank-2 germ D from C. β(C) is equal to

the last term βr in the sequence of functions β1, β2, . . . , βr constructed for C as follows.

For j = 1, 2, . . . , r, the author of [6] is defining a sequence of functions βj : {2, . . . , j +

2} → N (βj, in itself, an integer-valued sequence of length j + 1). He starts from fairly

¶ the Goursat distribution underlying the system ‘car + r−1 trailers’ turns out to be globally equivalent

to the r times Cartan prolongation of the tangent bundle to R
2, well known to be locally universal for

the rank-2 and corank-r Goursat distributions



P. Mormul / Central European Journal of Mathematics 2(5) 2005 859–883 871

simple β1 = (1, 2) and β2 = (1, 2, 3), but continues already recursively in function of C :

βj+2 =







TWO (βj+1) , when the (j + 2)-th letter in C is G,

THREE (βj, βj+1) , when the (j + 2)-th letter in C is S,

ONE (βj, βj+1) , when the (j + 2)-th letter in C is T.

Before precising the operations used in this recurrence, note that such a translation of

{G,S,T} into {TWO, THREE, ONE} comes simply from the numeration of cases in

the main Jean’s theorem: his 1 concerning the critical angles a2, a3, a4, . . . (consecutive

tangent positions in flags); 2 concerning generic values of angles (generic positions of

members of flags); 3 concerning the first appearing critical angles a1, or 1st order singular

positions of flag’s members. Compare also more precise Prop. 1.15 above.

The simplest is the operation TWO which is one-argument,

TWO (α) =









2 3 4 5 . . .

↓ ↓ ↓ ↓ . . .

1 α(2) + 1 α(3) + 1 α(4) + 1 . . .









.

One notes that TWO(α) is a sequence by one entry longer than α. The remaining

operations are two-argument, with the first argument α being a sequence by one entry

shorter than the second argument β, and the outcomes by one entry longer than β:

THREE (α, β) =









2 3 4 5 6 . . .

↓ ↓ ↓ ↓ ↓ . . .

1 2 α(2) + β(3) α(3) + β(4) α(4) + β(5) . . .









,

ONE (α, β) =









2 3 4 5 6 . . .

↓ ↓ ↓ ↓ ↓ . . .

1 2 2β(3) − α(2) 2β(4) − α(3) 2β(5) − α(4) . . .









.

Example 2.3. Let us illustrate Theorem 2.2 by computing the function β(C) for C =

GGSTGS.

(1, 2); (1, 2, 3)
THREE
−→ (1, 2, 3, 5)

ONE
−→ (1, 2, 3, 4, 7)

TWO
−→ (1, 2, 3, 4, 5, 8)

THREE
−→

(1, 2, 3, 5, 7, 9, 15)

The length of the sequence β is r + 1, while the length of the small growth vector

sometimes is even exponential in r. How can one retrieve the s. gr. v. from β ? It starts

from two universal entries n1 = rk D = 2 and n2 = rk [D, D] = 3 that do not depend on

a point. Yet its further terms already do. To begin with, it is observed in [6] (Thm. 3.1,
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first item) that each β is strictly increasing. This means that all integers from 2 through

r + 2 do occur in each small vector of Goursat. In fact, the increment β(3) − β(2) says

how many terms in the s. gr. v. are

nβ(2) = · · · = nβ(3)−1 = 2

(just one), then β(4) − β(3) says how many terms are

nβ(3) = · · · = nβ(4)−1 = 3

(also one); β(5) − β(4) says how many of them are

nβ(4) = · · · = nβ(5)−1 = 4

(one or two terms, as β(4) = 3 and β(5) can be either 4 or 5), and so on. The last

increment β(r +2)−β(r +1) says how many times the one before last value r +1 occurs

in the s. gr. v. : nβ(r+1) = · · · = nβ(r+2)−1 = r + 1. The next entry nβ(r+2) = r + 2 means

attaining the full dimension at a given point and the maximal value β(r + 2) of β is the

nonholonomy degree (Def.1.2) of D at that point.

