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Abstract: In this paper we derive necessary and sufficient conditions for the existence of kernels by monochromatic paths
in the corona of digraphs. Using these results, we are able to prove the main result of this paper which provides
necessary and sufficient conditions for the corona of digraphs to be monochromatic kernel-perfect. Moreover we
calculate the total numbers of kernels by monochromatic paths, independent by monochromatic paths sets and
dominating by monochromatic paths sets in this digraphs product.
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1. Introduction
Let D be a finite, directed graph (for short: a digraph) where V (D) is the set of vertices and A(D) is the set of arcs of D.By the empty digraph we mean a digraph D with V (D) = ∅. A path from a vertex x1 to a vertex xn, n ≥ 2, is a sequenceof vertices x1, ..., xn and arcs (xi, xi+1) ∈ A(D), for i = 1, ..., n − 1 and for simplicity we denote it by x1...xn. A digraph
D is said to be edge-m-coloured if its arcs are coloured with m colours. A path is monochromatic if all of its arcs arecoloured alike.A set J ⊂ V (D) is a kernel by monochromatic paths of the edge-m-coloured digraph D if it satisfies the followingproperties:1. J is independent by monochromatic paths, that is for any two different vertices x, y ∈ J there is no monochromaticpath between them and2. J is dominating by monochromatic paths, that is for each x ∈ (V (D) \ J) there exists a monochromatic path from x to
y, for some y ∈ J.A subset containing only one vertex and the empty set are independent by monochromatic paths. The set V (D) isa dominating by monochromatic paths set of D. For convenience by an imp-set of D we mean an independent by
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monochromatic paths set of D, and by dmp-set of D we mean a dominating by monochromatic paths set of D. Everyimp-set of D is independent and every dominating set of D is a dmp-set.The concepts of independence and domination in graphs have appeared in the literature for a number of years. Thereare many generalizations of independence and domination in graphs. The concept of imp-sets and dmp-sets generalizesindependence and domination in the classical sense. By NImp(D), NDmp(D), NKmp(D) we denote the numbers of allimp-sets, dmp-sets and kernels by monochromatic paths of D, respectively.Let D be an edge-m-coloured digraph with V (D) = {x1, ..., xn}, n > 2 and H = (Hi)i∈I={1,...,n} be a sequence of vertexdisjoint edge-coloured digraphs. For a nonempty digraph Hi, i ∈ I we let V (Hi) = {yi1, ..., yipi}, pi > 1. Let Ψ be theset of m colours of an edge-m-coloured digraph D. The Ψ-corona of the digraph D and the sequence H is a digraph
D ◦H such that V (D ◦H) = V (D) ∪ ⋃

i∈I
V (Hi) and A(D ◦H) = A(D) ∪ ⋃

i∈I
A(Hi) ∪ ⋃

i∈I
{(yit , xi)− coloured ψi; t = 1, ..., pi,

and ψi is a chosen colour from Ψ}.For undirected graphs the corona G ◦ H of a graph G and the sequence H is known in literature, see for instance [3].If all graphs in the sequence H are isomorphic to the same graph H, then we obtain the corona of two graphs, see [1].We have applied the definition from [3] for edge-coloured digraphs.The existence of kernels by monochromatic paths in edge-coloured digraphs products have been investigated, see forexample in [2], [5], [4].In this paper we give the necessary and sufficient conditions for the existence of kernels by monochromatic paths in
D ◦H. Using these results we can prove the main result of this paper for the Ψ-corona of digraphs to be monochromatickernel-perfect. Moreover we calculate the total numbers of imp-sets, dmp-sets and kernels by monochromatic paths inthe Ψ-corona of digraphs.
2. The existence of kernels by monochromatic paths in Ψ-corona of digraphs
Theorem 2.1.
A subset S∗ ⊂ V (D ◦ H) which meets V (D) is an imp-set of D ◦ H if and only if S ⊂ V (D) is a nonempty imp-set of D
such that S∗ = S ∪

