
DOI: 10.1007/s11533-005-0010-5
Research article

CEJM 4(1) 2006 163–182

Finite dimensional global attractor for a class of
doubly nonlinear parabolic equations

Alain Miranville∗
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Introduction

We are interested in the long time behavior (in terms of attractors) of doubly nonlinear

parabolic equations of the form

∂α(u)

∂t
− div(β(∇u)) + f(u) = g, (1)

in a bounded regular domain of RN , N ≥ 1. Such equations appear, e.g., in the study of

phase separations in binary alloys. In particular, M. Gurtin derived in [16] generalizations

of the Allen-Cahn equation (this equation models the ordering of atoms within unit cells

on a lattice) of the form

a(u,∇u, ∂u
∂t

)
∂u

∂t
− κΔu+ f(u) = 0, (2)
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κ > 0, a ≥ 0. For a function a depending only on u, we then obtain an equation of

the form (1), for β = κI. We can note that (2) is obtained by considering the classical

Ginzburg-Landau free energy

ψ(u,∇u) =
κ

2
|∇u|2 + F (u), (3)

where F is an antiderivative of f (called potential), for a constant coefficient κ > 0. If

now κ depends on ∇u, then we are led to consider more general free energies of the form

ψ(u,∇u) = Φ(∇u) + F (u) (4)

and we end up with an equation of the form (1) with β(s) = dsΦ(s) (d denoting the

differential). For instance, models of anisotropic Allen-Cahn equations of the form (1),

for a free energy of the form (0.4) (with Φ strictly convex and homogeneous of degree

two, i.e., Φ(λs) = λ2Φ(s), ∀s ∈ RN , ∀λ > 0) and α = I, are considered and studied in

[14] and [26].

The study of equations of the form (1) can be found in [1, 4, 9, 15, 21] and [23]

(actually, these works also consider the more general case of differential inclusions) ; we

also mention [2, 7, 8] and [22] for the study of equations of the form

α(
∂u

∂t
) − div(β(∇u)) + f(u) = g. (5)

Equations (1) and (5) have been extensively studied when α and/or β are linear ; we

mention, for instance, the monographs [5, 6, 18] and [24].

The existence of attractors for (1) has been proven in [11, 12] (for β = I) and [23].

Furthermore, the only known result on the existence of finite dimensional attractors is

due to [11] (see also [12]), again for β = I. We also mention [22], where attractors for (5)

are constructed.

Our aim in this paper is to extend the results of [11] and [12] to the more general

equation (1). One of the main difficulties is that we need to prove that the attractors are

regular enough, namely, that they are bounded in H2(Ω). As a consequence, we restrict

ourselves to one and two space dimensions for a general function α ; for α = cI, c > 0,

the results also hold in three space dimensions.

This article is organized as follows. In Section 1, we prove the existence of the global

attractor, which is a compact and invariant by the flow set which attracts all the bounded

sets of initial data as time goes to infinity. Then, in Section 2, we study the regularity

of the global attractor, which allows us to prove, in Section 3, that it has finite fractal

dimension ; this result is obtained by using the method of l-trajectories (see [19]) and

actually allows to prove the existence of an exponential attractor, which is a compact

and positively invariant by the flow set which attracts the bounded sets of initial data

exponentially fast and has finite fractal dimension. Finally, in Section 4, we study the

regularity of the solution of an elliptic equation. To do so, we essentially follow [25],

where the regularity of the solution of the p-Laplacian (which, for p = 2, reduces to the
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usual Laplacian) is investigated. Since we have not been able to find this regularity result

in the literature, we chose to detail it here, for the sake of completeness.

Throughout this article, the same letter c (and, sometimes, c′, c′′ or c′′′) denotes

constants which may vary from line to line.

1 Existence of the global attractor

We consider the following equation in a bounded regular (at least C3) domain Ω ⊂
RN , N ≥ 1 :

∂α(u)

∂t
− div(β(∇u)) + f(u) = g, (6)

u = 0 on ∂Ω, (7)

u
∣
∣
t=0

= u0. (8)

We assume that g ∈ L∞(Ω). (The condition g ∈ L2(Ω) would be sufficient to construct

the global attractor : this condition will be needed for the regularity of the global attrac-

tor. Similarly, not all the conditions listed below are necessary for the well-posedness and

the existence of the global attractor.) Furthermore, we make the following assumptions :

α ∈ C2(R), α(0) = 0, (9)

α′(s) ≥ c1, c1 > 0, s ∈ R, (10)

c2s− c3 ≤ sα′(s) ≤ c4s+ c5, c2, c4 > 0, c3, c5 ≥ 0, s ∈ R ; (11)

β ∈ C1(RN)N , β(0) = 0, dsβ is bounded, (12)

c6|s|2 − c7 ≤ B(s) ≤ c8|s|2 + c9, c6, c8 > 0, c7, c9 ≥ 0, s ∈ RN , (13)

where dsB(s).v = β(s).v, s, v ∈ RN (d denoting the differential), B(0) = 0,

β(s).s ≥ c10|s|2, c10 > 0, s ∈ RN , (14)

dsβ(s).v.v ≥ c11|v|2, c11 > 0, s, v ∈ RN . (15)

