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1. Introduction

For a given space X , we denote by SNT (X ) the set of homotopy types of spaces Y having the same n-type of X for all
n. That is to say that X (n) and Y (n), the Postnikov sections of X and Y through dimension n, have the same homotopy
type for all n. A natural problem is how to determine the set SNT (X ).
In [8], McGibbon and Moller made a fundamental contribution to this problem by proving that, for rational H-spaces of
finite type, the three statements in Theorem 1.1 below are equivalent. In this short note we will extend it to the case
when the space is formal with finite dimensional total rational homotopy groups. Recall that a space is formal if its
rational homotopy type is determined by its rational cohomology algebra.
The following is the main result of this paper.

Theorem 1.1.
Let X be a 1-connected formal space with finite type such that there exists N > max{n : Πn(X )⊗ Q 6= 0} < ∞. If the
map: Aut(X (N)) −→ AutH∗(X (N), Z ) has finite cokernel, then the following statements are equivalent:

(1) SNT (X ) = {[X ]};

(2) the canonical map AutX −→ AutX (n) has finite cokernel for all n > N;

(3) the map AutX f→f∗−→ AutH≤n(X (n), Z ) has a finite cokernel for all n > N.
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Remark 1.1.
In Theorem 1.1, we denote the group of isomorphisms of H≤n(X, Z ) by AutH≤n(X ; Z ).

Remark 1.2.
By checking the proof, it is easy to see that the equivalence of the first two statements in Theorem 1.1 is still true even
without the condition that the space is formal and the map: Aut(X (N)) −→ AutH∗(X (N), Z ) has finite cokernel, where
N = max{n : πn(X )⊗Q 6= 0} <∞.

2. Some known results in rational homotopy theory

In order to prove Theorem 1.1, we need some basic facts and notions of formality and hyperformality in rational homotopy
theory.
We know that formal spaces include spheres, projective spaces, Lie groups, symmetric spaces, and indeed a wide class of
homogenous spaces. Let the space X be formal and X(0) be the rationalization of X . Then one has the following result:

Proposition 2.1.
The natural map [X(0), X(0)]→ Hom(H∗(X, Q), H∗(X, Q)) is a bijection.

Corollary 2.1.
The natural map Aut(X(0))→ Aut(H∗(X, Q)) is a bijection.

We will be concerned with special types of formal spaces called hyperformal spaces. For example, Felix and Halperin
[2] had proved that a simply connected formal space with finite-dimensional rational homotopy groups is hyperformal.
More generally, Smith [10] had given the following characterizations of hyperformality.

Theorem 2.1 ([10]).
Let X be a simply connected space with finite dimensional rational homotopy groups in each dimension. Then the
following statements are equivalent:

(1) X is hyperformal;

(2) the n-th Postnikov section X (n) of X is hyperformal for all n ≥ 2;

(3) Hq(X (n), Q) is generated additively by decomposable elements for all n ≥ 2 and q > n.

Wilkerson [11] has given a classification of Spaces of the Same n-Type for All n. Let Aut(X ) the group of homotopy
classes of self-homotopy equivalences of a space X.

Theorem 2.2 ([11]).
If the space X is path connected, then

SNT (X ) ∼= lim
←

1Aut(X (n)).

3. Preliminary results

We will follow the arguments used by McGibbon and Moller in [8], so we need the following lemmas.

Lemma 3.1.
Let X be as in the Main Theorem. Then for n > N

(a) the map Aut(X (n)) −→ AutH≤n(X (n), Z ) has a finite kernel and finite cokernel,

(b) the canonical map AutX (n+1) → AutX (n) has finite cokernel.
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Lemma 3.2 ([7]).
Let G1 ← G2 ← · · · be a tower of countable groups, in which each map Gn ← Gn+1 has a finite cokernel for n > N.
Then the tower {Gn} is Mittag-Leffler if and only if the canonical map lim

←
Gn → Gk has a finite cokernel for k > N.

Proof. Define a new tower {Hn} by
Hn = 0 for n < N + 1,

Hn = Gn for n ≥ N + 1.

Then there is an exact sequence of towers of groups

∗ −→ {Hn} −→ {Gn} −→ {Gn/Hn} −→ ∗,

where

Gn/Hn =
{

Gn for n < N + 1,
0 for n ≥ N + 1.

