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1 Introduction

In [11, 12] the notion of duality triad was introduced. By this the following system is

meant. Let three sequences i = {ik}k≥0, q = {qk}k≥0, and d = {dk}k≥0 of complex

numbers with ik �= 0 be given. For such a triple (i, q, d) we introduce the following

“dynamical system”. The discrete time steps n start with 0 and at every time n we

consider the sequence cn = {cn,k}k≥0 ≡ {c(i,q,d)
n,k }k≥0 of complex numbers satisfying the

recursion relation

cn+1,k = ik−1cn,k−1 + qkcn,k + dk+1cn,k+1 (1)

with the initial values c0,0 = 1 and c0,k = 0 for k > 0. Of course, given the initial values

and the triple of sequences, the numbers cn,k are uniquely determined. Let us consider

the polynomial sequence {Φn(x)}n≥0 ≡ {Φ(i,q,d)
n (x)}n≥0 (i.e., deg Φn(x) = n) satisfying

the recurrence relation

xΦn(x) = dnΦn−1(x) + qnΦn(x) + inΦn+1(x) (2)

with Φ0(x) = 1 and the convention Φ−1(x) = 0 (note that this implies Φ1(x) = (x−q0)/i0).

This recurrence relation for the sequence of polynomials Φn(x), called triad polynomials,
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is dual to the relation (1) in the sense that the following inversion relation holds [11, 12]:

xn =
n∑

k=0

cn,kΦk(x). (3)

This system of numbers cn,k and polynomials Φn(x) satisfying (1), (2), and (3) for the

given triple of sequences (i, q, d) is called duality triad (associated to (i, q, d)) [11, 12].

Further motivation for these systems (with possible applications) and references can be

found in [11, 12]. As stressed in [11], these duality triads are dual recurrences satisfying

(1) and (2) as used in dynamical data bases theory [7] (see also [8]) which furthermore

satisfy a third relation, the inversion relation (3). In general, the coefficients cn,k are thus

the expansion coefficients (or connection coefficients) of the monomials xn in the basis of

polynomials {Φk(x)}k≥0. In [4, 11–14] these triads were studied and several well-known

sequences of combinatorial numbers cn,k and polynomials Φn(x) were shown to be special

cases. Possibly the simplest example is the following.

Example 1.1. (Pascal triad) ik = 1, qk = 1, dk = 0. The corresponding cn,k satisfy the

recursion relation cn+1,k = cn,k−1+cn,k and are therefore given by the binomial coefficients,

i.e., cn,k =
(

n
k

)
. Equation (6) implies Φn(x) = (x − 1)n so that the inversion relation (3)

becomes in this case xn =
∑n

k=0

(
n
k

)
(x − 1)k.

In [14] a generalization of duality triads was suggested. This generalization consists

in generalizing (1) - and consequently (2), (3) - to the case of higher order recurrences.

It is the aim of the present article to make this suggestion more precise and derive

first properties of these generalized duality triads. Let us now describe the structure of

this article in detail. In Section 2 we give further examples of duality triads where the

connection coefficients cn,k are given by well-known combinatorial numbers. In Section 3

we derive for an arbitrary triple (i, q, d) the form of the triad polynomials and discuss some

general properties. In particular, we give a reformulation of the definition of duality triads

which makes its structure more transparent. In Section 4 a generalization of duality triads

is proposed and some properties of these generalized duality triads are derived. Finally,

some conclusions are presented in Section 5.

2 Some well-known examples of duality triads

In this section we want to describe - following [4, 11–14] - some duality triads where the

connection coefficients cn,k are given by well-known combinatorial numbers.

Example 2.1. (Stirling triad) ik = 1, qk = k, dk = 0. The corresponding cn,k satisfy

cn+1,k = cn,k−1 +kcn,k and are therefore given by the Stirling numbers of second kind, i.e.,

cn,k = S(n, k) = (−1)k

k!

∑k
p=0(−1)p

(
k
p

)
pn [15]. Equation (6) implies Φn(x) =

∏n−1
k=0(x−k) =

xn and (3) becomes xn =
∑n

k=0 S(n, k)xk.
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Example 2.2. (q-Gaussian triad) ik = 1, qk = qk, dk = 0. The corresponding cn,k satisfy

cn+1,k = cn,k−1 + qkcn,k and are therefore given by the q-deformed binomial coefficients,

i.e., cn,k =
(

n
k

)
q
, where

(
n
k

)
q

= nq !

kq !(n−k)q !
,mq! =

∏m
k=1 kq and the basic q-numbers are given

by mq = (1 + q + q2 + · · · qm−1) = 1−qm

1−q
[1]. Equation (6) implies Φn(x) =

∏n−1
k=0(x − qk)

and (3) becomes xn =
∑n

k=0

(
n
k

)
q

∏k−1
l=0 (x − ql). The special case q = 1 is treated in

Example 1.1.

Example 2.3. (Bach-Comtet-Voigt-Konvalina triad) ik = 1, qk, dk = 0. This is a general-

ization of the above examples. Given the sequence q = (q0, q1, . . .), the corresponding cn,k

satisfy cn+1,k = cn,k−1 + qkcn,k which is precisely the recursion relation of the generalized

Stirling numbers of second kind considered in [2, 6, 9, 10, 16], i.e., cn,k = B(n, k) where

B(n, k) =
∑

d0+d1+···+dn=n−k

qd0
0 qd1

1 qd2
2 · · · qdn

n . (4)

The sum contains
(

n
k

)
summands. In the case qk = 1 each summand equals 1, yielding

B(n, k) =
(

n
k

)
and thus reproducing Example 1.1. Equation (6) implies Φn(x) =

∏n−1
k=0(x−

qk). This duality triad is treated in detail in [4]. Note that one may choose an arbitrary

sequence q as “input”, for example the sequence of prime numbers.