Example 2.4. For instance for C in Ex.2.3 one thus knows the #’s of repetitions of the

integers 2 through 7 in the relevant s. gr. v. So this vector reads [2, 3, 42, 52, 62, 76, 8].

2.1 The aim.

With the above (mainly terminological) precisions taken into account, Thm. 2.2 says

Corollary 2.5. The small growth vector of rank-2 and corank-r Goursat germs well

defines a mapping, κ, from the geometric classes of length r to non-decreasing sequences

of natural numbers of the type [2, 3, 4, . . . , r + 2].

Thus, staying with the same Ex.2.4, κ(GGSTGS) = [2, 3, 42, 52, 62, 76, 8].

By inspecting the known data concerning this mapping κ ([3], pp. 145-6, 150 and [10],

pp. 94-6), one ascertains that it is surely injective in lengths 2 ≤ r ≤ 7. Then is naturally

tempted to conjecture the same in all lengths. And an initial objective of the present

work was to prove that much: κ injective in all lengths.

In the meantime an imperfect proof of this statement was given in [11]. [We mean

Theorem 5. 6 there. The arguments in its proof are not correct in lines 14416−12, for

two absolutely different things are mixed up in that paragraph. Needed is a correct

computation of quantities on which Lemma 5. 8 is to be applied.]

After that contribution we aimed at describing effectively the range of κ. And, as is

illustrated above, these are the increments of β that are essential in retrieving the small

growth vector, for they give the #’s of repetitions of all integers present in it. We propose,

therefore, to put them in evidence and subsequently work uniquely with them.‖

‖ In the originating contribution [6], as we mentioned already, it was not explained whether all functions
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2.2 Recurrences governing the derived functions d.

Definition 2.6. The derived function d : {2, . . . , r + 1} → N of a given strictly

increasing function β : {2, . . . , r + 1, r + 2} → N is defined by d(j) = β(j + 1) − β(j)

for j = 2, 3, . . . , r + 1.

For a fixed geometric class C of corank-r Goursat germs, the vector
(
d(2), d(3), . . . ,

d(r + 1)
)

obtained from the function β(C) (see Thm. 2.2) is called the derived vector,

der(C), of C.

We will effectively describe the range of κ in terms of the derived vectors showing up

for Goursat distributions. That is to say, in terms of the #’s of repetitions of integers

in the small growth vectors of Goursat. Those numbers of repetitions will be effectively

computed in all cases – for all geometric classes.

Remark 2.7. This entire line of concepts stems from rather elementary Lemmata 1 and

2 in [10] which, in the language of the present work, say that, for r ≥ 3, the derived

vector der(C) starts with (1, 1, 1, . . . ) when C ends with G or T, whereas it starts with

(1, 1, 2, . . . ) when C ends with S.

A natural idea is to extend Thm. 2.2 to the derived functions; the [discrete] derivatives

of functions having transparent recurrences should also possess clear recurrences. In fact,

the recurrences of the functions d appear slightly simpler than these for the β’s (and this

has also been a factor contributing to the solution). In the places of function operators

TWO, THREE, ONE governing the β’s, the relevant operators controlling the production

of the d’s will be denoted by the very letters G, S, T used to encode the geometric classes

(there will be no risk of confusing the two meanings). In fact,

Theorem 2.8. The function d associated to any fixed geometric class C of corank-r

Goursat germs can be described recursively. It equals the last term d r in the sequence

of functions d 1, d 2, . . . , d r that are constructed as follows.

Defined is, for j = 1, 2, . . . , r, a sequence of functions d j : {2, . . . , j + 1} → N

(d j, in itself, an integer-valued sequence of length j). We start by putting d 1 = (1) and

d 2 = (1, 1). Then continue recursively in function of C :

d j+2 =







G (d j+1) , when the (j + 2)-th letter in C is G,

S (d j, d j+1) , when the (j + 2)-th letter in C is S,

T (d j, d j+1) , when the (j + 2)-th letter in C is T.

β were really different. From a couple of years’ perspective one could say that the sequences of increments

of β’s are somehow better suited for demonstrating the same – that they are all different.
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The simplest is the operator G,

G(α) =









2 3 4 5 . . .

