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1. Introduction

We consider the spectral problem
y(4)(x) −

(
q(x)y′(x)

)′ = λy(x), x ∈ (0, l), (1)

y(0) = y′(0) = 0, (2a)

(aλ + b) y′(l) + (cλ + d) y′′(l) = 0, (2b)

y(l) cos δ − Ty(l) sin δ = 0, (2c)

where λ is a spectral parameter, Ty ≡ y′′′ − qy′, q is a positive absolutely continuous function on the interval
[0, l], δ ∈ [π/2, π] . Throughout the following, we assume that

σ = bc − ad > 0. (3)
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The subject of the present paper is the study of the basis property in the space Lp(0, l), p ∈ (1, ∞), of the system of
eigenfunctions of the boundary value problem (1), (2a)–(2c).
Boundary value problems for ordinary differential operators with spectral parameter in the boundary conditions have been
considered in various formulations by many authors (see, for instance [1, 3, 6–9, 12–15, 17–22]). In [7–9, 13, 15, 18, 22]
the authors studied the basis property in various function spaces of the root function system of the Sturm-Liouville
spectral problem with spectral parameter in the boundary conditions. Basis properties of the system of root functions of
a fourth-order ordinary differential operators with a spectral parameter in the last boundary condition were studied in
[1, 12].

2. The oscillation properties of the eigenfunctions of the boundary value
problem (1), (2a)–(2c)
The following lemmas will be needed throughout our discussion.

Lemma 2.1 (Banks and Kurowski [2]).
Let u be a nontrivial solution of differential equation (1). If u, u′, u′′ and Tu are nonnegative at x = a (but not all zero)
they are positive for all x > a. If u, −u′, u′′ and −Tu are nonnegative at x = a (but not all zero) they are positive for
all x < a.

It will be convenient to have the following consequence of this lemma.

Lemma 2.2.
Let u be a solution of the differential equation (1) with satisfies the boundary conditions (2a) and (2c). If a is zero of
u or u′′ in the open interval (0, l), then u′(x)Tu(x) < 0 in a neighborhood of a. If a is a zero of u′ or Tu in (0, l), then
u(x)u′′(x) < 0 in a neighborhood of a.

Proof. Let u(a) = 0, a ∈ (0, l) and asuume u′(a)Tu(a) ≥ 0. If u′(a) ≥ 0, then Tu(a) ≥ 0. When u′′(a) ≥ 0, lemma
2.1 implies that u, u′, u′′ and Tu are strictly positive at l. The boundary condition (2c) implies that u(l)Tu(l) ≤ 0, a
contradiction. When u′′(a) < 0, lemma 2.1 yields a contradiction to the boundary condition (2a). A similar contradiction
is reached if u′(a) < 0.
The same type of argument yields the remainder of the lemma. The proof of lemma 2.2 is complete.

Lemma 2.3.
For each fixed λ ∈ C there exists a non-trivial solution y(x, λ) of the problem (1), (2a), (2c), which is unique up to a
constant factor.

Proof. Let φk (x, λ), k = 1, 4, be solution of equations (1) normalized for x = 0 by the Cauchy conditions

φ(s−1)
k (0, λ) = δks, s = 1, 3, Tφk (0, λ) = δk4, (4)

where δks is the Kronecker delta. In view of the equality Ty ≡ y′′′ − qy′, one can describe the fundamental system of
solutions φk (x, λ), k = 1, 4, defined by (4) by a simpler system of initial conditions:

φ(s−1)
k (0, λ) = δks, k = 1, 3, 4, s = 1, 4, (5)

φ(s−1)
2 (0, λ) = δ2s, s = 1, 3, φ(3)

2 (0, λ) = q(0). (6)
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We shall seek the function y(x, λ) in the form

y(x, λ) =
4∑

k=1

ckφk (x, λ), (7)

where the ck , k = 1, 4, are constants.
It follows from (4), (7) and boundary conditions (2a), (2c) that c1 = c2 = 0 and

c3 (φ3(l, λ) cos δ − Tφ3(l, λ) sin δ) + c4 (φ4(l, λ) cos δ − Tφ4(l, λ) sin δ) = 0. (8)

For the completion of the proof of Lemma 2.3 it is sufficient to demonstrate that

|φ3(l, λ) cos δ − Tφ3(l, λ) sin δ| + |φ4(l, λ) cos δ − Tφ4(l, λ) sin δ| > 0. (9)

It follows from Lemma 2.1 that φk (l, λ) > 0, Tφk (l, λ) > 0, k = 3, 4, for λ > 0. Since δ ∈
[ π