Example 2.4. (Lah triad) ik = 1, qk = 2k, dk = k(k − 1). The corresponding cn,k satisfy

cn+1,k = cn,k−1 + 2kcn,k + k(k + 1)cn,k+1 and are therefore given by the (unsigned) Lah

numbers, i.e., cn,k = L(n, k) = n!
k!

(
n−1
k−1

)
([5], p. 156). (Recall that the usual recursion

relation for the Lah numbers is L(n + 1, k) = L(n, k − 1) + (n + k)L(n, k). From the

definition one infers that (n− k)L(n, k) = k(k +1)L(n, k +1) and hence the above three-

term recursion relation.) Note that dk �= 0 so that we cannot simply use (6) to determine

Φn(x) but have to use instead the general formula (10).

Many more examples of duality triads can be found in [11, 12, 14], corresponding,

e.g., to several versions of deformed Stirling numbers or tangential numbers.

3 General properties of duality triads

Equation (2) may be written equivalently as (recall that ik �= 0 for all k)

Φn+1(x) =
(x − qn)

in
Φn(x) − dn

in
Φn−1(x). (5)

In the case dk = 0 for all k one immediately obtains

Φ(i,q,d=0)
n (x) =

{
n−1∏

k=0

(x − qk)

ik

}
. (6)

Let us define φn(x) by

Φn(x) =

{
n−1∏

k=0

(x − qk)

ik

}
φn(x). (7)
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If dk = 0 for all k, then φn(x) = 1 for all n, so - in a certain sense - φn(x) measures the

influence of the nonvanishing dk. In general, one obtains for φn(x) from (5) the recursion

relation

φn+1(x) = φn(x) − in−1dn

(x − qn−1)(x − qn)
φn−1(x) (8)

with φ−1(x) = 0, φ0(x) = 1. Recalling Φ1(x) = (x − q0)/i0, the first nontrivial function

φ1(x) = 1 obtained from (7) matches the recursion relation (8). For small n one obtains

the explicit formulas:

φ1(x) = 1,

φ2(x) = 1 − i0d1

(x − q0)(x − q1)
,

φ3(x) = 1 −
(

i0d1

(x − q0)(x − q1)
+

i1d2

(x − q1)(x − q2)

)
,

φ4(x) = 1 −
(

i0d1

(x − q0)(x − q1)
+

i1d2

(x − q1)(x − q2)
+

i2d3

(x − q2)(x − q3)

)

+(−1)2

(
i0d1i2d3

(x − q0)(x − q1)(x − q2)(x − q3)

)
.

One recognizes the pattern. A straightforward but tedious induction shows that

φn(x) = 1 +

[n
2 ]∑

k=1

(−1)k

n−2k∑

r=0

k−1∏

l=0

ir+2ldr+2l+1

(x − qr+2l)(x − qr+2l+1)
. (9)

Combining this with (7) yields the general form of Φn(x).

Proposition 3.1. Let us consider the duality triad associated to (i, q, d). Then the triad

polynomials Φn(x) satisfying (2) are given by

Φn(x) =

{
n−1∏

k=0

(x − qk)

ik

} ⎧
⎪⎨

⎪⎩
1 +

[n
2 ]∑

k=1

(−1)k

n−2k∑

r=0

k−1∏

l=0

ir+2ldr+2l+1

(x − qr+2l)(x − qr+2l+1)

⎫
⎪⎬

⎪⎭
. (10)

Recall the interpretation of (1) as a discrete dynamical system cn � cn+1 (this is

discussed briefly in [11] and also in [14]). The “state” cn at time n is given by the infinite

column vector cn = (cn,0, cn,1, . . .)
t and the dynamical law is encoded in the “transition

matrix” T ≡ T (i,q,d). This is an ∞×∞ tridiagonal matrix with coefficients

Tkl = ik−1δk−1,l + qkδk,l + dk+1δk+1,l (11)

where δr,s is the Kronecker delta (and where the upper left corner of T is given by T00).

The “dynamical law” mentioned above is then given by

cn+1 = Tcn (12)

which is the equivalent form of (1). Thus, the state cn at time n is determined completely

by the sequences (i, q, d) - encoded in T via (11) - and the “initial conditions” c0 =



308 M. Schork / Central European Journal of Mathematics 4(2) 2006 304–318

(c0,0, c0,1, . . .)
t through cn = T nc0. It follows that cn,k =

∑∞
l=0[T

n]klc0,l, so it remains

to determine the entries of T n (note that in the sum only finitely many summands are

nonvanishing). Before we do this we introduce - following [14] - a concise notation which

will also be useful when we discuss a generalization in Section 4. Thus,

μ
(−1)
k ≡ ik, μ

(0)
k ≡ qk, μ

(1)
k ≡ dk. (13)

The recurrence relation (1) can then be written as

cn+1,k =
1∑

l=−1

μ
(l)
k+lcn,k+l (14)

and the dual recursion relation (2) is given by

xΦn(x) =
1∑

l=−1

μ(−l)
n Φn+l(x). (15)

Note that the transfer matrix T may be written in the new notation as

Tkl =
1∑

σ=−1

μ
(σ)
k+σδk+σ,l. (16)

Proposition 3.2. Let the triple (i, q, d) ≡ (μ(−1), μ(0), μ(1)) of sequences be given. Then

cn,i0 =
∞∑

i1,...,in=0

1∑

σ1,...,σn=−1

{
n∏

m=1

μ
(σm)
im−1+σm

δim−1+σm,im

}
c0,in . (17)

In the case at hand we have furthermore the initial values c0,l = δ0,l. This allows a further

simplification of (17) and implies cn,n =
∏n

k=1 μ
(−1)
k−1 as well as cn,k = 0 if k > n.