↓ ↓ ↓ ↓ . . .

1 α(2) α(3) α(4) . . .









.

Naturally, G(α) is a sequence by one entry longer than α. The remaining operators S

and T are two-argument, with the first argument α being a sequence by one entry shorter

than the second argument β, and the outputs being by one entry longer than β,

S(α, β) =









2 3 4 5 6 . . .

↓ ↓ ↓ ↓ ↓ . . .

1 1 α(2) + β(3) α(3) + β(4) α(4) + β(5) . . .









,

T(α, β) =









2 3 4 5 6 . . .

↓ ↓ ↓ ↓ ↓ . . .

1 1 2β(3) − α(2) 2β(4) − α(3) 2β(5) − α(4) . . .









.

Note a very slight difference between THREE and S, as well as an equally small one

between ONE and T. (Yet the operator G is markedly simpler than TWO.) The proof of

Thm. 2.8 boils down to a short algebra that is to be done on the data originally supplied

by Thm. 2.2 and later reorganized in Def.2.6. 2

Example 2.9. A parallel computation to that in Ex.2.3, now performed in the more

efficient language of derived vectors, looks as follows (and offers an illustration of Thm. 2.8.

The two computations taken together allow to compare these two parallel Theorems 2.2

and 2.8.)

(1); (1, 1)
S

−→ (1, 1, 2)
T

−→ (1, 1, 1, 3)
G

−→ (1, 1, 1, 1, 3)
S

−→ (1, 1, 2, 2, 2, 6)

3 Explicit formulas for functions d and Main Theorem

Although the recurrences governing Jean’s functions β do not differ much from the ones

governing their derived functions d, the latter, enhanced also by more handy beginning

conditions (compare β1, β2 and d 1, d 2), are easier to solve. In the present chapter we will

produce explicit solutions of the recurrences stated in Thm. 2.8. We hope they are nice,

if involved enough. (They cannot be simpler, given the rich variety of existing geometric

classes.) Then, in Main Theorem, by carefully analyzing those solutions, from any one of

them we will read back the G, S,T code of the relevant geometric class, thus showing the

injectivity of the mapping κ defined in the preceding chapter (in Cor. 2.5). The fact that

the vectors der(·) turn out to be all different – is a manifestation of the cipher power of
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geometry. It amazingly ciphers all admissible G, S,T words and yields the derived vectors

– the supercodes.

3.1 Hyperclasses of geometric classes and families of integer sequences

they define.

We will no longer focus on a fixed length (r) of geometric classes. Now we fix the number,

say s + 1 ≥ 1 (it will be momentarily clear why so), of letters S in the codes that can

otherwise be arbitrarily long. [It should be noted that the characterization, in terms of

functions d, of the geometric classes without letters S in their codes is immediate – these

functions should be constantly equal to 1. From now on we deal only with geometric

classes having at least one letter S.]

We firstly introduce necessary letters for the #’s of T’s and G’s in classes’ words going

past the letters S, those letters S run – it is important – backwards.

Agree that the last S in a code is followed by k1 ≥ 0 letters T, and then by l1 ≥ 0 letters

G. Agree also that the one before last S is followed by k2 letters T and l2 letters G, and

so on backwards until the first appearing letter S being followed by ks+1 letters T, then

by ls+1 letters G.

On top of that, let a code start with ls+2 ≥ 2 letters G. Except for this last quantity,

all remaining integer parameters may even vanish, as it happens in the ‘Fibonacci’ clas-

ses GGSs+1. (They are so termed because der(GGSs+1) = (F1, F2, F3, . . . , Fs+3).) We

reiterate that even s can vanish.

Now, under the letter E we will understand any s-digit, s ≥ 0, sequence (or hypercode)

built out of ciphers 0 and 1, like 010 or 001 for s = 3. The order of ciphers is from the

left to right: the cipher 1 in 001 is the third (last) cipher in the hypercode 001.

Definition 3.1. The hyperclass having a hypercode E is the union of all geometric

classes, of various lengths, having the same number s + 1 of letters S in their codes and

having lj = 0 iff the (s+2−j)-th cipher in E is 0, for j = s+1, s, . . . , 2. The ‘physical’

length s of the hypercode E will be called the length of the underlying hyperclass itself.

