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1 Introduction

In [10, 11] the notion of duality triad was introduced. By this the following system is

meant. Let three sequences i = {ik}k≥0, q = {qk}k≥0, and d = {dk}k≥0 of complex

numbers with ik �= 0 be given. For such a triple (i, q, d) we introduce the following

“dynamical system”. The discrete time steps n start with 0 and at every time n we consider

the sequence cn = {cn,k}k≥0 ≡ {c(i,q,d)
n,k }k≥0 of complex numbers satisfying c0,k = δ0,k and

the recursion relation

cn+1,k = ik−1cn,k−1 + qkcn,k + dk+1cn,k+1. (1)

Given the initial values and the triple of sequences, the coefficients cn,k are uniquely

determined. Let us consider the polynomial sequence {Φn(x)}n≥0 ≡ {Φ(i,q,d)
n (x)}n≥0 (i.e.,

deg Φn(x) = n) satisfying Φ0(x) = 1 and the recursion relation

xΦn(x) = dnΦn−1(x) + qnΦn(x) + inΦn+1(x). (2)
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This recursion relation for the sequence of triad polynomials Φn(x) is dual to the relation

(1) in the sense that the following inversion relation holds [10, 11]:

xn =
∑

k≥0

cn,kΦk(x). (3)

This system of numbers cn,k and polynomials Φn(x) satisfying (1), (2), and (3) for the

given triple of sequences (i, q, d) is called duality triad (associated to (i, q, d)) [10, 11]. As

stressed in [10], these duality triads are dual recurrences satisfying (1) and (2) as used

in dynamical data structure theory [8, 9] which furthermore satisfy a third relation, the

inversion relation (3). In general, the coefficients cn,k are thus the expansion coefficients

(or connection coefficients) of the monomials xn in the basis of polynomials {Φk(x)}k≥0. In

[4, 10–12, 18] these triads were studied and several well-known sequences of combinatorial

numbers cn,k and polynomials Φn(x) were shown to be special cases. Due to (2) the triad

polynomials are very closely related to orthogonal polynomials on the real line. In [18] a

generalization of duality triads to higher rank (where the rank one case corresponds to the

usual duality triads) was suggested and it was conjectured that the Stirling numbers of

higher rank introduced in [2, 3] should yield an interesting example of such a generalized

duality triad. A precise definition of duality triads of higher rank was given in [19] and

first properties were derived. However, only toy examples were given in [19]. It is the

aim of the present paper to present some concrete examples of duality triads of higher

rank. In particular, it is shown that the generalized Stirling numbers of higher rank (and

their q-deformed analogues introduced in [17]) give indeed rise to duality triads of higher

rank. The main structural result of this paper is a description of the intimate connection

between duality triads of higher rank and orthogonal matrix polynomials on the real line,

generalizing the above-mentioned connection of the rank one case.

The structure of the paper is as follows. In Section 2 some examples of duality triads

(of rank one) and their relation to dynamical data structures and orthogonal polynomials

are discussed. In Section 3 we recall the definition of duality triads of higher rank, intro-

duce the important class of Hermitian duality triads and give a possible interpretation of

the defining recursion relation in terms of dynamical data structures. In Section 4 some

properties of orthogonal matrix polynomials are recalled and the connection between Her-

mitian duality triads of rank r and orthogonal matrix polynomials of rank r on the real

line is established. Some explicit examples of duality triads of higher rank are discussed

in Section 5. Finally, in Section 6 some conclusions are presented.

2 Duality triads: Some examples and properties

In this section we describe a few examples of duality triads which will play a prominent

role later on. Many more examples can be found in [4, 10–12, 18]. We also make some

remarks concerning the relationship between duality triads and dynamical data structures

as discussed in [8] and orthogonal polynomials on the real line.
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Example 2.1. (Pascal triad) ik = 1, qk = 1, dk = 0. The corresponding cn,k satisfy the

recursion relation cn+1,k = cn,k−1 + cn,k and are given by the binomial coefficients, i.e.,

cn,k =
(

n
k

)
. The triad polynomials are given by Φk(x) = (x − 1)k so that the inversion

relation (3) becomes in this case

xn =
n∑

k=0

(
n

k

)
(x− 1)k. (4)

Example 2.2. (Stirling triad) ik = 1, qk = k, dk = 0. The corresponding cn,k satisfy

cn+1,k = cn,k−1 + kcn,k and are given by the Stirling numbers of second kind, i.e., cn,k =

S(n, k) where (see [21])

S(n, k) =
(−1)k

k!

k∑

p=0

(−1)p

(
k

p

)
pn. (5)

The triad polynomials are given by Φk(x) = x(x−1) · · · (x−k+1) =: xk and (3) becomes

in this case

xn =
n∑

k=0

S(n, k)xk. (6)

Example 2.3. (q-deformed Stirling triad) ik = qk, qk = kq, dk = 0, where the basic

q-numbers are given by kq = 1−qk

1−q
, mq! =

∏m
k=1 kq and

(
n
k

)
q

= nq !

kq !(n−k)q!
[1]. The corre-

sponding cn,k satisfy cn+1,k = qk−1cn,k−1 + kqcn,k and are given by the q-deformed Stirling

numbers of second kind, i.e., cn,k = S(n, k|q) where (see [17] and the references therein)

S(n, k|q) =
(−1)k

kq!

k∑

p=0

(−1)pq(
k−p

2 )
(
k

p

)

q

pn
q . (7)

As a reference for later discussions we denote the recursion relation explicitly,

S(n+ 1, k|q) = qk−1S(n, k − 1|q) + kqS(n, k|q). (8)

Introducing χk(x) := x(x − 1q) · · · (x − (k − 1)q), the triad polynomials are given by

Φk(x) = q−(k
2)χk(x) so that (3) becomes

xn =
n∑

k=0

q−(k
2)S(n, k|q)χk(x). (9)

Introducing xk
q := xq(x− 1)q · · · (x− k + 1)q, a more natural relation generalizing (6) is

xn
q =

n∑

k=0

S(n, k|q)xk
q . (10)

Choosing the special value q = 1 leads to Example 2.2. Note, however, that (10) is not an

example of the inversion relation (3) in the strict sense since the occurring functions are
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polynomials in xq but not in x. For further discussions see Remark 5.8. As discussed in

[18] it is possible to generalize this example to various different generalizations of Stirling

numbers, e.g., to the Stirling numbers occurring in“ψ-extended umbral calculus” (see [13]

for an up-to-date account).