The triad polynomials are given in the new notation by

Φn(x) =

{
n−1∏

k=0

(x − μ
(0)
k )

μ
(−1)
k

}⎧
⎪⎨

⎪⎩
1 +

[n
2 ]∑

k=1

(−1)k

n−2k∑

r=0

k−1∏

l=0

μ
(−1)
r+2lμ

(1)
r+2l+1

(x − μ
(0)
r+2l)(x − μ

(0)
r+2l+1)

⎫
⎪⎬

⎪⎭
. (18)

Let us combine the polynomials Φk(x) in the infinite row vector Φ(x) = (Φ0(x), Φ1(x), . . .).

Equation (15) can then be written as eigenvalue equation Φ(x)x = Φ(x)T (note that we

write this equation - as well as (12) - dual to the corresponding ones in [11]). We would

now like to interpret (3) also in another fashion. For this we imagine the sum on the

right-hand side as a pairing between the row vector Φ(x) = (Φ0(x), Φ1(x), . . .) and the

column vector cn = (cn,0, cn,1, . . .)
t as follows: 〈Φ(x)|cn〉 :=

∑∞
k=0 Φk(x)cn,k. This implies

that we can write (3) in the equivalent form xn = 〈Φ(x)|cn〉. With the definition of the

linear spaces

C
∞
fin := {c = (c0, c1, . . .)

t | ck ∈ C, only finitely many ck �= 0},

PC := {Ψ(x) = (Ψ0(x), Ψ1(x), . . .) |Ψk(x) =
k∑

j=0

akjx
j, akj ∈ C, akk �= 0},
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and the bilinear pairing 〈·|·〉 : PC × C
∞
fin → C[x], given by 〈Ψ(x)|c〉 :=

∑∞
k=0 ckΨk(x), we

can now summarize the above observations in the following theorem.

Theorem 3.3. (Equivalent definition of duality triad) Let a triple of sequences μ =

(μ(−1), μ(0), μ(1)) with μ
(−1)
k �= 0 for all k be given. The associated duality triad is defined

by the transfer matrix T ≡ T (μ) with Tkl =
∑1

σ=−1 μ
(σ)
k+σδk+σ,l, a sequence {cn}n≥0 with

cn ∈ C
∞
fin and a Φ(x) ∈ PC such that:

(i) c0,k = δ0,k,

(ii) cn+1 = Tcn,

(iii) xΦ(x) = Φ(x)T , and

(iv) 〈Φ(x)|cn〉 = xn for every n ≥ 0.

These properties imply the normalization Φ0(x) = 1 and the symmetry of T with respect

to the pairing, i.e.,

〈Φ(x)T |cn〉 = 〈Φ(x)|Tcn〉. (19)

Proof. Since the above linear spaces and the pairing are defined exactly for this purpose,

it is clear that the properties (ii), (iii), and (iv) are a reformulation of the original defining

properties (1), (2), and (3), respectively (and (i) makes the initial value explicit). The

normalization Φ0(x) = 1 follows directly from (iii) by considering n = 0 and using (i).

Thus, only (19) has to be considered. The right-hand side is given by 〈Φ(x)|Tcn〉 (ii)
=

〈Φ(x)|cn+1〉 (iv)
= xn+1, whereas the left-hand side equals 〈Φ(x)T |cn〉 (iii)

= x〈Φ(x)|cn〉 (iv)
=

xxn = xn+1. �

Remark 3.4. Note that we can equivalently take as defining properties of a duality

triad (i), (ii), (iii) and (19) - with the normalization Φ0(x) = 1 included - instead of

(i)-(iv). Property (iv) then follows since 〈Φ(x)|cn〉 (ii)
= 〈Φ(x)|Tcn−1〉 (19)

= 〈Φ(x)T |cn−1〉 (iii)
=

x〈Φ(x)|cn−1〉, thus implying 〈Φ(x)|cn〉 = xn〈Φ(x)|c0〉. Due to (i) one has c0,k = δ0,k,

yielding 〈Φ(x)|c0〉 = Φ0(x) = 1 and thereby showing (iv).

Remark 3.5. In the interpretation as a dynamical system we thus have an action of T

on the state space C
∞
fin as well as on PC. Note that due to our assumptions on the state

space, the initial conditions and the transfer matrix all infinite sums which appear are in

fact finite sums so that no discussion of convergence is necessary.