2 , π
]

, the relation (9) holds
for λ > 0.
Now let λ ∈ C\(0, +∞). If (9) fails for such λ, then the functions φ3(x, λ) and φ4(x, λ) solve the problem (1), (2a), (2c).
We now define a function τ(x, λ) :

τ(x, λ) = φ4(x, λ)Tφ3(x, λ) − φ3(x, λ)Tφ4(x, λ). (10)

By (1), we have
τ ′(x, λ) = φ′

4(x, λ)Tφ3(x, λ) − φ′
3(x, λ)Tφ4(x, λ). (11)

From boundary conditions (2a) it follows that τ(0, λ) = 0. If δ ∈ [π/2, π) then from (2c) we obtain Tφ3(l, λ) =
φ3(l, λ) cot δ, Tφ4(l, λ) = φ4(l, λ) cot δ, therefore τ(l, λ) = 0. The validity of the relation τ(l, λ) = 0 in the case δ = π is
obvious. Then, in view of the Rolle theorem, there exists ξ ∈ (0, l) such that τ ′(ξ) = 0. Thus

u(x, λ) = Tφ4(ξ, λ)φ3(x, λ) − Tφ3(ξ, λ)φ4(x, λ) (12)

is an eigenfunction corresponding to the eigenvalue λ of the problem determined by equation (1) and the boundary
conditions

y(0) = y′(0) = y′(ξ) = Ty(ξ) = 0. (13)

Therefore, by virtue of [2], λ is positive, a contradiction. The proof of Lemma 2.3 is complete.

Remark 2.1.
It follows from the proof of Lemma 2.3 that without loss of generality we can regard each solution y(x, λ) of the problem
(1), (2a), (2c) for each fixed x ∈ [0, l] as an entire function of λ of the following form:

y(x, λ) = (φ4(l, λ) cos δ − Tφ4(l, λ) sin δ) φ3(x, λ) − (φ3(l, λ) cos δ − Tφ3(l, λ) sin δ) φ4(x, λ). (14)

In fact, the functions φk (x, λ), k = 1, 4 and their derivatives are entire functions of λ (see [16, ch. I, §2.1]), and therefore
y(x, λ) and this derivatives is also an entire function of λ for each fixed x ∈ [0, l].

Lemma 2.4.
The eigenvalues of the boundary value problem (1), (2a)–(2c) are real and simple and form an at most countable set
without finite limit points.
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Proof. Let y(x, λ) be a nontrivial solution of problem (1), (2a), (2c). The eigenvalues of problem (1), (2a)–(2c) are the
roots of the equation

(aλ + b) y′ (l, λ) + (cλ + d)y′′ (l, λ) = 0. (15)

Let λ∗ be a nonreal eigenvalue of problem (1), (2a)–(2c). Then λ∗ is also an eigenvalue of this problem, since the
coefficients q, a, b, c and d are real; moreover, y

(
x, λ∗

)
= y (x, λ∗). By virtue of (1) we have

(Ty (x, µ))′ y (x, λ) − (Ty (x, λ))′ y (x, µ) = (µ − λ) y (x, µ) y (x, λ) . (16)

By integrating this relation from 0 to l, by using the formula for the integration by parts and by taking into account
conditions (2a), (2c) we obtain

− y′′ (l, µ) y′ (l, λ) + y′′ (l, λ) y′ (l, µ) = (µ − λ)
l∫

0

y (x, µ) y (x, λ) dx. (17)

By setting µ = λ∗ and λ = λ∗ in (17), we obtain

− y′′ (l, λ∗)y′ (l, λ∗) + y′′(l, λ∗)y′ (l, λ∗) =
(

λ∗ − λ∗
) l∫

0

|y (x, λ∗)|2 dx. (18)

Since λ∗ is a root of Eq. (15), we have the relation

y′′ (l, λ∗) = − ((aλ∗ + b) / (cλ∗ + d)) y′ (l, λ∗) . (19)

In view of this relation, from (18), we obtain(
λ∗ − λ∗

)
(ad − bc)

|cλ∗ + d|2
|y′ (l, λ∗)|2 =

(
λ∗ − λ∗

) l∫
0

y2(x, λ∗)dx. (20)

Since λ∗ 6= λ∗, it follows that

−σ |y′ (l, λ∗)|2

|cλ∗ + d|2
=

l∫
0

|y(x, λ∗)|2 dx. (21)

The last equality contradicts the conditions σ > 0 and
l∫

0
|y(x, λ∗)|2 dx > 0. Therefore, λ∗ ∈ R.