Remark 2.4. (Dynamical data structures) Let us discuss briefly the relation between

duality triads and dynamical data structures as discussed in [8]. As a concrete example

of a data structure we think of a file containing some items (representing, e.g., a list or

a stack). Let us denote by cn,k the number of possible paths, i.e., histories, of the given

file starting from height 0 (i.e., the empty file) that are at height (= file size) k at time

n. We think of the the height as the location of a particle on the line. It jumps left or

right or sits at each time step according to whether the operation Insertion I, Deletion

D or a Query Q is applied to the file (here we assume that that only these operations

are permitted for the corresponding data structure). Let us denote by Npos(O, k) the

number of possibilities for performing the operation O (where O ∈ {I,D,Q}) on the file

of size k. Abbreviating ik := Npos(I, k), dk := Npos(D, k), qk := Npos(Q, k), it is then

clear that cn,k satisfies the recursion relation (1). In order to interpret (1) in this setting

the coefficients ik, dk, qk should be non-negative integers.

Remark 2.5. (Orthogonal polynomials on the real line) We briefly review some basic

facts about orthogonal polynomials following the standard references [5, 22] (see also

the recent survey [23] discussing many new developments). Let μ be a positive Borel

measure (with an infinite number of points in its support) with support on the real line

such that all moments μn :=
∫
R
xn dμ(x) exist. Then there exist unique polynomials

pn(x) = κnx
n + · · · with κn > 0 that form an orthonormal system in L2(R, μ), i.e.,

(pn, pm) :=
∫
R
pn(x)p̄m(x) dμ(x) = δn,m. The pn’s are called orthonormal polynomials

corresponding to μ. One of the most remarkable consequences of the fact that μ is

supported on the real line is that the pn’s obey a three-term recurrence relation

xpn(x) = an+1pn+1(x) + bnpn(x) + anpn−1(x) (11)

where the coefficients can be determined by an = κn

κn−1
> 0 and bn =

∫
R
xp2

n(x) dμ(x).

Conversely, any system of polynomials satisfying (11) with real an > 0, bn is an orthonor-

mal system with respect to a (not necessarily unique) measure μ on the real line (Favard’s

theorem). Comparing (11) with (2) shows the close connection of the triad polynomials

Φn(x) to orthogonal polynomials. The main difference is that the tridiagonal transfer

matrix T of a duality triad (15) is not necessarily symmetric (depending on μ
(l)
n ), see

Theorem 3.5.

3 Duality triads of higher rank

Let us introduce a concise notation following [18, 19]. Thus,

μ
(−1)
k ≡ ik, μ

(0)
k ≡ qk, μ

(1)
k ≡ dk. (12)
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Remark 3.1. With this notation the basic sequences of the Stirling triad of Example

2.2 can be written as μ
(l)
k = k1+l if l ≤ 0 and μ

(l)
k = 0 if l > 0. The q-deformed versions

of Example 2.3 are given by μ
(l)
k = q−lkk1+l

q if l ≤ 0 and μ
(l)
k = 0 if l > 0.

The basic recursion relation (1) can then be written as

cn+1,k =
1∑

l=−1

μ
(l)
k+lcn,k+l (13)

and the dual recursion relation (2) is given by

xΦn(x) =
1∑

l=−1

μ(−l)
n Φn+l(x). (14)

Defining the tridiagonal transfer matrix T by

Tkl :=
1∑

σ=−1

μ
(σ)
k+σδk+σ,l, (15)

one can write (13) as cn+1 = Tcn with the interpretation as a dynamical system on the

space of sequences. The main idea of a duality triad of rank r ≥ 1 consists in generalizing

the basic three-term recursion (13) to a (2r+1)-term recursion relation for the cn,k. Now,

let r be a natural number and assume that we are given a (2r + 1)-tuple of sequences

μ = (μ(−r), . . . , μ(r)). Then the straightforward generalization of (13) is the (2r+1)-term

recursion relation

cn+1,k =
r∑

l=−r

μ
(l)
k+lcn,k+l (16)

with initial condition c0,k = δ0,k. Defining the linear spaces

C
∞
fin := {c = (c0, c1, . . .)

t | ck ∈ C, only finitely many ck �= 0},

PC := {Ψ(x) = (Ψ0(x),Ψ1(x), . . .) |Ψk(x) =
k∑

j=0

akjx
j, akj ∈ C, akk �= 0},

and the bilinear pairing 〈·|·〉 : PC × C
∞
fin → C[x], given by 〈Ψ(x)|c〉 :=

∑∞
k=0 ckΨk(x), we

may now recall the definition of duality triads of rank r given in [19].

Definition 3.2. (Duality triad of rank r) Let a (2r + 1)-tuple of sequences μ =

(μ(−r), . . . , μ(r)) with μ
(−r)
k �= 0 for all k and a polynomial pr(x) of degree r be given. Fur-

thermore, let an r-tuple Ψ(x) = (Ψ0(x), . . . ,Ψr−1(x)) of polynomials satisfying Ψ0(x) = 1

and deg Ψk(x) = k be given. The associated duality triad or rank r is defined by the trans-

fer matrix T ≡ T (μ) with Tkl :=
∑r

σ=−r μ
(σ)
k+σδk+σ,l, a sequence {cn}n≥0 with cn ∈ C

∞
fin,

and a Φ(x) ∈ PC such that:

(i) cn+1 = Tcn (together with c0,k = δ0,k),

(ii) pr(x)Φ(x) = Φ(x)T (together with Φk(x) = Ψk(x) for 0 ≤ k ≤ r − 1), and
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(iii) 〈Φ(x)T |cn〉 = 〈Φ(x)|Tcn〉 for every n ≥ 0.