Here, . denotes the usual Euclidean scalar product and |.| the associated norm. We finally

assume that f ∈ C1(R) and that

sgn(s)f(s) ≥ c12|s|p+1 − c13, c12 > 0, c13 ≥ 0, s ∈ R, (16)

|f(s)| ≤ c14|s|p+1 + c15, c14 > 0, c15 ≥ 0, s ∈ R, (17)

where p > 0,

f ′(s) ≥ −c16, c16 ≥ 0, s ∈ R. (18)

We note that it follows from (10) and (18) that there exists a constant c17 > 0 such that

f + c17α is increasing. (19)
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We set H = L2(Ω) and V = H1
0 (Ω), which we endow with their usual scalar products

and associated norms. In particular, we denote by (., .) the usual L2-scalar product and

by |.| the associated norm.

Under the above assumptions, we can prove, by using standard techniques (see, e.g.,

[7, 8, 11] and [28]), that (6)-(8) is well-posed and that we can define the semigroup

S(t) : H → H

u0 �→ u(t), t ≥ 0,

where u(t) denotes the solution of (6)-(8) at time t (i.e., S(0) = I and S(t + s) =

S(t) ◦ S(s), t, s ≥ 0). Furthermore, proceeding as in [11] and using (10) and (19), we

can prove that the mapping x �→ S(t)x is Lipschitz continuous for the norm of L1(Ω),

∀t ∈ R.

We then have the

Theorem 1.1. The semigroup S(t) possesses the global attractor A in H such that A is

bounded in V .

Proof. We will proceed formally here. However, all these formal calculations can be

easily justified by proper regularization techniques (see, e.g., [11]).

We first multiply (6) by u, integrate over Ω and obtain, setting

A(s) =

∫ s

0

τα′(τ)dτ, s ∈ R,

d

dt

∫

Ω

A(u)dx+ (β(∇u),∇u) + (f(u), u) = (g, u).

We note that it follows from (14) that

(β(∇u),∇u) ≥ c10|∇u|2.

Furthermore, we deduce from (16) that

(f(u), u) ≥ c|u|p+2 − c′, c > 0, c′ ≥ 0.

Therefore, we have
d

dt

∫

Ω

A(u)dx+ c|∇u|2 + c′|u|p+2 ≤ c′′, (20)

where c, c′ > 0. In particular, we deduce from (20) that

d

dt

∫

Ω

A(u)dx+ c|u|2 ≤ c′, (21)

which yields, using Gronwall’s lemma and noting that it follows from (11) that

c|u|2 − c′ ≤
∫

Ω

A(u)dx ≤ c′′|u|2 + c′′′, c, c′′ > 0, c′, c′′′ ≥ 0, (22)
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the existence of a bounded absorbing set B0 in H (i.e., ∀B ⊂ H bounded, ∃t0 = t0(B)

such that t ≥ t0 implies S(t)B ⊂ B0). It also follows from (20) and the existence of a

bounded absorbing set in H that, for r > 0,

∫ t+r

t

|∇u|2dτ ≤ c(r), (23)

∫ t+r

t

|u|p+2dτ ≤ c′(r), (24)

t ≥ t0(|u0|), where c and c′ are independent of u0.

We then multiply (6) by ∂u
∂t

and integrate over Ω to obtain

(β(∇u),∇∂u

∂t
) + (α′(u)

∂u

∂t
,
∂u

∂t
) +

d

dt

∫

Ω

F (u)dx = (g,
∂u

∂t
),

where F (s) =
∫ s

0
f(τ)dτ, s ∈ R. We note that, owing to (10),

(α′(u)
∂u

∂t
,
∂u

∂t
) ≥ c1|∂u

∂t
|
2

.

Furthermore,

(β(∇u),∇∂u

∂t
) =

d

dt

∫

Ω

B(∇u)dx. (25)

Thus,

d

dt
(

∫

Ω

B(∇u)dx+

∫

Ω

F (u)dx) + c|∂u
∂t

|
2

≤ c′, c > 0. (26)

We then note that it follows from (13) that

c6|∇u|2 − c ≤
∫

Ω

B(∇u)dx ≤ c8|∇u|2 + c′, c, c′ ≥ 0, (27)

and it follows from (16)-(17) that

c|u|p+2 − c′ ≤
∫

Ω

F (u)dx ≤ c′′|u|p+2 + c′′′, c, c′′ > 0, c′, c′′′ ≥ 0. (28)

We finally deduce from (23), (24), (26), (27), (28) and the uniform Gronwall’s lemma (see

[27]) that, for r > 0,

|∇u|2 ≤ c(r),

t ≥ t0(|u0|)+ r, where c is independent of u0, hence the existence of a bounded absorbing

set B1 in V and, noting that V is compactly embedded into H, of a relatively compact

absorbing set in H. This finishes the proof of the theorem (see [27] for more details). �
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2 Regularity of the global attractor

We have the

Proposition 2.1. The global attractor A is bounded in L∞(Ω).