⋃
i∈I1 Si where I1 = {i; there is no monochromatic path xi...xj coloured ψi in D, for every xj ∈ S} and

Si is an arbitrary imp-set of Hi, for every i ∈ I1.
Proof. 1. We shall show that S∗ = S∪

⋃
i∈I1 Si is an imp-set of D ◦H. Clearly by the assumptions on S and Si, i ∈ I1it follows that S and Si are imp-sets of D ◦H. Hence to prove that S∗ is an imp-set of D ◦H the following cases shouldbe considered:(1.1). xp ∈ S and yit ∈ Si with i ∈ I1.First observe that if yit ∈ Si and i ∈ I1 then there is no monochromatic path xi...xj coloured ψi in D, for every xj ∈ S.Assume on the contrary that there exists a monochromatic path yit ...xp in D◦H. Because all arcs (xi, yit) for 1 ≤ t ≤ pi arecoloured ψi, the monochromatic path yit ...xp is coloured ψi. This means that there is in the digraph D a monochromaticpath xi...xp with all arcs coloured ψi. Because xp ∈ S we obtain a contradiction to the assumption on I1. Moreover fromthe definition of the Ψ-corona there is no path from xp to yit in D ◦ H.(1.2). yit ∈ Si, yjm ∈ Sj with i, j ∈ I1 and i 6= j .By definition of the Ψ-corona, it follows from this assumption that there is no path between vertices from Si and Sj , forevery i, j ∈ I1 and i 6= j .Putting our arguments together, it follows that S∗ is an imp-set of D ◦ H.2. Let S∗ be an imp-set of D ◦ H which meets V (D). Denote S = S∗ ∩ V (D). Clearly the set S is a nonempty imp-setof D. Moreover the definition of the set S and the definition of the Ψ-corona imply that we can write the set S∗ asfollows: S∗ = S ∪

⋃
i∈I1 Si where I1 = {i; there is no monochromatic path xi...xj coloured ψi in D, for every xj ∈ S}.Because Si ⊂ S∗ and S∗ is an imp-set of D ◦ H, it follows that Si is an arbitrary imp-set of Hi for every i ∈ I1.Thus the Theorem is proved.

The next Theorem directly follows from the definition of D ◦ H.
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Theorem 2.2.
Let I be a set of indexes of vertices belonging to V (D). A subset S∗ ⊂ V (D ◦H) which does not meet V (D) is an imp-set
of D ◦ H if and only if S∗ = ⋃

i∈I1 Si where I1 is an arbitrary subset of I and Si is an arbitrary imp-set of Hi, for every

i ∈ I1.
Theorem 2.3.
Let I be a set of indexes of vertices belonging to V (D). A subset Q ⊆ V (D ◦ H) is a dmp-set of D ◦
H if and only if Q ⊆ V (D) is a dmp-set of D such that Q∗ = Q ∪

⋃
i∈I1 Qi ∪

⋃
j∈(I\I1)Qj , where I1 =

{i; there is no monochromatic path xi...xj coloured ψi in D, for every xj ∈ Q} and Qi is an arbitrary dmp-set of Hi,
for every i ∈ I1, and Qj is an arbitrary subset of V (Hj ) for every j ∈ (I \ I1).
Proof. 1. We shall prove that the set Q∗ = Q ∪

⋃
i∈I1 Qi ∪

⋃
j∈(I\I1)Qj is a dmp-set of D ◦ H. To prove it we distinguishpossible cases:(1.1). xp /∈ Q∗.From the definition of the set Q∗ we have that xp /∈ Q. Because Q is a dmp-set of D, there exists a vertex xt ∈ Q anda monochromatic path xp...xt in D. Of course xt ∈ Q∗, hence we have that there exists a monochromatic path xp...xt in