The entire function occurring on the left-hand side in Eq. (15) does not vanish for nonreal λ. Consequently, it does not
vanish identically. Therefore, its zeros form an at most countable set without finite limit points.
We now show that Eq. (15) has only simple roots. Indeed, if λ∗ is a multiple root of Eq. (15), then

(aλ∗ + b) y′ (l, λ∗) + (cλ∗ + d)y′′ (l, λ∗) = 0, (22)

ay′ (l, λ∗) + (aλ∗ + b) ∂
∂λy′ (l, λ∗) + cy′′ (l, λ∗) + (cλ∗ + d) ∂

∂λy′′ (l, λ∗) = 0. (23)

Dividing both sides of (17) by (µ − λ) (µ 6= l) and passing to the limit as µ → λ we obtain

− y′ (l, λ) ∂
∂λy′′ (l, λ) − y′′ (l, λ) ∂

∂λy′ (l, λ) =
l∫

0

y2 (x, λ) dx. (24)
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Since σ 6= 0, it follows that (aλ∗ + b)2 + (cλ∗ + d)2 6= 0. Assume that cλ∗ + d 6= 0. Then, by expressing y′ (l, λ∗) and
∂
∂λ y′ (l, λ∗) from (22) and (23), respectively, and by substituting them into relation (24) for λ = λ∗, we obtain

− σ
(cλ∗ + d)2 y′2 (l, λ∗) =

l∫
0

y2 (x, λ∗) dx, (25)

which is impossible in view of condition (3). The case in which aλ∗ + b can be considered in a similar way. The proof
of Lemma 2.4 is complete.

Lemma 2.5.
Let δ ∈ [π/2, π) (δ = π, respectively). Then, the zeros in (0, l] ((0, l), respectively) of y(x, λ) and y′(x, λ) are simple
and C 1 functions of λ ∈ R.

Proof. Assume that the first result of lemma fails. Let x0 ∈ (0, l) and λ0 > 0 such that y (x0, λ0) = y′ (x0, λ0) = 0 or
y′ (x0, λ0) = y′′ (x0, λ0) = 0. Then, this is incompatible with the conclusion of Lemma 2.2.
Let y(l, λ0) = y′(l, λ0) = 0 or y′(l, λ0) = y′′(l, λ0) = 0. If δ ∈ [π/2, π), then it follows by (2c) that Ty(l, λ0) = 0 or
y(l, λ0)Ty(l, λ0) ≤ 0. Hence, the second part of Lemma 2.1 yields a contradiction with the boundary conditions (2c).
We assume now that x0 ∈ (0, l] and λ0 ≤ 0 such that y (x0, λ0) = y′ (x0, λ0) = 0. Then λ0 is a nonpositive eigenvalue of the
problem defined on [0, x0] and determined by equation (1) with the boundary condition y(0) = y′(0) = y(x0) = y′(x0) = 0.
On the other hand, all the eigenvalues of this problem must be positive [2], contradiction.
Now let y′ (x0, λ0) = y′′ (x0, λ0) = 0 for x0 ∈ (0, l] and λ0 ≤ 0. Since y′ (0, λ0) = 0, there exists a point ξ0 ∈ (0, x0) closest to
x0 such that y′ (ξ0, λ0) = 0. Hence there exists a point µ0 ∈ (ξ0, x0) such that y′′ (µ0, λ0) = 0. We shall assume without loss
of generality that y′ (x, λ0) > 0 for x ∈ (ξ0, x0) and y′′ (x, λ0) < 0 for x ∈ (µ0, x0) . In this case we have Ty (µ0, λ0) < 0 and
Ty (x0, λ0) > 0. Hence, there exists a point z0 ∈ (µ0, x0) such that Ty (z0, λ0) = 0. We now define the angle γ0 ∈ (0, π/2)
by the equality γ0 = − tan−1 (y′′ (z0, λ0) /y′ (z0, λ0)) . Then λ0 is a nonpositive eigenvalue of the problem defined on [0, z0]
and determined by equation (1) with the boundary condition y(0) = y′(0) = y′(z0) cos γ0 + y′′(z0) sin γ0 = Ty(z0) = 0.
On the other hand, all eigenvalues of this problem must be positive [2], contradiction. The rest of the proof concerning
the smoothness of x(λ) follows from the well-known implicit function theorem. The proof of Lemma 2.5 is complete.