Proof. Proceeding as in [11], we multiply (6) by α(u)|α(u)|k, k integer, and integrate

over Ω to obtain

1

k + 2

d

dt

∫

Ω

|α(u)|k+2dx + (k + 1)

∫

Ω

α′(u)|α(u)|kβ(∇u).∇udx

+

∫

Ω

f(u)α(u)|α(u)|kdx = (g, α(u)|α(u)|k).

We note that ∫

Ω

α′(u)|α(u)|kβ(∇u).∇udx ≥ 0,

|(g, α(u)|α(u)|k)| ≤ c

∫

Ω

|α(u)|k+1dx.

Furthermore, since α is increasing and α(0) = 0, then sgn(α(u)) = sgn(u) and

∫

Ω

f(u)α(u)|α(u)|kdx =

∫

Ω

sgn(u)f(u)|α(u)|k+1dx

≥ (thanks to (16))

≥ c12

∫

Ω

|u|p+1|α(u)|k+1dx− c13

∫

Ω

|α(u)|k+1dx

≥ (thanks to (10) − (11))

≥ c

∫

Ω

|α(u)|k+p+2dx− c′
∫

Ω

|α(u)|k+1dx,

c > 0, c′ ≥ 0. We thus have

1

k + 2

d

dt

∫

Ω

|α(u)|k+2dx+ c

∫

Ω

|α(u)|k+p+2dx ≤ c′
∫

Ω

|α(u)|k+1dx,

which yields, using Hölder’s inequality (on both sides ; see [11])

1

k + 2

d

dt

∫

Ω

|α(u)|k+2dx+ c(

∫

Ω

|α(u)|k+2dx)

k+p+2
k+2 ≤ c′(

∫

Ω

|α(u)|k+2dx)

k+1
k+2

,

so that
d

dt
‖α(u)‖Lk+2(Ω) + c‖α(u)‖p+1

Lk+2(Ω)
≤ c′, (29)

where c > 0 and c′ ≥ 0 are independent of k. It follows from (29) that (see [11] and [27])

‖α(u)‖Lk+2(Ω) ≤ c+
c′

(pt)
1
p

, t ≥ r, r > 0,
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for every k, where the constants only depend on those appearing in (29) and on r (in

particular, they are independent of u0). Letting k → +∞, this yields

‖α(u)‖L∞(Ω) ≤ c+
c′

(pt)
1
p

, t ≥ r, r > 0,

hence

‖u‖L∞(Ω) ≤ c+
c′

(pt)
1
p

, t ≥ r, r > 0,

and the result follows, owing to the invariance of A. �

We shall henceforth assume that N = 1, 2 or 3 when α = cI, c > 0, and that N = 1

or 2 otherwise. We then have the

Proposition 2.2. We assume that u0 ∈ A. Then, for every t > 0, ∂u
∂t

∈ H.

Proof. We differentiate (6) with respect to time and have, setting v = ∂u
∂t

,

α′(u)
∂v

∂t
− div(dsβ(∇u).∇v) + α′′(u)|v|2 + f ′(u)v = 0. (30)

Multiplying (30) by v and integrating over Ω, we obtain, thanks to (15),

∫

Ω

α′(u)
∂v

∂t
vdx+ c11|∇v|2 +

∫

Ω

α′′(u)|v|2vdx+

∫

Ω

f ′(u)|v|2dx ≤ 0. (31)

We have ∫

Ω

α′(u)
∂v

∂t
vdx =

1

2

d

dt

∫

Ω

α′(u)|v|2dx− 1

2

∫

Ω

α′′(u)|v|2vdx,
∫

Ω

f ′(u)|v|2dx ≥ −c16|v|2,

so that (31) yields

d

dt

∫

Ω

α′(u)|v|2dx+ c|∇v|2 +

∫

Ω

α′′(u)|v|2vdx ≤ c′|v|2. (32)

Noting that A ⊂ L∞(Ω), we have, for N = 1 or 2 (when N = 3 and α = cI, the quantity

below vanishes),

|
∫

Ω

α′′(u)|v|2vdx| ≤ c‖v‖3
L3(Ω)

≤ c‖v‖3

H
1
3 (Ω)

≤ c|v|2|∇v|
≤ ε|∇v|2 + c(ε)|v|4,

ε > 0. We thus find
d

dt

∫

Ω

α′(u)|v|2dx ≤ c|v|4 + c′|v|2. (33)
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Setting y =
∫

Ω
α′(u)|v|2dx, we finally obtain (noting again that A ⊂ L∞(Ω))

dy

dt
≤ cy2 + c′y

≤ cy2 + c′. (34)

We have, owing to (26)-(28),

∫ t+r

t

ydτ ≤ c(r), t ≥ 0, r > 0,

so that an application of the uniform Gronwall’s lemma yields

y(t) ≤ c(r), t ≥ r, r > 0,

and the result follows, owing to (10). �

We are now in position to prove

Theorem 2.3. The global attractor A is bounded in H2(Ω).