D ◦ H.(1.2). yis /∈ Q∗ where i ∈ I1 and 1 ≤ s ≤ pi.Because i ∈ I1, by definition of the set Q∗ we have that some dmp-set Qi of Hi is a subset of Q∗. So the existence ofa monochromatic path yis...yiq, where yiq ∈ Qi in a digraph Hi implies the existence of a monochromatic path yis...yiqin D ◦ H.(1.3). yjm /∈ Q∗ and j ∈ (I \ I1).From the fact that j ∈ (I \ I1) it follows that for the vertex xj ∈ V (D) there exists a monochromatic path xj ...xt coloured
ψj for some xt ∈ Q. Because all arcs (yjm, xj ) , 1 ≤ m ≤ pi are coloured ψj , there is a monochromatic path yjmxj ...xt in
D ◦ H, where xt ∈ Q∗.2. Let Q∗ be a dmp-set of D ◦ H. Denote Q = Q∗ ∩ V (D). We shall prove that Q is a dmp-set of D. Assume on thecontrary that Q is not a dmp-set of D. Then there exists a vertex xp ∈ (V (D) \ Q) such that for every xt ∈ Q there isno monochromatic path xp...xt in D. Moreover by the definition of the Ψ-corona there is no path from xp to any vertexfrom (Q∗ \ Q), a contradiction to the assumption on Q∗. Clearly (Q∗ \ Q) ⊆ ⋃

i∈I
V (Hi), where I is the set of indexes ofvertices belonging to V (D). Let I1 = {i; there is no monochromatic path xi...xj coloured ψi in D, for every xj ∈ Q}.Assume now that there exists i ∈ I1. This means that there is a vertex xi ∈ V (D) such that in the digraph D there isno monochromatic path xi...xj coloured ψi, for every xj ∈ Q. Consequently for every vertex yit ∈ V (Hi), t = 1, ..., pi wehave that there is no monochromatic path from yit to every vertex belonging to the set Q in D ◦ H. Because Q∗ is admp-set of D ◦ H, the subset Q∗ ∩ V (Hi) = Qi is a dmp-set of Hi, for every i ∈ I1. This means that Q ∪ ⋃

i∈I1 Qi ⊆ Q∗.If j ∈ (I \ I1) then for every vertex xj ∈ V (D) we have that there is a vertex xt ∈ Q and a monochromatic path xj ...xtcoloured ψj . Therefore from the definition of Ψ-corona for every vertex yjm ∈ V (Hj ), m = 1, ..., pj an arc (yjm, xj ) iscoloured ψj . Hence there is a vertex xt ∈ Q and a monochromatic path yjmxj ...xt in D ◦ H. This implies that a subset
Qj = Q∗ ∩ V (Hj ) is an arbitrary subset of V (Hj ).Our arguments imply that the set Q∗ can be written in the following way: Q∗ = Q ∪

⋃
i∈I1 Qi ∪

⋃
j∈(I\I1)Qj , where I1, Qi, Qjare as in the statements of the Theorem.Thus the Theorem is proved.

Corollary 2.1.
If J is a kernel by monochromatic paths of D ◦ H, then J meets V (D).
Theorem 2.4.
A subset J∗ ⊂ V (D◦H) is a kernel by monochromatic paths of D◦H if and only if there exists a kernel by monochromatic
paths J of D such that J∗ = J ∪

⋃
i∈I1 Ji where I1 = {i; there is no monochromatic path xi...xj coloured ψi in D, for every

xj ∈ J} and Ji is a kernel by monochromatic paths of Hi, for every i ∈ I1.
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Proof. We shall prove that the set J∗ = J ∪
⋃
i∈I1 Ji is a kernel by monochromatic paths of D ◦ H. By Theorem 2.1 theset J∗ is an imp-set of D ◦H. Moreover by Theorem 2.3 putting Jj = ∅ for every j ∈ (I \ I1) we see that J∗ is a dmp-setof D ◦ H. Consequently J∗ is a kernel by monochromatic paths of D ◦ H.2. Let J∗ be a kernel by monochromatic paths of D. By Corollary 2.1 we know that J∗ meets V (D). Denote J = J∗∩V (D).The definition of the Ψ-corona implies that J is an imp-set of D. Moreover analogous to the proof of Theorem 2.3, wecan show that J is a dmp-set of D, hence J is a kernel by monochromatic paths of D. Clearly (J∗ \ J) ⊆ ⋃