E = ∅ has length zero (s = 0).

Likewise for the geometric classes, hyperclasses will often be identified with their

[hyper]codes. Note also an important feature that the last (s + 1)-th letter S, in the

geometric classes sitting in E , is free in this definition – it leaves no impression in the

hypercode E . Superficially, it is much like with the farthest trailer in the kinematic

model (see section 1.2) which may move freely and has no impact on the ‘instantaneous’

geometric class.

Therefore, and this is also an illustration of the introduced parameters, the hyperclass

010 consists of all geometric classes Gl5S Tk4
S Tk3

Gl3S Tk2
S Tk1

Gl1 with l3 > 0, while

the hyperclass 001 consists of all geometric classes Gl5S Tk4
S Tk3

S Tk2
Gl2S Tk1

Gl1 with

l2 > 0.
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We want to first explain what are the derived vectors, in the particular hyperclasses

0s, s ≥ 0, in which the letters G occur in classes’ codes only in the beginning (some

ls+2 ≥ 2 of them) and in the end (some l1 ≥ 0 of them). To this end, let us introduce a

family of integer sequences

• A1 = 1, A2 = 2 + k1, Aj = Aj−2 + Aj−1(1 + kj−1) for 3 ≤ j ≤ s + 2 .

This family is parametrized by the non-negative integers k1, k2, . . . , ks+1. These are the

integer values that appear in the derived vectors of geometric classes sitting in 0s.
∗∗ Yet

they appear with their proper multiplicities which are equally important; for instance A1

appears always 2 + k1 + l1 times (cf. now Rem.2.7 above). Later, for hyperclasses more

involved than 0s, we will see still more complicated entries in the derived vectors, but the

formulas for the #’s of entries’ occurrences (multiplicities) are ‘universal’. Namely

Proposition 3.2. For any hyperclass E of length s, in the vectors in d( E) there appear

exactly s + 2 different, growing from the left to right, integer values. The first of them

(which is always A1 = 1) appears 2 + k1 + l1 times. For 2 ≤ j ≤ s + 1, the j-th new

value appears 1 + kj + lj times. The last (s + 2)-th new value appears ls+2 − 1 times.

Note the total number of terms in any such derived vector,

2 + k1 + l1 +
s+1∑

j=2

(
1+kj + lj

)
+ ls+2 − 1 = s + 1 +

s+1∑

j=1

kj +
s+2∑

j=1

lj

= the length of a geometric class in question . (9)

Attention. In the sequel we will not mention the multiplicities precised in Prop. 3.2

which are, reiterating, universal. Whereas different new values appearing in the derived

vectors will always be given in their natural growing order (the derived functions are

non-decreasing).

Recapitulating the information given up to this point, and sticking already to the note

above,

Theorem 3.3. In the vectors in der( 0s), s ≥ 0, there appear the following different

values: A1, A2, . . . , As+2.

(The parameters k1, k2, . . . , ks+1 enter the expressions for the sequence A up to its

term As+2; the parameters l, in the occurrence only l1 and ls+2, enter the expressions for

multiplicities addressed in Prop. 3.2.) Before passing to further hyperclasses, we need an

infinite series of [Gödel-like] sequences of the type A. This series will be parametrized by

a natural number N :

• A+N
1 = 1, A+N

2 = 2 + k1+N (1 ≤ N ≤ s), A+N
j = A+N

j−2 + A+N
j−1(1 + kj−1+N) for

3 ≤ j, N + j ≤ s + 2 .

∗∗ We will denote the family of such vectors by der( 0s) and, generally, by der(E) the family of derived

vectors of geometric classes in a hyperclass E .
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Moreover, agree that in an hyperclass E , always of length s, the last appearing cipher 1

is the n1-th cipher from the end of the hypercode, the one before last cipher 1 (if it exists

in E) is the n2-th from the end of E , and so on, 1 ≤ n1 < n2 < n3 < · · · ; the first (i. e.,

closest to the left) cipher 1 is the nq-th cipher in E counted from the right.