Proof. We rewrite (6) in the form

− div(β(∇u)) = ϕ(x, t), (35)

where

ϕ(x, t) = g − f(u) − α′(u)
∂u

∂t
. (36)

It follows from Propositions 2.1 and 2.2 that, if u0 ∈ A, then, for every t > 0, ϕ(., t) ∈
L2(Ω) (we can also note that the norm of ϕ(., t) in this space only depends on A). The

theorem follows from the invariance of A and

Theorem 2.4. For every ϕ ∈ L2(Ω), the problem

−div(β(∇u)) = ϕ, u = 0 on ∂Ω,

possesses a unique solution u such that u ∈ H1
0 (Ω) ∩H2(Ω).

This theorem will be proven in Section 4 below (for N ≥ 2, the case N = 1 being

straightforward).

Remark 2.5. The results obtained in this section also allow for more regularity on the

solutions. Indeed, it follows from Proposition 2.1 that the solutions belong to L∞(η,+∞;

L∞(Ω)), ∀η > 0. Furthermore, we have, owing to Proposition 2.2 and Theorem 2.3,

u ∈ L∞(η,+∞;H2(Ω)) and ∂u
∂t

∈ L∞(η,+∞;H) ∩ L2(η, T ;V ), ∀η > 0, T > η, for

N = 1, 2 or 3 when α = cI and N = 1 or 2 otherwise. We finally note that, since
∂u
∂t

∈ L2(η, T ;H), ∀η > 0, T > η (see (26)), we deduce from Theorem 2.4 that u ∈
L2(η, T ;H2(Ω)), ∀η > 0, T > η, without any restriction on the space dimension N .
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3 Dimension of the global attractor

We assume in this section that N = 1, 2 or 3 when α = cI, c > 0, and that N = 1 or 2

otherwise.

We first note that it follows from the results obtained in the previous section that the

semigroup associated with (6)-(7) possesses a bounded and positively invariant absorbing

set B2 in H2(Ω) ∩ H1
0 (Ω) (we note that H2(Ω) ⊂ L∞(Ω) with continuous injection for

N ≤ 3). More precisely, we will take B2 of the form B2 = ∪t≥t0S(t)B2, where B2 is a

bounded absorbing set in H2(Ω) and t0 is such that t ≥ t0 implies S(t)B2 ⊂ B2 and

where the closure is taken in the weak topology of H2(Ω). (We note that, if u0 ∈ B2, then

u(t) = S(t)u0 ∈ H2(Ω), ∀t ≥ 0. Furthermore, u0 is the limit, for the weak topology of

H2(Ω), of a sequence (u0n), where u0n ∈ ∪t≥t0S(t)B2, for every n. It is then not difficult

to show, passing to the limit in the equation, that, at least for a subsequence, (un(t) =

S(t)u0n) converges to u(t) for the weak topology of H2(Ω), ∀t ≥ 0, hence the positive

invariance of B2.) Furthermore, if u0 ∈ B2, then ∂u
∂t

∈ L∞(0,+∞;H) and the norm of ∂u
∂t

in this space only depends on B2 (in particular, it is bounded independently of u0 ∈ B2).

The same holds for the norm of u in L∞(0,+∞;H2(Ω)) and in L∞(0,+∞;L∞(Ω)). We

then have

Proposition 3.1. Let u1 and u2 be two solutions of (6)-(7) starting from B2. Then,

d

dt

∫

Ω

α′(u1)|u1 − u2|2dx+ c|∇(u1 − u2)|2 ≤ c′
∫

Ω

α′(u1)|u1 − u2|2dx, (37)

where the positive constants c and c′ are independent of u1(0) and u2(0).

Proof. We set u = u1 − u2. We have

∂

∂t
(α(u1) − α(u2)) − div(β(∇u1) − β(∇u2)) + f(u1) − f(u2) = 0. (38)

We multiply (38) by u and integrate over Ω to obtain

∫

Ω

∂

∂t
(α(u1) − α(u2))udx+ (β(∇u1) − β(∇u2),∇u) + (f(u1) − f(u2), u) = 0.

We note that
∫

Ω

∂

∂t
(α(u1) − α(u2))udx =

∫

Ω

α′(u1)
∂u

∂t
udx+

∫

Ω

(α′(u1) − α′(u2))
∂u2

∂t
udx

=
1

2

d

dt

∫

Ω

α′(u1)u
2dx+

∫

Ω

(α′(u1) − α′(u2))
∂u2

∂t
udx

−1

2

∫

Ω

α′′(u1)
∂u1

∂t
u2dx

and, due to (15),

(β(∇u1) − β(∇u2),∇u) ≥ c11|∇u|2.
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Therefore, we have

1

2

d

dt

∫

Ω

α′(u1)u
2dx + c11|∇u|2 ≤ 1

2

∫

Ω

α′′(u1)
∂u1

∂t
u2dx

−
∫

Ω

(α′(u1) − α′(u2))
∂u2

∂t
udx− (f(u1) − f(u2), u). (39)