i∈I
V (Hi). Let

I1 = {i; there is no monochromatic path xi...xj coloured ψi in D, for every xj ∈ J} and consider the following cases:(2.1). i ∈ I1This means that there is no monochromatic path from xi to xj coloured ψi in D, for every xj ∈ J. Because all arcs(yit , xi), t = 1, ..., pt are coloured ψi, for every yit ∈ V (Hi), t = 1, ..., pt there is no monochromatic path yit ...xj in D ◦ H,for every xj ∈ J. From the fact that J∗ is a kernel by monochromatic paths of D ◦ H it follows that J∗ ∩ V (Hi) = Ji is akernel by monochromatic paths of Hi.(2.2). j ∈ (I \ I1).It is clear that for every xj ∈ V (D) there exists a vertex xt ∈ J and a monochromatic path xj ...xt coloured ψj . Consequentlyby definition of the Ψ-corona for every yjm ∈ V (Hj ) with m = 1, ..., pj there exists in D a monochromatic path yjmxj ...xt .This implies that J∗ ∩ V (Hj ) = ∅.From the above cases we see that J∗ = J∪
⋃
i∈I1 Ji, where I1 and Ji are as in the statements of the Theorem. This completesthe proof.

Corollary 2.2.
A digraph D ◦H has a kernel by monochromatic paths if and only if there exists a kernel by monochromatic paths J of a
digraph D such that for every i ∈ I1, where I1 = {i; there is no monochromatic path xi...xj coloured ψi in D, for every
xj ∈ J}, the digraph Hi has a kernel by monochromatic paths.

3. Monochromatic kernel perfectness of the Ψ-corona
Let D be an edge-coloured digraph. A digraph whose every induced subdigraph has a kernel by monochromatic pathsis a monochromatic kernel perfect digraph.From the definition of D ◦ H the following Proposition is obvious:
Proposition 3.1.
Every induced subdigraph of D ◦ H is
a) an induced subdigraph of Hi, for some i ∈ I ,
b) an induced subdigraph of D,
c) a digraph of the form D̃ ◦ H̃, where D̃ is an induced subdigraph of D with V (D̃) = {xt ; t ∈ Ĩ}, where Ĩ ⊆ I and
H̃ = (H̃t)t∈Ĩ where H̃t is an induced subdigraph of Ht .
d) the union of the digraphs from a, b, c.

Theorem 3.1.
Let I be a set of indexes of vertices belonging to V (D). A digraph D ◦ H is monochromatic kernel perfect if and only if
D and Hi are monochromatic kernel perfect, for every i ∈ I .

Proof. If a digraph D ◦H is monochromatic kernel perfect, then D and Hi, for i ∈ I are monochromatic kernel perfectas induced subdigraphs of D ◦ H. Conversely assume that D and Hi, i ∈ I , are monochromatic kernel perfect. ByProposition 3.1 we need only prove that D◦H has a kernel by monochromatic paths. Let J be a kernel by monochromaticpaths of a digraph D and I1 = {i; there is no monochromatic path xi...xj coloured ψi in D, for every xj ∈ J}. Becauseevery Hi, i ∈ I , has a kernel by monochromatic paths, Hi, i ∈ I1, has a kernel by monochromatic paths. ConsequentlyCorollary 2.2 implies that D ◦ H has a kernel by monochromatic paths, completing the proof.
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4. The total number of imp-sets, dmp-sets and kernels by monochromatic
paths in the Ψ-corona
Theorem 4.1.
Let I be a set of indexes of the vertices belonging to V (D). Let S = {S1, ..., St}, t ≥ 1 be the family of all nonempty
imp-sets of D. Let Sr ∈ S and Ir = {j; there is no monochromatic path xj ...xt coloured ψj in D, for every xt ∈ Sr}.
Then

NImp(D ◦ H) = ∏
i∈I
NImp(Hi) + t∑

r=1 f1(Ir) where f1(Ir) = { ∏
j∈Ir

NImp(Hj ) if Ir 6= ∅1 otherwise
.