It was shown in [19] that every duality triad of rank one with p1(x) = x is a duality

triad in the original sense of [10, 11] and vice versa. To be more explicit, (i) reproduces

the recursion relation (16) whereas (ii) yields the dual recursion relation for the triad

polynomials

pr(x)Φn(x) =
r∑

l=−r

μ(−l)
n Φn+l(x) (17)

and is the generalization of (14). The inversion relation (iii) is given explicitly by

[pr(x)]
n =

rn∑

k=0

cn,kΦk(x) (18)

and is the generalization of (3). The transfer matrix T = (Tkl)k,l∈N is a (2r+ 1)-diagonal

matrix and has around the element Tkk = μ
(0)
k the structure

T =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

...
...

...

. . . μ
(0)
k−1 μ

(1)
k μ

(2)
k+1 · · ·

· · · μ(−1)
k−1 μ

(0)
k μ

(1)
k+1 · · ·

· · · μ(−2)
k−1 μ

(−1)
k μ

(0)
k+1 · · ·

...
...

...

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (19)

Definition 3.3. (Hermitian duality triad of rank r) A duality triad of rank r asso-

ciated to the (2r + 1)-tuple of sequences μ = (μ(−r), . . . , μ(r)) is called Hermitian if the

associated transfer matrix T with Tkl :=
∑r

σ=−r μ
(σ)
k+σδk+σ,l is Hermitian.

Proposition 3.4. For an Hermitian duality triad of rank r the sequence μ(0) is real and

the sequences μ(−l) with 1 ≤ l ≤ r can be expressed through the sequences μ(l) with positive

index by

μ
(−l)
k = μ

(l)
k+l. (20)

Thus, only the (r + 1) sequences μ(l) with 0 ≤ l ≤ r are independent.

Proof. This follows immediately from (19). �

Note that the rather innocent looking property of being Hermitian is in fact a rather

strong restriction on a duality triad of rank r. In particular, the explicit examples of

duality triads of rank r discussed in Section 5 are not Hermitian. In the rank one case

(with notations from the introduction) being Hermitian means that the qk are real and

that one has the relation ik−1 = dk. Assuming in particular that the sequence d = (dk)k∈N

is real and positive, the recursion relation (2) of the triad polynomials Φn(x) becomes

xΦn(x) = dnΦn−1(x) + qnΦn(x) + dn+1Φn+1(x) (21)
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which is (upon identifying the sequences an ≡ dn and bn ≡ qn) exactly the recursion rela-

tion (11) of orthogonal polynomials on the real line. Let us collect the above observations

in the following theorem.

Theorem 3.5. Let an Hermitian duality triad of rank one (with polynomial p1(x) = x)

associated to the pair of real sequences d ≡ μ(1) and q = μ(0) with dk > 0 be given. Then

the triad polynomials Φn(x) are orthogonal polynomials on the real line in the sense of

(11) and determine a positive measure on the real line (Favard’s theorem). Conversely,

given a sequence of orthogonal polynomials Φn(x) on the real line satisfying (11) there

exists an Hermitian duality triad of rank one (with polynomial p1(x) = x) associated to

the sequences μ
(1)
n ≡ an, μ

(0)
n ≡ bn and μ

(−1)
n ≡ an+1 such that the triad polynomials are

equal to the Φn(x).

The generalization of this result to duality triads of higher rank will be discussed in

the next section (see Theorem 4.2).

Remark 3.6. (Dynamical data structures revisited) Let us try to connect duality triads

of rank r ≥ 1 to dynamical data structures which were briefly recalled in Remark 2.4 with

their connection to duality triads (of rank one). The coefficient cn,k has an interpretation

as the number of possible histories a file (empty at the beginning) with k items has after

n time steps where at each time step one of the operations I,D or Q is performed and

where exist, e.g., ik possibilities to perform an insertion I if the file contains k items. This

interpretation led directly to (1). Having this interpretation in mind, one should write

the recursion relation (16) of a duality triad of rank r as

cn+1,k = i
(r)
k−rcn,k−r + · · · + i

(1)
k−1cn,k−1 + qkcn,k + d

(1)
k+1cn,k+1 + · · · + d

(r)
k+rcn,k+r. (22)

The interpretation is then that one has i
(σ)
k−σ (with 1 ≤ σ ≤ r) possibilities of inserting

σ items simultaneously in the file containing k − σ items and having d
(τ)
k+τ (with 1 ≤

τ ≤ r) possibilities of deleting τ items simultaneously in the file containing k + τ items

(of course, for this interpretation all coefficients i
(σ)
k−σ, qk, d

(τ)
k+τ have to be non-negative

integers). Thus, if the data structure is accessed sequentially (i.e., one item after another),

the coefficients i
(σ)
k−σ with σ > 1 as well as d

(τ)
k+τ with τ > 1 should vanish. In other words,

the case r > 1 is not a good model. However, if one imagines that the file can be accessed

in a parallel fashion (e.g., by r independent “operators”) then a possible application of

duality triads of higher rank to the study of dynamical data structures seems not to be

too far fetched.

4 Duality triads of higher rank and orthogonal matrix polyno-

mials on the real line

In this section we draw a connection between duality triads of rank r and orthogonal

matrix polynomials of rank r on the real line. This generalizes the connection between
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duality triads of rank one and scalar orthogonal polynomials discussed in Theorem 3.5.

Before we do this we first recall some basic facts about orthogonal matrix polynomials

(following [7, 15, 20]) and their relation to higher order scalar recurrence relations [7].