Here, it is not difficult to show that (we assume that N = 2; the case N = 1 can be

treated analogously and, when N = 3 and α = cI, the quantity below vanishes)

|1
2

∫

Ω

α′′(u1)
∂u1

∂t
u2dx−

∫

Ω

(α′(u1) − α′(u2))
∂u2

∂t
udx| ≤ c

∫

Ω

(|∂u1

∂t
| + |∂u2

∂t
|)u2dx

≤ c(|∂u1

∂t
| + |∂u2

∂t
|)‖u‖2

L4(Ω)

≤ c|u||∇u|
≤ c11

2
|∇u|2 + c|u|2. (40)

Furthermore, we have

|(f(u1) − f(u2), u)| ≤ c|u|2. (41)

We finally deduce from (39)-(41) that

d

dt

∫

Ω

α′(u1)u
2dx+ c|∇u|2 ≤ c′|u|2, (42)

hence the result. �

We now set l = 1
c′ , where c′ is the constant appearing in (37). Then, we deduce from

(37) and Gronwall’s lemma that, setting w = α(u1)
1
2u,

|w(t2)|2 ≤ e
t2−t1

l |w(t1)|2
≤ e2|w(t1)|2, (43)

for 0 ≤ t2 − t1 ≤ 2l. We fix s in (0, l) and integrate (37) over t ∈ (s, 2l) to obtain, owing

to (43),

|w(2l)|2 + c

∫ 2l

s

|∇u|2dt ≤ c′
∫ 2l

s

|w|2dt+ |w(s)|2

≤ c′|w(s)|2
≤ c′|u(s)|2,

which yields
∫ 2l

l

|∇u|2dt ≤ c|u(s)|2.

We finally obtain, integrating the above inequality over s ∈ (0, l),

∫ 2l

l

|∇(u1 − u2)|2dt ≤ c

∫ l

0

|u1 − u2|2dt. (44)
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We now have

Proposition 3.2. We assume that the assumptions of Proposition 3.1 hold and that l is

as above. Then,

‖ ∂
∂t

(u1 − u2)‖
L2(l,2l;H−1(Ω))

≤ c‖u1 − u2‖L2(0,l;H). (45)

Proof. We have, again setting u = u1 − u2,

‖α′(u1)
∂u

∂t
‖

L2(l,2l;H−1(Ω))
= sup

ϕ
|
∫ 2l

l

< α′(u1)
∂u

∂t
, ϕ > dt|,

where ϕ ∈ L2(l, 2l;V ), ‖ϕ‖L2(l,2l;V ) = 1, and < ., . > denotes the duality product between

V and H−1(Ω). We then have, noting that

α′(u1)
∂u

∂t
= div(β(∇u1) − β(∇u2)) − (f(u1) − f(u2)) − (α′(u1) − α′(u2))

∂u2

∂t
,

‖α′(u1)
∂u

∂t
‖

L2(l,2l;H−1(Ω))
≤ sup

ϕ
(

∫ 2l

l

|β(∇u1) − β(∇u2)||∇ϕ|dt+

+

∫ 2l

l

|f(u1) − f(u2)||ϕ|dt+

+

∫ 2l

l

dt

∫

Ω

|α′(u1) − α′(u2)||∂u2

∂t
||ϕ|dx). (46)

Furthermore,
∫ 2l

l

|β(∇u1) − β(∇u2)||∇ϕ|dt ≤ c‖u‖L2(l,2l;V ), (47)

∫ 2l

l

|f(u1) − f(u2)||ϕ|dt ≤ c‖u‖L2(l,2l;H)

≤ c‖u‖L2(l,2l;V ) (48)

and (noting that, when N = 3 and α = cI, the quantity below vanishes)

∫ 2l

l

dt

∫

Ω

|α′(u1) − α′(u2)||∂u2

∂t
||ϕ|dx ≤ c

∫ 2l

l

dt

∫

Ω

|u||∂u2

∂t
||ϕ|dx

≤ c‖∂u2

∂t
‖

L∞(l;2l,H)
‖u‖L2(l,2l;V ) (49)

≤ c‖u‖L2(l,2l;V ).

We thus deduce from (46)-(49) that

‖α′(u1)
∂u

∂t
‖

L2(l,2l;H−1(Ω))
≤ c‖u‖L2(l,2l;V ),
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which yields, owing to (44),

‖α′(u1)
∂u

∂t
‖

L2(l,2l;H−1(Ω))
≤ c‖u‖L2(0,l;H). (50)

The result follows easily. �

In view of the above results, we now prove that the global attractor A constructed

in Section 1 has finite (fractal) dimension. To do so, we use the method of l-trajectories

(see [19] for a detailed presentation).

We introduce the space of trajectories

Xl = {v : (0, l) → H, v is a solution of (6) − (7) on (0, l)},

where l is as above, which we endow with the topology of L2(0, l;H). We then set

Bl = {v ∈ Xl, v(0) ∈ B2}.