4 A generalization: duality triads of rank r

In Section 3 we have rewritten the definition of a duality triad in such a fashion that

a possible generalization - suggested in [14] - is straightforward. The underlying idea

is the following. For the “ordinary” duality triads the basic recurrence relation (14) is

a three-term relation. In the interpretation from above where we interpret the index n

as a discrete time step and consider the evolution of this dynamical system, the value

of the state at the “place” k at time n + 1 is determined by the value at time n at the
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same place k and its nearest neighbors k − 1 and k + 1. Thus, we may loosely speak of

a “nearest neighbor interaction”. Including an influence of the next-to nearest neighbors

would mean to include in addition k−2 and k +2, i.e., considering a five-term recurrence

relation for cn+1,k. In general, for a given natural number r we include the influence of

the places k − r, . . . , k, . . . , k + r, i.e., we consider a (2r + 1)-term recurrence relation for

cn+1,k. Now, let r be a natural number and assume that we are given a (2r + 1)-tuple

of sequences μ = (μ(−r), . . . , μ(r)). Then the straightforward generalization of (14) is the

(2r + 1)-term recurrence relation

cn+1,k =
r∑

l=−r

μ
(l)
k+lcn,k+l (20)

with initial condition c0,k = δ0,k. In particular, every s-term relation cn+1,k = μ
(0)
k cn,k +

· · · + μ
(−s)
k−s cn,k−s (i.e., μ

(l)
k = 0 for l > 0 and every k) fits into this scheme, giving a

(2s + 1)-term recurrence relation. Note that we may interpret (20) again as a dynamical

system cn � cn+1 = Tcn where the transition matrix T ≡ T (μ) is given by the following

(2r + 1)-diagonal matrix

Tkl =
r∑

σ=−r

μ
(σ)
k+σδk+σ,l (21)

generalizing (16). This implies the following generalization of Proposition 3.2.

Proposition 4.1. Let the (2r + 1)-tuple (μ(−r), . . . , μ(r)) of sequences be given. Then the

coefficients cn,k satisfying (20) are given by

cn,i0 =
∞∑

i1,...,in=0

r∑

σ1,...,σn=−r

{
n∏

m=1

μ
(σm)
im−1+σm

δim−1+σm,im

}
c0,in (22)

(where, again, c0,l = δ0,l). In particular, cn,k = 0 if k > rn. (Note, however, that in

general there will not exist a simple formula for cn,rn as in the case r = 1.)

A different formula for the coefficients cn,k will be given later in Theorem 4.8. Now,

we would like to define a generalization of the duality triad considered before. For this

the reformulation given in Theorem 3.3 and Remark 3.4 is particularly suited.

Definition 4.2. (Duality triad of rank r) Let a (2r + 1)-tuple of sequences μ =

(μ(−r), . . . , μ(r)) with μ
(−r)
k �= 0 for all k and a polynomial pr(x) of degree r be given. Fur-

thermore, let an r-tuple Ψ(x) = (Ψ0(x), . . . , Ψr−1(x)) of polynomials satisfying Ψ0(x) = 1

and deg Ψk(x) = k be given. The associated duality triad or rank r is defined by the

transfer matrix T ≡ T (μ) with Tkl =
∑r

σ=−r μ
(σ)
k+σδk+σ,l, a sequence {cn}n≥0 with cn ∈ C

∞
fin,

and a Φ(x) ∈ PC such that:

(i) c0,k = δ0,k,

(ii) cn+1 = Tcn,

(iii) pr(x)Φ(x) = Φ(x)T ,
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(iv) 〈Φ(x)T |cn〉 = 〈Φ(x)|Tcn〉 for every n ≥ 0, and

(v) Φk(x) = Ψk(x) for 0 ≤ k ≤ r − 1.

The connection between duality triads considered in preceding sections and duality

triads of rank r is given by the following proposition.

Proposition 4.3. Every duality triad is a duality triad of rank one associated to the

polynomial p1(x) = x.

Proof. This follows by comparing Theorem 3.3 and Remark 3.4 with Definition 4.2.

The properties (i)-(iii) of Theorem 3.3 and Definition 4.2 coincide and property (iv) of

Theorem 3.3 is - according to Remark 3.4 - equivalent to the symmetry of T and the

normalization Φ0(x) = 1, which are precisely properties (iv) and (v) of Definition 4.2 in

the rank one case. �

Let us give some comments about the definition. Clearly, property (ii) is just the

recursion relation (20), whereas (iii) gives the dual relation for the polynomial sequence.

Writing this explicitly, it reads

pr(x)Φn(x) =
r∑

l=−r

μ(−l)
n Φn+l(x) (23)

and is the obvious generalization of (15). Making this even more explicit, we obtain the

analogue of (5), i.e,

Φn+r(x) = −
r−1∑

k=1

μ
(−k)
n

μ
(−r)
n

Φn+k(x) +
pr(x) − μ

(0)
n

μ
(−r)
n

Φn(x) −
r∑

k=1

μ
(k)
n

μ
(−r)
n

Φn−k(x). (24)

This shows explicitly why it is necessary to assume that μ
(−r)
n �= 0 in Definition 4.2. In

order to use these equations for arbitrary n ≥ 0 we introduce the convention Φ−k(x) = 0

for k = 1, . . . , r (as in the rank one case). Recall that in the rank one case the normal-

ization Φ0(x) = 1 is given and that the recursion relation determines the first nontrivial

polynomial Φ1(x) (and, of course, all polynomials of higher degree subsequently). In the

case of higher rank the first nontrivial relation results by choosing n = 0 in (24), i.e.,

Φr(x) = −μ
(−r+1)
0

μ
(−r)
0

Φr−1(x) − · · · − μ
(−1)
0

μ
(−r)
0

Φ1(x) +
pr(x) − μ

(0)
0

μ
(−r)
0

Φ0(x). (25)

This relation determines Φr(x) in terms of the polynomials Φk(x) = Ψk(x) with k =

0, . . . , r − 1. In particular, it follows from (24) that if deg Φk(x) = k for 0 ≤ k ≤ r − 1,

then deg Φk(x) = k for every k. This is the reason why we have included the otherwise

arbitrary polynomials Ψk(x) in the definition of the duality triad of rank r: demanding

that the first r components Φ0(x), . . . , Φr−1(x) of Φ(x) have the correct degree implies

that Φ(x) ∈ PC. Let us collect the explicit formulas satisfied by a duality triad of rank r

in the following theorem.