An r × r matrix P (x) = (pij(x))1≤i,j≤r with polynomial entries pij(x) of degree at

most n is called a matrix polynomial of degree at most n. Alternatively, one can write

P (x) = Cnx
n + · · · + C0 with some numerical matrices Ck of size r × r. A matrix

μ(r) = (μij)1≤i,j≤r of complex Borel measures defined on the real line is positive definite

if for any Borel set E the matrix μ(r)(E) is positive semidefinite. We assume that all

moments of μ(r) are finite. With such a matrix μ(r) one can define a matrix inner product

on the space of r×r matrix polynomials via (P,Q) :=
∫
R
P (x) dμ(r)(x)Q∗(x), and if (P, P )

is nonsingular for any P with nonsingular leading coefficient, then just as in the scalar case

one can generate a sequence {Pn}n≥0 of matrix polynomials which is orthonormal with

respect to μ(r), i.e., (Pn, Pm) =
∫
R
Pn(x) dμ(r)(x)P ∗

m(x) = δn,mIr. The sequence {Pn}n≥0

is determined only up to left multiplication by unitary matrices, i.e., if Un are unitary

matrices then {UnPn}n≥0 also forms an orthonormal system with respect to μ(r). Just

as in the scalar case the orthogonal matrix polynomials satisfy a three-term recurrence

relation

xPn(x) = An+1Pn+1(x) +BnPn(x) + A∗
nPn−1(x) (23)

where An are nonsingular and Bn Hermitian. Conversely, the analogue of Favard’s theo-

rem is also true: If a sequence of matrix polynomials {Pn}n≥0 satisfies (23) with nonsin-

gular An and Hermitian Bn then there exists a positive definite measure matrix μ(r) such

that Pn are orthogonal with respect to μ(r). Orthogonal matrix polynomials of rank r are

closely related to (2r + 1)-term recurrence relations for scalar polynomials. Let a poly-

nomial h(x) of degree r be given. Instead of using the basis of monomials {1, x, x2, . . .}
to span the linear space of polynomials, one can use the basis {xjhi(x) | 0 ≤ j < r, i =

0, 1, . . .}, i.e., {1, x, . . . , xr−1, h(x), xh(x), . . . , xr−1h(x), h2(x), xh2(x), . . .}. A polynomial

p(x) of degree nr +m (0 ≤ m < r) can then expanded in this basis as

p(x) =
n∑

i=0

r−1∑

j=0

ai,jx
jhi(x). (24)

Let us define operators Rh,r,j (for 0 ≤ j ≤ r − 1) which take from p just those terms of

the form ai,jx
jhi(x) and then remove the common factor xj and change h(x) to x, i.e.,

Rh,r,j[p](x) =
n∑

i=0

ai,jx
i. (25)

Now, we can state the following theorem due to Duran and Van Assche [7].

Theorem 4.1 (Duran, Van Assche). Suppose {pn(x)}n≥0 is a sequence of polynomials

satisfying the following (2r + 1)-term recurrence relation

h(x)pn(x) = dn,0pn(x) +
r∑

k=1

[
d̄n,kpn−k(x) + dn+k,kpn+k(x)

]
(26)
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where dn,0 (n = 0, 1, . . .) is a real sequence and dn,k (n = 0, 1, 2, . . .) are complex sequences

for k = 1, . . . , r with dn,r �= 0 for every n and with the initial conditions pk(x) = 0 for

k < 0 and pk given polynomials of degree k, for k = 0, . . . , r − 1. Define the sequence of

matrix polynomials {Pn(x)}n≥0 of rank r by

Pn(x) :=

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

Rh,r,0[pnr](x) · · · Rh,r,r−1[pnr](x)

Rh,r,0[pnr+1](x) · · · Rh,r,r−1[pnr+1](x)

...
...

Rh,r,0[pnr+r−1](x) · · · Rh,r,r−1[pnr+r−1](x)

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

. (27)

Then this sequence of matrix polynomials is orthonormal on the real line with respect to a

positive definite matrix measure and satisfies a three-term recurrence relation of the form

(23) where the coefficients An, Bn can be described explicitly in terms of dn,k.

Conversely, given a sequence Pn(x) = (Pn;k,l(x))1≤k,l≤r of orthonormal matrix polynomials

of rank r on the real line (satisfying a three-term recurrence (23)), the sequence pn(x) of

scalar polynomials defined for n ∈ N and 0 ≤ m ≤ r − 1 by

pnr+m(x) :=
r∑

j=0

xjPn;m,j(h(x)) (28)

satisfies a (2r + 1)-term recursion relation of the form (26).

We now come to the analogue of Theorem 3.5 and show the intimate connection

between duality triads of higher rank and orthogonal matrix polynomials.

Theorem 4.2. Let an Hermitian duality triad of rank r associated to the polynomial

pr(x) and the (r+1) sequences μ(l) with 0 ≤ l ≤ r be given (the r polynomials Ψk(x) with

0 ≤ k ≤ r − 1 have also to be fixed). Then there exists a sequence of matrix polynomials

Pn(x) (determined up to multiplication by unitary matrices Un) which satisfy a three-term

recursion of the form (23) - where the coefficients An, Bn can be described explicitly in

terms of the μ
(l)
k - and are orthogonal with respect to a positive definite matrix measure

(Favard’s theorem for matrix polynomials).

Conversely, given a sequence Pn(x) of orthogonal matrix polynomials of rank r on the

real line and a polynomial h(x) of degree r, there exists an associated Hermitian duality

triad of rank r (with polynomial pr(x) = h(x)) whose triad polynomials are completely

determined by the entries of the Pn(x).