Thus, lim
←

1Gn/Hn = ∗. By using the 6-term lim
←
− lim
←

1 sequence, one can obtain

∗ → lim
←

Gn/Hn → lim
←

Gn → lim
←

Hn → ∗ → lim
←

1Gn → lim
←

1Hn → ∗.

It follows that {Gn} is Mittag-Leffler

⇔ lim
←

1Gn = ∗ ⇔ lim
←

1Hn = ∗
⇔ lim

←
Hn → Hk has a finite cokernel for all k

⇔ lim
←

Gn → Gk has a finite cokernel for all k ≥ N + 1.

Lemma 3.3 ([7]).
Let f1 : G1 −→ G2 and f2 : G2 −→ G3 be two homomorphisms of groups, we have:

(1) if f1, f2 have finite cokernel, then f2 · f1 has finite cokernel;

(2) if f1, f2 have finite kernel, then f2 · f1 has finite kernel;

(3) if f2 · f1, f2 have finite cokernel, and f2 has finite kernel, then f1 has finite cokernel;

(4) if f2 · f1, f1 have finite kernel and f1 has finite cokernel, then f2 has finite kernel.

Proof. (1) Since cokernel(f2 · f1) = G3/Im(f2 · f1), then

|cokernel(f2 · f1)| = [G3 : Imf2 · f1] = [G3 : Imf2] · [Imf2 : Imf2 · f1]

= [G3 : Imf2] · [Imf1 · kerf2 : f1] ≤ [G3 : Imf2] · |cokerf1| <∞.

(2) |ker(f2 · f1)| = |f−1
1 (kerf2)| = |Imf1 ∩ kerf2| · |kerf1| < |kerf2| · |kerf1| <∞.

(3) cokernel(f2 · f1) = G3/Im(f2 · f1), then

|cokernel(f2 · f1)| = [G3 : Imf2 · f1] = [G3 : Imf2] · [Imf2 : Imf2 · f1]

= [G3 : Imf2] · [(Imf1) · (kerf2) : kerf2] ≤ [G3 : Imf2] · |kerf2| <∞.

226



N. Jinsong

(4) |ker(f2 · f1)| = |f−1
1 (kerf2)| = |Imf1 ∩ kerf2| · |kerf1| <∞, hence

|Imf1 ∩ kerf2| <∞.

Since |kerf1| <∞,
[kerf2 : kerf2 ∩ Imf1] = [Imf1 · kerf2 : Imf1] <∞

and |Imf1 ∩ kerf2| <∞, we have |kerf2| <∞.

Lemma 3.4 ([7]).
The map AutX (n) → AutH≤n(X (n), Z ) has finite kernel for n ≥ N.

Proof. Consider the following commutative diagram,

AutX (n) α1−→ AutH≤n(X (n), Z )
α2 ↓ ↓ α4

AutX (n)
(0)

α3−→ AutH≤n(X (n), Q).

To prove that the map α1 has a finite kernel for n ≥ N, it is enough to prove that the map α2 and the map α3 have
a finite kernel.

Now the map α2 has finite kernel by the Corollary 2.2 of Hilton, Mislin and Roitberg [5], in which says, such maps must
be finite to one. The map α3 is injective by Corollary 1.3 and Lemma 3.5 and the following commutative diagram.

AutX (n)
(0) −→ AutH∗(X (n), Q)
↓ ↓

AutH≤n(X (n), Q) = AutH≤n(X (n), Q).

Lemma 3.5.
The map AutH∗(X (n), Q)→ AutH≤n(X (n), Q) is an isomorphism.

Proof. By Theorem 1.3, Hm(X (n), Q) consists of decomposable elements for m > n. It follows that H∗(X (n), Q) =
H≤n(X (n), Q), and the lemma is true.

Lemma 3.6.
The map AutH≤n+1(X (n+1), Z ) −→ AutH≤n(X (n), Z ) has a finite kernel.