312 M. Schork / Central European Journal of Mathematics 4(2) 2006 304–318

Theorem 4.4. Let (T, {cn}n≥0, Φ(x)) be a duality triad of rank r associated to the (2r+1)-

tuple of sequences μ = (μ(−r), . . . , μ(r)) and the polynomial pr(x). Then the coefficients

cn,k satisfy the recursion relation cn+1,k =
∑r

l=−r μ
(l)
k+lcn,k+l, the triad polynomials Φn(x)

satisfy the dual recursion relation pr(x)Φn(x) =
∑r

l=−r μ
(−l)
n Φn+l(x), and the inversion

relation is given by

[pr(x)]n =
rn∑

k=0

cn,kΦk(x). (26)

Proof. It remains to show (26). One has 〈Φ(x)|cn〉 (ii)
= 〈Φ(x)|Tcn−1〉 (iv)

= 〈Φ(x)T |cn−1〉 (iii)
=

pr(x)〈Φ(x)|cn−1〉, hence 〈Φ(x)|cn〉 = [pr(x)]n〈Φ(x)|c0〉 (compare Remark 3.4). Due to (i)

one has 〈Φ(x)|c0〉 = Φ0(x) = 1 and it follows that [pr(x)]n = 〈Φ(x)|cn〉 =
∑∞

k=0 cn,kΦk(x).

The assertion follows by recalling that cn,k = 0 for k > rn (see Proposition 4.1). �

In the case of higher rank one may choose different polynomials pr(x), yielding different

generalized duality triads. Of course, the simplest choice is pr(x) = xr, but pr(x) = xr

seems also to be an interesting choice. Note that due to our assumptions all sums which

appear are in fact finite sums (as in the case r = 1, see Remark 3.5). Now, we would like

to discuss the simplest examples of duality triads of rank r. From the above definition

we have to assume μ
(−r)
k �= 0, but all other sequences μ(l) are allowed to vanish.

Example 4.5. (A trivial example of a duality triad of rank r) Let the (2r+1)-tuple of se-

quences μ = (μ(−r), 0, . . . , 0) be given, i.e., all sequences except μ(−r) vanish. Furthermore,

a polynomial pr(x) and an r-tuple of polynomials Ψ(x) = (Ψ0(x), . . . , Ψr−1(x)) have to

be given. The recursion relation becomes cn+1,k = μ
(−r)
k−r cn,k−r. Since c0,k = δ0,k, the coeffi-

cients cn,k vanish if k is not a multiple of r and if k = k̄r then cn,k̄r = μ
(−r)

k̄r
μ

(−r)

(k̄−1)r
· · ·μ(−r)

0 .

The polynomials satisfy Φn∗+r(x) = pr(x)

μ
(−r)
n∗

Φn∗(x) for 0 ≤ n∗ ≤ r − 1 (note that the right-

hand side is given by the initial values Φn∗(x) = Ψn∗(x)). In general, we may write

n = r
[

n
r

]
+ n∗ with 0 ≤ n∗ ≤ r − 1. Iterating the above relation yields

Φn(x) =
pr(x)[

n
r ]

μ
(−r)
n−r μ

(−r)
n−2r · · ·μ(−r)

n∗
Ψn∗(x). (27)

Note that defining dn,k := cn,kr and μ̃
(−1)
k := μ

(−r)
kr yields the relation dn+1,k = μ̃

(−1)
k−1 dn,k−1

of a duality triad of rank one. However, due to the dual recursion relation and the

inversion relation this example cannot be mapped onto a duality triad of rank one.

Before we discuss the next example we introduce some notations and terminology

which will be used in the rest of the section.

Definition 4.6. Let us consider the lattice Z × Z. A straight line connecting (n, k)

and (n + 1, l) with |l − k| ≤ r will be called step with initial point (n, k) and endpoint

(n + 1, l) and will be denoted by S
(n+1,l)
(n,k) . The weight of a step S

(n+1,l)
(n,k) is defined by
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ω(S
(n+1,l)
(n,k) ) := μ

(k−l)
k and its height by ht(S

(n+1,l)
(n,k) ) := l − k. A path of length m is a

sequence of m steps, where the endpoint of the k-th step is equal to the initial point

of the (k + 1)-th step. Thus, we can write a path of length m as a concatenation of m

steps, i.e., in the form S
(n+m,lm+1)
(n+m−1,lm) · · ·S(n+2,l3)

(n+1,l2)S
(n+1,l2)
(n,l1) . Equivalently, such a path can be

described by its initial point (n, l1) and the m heights νj := (lj+1 − lj) for 1 ≤ j ≤ m.