Proof. Let an Hermitian duality triad of rank r be given. The triad polynomials Φn(x)

satisfy the recursion relation (17). Writing this more explicitly and using the relation

(20) valid for an Hermitian duality triad, we obtain

pr(x)Φn(x) = μ(0)
n Φn(x) +

r∑

k=1

[
μ(k)

n Φn−k(x) + μ
(k)
n+kΦn+k(x)

]
. (29)
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Defining the polynomial h(x) := pr(x) and the sequences dn,0 := μ
(0)
n and dn,k := μ

(k)
n for

1 ≤ k ≤ r, this equation becomes

h(x)Φn(x) = dn,0Φn(x) +
r∑

k=1

[
dn,kΦn−k(x) + dn+k,kΦn+k(x)

]
. (30)

Thus, the triad polynomials Φn(x) satisfy (26) where the sequence dn,0 is real and where

dn,r ≡ μ
(r)
n = μ

(−r)
n−r �= 0 by definition of the duality triad of rank r (and the first r

polynomials are given explicitly by Φk(x) = Ψk(x) for 0 ≤ k ≤ r − 1). Thus, all the

assumptions of Theorem 4.1 are satisfied. Defining Rh,r,j[Φn](x) as in (25) and with

their help the corresponding matrix polynomials Pn(x) as in (27), the theorem of Duran

and Van Assche (Theorem 4.1) assures us that the Pn(x) satisfy the asserted three-term

recursion relation and are orthogonal with respect to a positive definite measure matrix

on the real line, thereby showing the first assertion. Now, let us show the converse, i.e.,

the polynomial h(x) and a sequence Pn(x) is given. The second part of the theorem of

Duran and van Assche (Theorem 4.1) assures us that the polynomials pn(x) defined by

(28) satisfy a (2r + 1)-term recursion relation of the form (26) with certain coefficients

dn,k. Defining the sequences μ
(k)
n := d̄n,k for 0 ≤ k ≤ r yields the basic input of an

Hermitian duality triad of rank r. �

Example 4.3. (Discrete Sobolev orthogonal polynomials) An important class of poly-

nomials satisfying a higher order recurrence relation is obtained by taking polynomials

orthogonal with respect to an inner product of (discrete) Sobolev type,

(p, q) =

∫

R

p(x)q(x) dμ(x) +
M∑

i=1

Mi∑

j=0

λi,jp
(j)(ci)q

(j)(ci), (31)

where p, q are real polynomials on the real line and λi,j ≥ 0. Here derivatives are taken at

M points ci ∈ R, and at the point ci the highest derivative is of order Mi [7]. Introducing

the polynomial h(x) :=
∏M

i=1(x − ci)
Mi+1 of degree M +

∑M
i=1Mi =: r, it can be shown

that the corresponding orthogonal polynomials pn with (pn, pm) = δn,m satisfy a recursion

relation of the form h(x)pn(x) =
∑r

k=−r an,kpn+k(x), i.e., a (2r+1)-term recursion relation.

It is clear that by defining the sequences μ(l) appropriately in terms of the an,k one obtains

a duality triad of rank r. Considering the particular case M = 1 and denoting the highest

derivative M1 ≡ s, one finds r = s + 1 and, therefore, a (2s + 3)-term recursion relation

for the polynomials. This is the original observation of Marcellán and Ronveaux [14].

Before closing this section let us mention that there exists a close connection between

orthogonal polynomials on an algebraic harmonic curve and orthogonal matrix polyno-

mials on the real line (due to Marcellán and Sansigre [15]). The orthogonal polynomials

on the curve satisfy a (2r + 1)-term recursion relation where r is given by the degree of

the polynomial h(z) defining the algebraic curve.
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5 Examples of duality triads of higher rank

In this section some examples of duality triads of rank r ≥ 1 generalizing the duality

triads (of rank one) considered in Section 2 will be discussed. Note that none of the

examples considered here is Hermitian (and, therefore, not corresponding to orthogonal

matrix polynomials by Theorem 4.2).

Example 5.1. (“Embedded” Pascal triad) This is an example which was treated briefly

in [19]. Let the (2r + 1)-tuple μ = (μ(−r), 0, . . . , 0, μ(0), 0, . . . , 0) of sequences be given

where μ
(−r)
k := 1 and μ

(0)
k := 1. Furthermore, a polynomial pr(x) and an r-tuple of

polynomials Ψ(x) = (Ψ0(x), . . . ,Ψr−1(x)) has to be given. If we write n = r
[

n
r

]
+ n∗

with 0 ≤ n∗ ≤ r − 1 then the triad polynomials Φn are given for n ≥ r by

Φn(x) = (pr(x) − 1)[
n
r ]Ψn∗(x). (32)

Let us turn to the coefficients cn,k satisfying cn+1,k = cn,k+cn,k−r. It is clear that cn,k = 0 if

k is not a multiple of r. If k is a multiple of r we may write k = k̄r and obtain cn,k̄r =
(

n
k̄

)
.

Drawing a table of the coefficients cn,k shows why we have called this example“embedded”

Pascal triad (see Example 2.1). Choosing Ψn∗(x) = xn∗
(for 0 ≤ n∗ ≤ r − 1) it follows

that Φk̄r(x) = (pr(x) − 1)k̄. Since cn,k vanishes if k is not a multiple of r the inversion

relation (18) is in this case given by

[pr(x)]
n =

n∑

k̄=0

(
n

k̄

)
(pr(x) − 1)k̄. (33)

By choosing different pr(x) (e.g., pr(x) = xr or pr(x) = xr) one obtains different general-

izations of (4).