We note that Bl is closed in the topology of L2(0, l;H). Indeed, let (vn) be a sequence of

trajectories belonging to Bl which converges to some v. Then we can prove that, for every

n, vn satisfies all the estimates derived in the previous sections (in particular, vn(t) ∈ B2,

for every t ∈ [0, l] and for every n) and we can pass to the limit in the equation to prove

that, at least for a subsequence, (vn) converges to a solution v of the equation on [0, l]

which is weakly continuous from [0, l] onto H2(Ω) and that v(0) ∈ B2 (we note that

(vn(0)) is bounded in H2(Ω) independently of n and, by construction, B2 is weakly closed

in H2(Ω)). In particular, this yields that Bl is a complete metric space (we note that

this is not necessarily the case for Xl, see [19] and [20]). We then define the operators

L(t) : Xl → Xl, t ≥ 0, by (L(t)v)(s) = u(t+ s), s ∈ [0, l], where u is the unique solution

of (6)-(7) such that u
∣
∣
[0,l]

= v. We finally set L = L(l). Then, it follows from (44) that,

if v1, v2 ∈ Bl,

‖Lv1 − Lv2‖L2(0,l;V ) ≤ c‖v1 − v2‖Xl
(51)

and it follows from (45) that

‖ ∂
∂t

(Lv1 − Lv2)‖
L2(0,l;H−1(Ω))

≤ c‖v1 − v2‖Xl
. (52)

Furthermore, we easily prove that L(t) is Lipschitz from Bl onto Xl, ∀t ≥ 0, and that the

mapping t �→ L(t)v is Lipschitz, ∀v ∈ Xl.

Thanks to (51) and (52), it can be proved (see [19] for the details of the proof) that

the semigroup L(t) possesses an exponential attractor Ml on Bl, that is, Ml is compact

for the topology of Xl, is positively invariant (i.e., L(t)Ml ⊂ Ml, ∀t ≥ 0), has finite

fractal dimension and attracts exponentially fast Bl (again, for the topology of Xl).

We now introduce the mapping e : Xl → H defined by e(v) = v(l) (i.e., e maps an

l-trajectory onto its endpoint). Noting that e is Lipschitz, it follows that M = e(Ml)

is an exponential attractor for S(t) on H (see [19]). Noting finally that an exponential
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attractor has, by definition, finite fractal dimension and that it always contains the global

attractor, we have

Theorem 3.3. The global attractor A associated with (6)-(7) has finite fractal dimension.

Remark 3.4. In [11], the authors prove, in the particular case β = I, the finite di-

mensionality of the global attractor by using the classical method, based on the volume

contraction method and the Lyapunov exponents (see, e.g., [27]). We note that this

method requires some differentiability of the semigroup S(t), which we are not able to

prove for our problem. We also note that the result of [11] is obtained under stronger

assumptions on α (which needs to be of class C3). Furthermore, in [12], the authors prove

the existence of an exponential attractor, again for β = I. This also requires additional

assumptions. We note that the result in [12] is obtained by using the classical construc-

tion given in [10], based on the squeezing property. However, the estimates derived in [11]

already imply the existence of an exponential attractor, owing to a construction given

in [13], based on a smoothing property for the difference of two solutions. We finally

note that, for our problem, we would need more regularity on the solutions in order to

apply the results of [13], so that the method of l-trajectories seems optimal (as far as the

regularity of the solutions is concerned) in order to prove the finite dimensionality of the

global attractor (and the existence of an exponential attractor).

Remark 3.5. We assume that β = I and we set w = α(u). Then, w is solution of

∂w

∂t
− Δα−1(w) + f(α−1(w)) = g, (53)

w = 0 on ∂Ω. (54)

We rewrite (53) in the form

∂w

∂t
− (α−1)

′
(w)Δw − (α−1)

′′
(w)|∇w|2 + f ◦ α−1(w) = g. (55)

This equation is of the form considered in [3, Chapter 1, Section 7]. Thus, assuming, in

addition to the assumptions already made, that α is of class C3+δ, α′′(0) = 0, f is of class

C1+δ and g is of class Cδ, for some δ > 0, we deduce, from the results of [3], the existence

of the global (C(Ω), C2+δ(Ω))-attractor Ã for (53)-(54), i.e., Ã is bounded in C2+δ(Ω), is

compact in C(Ω), is invariant and attracts the bounded sets of C2+δ(Ω) in the topology

of C(Ω). Furthermore, it is not difficult to prove that Ã has finite (fractal) dimension

(we note that Ã ⊂ A). We note that these results are obtained without any restriction

on the space dimension N . However, in view, e.g., of applications to problems in phase

separations, it is desirable to work in less regular phase spaces (typically, in L2(Ω)). It

would thus be interesting to prove that one can extend the above dynamical system to

less regular initial data, and also to extend this approach to the more general equation

(6). This will be addressed in a forthcoming paper.
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4 Proof of Theorem 2.4

We will actually prove a more general result which can have an interest of its own.