So, when for inst. E starts with a 1, then nq = s. For the hyperclass 1000001 of length 7

one thus has n1 = 1 and nq = n2 = 7; for 1111111 one has nj = j, j = 1, 2, . . . , 7.

With these notations, we are now ready to state a theorem completing Thm. 3.3 to

all existing hyperclasses.

Theorem 3.4. For any hyperclass E of length s ≥ 1 possessing q, 1 ≤ q ≤ s, ciphers

1 in its hypercode, in the vectors in der(E) there appear s + 2 different values that are

listed below, in their growing order, in q + 1 separate rows:

• A1, A2, . . . , An1+1;

• An1+1A
+n1

2 , An1+1A
+n1

3 , An1+1A
+n1

4 , . . . , An1+1A
+n1

n2−n1+1;

• An1+1A
+n1

n2−n1+1A
+n2

2 , An1+1A
+n1

n2−n1+1A
+n2

3 , . . . , An1+1A
+n1

n2−n1+1A
+n2

n3−n2+1;

• · · · · · · · · · · · · · · · · · · · · · · · ·

• An1+1

∏q−1
j=1 A

+nj

nj+1−nj+1 · A
+nq

2 , An1+1

∏q−1
j=1 A

+nj

nj+1−nj+1 · A
+nq

3 , . . . ,

An1+1

∏q−1
j=1 A

+nj

nj+1−nj+1 · A
+nq

s−nq+2 .

The values in the last row should be read carefully. Their number is s − nq + 1, so

that when, for instance, nq = s in E , then this last group consists of just one value.

When nq = s− 1, then it consists of two values (the second and last one being that with

factor A
+nq

3 ), etc.

The proof of Theorems 3.3 and 3.4 will be given in author’s subsequent paper.

3.2 Main Theorem (a variation on Gödel’s numeration).

We approach, at long last, the procedure of reading back the geometric class code C

from a given derived vector v sitting in the range of der (for r equal to the length of

v). An analogy with Gödel’s techniques suggests itself. If not the entire propositions in

arithmetics are this time being encoded, then at least long and involved words over a

three letters’ alphabet {G,S,T} are encoded under the guise of derived vectors. (Thus

the encoding software is not artificial – it is geometry itself, cf. Definitions 2.1 and 2.6.)

And the reader will see in Thm. 3.5 that a straightforward decoding procedure exists.

From the preceding discussion one knows that the Goursat length r is less impor-

tant than the length, s, of the hyperclass of C that should also be ascertained. And

we know s, because, as stated in Prop. 3.2, the number of different values of natural

integers in v exceeds s by two. Therefore, we know already the number, s + 1, of let-

ters S in the code(s) C producing v, der(C) = v, and now ask about the values of

k1, l1, k2, l2, . . . , ks+1, ls+1, ls+2. This question is being answered in Thm. 3.5 below in

parallel with establishing the hyperclass E containing the sought C. This simultaneous

(if side) line of conclusions is necessary. If Theorems 3.3 and 3.4, enhanced by Proposition
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3.2, serve as a road map in our arriving at C, then the ascertaining of E is a compass

laid on that map.

In order to neatly formulate the retrieving algorithm, agree that the different values

in v are, in the growing order, M1 (always equal to A1 = 1), M2 (always equal to A2), and

then M3, . . . , Ms+2.
†† When s = 0 (only one letter S in the sought C), then the algorithm

is particularly simple, but there is no need to separate this case from the algorithm body

which runs as follows.

Theorem 3.5 (Main Theorem). M2 = 2+k1 and the multiplicity of M1 in v is 2+k1+l1,

whence the values of k1, l1.

The multiplicity of Ms+2 in v is ls+2 − 1, whence the value of ls+2.

For 2 ≤ j ≤ s + 1, consider the values Mj and Mj+1.

• If Mj divides Mj+1 then the (j − 1)-th from the right cipher in E is 1 (and assuredly

lj > 0). The value of kj is being determined from
Mj+1

Mj
= 2 + kj. Moreover, the

multiplicity of Mj in v is 1 + kj + lj , whence the value of lj .