Example 5.2. (Pascal triad of rank r) Let μ
(l)
k := 1 if l ≤ 0 and μ

(l)
k := 0 if l > 0. Thus,

the coefficients cn,k satisfy the recursion relation

cn+1,k = cn,k + cn,k−1 + · · · + cn,k−r. (34)

Clearly, the case r = 1 corresponds to the usual Pascal triad treated in Example 2.1. A

small induction shows that the coefficients (for fixed n) are symmetric around the one in

the middle, i.e., cn,rn−k = cn,k. Following [6], p. 77 (see also [16], p. 167) we introduce

the polynomial coefficients A
(r)
n,k (denoted by

(
n,r+1

k

)
in [6]) by the identity

(1 + x+ · · · + xr)n =
rn∑

k=0

A
(r)
n,kx

k. (35)

From this it follows immediately that A
(r)
0,k = δk,0 as well as

A
(r)
n+1,k = A

(r)
n,k + A

(r)
n,k−1 + · · · + A

(r)
n,k−r (36)
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so that A
(r)
n,k ≡ cn,k from (34). The case r = 1 leads via the binomial formula directly to

the binomial coefficient A
(1)
n,k =

(
n
k

)
, see Example 2.1. In the general case one may use the

multinomial formula for the left-hand side of (35) to obtain

A
(r)
n,k =

∑

0≤l1,...,lr≤n
l1+2l2+···+rlr=k

n!

(n− l1 − · · · − lr)!l1! · · · lr! . (37)

Specializing (37) to the case r = 2 one obtains for 0 ≤ k ≤ n (recall that A
(2)
n,2n−k = A

(2)
n,k)

the following explicit values of the trinomial coefficients

A
(2)
n,k =

� k
2
�∑

l=0

n!

(n− k + l)!(k − 2l)!l!
=

� k
2
�∑

l=0

(
n

k − l

)(
k − l

l

)
(38)

(where we have denoted by �x the greatest integer less than or equal to x). The maximum

value of the A
(2)
n,k for fixed n is attained if k = n and equals A

(2)
n,n =

∑�n
2
�

l=0

(
n
l

)(
n−l

l

)
. This

particular value for the middle trinomial coefficient is also mentioned in [16]. A table

for the first few trinomial coefficients A
(2)
n,k ≡ (

n,3
k

)
as well as quadrinomial coefficients

A
(3)
n,k ≡ (

n,4
k

)
can be found on p. 78 in [6]. Note that taking x → 1 in (35) shows that

∑rn
k=0A

(r)
n,k = (1 + r)n. Now, let us determine the remaining properties of a duality triad

of rank r. Defining pr(x) := 1 + x + · · · + xr as well as Φk(x) := xk for k ≥ r (together

with Ψk(x) := xk for 0 ≤ k ≤ r − 1) shows that (35) is the inversion relation (18) in

this case. What remains to be checked is the dual recursion relation (17) for the triad

polynomials Φk(x) = xk which is given in this case by

(1 + x+ · · · + xr)xn =
r∑

l=0

xn+l (39)

and which evidently holds. It is interesting to note that in the case r = 1 one obtains

p1(x) = 1+x and Φk(x) = xk, thus reproducing Example 2.1 only up to a shift x � x−1

(in Example 2.1 one has p1(x) = x and Φk(x) = (x− 1)k), suggesting that the definition

of the Pascal triad in the rank one case is not the natural choice. However, we may now

summarize the above observations in the following theorem.

Theorem 5.3. (Pascal triad of rank r) For a given r ≥ 1 let pr(x) := 1+x+ · · ·+xr,

Ψk(x) := xk for k = 0, . . . , r − 1 and the (2r + 1) sequences μ(l) defined by μ
(l)
k := 1 if

l ≤ 0 and μ
(l)
k := 0 if l > 0 be given. Then the associated duality triad of rank r consists

of the coefficients cn,k ≡ A
(r)
n,k of (37) and the triad polynomials Φk(x) ≡ xk satisfying the

recursion relation (36), the dual recursion relation (39) and the inversion relation (35).

Choosing r = 1 yields the Pascal triad treated in Example 2.1 (up to a shift x � x− 1).

Example 5.4. (Generalized Pascal triad of rank r) We will now generalize (35) slightly

by introducing a vector λ = (λ1, . . . , λr) ∈ Z
r and defining coefficients A

(r)
n,k(λ) by

(1 + λ1x+ · · · + λrx
r)n =

rn∑

k=0

A
(r)
n,k(λ)xk; (40)
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if λ = (1, . . . , 1) then A
(r)
n,k(λ) = A

(r)
n,k from above. The definition implies A

(r)
0,k(λ) = δk,0

and the recursion relation

A
(r)
n+1,k(λ) = A

(r)
n,k(λ) + λ1A

(r)
n,k−1(λ) + · · · + λrA

(r)
n,k−r(λ). (41)

Thus, the sequences μ(l) of the corresponding duality triad of rank r are given by μ
(l)
k = λ−l

if l < 0, μ
(0)
k = 1 and μ

(l)
k = 0 if l > 0. In view of (40) one defines pr(x) := 1+λ1x+ · · ·+

λrx
r, Φk(x) := xk as well as Ψk(x) := xk so that (40) is already the inversion relation. The

data {μ(l), pr(x),Ψk(x),Φk(x), cn,k ≡ A
(r)
n,k(λ)} comprise the generalized Pascal triad of

rank r (the dual recursion relation for the triad polynomials remains to be checked). Using

the multinomial formula for the left-hand side of (40) yields a formula for the coefficients

A
(r)
n,k(λ) similar to (37). Note that by choosing the particular vector λ = (0, . . . , 0, 1)

one obtains the recursion relation A
(r)
n+1,k(λ) = A

(r)
n,k(λ) + A

(r)
n,k−r(λ) of Example 5.1. As

another example, let us consider the case r = 2 with the vector λ = (−1, 1). The

coefficients A
(2)
n,k(−1, 1) ≡ A

(2)
n,k((−1, 1)) satisfy the recursion relation A

(2)
n+1,k(−1, 1) =

A
(2)
n,k(−1, 1) − A

(2)
n,k−1(−1, 1) + A

(2)
n,k−r(−1, 1) and are related to the trinomial coefficients

A
(2)
n,k corresponding to the vector λ = (1, 1) by A

(2)
n,k(−1, 1) = (−1)kA

(2)
n,k.