Let Ω be a smooth (at least C3) bounded domain of RN , N ≥ 2. We consider the

following elliptic boundary value problem in Ω :

− div(a(x, u,∇u)) = f, (56)

u = 0 on ∂Ω. (57)

We make the following assumptions :

f ∈ L2(Ω), (58)

a is of class C1 with respect to each argument, (59)

a(x, 0, 0) = 0, ∀x ∈ Ω, (60)

the operator v �→ a(., v,∇v) is Lipschitz from H1
0 (Ω) onto L2(Ω)

N
, (61)

and, if a = (a1, ..., aN ) and aij = ∂ai

∂sj
, i, j = 1, ..., N, a = a(x, u, s),

N∑

i,j=1

aij(x, u, s)ξiξj ≥ c18|ξ|2, ∀x ∈ Ω, u ∈ R, s ∈ RN , ξ ∈ RN , ξ = (ξ1, ..., ξN ), (62)

c18 > 0,

c18 − c19

N∑

i=1

Sup|∂ai

∂u
| > 0, (63)

where c19 denotes the constant in Poincaré’s inequality.

We then have the

Proposition 4.1. There exists a constant c20 > 0 such that

(a(x, v1,∇v1) −a(x, v2,∇v2),∇(v1 − v2)) ≥ c20|∇(v1 − v2)|2,
∀v1, v2 ∈ H1

0 (Ω). (64)

Proof. We have

dua(x, u, s).v = (
∂a1

∂u
(x, u, s)v, ...,

∂aN

∂u
(x, u, s)v), (65)

dsa(x, u, s).w = (
N∑

j=1

a1j(x, u, s)wj, ...,

N∑

j=1

aNj(x, u, s)wj). (66)

Therefore,

a(x, v1,∇v1) − a(x, v2,∇v2) = (ϕ1, ..., ϕN ),
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where, for i = 1, ..., N ,

ϕi =

[∫ 1

0

∂ai

∂u
(x, v2 + t(v1 − v2),∇v1)dt

]

(v1 − v2)

+
N∑

j=1

[∫ 1

0

aij(x, v
2,∇v2 + t∇(v1 − v2))dt

]
∂

∂xj

(v1 − v2).

Furthermore,

(a(x, v1,∇v1) − a(x, v2,∇v2),∇(v1 − v2)) =
∫

Ω

dx

∫ 1

0

[
N∑

i=1

∂ai

∂u
(x, v2 + t(v1 − v2),∇v1)(v1 − v2)

∂

∂xi

(v1 − v2)

+
N∑

i,j=1

aij(x, v
2,∇v2 + t∇(v1 − v2))

∂

∂xi

(v1 − v2)
∂

∂xj

(v1 − v2)]dt

≥ c18|∇(v1 − v2)|2 −
N∑

i=1

Sup|∂ai

∂u
||v1 − v2|| ∂

∂xi

(v1 − v2)|,

so that (64) immediately follows from (63).

Remark 4.2. (i) If, for instance, ∂ai

∂u
and aij are bounded, i, j = 1, ..., N , then (61) is

satisfied.

(ii) It follows from (60) and (64) that

(a(x, v,∇v),∇v) ≥ c18|∇v|2, ∀v ∈ H1
0 (Ω).

It follows from the above assumptions and Proposition 4.1 that (56)-(57) possesses a

unique solution u ∈ H1
0 (Ω) (see, e.g., [17]). Our aim is to prove that u ∈ H1

0 (Ω)∩H2(Ω).

We first recall that, ∀x ∈ Ω, there exists an open neighborhood V of x, an open set

W of RN and a C3-diffeomorphism T : V → W such that

T (Ω ∩ V ) = RN
+ ∩W,

where RN
+ = {y = (y1, ..., yN ) ∈ RN , yN > 0} ; indeed, ∂Ω is of class C3.

Then, for a function v defined on Ω, we set

Tv = (v
∣
∣
Ω∩V

) ◦ T−1

and we introduce the tangent spaces, for m = 1 or 2,

Hm
tan(Ω) = { v, Tv, ∂T v

∂y1
, ..., ∂T v

∂yN−1
, yN

∂T v
∂yN

∈ Hm−1(RN
+ ∩W ),

for every T defined as above}.
It follows from the Lipschitz continuity (61) and the monotonicity property (64) that

the solution u of (56)-(57) satisfies

u ∈ H2
tan(Ω) (67)
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(see [25, Theorem 2.1] for details). We finally assume that

a(x, .,∇.) maps H2
tan(Ω) onto H1

tan(Ω)
N

(68)

(for instance, it is not difficult to show that this property is satisfied for the operator β

considered in the previous sections).

Let then θ = (θ1, ..., θN ) be a C2-vector field tangent to ∂Ω, i.e.,

θ ∈ C2(Ω)N ,
N∑

i=1

niθi = 0 on ∂Ω,

n = (n1, ..., nN ) being a unit normal vector to ∂Ω. We set

∂v

∂θ
=

N∑

i=1

θi
∂v

∂xi

and, if v ∈ H2
tan(Ω), then (see [25])

∂v

∂θ
∈ H1(Ω).