•• If Mj does not divide Mj+1 then the (j − 1)-th from the right cipher in E is 0 and so

lj = 0. At that, the multiplicity of Mj in v is 1 + kj + lj = 1 + kj, whence the value of

kj.

Remark 3.6. In the case •• the value of kj can also be determined by dividing Mj+1

by Mj with a remainder. The integer result of the division is then 1 + kj , yielding kj as

well.

The proof of this theorem is short and directly based on the precise description of all

different values that show up in the derived vectors of germs of Goursat distributions

(and, naturally, on the knowledge of the multiplicities of those values, that is, the #’s

of their occurrences in the derived vectors). If termed ‘main’, because giving finally the

sought injectivity of Jean’s mapping κ, it nevertheless rests heavily on the two theorems

preceding it. These are Theorems 3.3 and 3.4 that furnish the solutions to the recurrences

defined in section 2.2, simplifying the original recurrences of [6]. In short, these solutions

are neat enough to allow for Main Theorem above.

Example 3.7. One can start to check Thm. 3.5 on the vectors (1, 1, 1, 1, M2), M2 =

2, 3, 4, issuing from Ex.1.12. But let us take the derived vector v = (1, 1, 2, 2, 2, 6)

computed in Ex.2.9, and try to retrieve its underlying geometric class GGSTGS having

appeared earlier in Ex.2.3. Here M1 = 1, M2 = 2, M3 = 6 and s = 1. The easy part

of the algorithm gives k1 = l1 = 0 and l3 = 2. Then, taking j = s + 1 = 2, M2 divides

M3, and so one computes in the branch •, knowing before computation that l2 must be

positive: k2 = M3

M2
−2 = 1, and, indeed, the multiplicity of M2 being 3, l2 = 3−1−k2 = 1.

Thus G2ST1G1S gets reproduced.

†† Only for the first two of them there are ‘universal’ formulas. The value M3 may already be either A3

or A2A
+1

2 , etc.
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Endly, let us proceed a slightly more involved derived vector (1, 1, 1, 2, 3, 3, 6) excerpted

from the list of F11 = 89 different such vectors existing in length 7 (see [10], p. 96).

This time M1 = 1, M2 = 2, M3 = 3, M4 = 6, and s = 2. The easy part gives k1 = 0,

l1 = 1, l4 = 2. In turn, taking j = 2, M2 does not divide M3, so that one computes

in the branch •• : l2 = 0 automatically, while k2 = the multiplicity of M2 − 1 = 0 (or

equivalently – cf. Rem.3.6 – the division of 3 by 2 yields 1 = 1 + k2 with the remainder

1). Then, continuing for j = 3, M3 divides M4 and one jumps to the branch • : k3 =
M4

M3
− 2 = 0 and l3 = the multiplicity of M3 − 1 = 1 (as we know from Thm. 3.5, it must

have been positive in this branch). The geometric class G2SG1SSG1 is produced from

its derived vector, as it should be.

4 Appendix

The theory developed in the present paper allows to answer the following

Question. Having a [geometric class C and its] small growth vector κ(C), how to get –

if it is unique – the small growth vector of the Lie squares of germs in the class C ?

asked by M.Zhitomirskii in 2001. The Lie squares of the members of C clearly have one

and the same s. gr. v. which is the translation by +1 of the vector κ(C2), where C2 is the

word C with the last letter deleted. So the question boils down to whether this parent

vector can be effectively retrieved from the child vector κ(C).

It is doable – and visible best – in the language of derived vectors (see Def.2.6). In the

present appendix we describe the relevant procedure of obtaining der(C2) from der(C).

All steps and conclusions rest, needless to say, on the main theorems of the paper. All

particular references to them would, however, make the procedure illegible. Because of

that we give references only at few key points.

Remark 4.1. This procedure, when carefully read back, allows one to go forward, not

backwards, and find the vectors der(C.G), der(C. S), der(C.T) (this last only when the

word C.T is admissible) on the sole basis of der(C). That is, to gradually find the derived

vectors in one-step recurrences instead of two-step. The operations needed for that are,

however, incomparably more involved than the transparent rules G, S, T of section 2.2.