Proof. Suppose that f ∈ AutH≤n+1(X (n+1), Z ) such that its image in AutH≤n(X (n), Z ) is the identity. Now it is
well-known that Hi(X (n+1), Z ) ∼= Hi(X (n), Z ) for i ≤ n. Thus f |Hi(X (n+1) ,Z ) = id for i ≤ n. Lemma 3.6 follows from that f is
determined by the value on ⊕i≤n+1Hi(X (n), Z ) and Hn+1(X (n+1), Z ) is finite for n ≥ N.
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4. Proof of Lemma 3.1 and Theorem 1.1

We will at first deduce the Theorem 1.1 from Lemmas 3.1-3.3 above and then prove Lemma 3.1 to complete the proof.

Proof of Theorem 1.1. For X in Theorem 1.1, it follows from Theorem 1 and Theorem 2 in [8] that SNT (X ) = {X}
if and only if the tower {AutX (k)} is Mittag-Leffler. By Lemma 3.1 (b), this tower satisfies the hypothesis of Lemma
3.2. Since the canonical map AutX → lim

←
AutX (n) is surjective, the equivalence of statements (1) and (2) in Theorem

1.1 follows from Lemma 3.2. The equivalence of (2) and (3) in Theorem 1.1 follows from Lemma 3.1 (a), Lemma 3.3 and
Lemma 3.4.

Proof of Lemma 3.1. (1) We first prove part (b). Consider the following diagram for n ≥ N.

X (n+1) −→ X (n+1)

↓ π ↓ π
X (n) g−→ X (n) k−→ K (G, n + 2),

where G = πn+1(X ) and k are the k-invariant and so k ◦ π = 0. Since G is finite by the assumption, this k-invariant
has finite order. There exists g ∈ AutX (n+1) such that g(n) = g provided k ◦ g = k and the fact k ◦ π = 0. Consider the
action of AutX (n) on Hn+2(X (n), G) and the orbit

H = {g∗[k ]|g ∈ AutX (n)}.

This orbit is finite because it is contained in the torsion group Hn+2(X (n), G). If L denotes the stabilizer of [k ], then
there is a bijection between H and the set of left coset of L in AutX (n). Thus the index of L in AutX (n) is finite. The
subgroup L lies in the image of AutX (n+1) and so this image must have a finite index.

(2) Now we prove part (a). Consider the following commutative diagram

AutX (n) α1−→ AutH≤n(X (n), Z )
α2 ↓ ↓ α4

AutX (n)
(0)

α3−→ AutH≤n(X (n), Q).

It is easy to see that the map α1 has finite kernel for n ≥ N.
To complete the proof of Lemma 3.1, we have to prove that the map α1 has finite cokernel. Note that the map α1 has
finite cokernel for n = N by the hypothesis. Using mathematical induction, we suppose that it is true for some n ≥ N.
Consider the following commutative diagram

AutX (n+1) −→ AutH≤n+1(X (n+1), Z )
↓ ↓

AutX (n) −→ AutH≤n(X (n), Z ).

The horizontal maps have finite kernels by Lemma 3.4 and the right vertical map has finite kernel by Lemma 3.6. It follows
that the left vertical map has finite kernel. The second horizontal map has finite cokernel by induction hypothesis. It
follows that the right vertical map has finite cokernel. Now the first horizontal map has finite cokernel again by
Lemma 3.4.
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5. Example

Following [1], let X be 1-connected CW -complex with finite type such that X(0) = M(0), where M = G/H and G and H
are as one case in follows, then SNT (X ) = {[X ]}:

(a) G = SO(m), H = T [m/2];

(b) G = Sp(m), H = T m.

To prove SNT (X ) = {[X ]}, it suffices to prove that Aut(X (n)) is finite if n is large enough.
Recall that ([12, Theorem 10]), for spaces Y1 and Y2, which are of finite type, rational equivalent and both finite dimensional
or both finite Postnikov spaces, the Aut(Y1) is finite iff Aut(Y2) is finite.
Let X be as above, it follows that Aut(X (n)) is finite iff Aut(M(n)) is finite. It is easy to see that Aut(M(n)) = Aut(M) if
n is large enough since M is finite dimensional.
The proof is thus reduced to the proof of the claim: Aut(M) is finite, which is implied from Aut(H∗(M, Z )) is finite by [2]
since M is formal, and so that, by Theorem1.1, we can obtain SNT (X ) = {[X ]}.
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