Note that −r ≤ νj ≤ r. The height of a path is defined as the sum of the heights of its

steps, i.e., by νm + · · · + ν1 = lm+1 − l1. Let us denote by Γm,k the set of paths of length

m and height k with initial point (0, 0), i.e.,

Γm,k := {ν = (ν1, . . . , νm) ∈ {−r, . . . , r}m |
m∑

j=1

νj = k}. (28)

The weight ω(ν) of a path ν ∈ Γm,k is defined as the product of the weights of all its

steps, i.e.,

ω(ν) := μ−νm

r(νm−1+···+ν1)μ
−νm−1

r(νm−2+···+ν1) · · ·μ−ν2
rν1

μ−ν1
0 . (29)

The paths we are interested in stay in the upper half (i.e., “above the x-axis”). Thus, we

finally define the subset Γ∗
m,k ⊂ Γm,k of admissible paths of length m and height k by

Γ∗
m,k := {ν = (ν1, . . . , νm) ∈ Γm,k |

l∑

j=1

νj ≥ 0 for 1 ≤ l ≤ m}. (30)

Example 4.7. (A nontrivial example of a duality triad of rank r) Let the (2r + 1)-tuple

μ = (μ(−r), 0, . . . , 0, μ(0), 0, . . . , 0) of sequences be given. Furthermore, a polynomial pr(x)

and a r-tuple of polynomials Ψ(x) = (Ψ0(x), . . . , Ψr−1(x)) have to be given. From (25)

it follows that Φn∗+r(x) =
pr(x)−μ

(0)
n∗

μ
(−r)
n∗

Φn∗(x) for 0 ≤ n∗ ≤ r − 1. In general, we may write

n = r
[

n
r

]
+ n∗ with 0 ≤ n∗ ≤ r − 1. Iterating the above relation yields

Φn(x) =

⎧
⎪⎨

⎪⎩

[n
r ]−1∏

k=0

pr(x) − μ
(0)
n∗+kr

μ
(−r)
n∗+kr

⎫
⎪⎬

⎪⎭
Ψn∗(x), (31)

which is the direct analogue of (6). Due to the vanishing of most of the sequences

μ(l) the dual recursion relation for the triad polynomials implies that the polynomials

“decouple” in the sense that there exist r sequences (Φn∗(x), Φn∗+r(x), Φn∗+2r(x), . . .) for

0 ≤ n∗ ≤ r − 1 which are independent. Let us turn to the coefficients cn,k. They satisfy

the recursion relation cn+1,k = μ
(−r)
k−r cn,k−r + μ

(0)
k cn,k (with c0,k = δ0,k). It follows that

c1,k = μ
(−r)
k−r δ0,k−r + μ

(0)
k δ0,k and that

c2,k = μ
(−r)
k−r μ

(−r)
k−2rδ0,k−2r + {μ(−r)

k−r μ
(0)
k−r + μ

(0)
k μ

(−r)
k−r }δ0,k−r + μ

(0)
k μ

(0)
k δ0,k. (32)

In general, it is clear that cn,k = 0 if k is not a multiple of r. If k is a multiple of r

we may write k = k̄r. In (32) the contribution to c2,k̄r corresponds to the sum of the

weights of all paths of length 2 from (0, 0) to (2, k̄r). For example, c2,r corresponds to
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two paths (whereas c2,0 as well as c2,2r correspond to one path). The first path consists

of the step S
(1,r)
(0,0) with weight μ

(−r)
0 followed by the step S

(2,r)
(1,r) with weight μ

(0)
r , giving the

weight μ
(0)
r μ

(−r)
0 for the path. The second path consists of the step S

(1,0)
(0,0) with weight μ

(0)
0

followed by the step S
(2,r)
(1,0) with weight μ

(−r)
0 , giving the weight μ

(−r)
0 μ

(0)
0 for the path. In

analogy to (28) we define Γ̃n,k̄r := {ν = (ν1, . . . , νn) ∈ {0, r}n | ∑n
l=1 νl = k̄r} and the

weight ω(ν) of a path ν = (ν1, . . . , νn) as the product of the weights of all its steps, see

(29). Then the coefficients cn,k̄r are given by cn,k̄r =
∑

ν∈Γ̃n,k̄r
ω(ν). It is clear that this

reproduces the coefficients c2,k discussed explicitly above. In particular, in the special case

μ
(0)
k = 1 = μ

(−r)
k the weights ω(ν) of all paths ν equal 1 and since there are |Γn,k̄r| =

(
n
k̄

)

summands, one obtains cn,k̄r =
(

n
k̄

)
. Thus, this example corresponds to some kind of

“embedded” Pascal triad, see Example 1.1.

After having discussed explicitly a particular example of a duality triad of rank r, we

can now give another expression for the coefficients cn,k in the general case.

Theorem 4.8. Let (T, {cn}n≥0, Φ(x)) be a duality triad of rank r associated to the (2r+1)-

tuple of sequences μ = (μ(−r), . . . , μ(r)). Then the coefficient cn,k is given as the sum of

all weights of all admissible paths of length n and height k, i.e.,

cn,k =
∑

ν∈Γ∗
n,k

ω(ν). (33)

In particular, if μ
(l)
k = 1 for all k, l, then cn,k = |Γ∗

n,k|.