Remark 5.5. It is tempting to consider r → ∞ in (35) (see also [16], p. 189, for

a related discussion). Summing the geometric series yields as definition of the cor-

responding coefficients (1 − x)−n =
∑∞

k=0A
(∞)
n,k x

k. Thus, one has the explicit values

A
(∞)
n,k = (−1)k

(−n
k

)
=

(
n+k−1

k

)
and the recursion relation A

(∞)
n+1,k = A

(∞)
n,k +A

(∞)
n,k−1+· · ·+A(∞)

n,0

which one may consider as the limit r → ∞ of (36). Note, however, that this will not

give rise to a duality triad of higher rank since the order of the recursion relation is not

fixed, but depends on the second index.

Example 5.6. (Stirling triad of rank r) The generalized Stirling numbers of second kind

Sr,s(n, k) were introduced in [2, 3]. In the special case r = s = 1 they reduce to the

conventional Stirling numbers of Example 2.2, i.e., S1,1(n, k) ≡ S(n, k), and in the case

r = 2, s = 1 they reduce to Lah numbers. In the most important special case s = r

(which we will call Stirling numbers of rank r) it was shown in [2, 3] that

Sr,r(n, k) =
(−1)k

k!

k∑

p=r

(−1)p

(
k

p

)
[pr]n (42)

for r ≤ k ≤ rn (and Sr,r(n, k) = 0 otherwise) and that the recursion relation is given -

written in a form particularly suited for our purpose - by

Sr,r(n+ 1, k) =
0∑

l=−r

(
r

−l
)

(k + l)!

(k − r)!
Sr,r(n, k + l) (43)

(the recursion relation for the general case Sr,s(n, k) can be found in [17]). Furthermore,

these Stirling numbers of rank r were also shown to be connection coefficients, i.e.,

[xr]n =
rn∑

k=r

Sr,r(n, k)x
k. (44)
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Now, we want to show that the Sr,r(n, k) lead to a duality triad of rank r which generalizes

Example 2.2 in a beautiful way. Let us, therefore, define the (2r + 1) sequences μ(l) by

μ
(l)
k :=

⎧
⎪⎨

⎪⎩

0 if 0 < l ≤ r,
(

r
−l

)
kr+l if −r ≤ l ≤ 0.

(45)

Note that μ
(−r)
k = 1 �= 0. Furthermore, let pr(x) := xr and Ψk(x) := xk for k = 0, . . . , r−1.

The coefficients cn,k satisfy c0,k = δ0,k as well as the recursion relation (16) which is given

with the above choice (45) by

cn+1,k =
0∑

l=−r

(
r

−l
)

(k + l)r+l cn,k+l =
0∑

l=−r

(
r

−l
)

(k + l)!

(k − r)!
cn,k+l. (46)

Comparing this with (43) shows that the cn,k are given by the Stirling numbers of rank

r, i.e., cn,k = Sr,r(n, k). Furthermore, comparing the inversion relation (18) with (44)

(and recalling pr(x) = xr) shows that the triad polynomials are given by Φk(x) = xk. It

remains to be shown that these triad polynomials satisfy the dual recursion relation (17)

which is in this case given by xrΦn(x) =
∑r

l=−r μ
(−l)
n Φn+l(x), or, more explicitly, by

xrxn =
r∑

l=0

(
r

l

)
nr−lxn+l. (47)

We will not check this explicitly but just remark that the identity xn+1 = xn(x−n) (and

its iterations xn+l = xn
∏l

j=1(x− (n + l) + j)) is particularly helpful. Let us summarize

the above observations in the following theorem.

Theorem 5.7. (Stirling triad of rank r) For a given r ≥ 1 let pr(x) := xr, Ψk(x) := xk

for k = 0, . . . , r − 1 and the (2r + 1) sequences μ(l) defined by (45) be given. Then the

associated duality triad of rank r consists of the coefficients cn,k ≡ Sr,r(n, k) of (42)

and the triad polynomials Φk(x) ≡ xk satisfying the recursion relation (43), the dual

recursion relation (47) and the inversion relation (44). Choosing r = 1 yields the Stirling

triad treated in Example 2.2.

Remark 5.8. Before we discuss the next example we want to give some comments con-

cerning the q-deformed situation. As already mentioned at the end of Example 2.3 the

inversion relation (9) does not look natural while the much more natural looking equa-

tion (10) is not an example of the inversion relation (3) since the occurring functions are

polynomials in xq but not in x. To remedy this situation one has the following way out:

One should make the domain of the “variable” explicit in Definition 3.2. This means that

one should call the “duality triad of rank r” according to this definition more precisely a

“duality triad of rank r over C[x]”. In the q-deformed situation one should replace the

ring C[x] by C[xq] where xq is the new variable. Thus, one should replace PC from above

by Pq
C

:= {Ψ(xq) = (Ψ0(xq),Ψ1(xq), . . .) |Ψk(xq) =
∑k

j=0 akjx
j
q, akj ∈ C, akk �= 0} and
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the bilinear pairing 〈·|·〉 : PC × C
∞
fin → C[x] by the corresponding q-deformed version

〈·|·〉q : Pq
C
× C

∞
fin → C[xq] given by 〈Ψ(xq)|c〉q :=

∑∞
k=0 ckΨk(xq). Then one should give

a definition of “duality triad of rank r over C[xq]” in complete analogy to Definition 3.2

but where now the variable xq replaces x (and pr(xq) is a polynomial of degree r in xq,

etc.). Since all the manipulations are only algebraic (no considerations of convergence,

limits, etc.) one is tempted to consider even more general situations where more or less

arbitrary “variables” instead of x or xq are allowed. However, we will not do this but

consider the q-deformed situation in a more formal way, mimicking as close as possible

the undeformed case.