We now define the fields θj, j = 1, ..., N − 1, as follows (see [25]). For x0 ∈ ∂Ω, we

choose a frame with axis with origin x0 and base vectors e1, ..., eN such that eN is the

inner normal to ∂Ω at x0. Since ∂Ω is of class C3, there exists an open neighborhood V of

0(= x0) in RN such that the boundary of Ω∩V is of class C3 and a function η ∈ C3(RN−1)

such that

Ω ∩ V = {x ∈ V, xN ≥ η(x1, ..., xN−1)}.
We then set, for j = 1, ..., N − 1,

θj = ej +
∂η

∂xj

eN in Ω ∩ V. (69)

These vector fields are of class C2 and are tangent to ∂Ω in ∂Ω∩V . We note that we can

extend these fields, and we still denote such extensions by θj, j = 1, ..., N − 1, such that

θj ∈ C2(Ω)
N
,

N∑

i=1

niθ
j
i = 0 on ∂Ω, j = 1, ..., N − 1.

We have, in view of (69), for j = 1, ..., N − 1,

∂v

∂xj

=
∂v

∂θj
− ∂η

∂xj

∂v

∂xN

, ∀v ∈ L2(Ω ∩ V ). (70)

We set

ψ = a(x, u,∇u), ψ = (ψ1, ..., ψN). (71)

Therefore, (56) reads
N∑

j=1

∂ψj

∂xj

= −f,
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which, thanks to (70), is equivalent to

N−1∑

j=1

∂ψj

∂θj
+

∂

∂xN

(ψN −
N−1∑

j=1

∂η

∂xj

ψj) = −f. (72)

Since, owing to (68), ψ ∈ H1
tan(Ω)N , we have, for j = 1, ..., N − 1,

∂ψ

∂θj
∈ L2(Ω)N .

It thus follows from (72) that

∂

∂xN

(ψN −
N−1∑

j=1

∂η

∂xj

ψj) ∈ L2(Ω ∩ V ). (73)

Moreover, for i = 1, ..., N − 1,

∂

∂θi
(ψN −

N−1∑

j=1

∂η

∂xj

ψj) =
∂ψN

∂θi
−

N−1∑

j=1

(
∂2η

∂xj∂θi
ψj +

∂η

∂xj

∂ψj

∂θi
) ∈ L2(Ω ∩ V ).

This, together with (70), yields that, for i = 1, ..., N − 1,

∂

∂xi

(ψN −
N−1∑

j=1

∂η

∂xj

ψj) ∈ L2(Ω ∩ V )

and, in view of (73), we deduce that

ψN −
N−1∑

j=1

∂η

∂xj

ψj ∈ H1(Ω ∩ V ). (74)

Recalling that ψ = a(x, u,∇u), we can rewrite (74) as

aN(x, u,
∂u

∂x1

, ...,
∂u

∂xN−1

,
∂u

∂xN

) −
N−1∑

j=1

∂η

∂xj

aj(x, u,
∂u

∂x1

, ...,
∂u

∂xN−1

,
∂u

∂xN

) = k,

where k ∈ H1(Ω∩V ), and, recalling (70), we finally have to solve an equation of the form

F (z) = k,

where

z =
∂u

∂xN

and

F (z) = aN(x, u,
∂u

∂θ1
− ∂η

∂x1

z, ...,
∂u

∂θN−1
− ∂η

∂xN−1

z, z)

−
N−1∑

j=1

∂η

∂xj

aj(x, u,
∂u

∂θ1
− ∂η

∂x1

z, ...,
∂u

∂θN−1
− ∂η

∂xN−1

z, z).
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We thus have, setting φ = (x, u, ∂u
∂θ1 − ∂η

∂x1
z, ..., ∂u

∂θN−1 − ∂η
∂xN−1

z, z),

F ′(z) = −
N−1∑

i=1

∂η

∂x1

aNi(φ) + aNN(φ) +
N−1∑

i,j=1

∂η

∂xi

∂η

∂xj

aij(φ) −
N−1∑

j=1

∂η

∂xj

ajN(φ).

Therefore, setting

ξ = (ξ1, ..., ξN ) = (
∂η

∂x1

, ...,
∂η

∂xN−1

,−1),

we have

F ′(z) =
N∑

i,j=1

aij(φ)ξiξj,

and we finally obtain, in view of the ellipticity condition (62),

F ′(z) ≥ c18|ξ|2,
hence, noting that |ξ| ≥ 1,

F ′(z) ≥ c18. (75)

It thus follows from (75) that F is invertible and

∂u

∂xN

∈ H1(Ω ∩ V ).

Now, recalling (70), we have, for i = 1, ..., N ,

∂u

∂xi

∈ H1(Ω ∩ V ),

so that

u ∈ H2(Ω ∩ V ),

hence, by glueing,

u ∈ H2(Ω)

(the interior regularity follows from (67) and the definition of the tangent space H2
tan(Ω)).

We have thus proven the

Theorem 4.3. The solution u of (56)-(57) satisfies

u ∈ H1
0 (Ω) ∩H2(Ω).
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