Proof. The proof is a simple induction in n. Recalling (20) and using (33) for n, one

obtains

cn+1,k =
r∑

σ=−r

∑

ν∈Γ∗
n,k+σ

μ
(σ)
k+σω(ν). (34)

Since μ
(σ)
k+σ is the weight of the step S

(n+1,k)
(n,k+σ) the expression μ

(σ)
k+σω(ν) is the weight of the

admissible path ν̃ ∈ Γ∗
n+1,k which consists of the admissible path ν ∈ Γ∗

n,k+σ followed

by the step S
(n+1,k)
(n,k+σ). Since the sum on the right-hand side yields all admissible paths

ν̃ ∈ Γ∗
n+1,k, the right-hand side equals

∑
ν̃∈Γ∗

n+1,k
ω(ν̃), proving the assertion. �

Note that in Example 4.7 all paths are admissible since νj ≥ 0. In general, if μ
(l)
k = 0

for l > 0 and all k then Γn,k = Γ∗
n,k, i.e., all paths are admissible. However, note that if

μ
(l)
k = 0 for some l ≤ 0, then the set of paths contributing to cn,k is only a subset of Γ∗

n,k.

An example for this is given in Example 4.7. Let us denote by c(s, t, u) the number of

compositions of u with exactly t parts, each ≤ s ([1], p.55).

Proposition 4.9. Let (T, {cn}n≥0, Φ(x)) be a duality triad of rank r associated to the

(2r + 1)-tuple of sequences μ = (μ(−r), . . . , μ(0), 0, . . . , 0), i.e., μ
(l)
k = 0 for l > 0 and all
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k. Then the number of admissible paths of length n and height k is given by

|Γ∗
n,k| =

n∑

s=0

(
n

s

)
c(r, n − s, k). (35)

In particular, if μ
(l)
k = 1 for l ≤ 0 and all k, then cn,k =

∑n
s=0

(
n
s

)
c(r, n − s, k).

Proof. Due to μ
(l)
k = 0 for l > 0 and all k, every path ν ∈ Γn,k is admissible, i.e.,

Γn,k = Γ∗
n,k. We may decompose Γn,k = Γ

(0)
n,k ∪ Γ

(1)
n,k ∪ · · · ∪ Γ

(n)
n,k where Γ

(s)
n,k denotes the

set of paths ν = (ν1, . . . , νn) where exactly s of the components νj vanish. It follows

that |Γ∗
n,k| =

∑n
s=0

(
n
s

)|Γ(s)
n,k|. The assertion follows since |Γ(s)

n,k| is given by the number of

compositions of k with exactly n − s parts, each ≤ r, i.e., |Γ(s)
n,k| = c(r, n − s, k). �

Example 4.10. Let us consider a duality triad of rank one, i.e., we are given the triple

μ = (μ(−1), μ(0), μ(1)) of sequences. Let us first consider the special case where μ
(0)
k = 0 for

all k. A path ν ∈ Γ∗
n,0 of height k = 0 necessarily requires n to be even, i.e., n = 2n̄, and

to have an equal number of “up” and “down” steps. This means that Γ∗
2n̄,0 = D2n̄, where

D2n̄ is the set of Dyck-paths of length 2n̄. Thus, c2n̄,0 is given as the sum of all weighted

Dyck-paths of length 2n̄, i.e., c2n̄,0 =
∑

ν∈D2n̄
ω(ν). In particular, if μ

(−1)
k = 1 = μ

(1)
k

for all k, then c2n̄,0 = |D2n̄| = Cn̄, where Cn̄ = 1
n̄+1

(
2n̄
n̄

)
is the n̄-th Catalan number.

Now, let us allow μ
(0)
k �= 0. If for the paths ν ∈ Γ∗

n,l one has l = 0, then ν ∈ Γ∗
n,0 is

a Motzkin-path of length n, i.e., Γ∗
n,0 = Mn, where we have denoted by Mn the set of

Motzkin-paths of length n. Thus, cn,0 is given by the sum of all weighted Motzkin-paths,

i.e., cn,0 =
∑

ν∈Mn
ω(ν). In particular, if μ

(l)
k = 1 for all l, k, then cn,0 = |Mn| = Mn,

where Mn =
∑

k≥0

(
n
2k

)
Ck is the n-th Motzkin number.

Definition 4.11. Let r ∈ N be given. The set M(r)
n of Motzkin-paths of rank r and

length n is given by M(r)
n := Γ∗

n,0 (where Γ∗
n,0 is defined in (30)). Consequently, the n-th

Motzkin number of rank r is defined by M
(r)
n := |M(r)

n |. As in the rank one case we define

the set D(r)
n of Dyck-paths of rank r and length n as the set of those Motzkin-paths of

rank r and length n having no horizontal steps, i.e.,

D(r)
n := {ν ∈ {−r, . . . ,−1, 1, . . . , r}n|

n∑

j=1

νj = 0,
l∑

j=1

νj ≥ 0 for 1 ≤ l ≤ m}. (36)

It is clear that M(1)
n = Mn (and consequently that M

(1)
n = Mn). Furthermore,

D(1)
n = 0 if n is odd and D(1)

n = Dn if n is even. Note that in the higher rank case D(r)
n �= 0

if n is odd. For example, in the case r = 2 the set D(2)
3 consists of the paths (1, 1,−2)

and (2,−1,−1).

Proposition 4.12. Let (T, {cn}n≥0, Φ(x)) be a duality triad of rank r associated to the

(2r + 1)-tuple of sequences μ = (μ(−r), . . . , μ(r)).
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(1) The coefficient cn,0 is given as the sum of all weighted Motzkin-paths of rank r and

length n, i.e., cn,0 =
∑

ν∈M(r)
n

ω(ν). If μ
(l)
k = 1 for all l, k, then cn,0 = M

(r)
n .

(2) If in addition μ
(0)
k = 0 for all k, then cn,0 is given as the sum of all weighted Dyck-

paths of rank r and length n, i.e., cn,0 =
∑

ν∈D(r)
n

ω(ν). If μ
(l)
k = 1 for all l �= 0, k,

then cn,0 = |D(r)
n |.