Example 5.9. (q-deformed Stirling triad of rank r) In this example we consider the

q-deformed version of Example 5.6. It is the common generalization of Example 5.6 (to

the case where q �= 1) and Example 2.3 (to the case r ≥ 1). Let us first recall some

properties of the q-deformed Stirling numbers of rank r Sr,r(n, k|q); these generalized

Stirling numbers were introduced in [17] and all the properties mentioned can be found

therein. First of all, they are explicitly given by

Sr,r(n, k|q) =
(−1)k

kq!

k∑

p=r

(−1)pq(
k−p

2 )
(
k

p

)

q

(pr
q)

n (48)

(where r ≤ k ≤ rn) and are the obvious common generalization of (42) and (7). They

satisfy the recursion relation

Sr,r(n+ 1, k|q) =
0∑

l=−r

q−l(k−r)

(
r

−l
)

q

(k + l)q!

(k − r)q!
Sr,r(n, k + l|q) (49)

(which is the common generalization of (43) and (8)) and are also connection coefficients

[xr
q]

n =
rn∑

k=r

Sr,r(n, k|q)xk
q (50)

(which is the common generalization of (44) and (10)). Since the procedure is very

similar to the one given in Example 5.6 we will be brief. The decisive step is to define

the sequences μ(l) correctly. In analogy to (45) we define

μ
(l)
k :=

⎧
⎪⎨

⎪⎩

0 if 0 < l ≤ r,

q−l(k−l−r)
(

r
−l

)
q
k

r+l
q if −r ≤ l ≤ 0.

(51)

Since

μ
(l)
k+l = q−l(k−r)

(
r

−l
)

q

(k + l)
r+l
q = q−l(k−r)

(
r

−l
)

q

(k + l)q!

(k − r)q!
(52)

one sees immediately that the recursion relation (16) for the cn,k has the same form as (49)

so that the coefficients cn,k are given by the q-deformed Stirling numbers of rank r, i.e.,

cn,k = Sr,r(n, k|q). The inversion relation (50) shows that one has to choose pr(xq) := xr
q
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and that the triad polynomials are given by Φk(xq) := xk
q . The dual recursion relation

(17) for the triad polynomials is in this case given by

xr
qx

n
q =

r∑

l=0

ql(n+l−r)

(
r

l

)

q

n
r−l
q x

n+l
q . (53)

As above, we will not check this identity but immediately summarize the above observa-

tions in the following theorem.

Theorem 5.10. (q-deformed Stirling triad of rank r) For a given r ≥ 1 let pr(xq) :=

xr
q, Ψk(xq) := xk

q for k = 0, . . . , r−1 and the (2r+1) sequences μ(l) defined by (51) be given.

Then the associated duality triad of rank r consists of the coefficients cn,k ≡ Sr,r(n, k|q)
of (48) and the triad polynomials Φk(xq) ≡ xk

q satisfying the recursion relation (49), the

dual recursion relation (53) and the inversion relation (50). Choosing q = 1 yields the

Stirling triad of rank r treated in Example 5.6 while choosing r = 1 yields the q-deformed

Stirling triad treated in Example 2.3.

In (54) the connections between the sequences μ(l) (with −r ≤ l ≤ 0) of the various

(generalized) Stirling triads are sketched. In the upper left corner one has the usual

Stirling triad with μ
(l)
k = k1+l (see Remark 3.1). The arrow down means going to the

q-deformed situation so that one has in the lower left corner the q-deformed Stirling triad

(see Remark 3.1). The arrow to the right means going from r = 1 to arbitrary r ≥ 1.

Therefore, one has in the upper right corner the Stirling triad of rank r (Example 5.6)

and in the lower right corner the q-deformed Stirling triad of rank r (Example 5.9).

k1+l −→ (
r
−l

)
kr+l

⏐⏐⏐⏐�

⏐⏐⏐⏐�

q−lkk1+l
q −→ q−l(k−l−r)

(
r
−l

)
q
k

r+l
q .

(54)

Recall that in the rank one case it is possible to construct duality triads associated to

various extensions of the conventional Stirling numbers (of which the q-deformed versions

are only a particular example), see Example 2.3. Here one should have in mind the

Stirling numbers S(n, k|ψ) of ψ-extended umbral calculus [13]. It seems to be interesting

to find out whether there exists a natural extension of this ψ-extended Stirling triad to

higher rank r ≥ 1.

6 Conclusions

In this paper we have discussed some properties of duality triads of rank r ≥ 1, in particu-

lar the connection to orthogonal polynomials. It was shown that a Hermitian duality triad

of rank r gives rise to a sequence of orthogonal matrix polynomials (with matrices of size

r× r), generalizing the scalar rank one case. Conversely, given a (2r+1)-term recurrence
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relation for a sequence of polynomials, one obtains an associated duality triad of rank r

by choosing the sequences μ(l) defining the duality triad appropriately. This shows that

one may associate a duality triad of higher rank to sequences of polynomials which sat-

isfy a higher order recurrence relation. As examples for such sequences discrete Sobolev

orthogonal polynomials and orthogonal polynomials on algebraic curves were mentioned.

Some concrete examples of duality triads of higher rank were discussed explicitly. In

particular, it was shown that the generalized Stirling numbers of higher rank give rise to

a duality triad of higher rank. Its q-deformed analogue was also discussed in a slightly

formal way and it was stressed that one could make this discussion completely rigorous

by extending the notion of duality triad (of higher rank) slightly. Another example of a

duality triad of higher rank associated to the polynomial coefficients was discussed and

it was shown that this represents a natural generalization of the Pascal triad. Turning

to the relation between duality triads and dynamical data structures, it was shown that

the defining recursion relation of a duality triad of rank r can be interpreted in terms of

histories of a file where up to r items can be inserted or deleted simultaneously (i.e., in

one time step). Thus, one may hope that duality triads of higher rank might prove to be

useful for the study of dynamical data structures where parallel access is allowed.
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