4.1 Notation from Chapter 3.

Agree that #(Mj), for j = 1, 2, . . . , s + 2, means the multiplicity of the value Mj in the

vector der(C): Mj goes exactly #(Mj) times in row in der(C).

We begin by focusing on the parameters k1 = M2 − 2 and l1 = #(M1) − M2. With

these formulas at hand, it is clear that the class C ends by

• G exactly when #(M1) > M2 (l1 > 0),

• T exactly when #(M1) = M2 and M2 > 2 (l1 = 0 and k1 > 0),

• S exactly when #(M1) = M2 and M2 = 2 (l1 = 0 and k1 = 0).

The procedure in case G is trivial, in case T is short, and only in S is longer.
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4.2 Case G.

The vector der(C2) is obtained by just leaving out the leftmost entry 1 in the vector

der(C).

4.3 Case T.

The vector der(C2) has different entries M̄1, M̄2, . . . , M̄s+2, where M̄1 = A1 = 1, M̄2 =

A2 − 1 and, for finding the remaining different entries, it is handy to introduce additio-

nally new symbols Ā1 = M̄1, Ā2 = M̄2. Then the remaining values M̄j are obtained

through the same table of formulas as for der(C) [in Theorem 3.3 or 3.4, depending on

the annihilation or not of all the parameters l2, l3, . . . , ls+1], when one starts from Ā1, Ā2

in the place of A1, A2.

More precisely, only the first row in the relevant table undergoes a cardinal change

(in Thm. 3.3, however, the first row is the only row – the whole string of different values

showing up in der(C)). The last, now seriously modified, entry in that first row is either

Ās+2 or Ān1+1, depending on the # of rows. When it is Ān1+1 (i. e., when there is more

than one row in the table) then it has an impact on the remaining rows. Namely, they

are multiplied by the factor Ān1+1

(
An1+1

)−1
. One can closely trace this process in Ex.4.3

below.

As for the multiplicities of M̄j ’s, they are the same as the multiplicities of the respective

Mj ’s except for the first one, #(M̄1) = #(M1) − 1 (cf. (9) ).

4.4 Case S.

In this case the word C2 has s letters S, not s + 1 as C. Hence the different values in

der(C2) are in number s + 1, not s + 2 as in der(C):

M̄1 < M̄2 < · · · < M̄s < M̄s+1 .

The multiplicities of these are simple enough,

#(M̄1) = #(M2) + 1, #(M̄j) = #(Mj+1) for j = 2, 3, . . . , s + 1

(remember that #(M1) = 2 in Case S, hence the sum of multiplicities of Mj exceeds by

one the sum of multiplicities of M̄j, cf. again (9) ).

It is less simple to give the values M̄j. If the table of different values in der(C) consists

of just one row

A1, A2, A3, . . . , As+2

(as is the case in Thm. 3.3; for s = 0 there are just two values), then so is for der(C2) and

that only row reads

A+1
1 , A+1

2 , A+1
3 , . . . , A+1

s+1

(for s = 0 there is but one entry A+1
1 = 1).
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If the table of different values in der(C) consists of q + 1 ≥ 2 rows as in Thm. 3.4,

• A1, A2, . . . , An1+1;

• An1+1A
+n1

2 , An1+1A
+n1

3 , An1+1A
+n1

4 , . . . , An1+1A
+n1

n2−n1+1;

• An1+1A
+n1

n2−n1+1A
+n2

2 , An1+1A
+n1

n2−n1+1A
+n2

3 , . . . , An1+1A
+n1

n2−n1+1A
+n2

n3−n2+1;

• · · · · · · · · · · · · · · · · · · · · · · · ·

• An1+1

∏q−1
j=1 A

+nj

nj+1−nj+1 · A
+nq

2 , An1+1

∏q−1
j=1 A

+nj

nj+1−nj+1 · A
+nq

3 , . . . ,

An1+1

∏q−1
j=1 A

+nj

nj+1−nj+1 · A
+nq

s−nq+2 ,

then the transformation to the table for der(C2) can be viewed as two-step. Namely, the

first row above undergoes a cardinal transformation and becomes

A+1
1 , A+1

2 , A+1
3 , . . . , A+1

n1
.