Proof. Combining (33) and Definition 4.11 yields the first assertion. The second assertion

follows trivially from this and Definition 4.11. �

Let us return to Example 4.10 and introduce a more combinatorial language used,

e.g., in [17]. We call a step of the form Sn+1,k+1
n,k ↔ (1, 1) an up-step U , Sn+1,k

n,k ↔ (1, 0)

a level-step L, and Sn+1,k−1
n,k ↔ (1,−1) a down-step D. Let l and d be positive integers

and color the L steps with l colors and the D steps with d colors. Let A(n, k) be the

set of colored paths starting in (0, 0) and ending in (n, k) and let M(n, k) be the set

of lattice paths in A(n, k) that never go below the x-axis. Let an,k := |A(n, k)| and

mn := |M(n, 0)|. The number mn is called (1, l, d)-Motzkin number. Since the number

|A(n, k)| of colored paths equals the sum of all weighted paths in Γn,k, i.e., |A(n, k)| =∑
ν∈Γn,k

ω(ν) with weights given by μ
(1)
k := d, μ

(0)
k := l, μ

(−1)
k := 1 for every k, we find

that an,k = cn,k and, therefore, that an+1,k = an,k−1 + lan,k + dan,k+1. This implies

mn = cn,0 =
∑

ν∈Γ∗
n,0

ω(ν). It is shown in [17] that the mn satisfy the three-term recursion

(n + 2)mn = l(2n + 1)mn−1 + (4d − l2)(n − 1)mn−2. In the case of higher rank r > 1

the analogous Motzkin numbers m
(r)
n = cn,0 (see Definition 4.11) are part of a duality

triad whose coeffcients cn,k satisfy the (2r + 1)-term recursion (20). Thus, the m
(r)
n are

expected to satisfy a (2r + 1)-term recursion similar to the one given for mn above.

However, to obtain a close analogy we have to restrict to the case where the weights μ
(l)
k

are integers which are independent of k (as in the case r = 1 above). Thus, if the weight

of the level-step L ↔ Sn+1,k
n,k ↔ (1, 0) is given by μ

(0)
k = l, of the r different down-steps

Du ↔ Sn+1,k−u
n,k ↔ (1,−u) by μ

(u)
k = du (with 1 ≤ u ≤ r), and of the r different up-steps

Uv ↔ Sn+1,k+v
n,k ↔ (1, v) by μ

(−v)
k = uv (with 1 ≤ v ≤ r), the basic recursion relation (20)

is in this case given by cn+1,k = urcn,k−r + · · ·+ u1cn,k−1 + lcn,k + d1cn,k+1 + · · ·+ drcn,k+r.

The corresponding Motzkin numbers should be called (ur, . . . , u1, l, d1, . . . , dr)-Motzkin

numbers.

Remark 4.13. We have used several times the interpretation of the property cn �
cn+1 = Tcn of the duality triad (or its generalization) as a dynamical system. Clearly,

there is a very close connection to one-dimensional cellular automata [18]. Representing

a sequence cn as an infinite row of boxes (beginning with the zeroth box B0) where the

contents of the k-th box Bk is given at time n by cn,k, the transfer matrix T thus describes

the contents cn+1,k of Bk at time n+1 in dependence of the contents cn,k of Bk and some

of its neighboring boxes (in the case of a duality triad of rank r the contents of the r

boxes on both sides of Bk will contribute).
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5 Conclusion

In this article we have discussed some general properties of duality triads. In particu-

lar, we gave an equivalent definition for duality triads which makes their structure more

transparent. Using this reformulation, we introduced a natural generalization of duality

triads where the basic relation is allowed to be a recurrence relation of higher order.

Some of the simplest properties of the higher rank case were discussed, but many in-

teresting properties have yet to be determined. It was shown that in the simplest cases

the resulting connection coefficients have a nice interpretation in terms of paths in the

lattice Z × Z, generalizing some well-known combinatorial structures associated to the

rank one case (e.g., Dyck-paths, Motzkin-paths and the associated Catalan and Motzkin

numbers). As a very brief outlook let us mention that the generalized Stirling num-

bers Sr,r(n, k) introduced in [3] (with S1,1(n, k) ≡ S(n, k) from Example 2.1) satisfying

[xr]n =
∑rn

k=0 Sr,r(n, k)xk are the coefficients cn,k of a natural duality triad of rank r. This

as well as other examples will be treated in a future publication.
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[6] L. Comtet: “Nombres de Stirling généraux et fonctions symétriques”, C. R. Acad.

Sc. Paris, Vol. 275, (1972), pp. 747–750.

[7] P. Feinsilver and R. Schott: Algebraic structures and operator calculus. Vol. II: Spe-

cial functions and computer science, Kluwer Academic Publishers, Dordrecht, 1994.

[8] I. Jaroszewski and A.K. Kwásniewski: “On the principal recurrence of data structures

organization and orthogonal polynomials”, Integral Transforms Spec. Funct., Vol. 11,

(2001), pp. 1–12.

[9] J. Konvalina: “Generalized binomial coefficents and the subset-subspace problem”,

Adv. Math., Vol. 21, (1998), pp. 228–240.

[10] J. Konvalina: “A unified interpretation of the Binomial Coefficients, the Stirling

Numbers and Gaussian Coefficents”, Amer. Math. Monthly, Vol. 107, (2000), pp.

901–910.
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