Proof. Let D be a given digraph on n vertices, n ≥ 2. Let S′ be the family of all imp-sets of D ◦H which meets V (D)and let S′′ be the family of all imp-sets of D ◦ H which does not meet V (D). Clearly NImp(D ◦ H) = |S′| + |S′′|. ByTheorem 2.1, to obtain an imp-set of D ◦H belonging to S′, we first have to choose an imp-set of D. Let S = {S1, ..., St},
t ≥ 1 be the family of all nonempty imp-sets of D. Assume that Sr ∈ S and Ir = {j; there is no monochromatic path
xj ...xt coloured ψj in D, for every xt ∈ Sr}. If Ir 6= ∅, then in each Hj , j ∈ Ir we have to choose an arbitrary imp-set.Clearly we can do this in NImp(Hj ) ways. If Ir = ∅, then Sr is an imp-set from the family S′. Hence |S′| = t∑

r=1 f1(Ir)
where f1(Ir) =


∏
j∈Ir

NImp(Hj ) if Ir 6= ∅1 otherwise
.

Moreover Theorem 2.2 immediately gives |S′′| = ∏
i∈I
NImp(Hi).

Consequently NImp(D ◦ H) = ∏
i∈I
NImp(Hi) + t∑

r=1 f1(Ir) which completes the proof.
Theorem 4.2.
Let I be a set of indexes of vertices belonging to V (D) and |V (Hi)| = pi, pi ≥ 0 where i ∈ I . Let Q = {Q1, ..., Qt},
t ≥ 1 be the family of all dmp-sets of D. Let Qr ∈ Q and Ir = {j; there is no monochromatic path xj ...xt coloured ψj
in D, for every xt ∈ Qr}. Then

NDmp(D ◦ H) = t∑
r=1(f2(Ir) ∏

s∈(I\Ir ) 2ps ) where f2(Ir) = { ∏
j∈Ir

NDmp(Hj ) if Ir 6= ∅1 otherwise
.

Proof. Let Q′ be the family of all dmp-sets of D◦H. Clearly |Q′| = NDmp(D◦H). Theorem 2.3 implies that to obtaina dmp-set of D ◦ H we first have to choose a dmp-set of D. Let Q = {Q1, ..., Qt}, t ≥ 1 be the family of all dmp-setsof the digraph D. Assume that Qr ∈ Q and Ir = {j; there is no monochromatic path xj ...xt coloured ψj in D, for every
xt ∈ Qr}. If Ir 6= ∅, then in each Hj , j ∈ Ir we choose an arbitrary dmp-set. Clearly this can be done in NDmp(Hj )ways. If Ir = ∅, then Qr is a dmp-set from the family Q′. Moreover Theorem 2.3 implies that in each Hs, s ∈ (I \ Ir)we can choose an arbitrary subset of V (Hs). Clearly we have 2ps such subsets, so from the fundamental combinatorial
statements we have that NDmp(D ◦ H) = t∑

r=1(f2(Ir) ∏
s∈(I\Ir ) 2ps ) where f2(Ir) =


∏
j∈Ir

NDmp(Hj ) if Ir 6= ∅1 otherwise
.

Thus the Theorem is proved.
Using the same method as in the Theorem 4.1 and in the Theorem 4.2 we can prove:
Theorem 4.3.
Let J = {J1, ..., Jt}, t ≥ 1 be the family of all kernels by monochromatic paths of D. Let Jr ∈ J and Ir = {j; there is no
monochromatic path xj ...xt coloured ψj in D, for every xt ∈ Jr}. Then

NKmp(D ◦ H) = t∑
r=1 f3(Ir) where f3(Ir) = { ∏

j∈Ir
NKmp(Hj ) if Ir 6= ∅1 otherwise

.
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