(It is by one entry shorter than the first row for der(C).) Then its last entry A+1
n1

exerts

its impact on the remaining rows in the table for der(C) only as a factor. In fact, these

rows are multiplied by A+1
n1

(
An1+1

)−1
:

• A+1
n1

A+n1

2 , A+1
n1

A+n1

3 , A+1
n1

A+n1

4 , . . . , A+1
n1

A+n1

n2−n1+1;

• A+1
n1

A+n1

n2−n1+1A
+n2

2 , A+1
n1

A+n1

n2−n1+1A
+n2

3 , . . . , A+1
n1

A+n1

n2−n1+1A
+n2

n3−n2+1;

• · · · · · · · · · · · · · · · · · · · · · · · ·

• A+1
n1

∏q−1
j=1 A

+nj

nj+1−nj+1 · A
+nq

2 , A+1
n1

∏q−1
j=1 A

+nj

nj+1−nj+1 · A
+nq

3 , . . . ,

A+1
n1

∏q−1
j=1 A

+nj

nj+1−nj+1 · A
+nq

s−nq+2 .

The procedure of passing from der(C) to der(C2) is now complete. It consists either of

Case G, or T, or else S, and the choice of a case uses only the simplest data #(M1) and

M2 (the # of 1’s and the first entry bigger than 1 in der(C) ).

Remark 4.2. In Case S, the two-step transformation of tables assumes the simplest

form when the table for der(C) consists of at least two rows and, specifically, the first

row contains just two entries A1 and A2 (besides, A2 = 2 in Case S). After the first step

that first row becomes just one entry A+1
1 = 1 (which, in the outcome, should formally

be merged, or concatenated with the second outputting row).

While the factor multiplying the remaining rows in the second step is just
(
A2

)−1
, and

it erases the first factors A2 in their entries.

Summarizing, to get in this situation the table of different values in der(C2), one

merges, in the table for der(C), the two first rows, then leaves out the very first entry

A1. All the remaining entries are, in the occurrence, divisible by A2 = 2 + k1 = 2, and

one divides them by 2.

Example 4.3. We want to illustrate the procedure of finding the vector der(C2) on the

sole basis of, longer by one entry, vector der(C), by picking a true derived vector

der(C) =
(
1, 1, 1, 3, 3, 3, 3, 12, 12, 24, 36, 36

)
(10)

and not even attempting to decode the word C,‡‡ only heading directly toward der(C2).

We see that #(M1) = M2 and M2 > 2, hence it is Case T.

‡‡ The reader may quickly uncover C using Thm. 3.5.
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How does the table of different values in der(C) look like? In the example M2 divides

M3, hence n1 = 1. Likewise M3 divides M4 and so n2 = 2. In fact, with M4 not dividing

M5, the hyperclass of C is 011 and the parameter q from Thm. 3.4 assumes the value 2.

Therefore the table consists of three rows,

A1, A2;

A2A
+1
2 ;

A2A
+1
2 A+2

2 , A2A
+1
2 A+2

3 .

The table can be written more explicitly as

1, 2 + k1;

(2 + k1)(2 + k2);

(2 + k1)(2 + k2)(2 + k3), (2 + k1)(2 + k2)
(
1 + (2 + k3)(1 + k4)

)
.

And still more explicitly as

1, 3;

3 · 4;

3 · 4 · 2, 3 · 4 · 3.

After the transformation, the last entry in the first row gets decreased by one, from 3 to

2. Then it exerts its impact on the remaining rows. Upon multiplying them by 2

3
, one

eventually obtains

1, 2;

2 · 4;

2 · 4 · 2, 2 · 4 · 3.

At last, taking into account also the multiplicities,

der(C2) =
(
1, 1, 2, 2, 2, 2, 8, 8, 16, 24, 24

)
.

Reiterating Remark 4.1, the opposite procedure is also possible (and can be read off from

the deprolongation procedure of the present chapter). Performing it over the above vector

would give the vector (10), or, in other words, der(C2.T).
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