Lemma 2.6.
Let δ ∈ [π/2, π) (δ = π, respectively) and λ > 0. Then between consecutive zeros of y′(x, λ) in (0, l] ((0, l), respectively)
there is exactly one zero of y(x, λ).

Proof. Let a and b, a < b, be consecutive zeros of y′(x, λ) in (0, l] and without loss of generality we assume that
y′(x, λ) > 0 on (a, b). Then y′′(a, λ) > 0, y′′(b, λ) < 0. In view of Lemma 2.2 y(a, λ) < 0 and y(b, λ) > 0 for b ∈ (0, l).
Now assume that b = l. If y(l, λ) ≤ 0, then the boundary condition (2c) implies Ty(l, λ) ≥ 0. Hence, Lemma 2.1 yields a
contradiction to the boundary condition (2a). Therefore, y(b, λ) > 0 for b = l. The proof of Lemma 2.6 is complete.

We introduce the boundary condition

y′(l) cos γ + y′′(l) sin γ = 0, γ ∈ [0, π). (2b’)

Along with problem (1), (2a)–(2c), consider the boundary value problem (1), (2a), (2b’), (2c).

Theorem 2.1 ([11] (see also [4])).
The problem (1), (2a), (2b’), (2c) for γ ∈ [0, π/2] has a sequence of real and simple eigenvalues µ1(γ) < µ2(γ) < ... <
µn(γ) → +∞, including at most one negative. The eigenfunction v (γ)

n (x) corresponding to the eigenvalue µn(γ) ≥ 0 has
exactly n − 1 simple zeros in the interval (0, l). The number of zeros of the eigenfunction corresponding to a negative
eigenvalue can be arbitrary. If µn = µn(0) and νn = µn(π/2), then, they interlace in following sense:

νn < µn < νn+1, n ≥ 1. (26)
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Furthermore, if δ is sufficiently close to π and δ 6= π, then

ν1 < µ1 < 0 < ν2 < ... < µn < νn+1. (27)

We introduce the function
H(x, λ) = y′(x, λ)/y′′(x, λ). (28)

By Remark 2.1, Lemma 2.4 and Theorem 2.1 the function H(x, λ) for fixed x ∈ (0, l] is a finite-order meromorphic function

of λ. We observe that the function F (λ) = 1/H(l, λ) = y′′(l, λ)/y′(l, λ) is well defined for λ ∈ D = (C/R)∪
(

∞⋃
n=1

(µn−1, µn)
)

,

where µ0 = −∞. Moreover, we have the following results.

Lemma 2.7.
F (λ) is continuous and strictly decreasing function on each interval (µn−1, µn) , n ∈ N.

Proof. By (17), for λ, µ ∈ (µn−1, µn) , n ∈ N, λ 6= µ, we have

− y′′(l, µ)
y′(l, µ) + y′′(l, λ)

y′(l, λ) = (µ − λ)

l∫
0

y (x, µ) y (x, λ) dx

y′ (l, µ) y′(l, λ) . (29)

Dividing both sides of (29) by µ − λ and passing to the limit as µ → λ we obtain

∂
∂λ

(
y′′(l, µ)
y′(l, µ)

)
= −y′−2 (l, λ)

l∫
0

y2 (x, λ) dx < 0. (30)

The proof of Lemma 2.7 is complete.

Lemma 2.8.
The following relation holds:

lim
λ→−∞

y′′(l, λ)/y′(l, λ) = +∞. (31)

Proof. In equation (1) we set λ = ρ4. As is known (see [16, Ch II, §4.5, Theorem 1]), in each subdomain T of the
complex ρ− plane equation (1) has four linearly independent solutions zk (x, ρ), k = 1, 4, regular in ρ (for sufficiently
large ρ) and satisfying the relations

z(s)
k (x, ρ) = (ρωk )seρωk x [1 + O

(
ρ−1)] , k = 1, 4, s = 0, 3, (32)

where ωk , k = 1, 4 are the distinct fourth roots of unity. Using the relations (32) and taking into account of boundary
conditions (2a), (2c) we obtain

y(x, λ) =
(
sin ρx − cos ρx + (sin ρl + cos ρl)eρ(x−l)) (1 + O(ρ−1)

)
, (33)

which implies the relation
y′′(l, λ)
y′(l, λ) = ρ cos ρl

cos ρl + sin ρl
(
1 + O

(
ρ−1)) . (34)

From (34), a simple calculation gives the asymptote

y′′(l, λ)
y′(l, λ) =

4
√

|λ|√
2

(
1 + O

(
1

4
√

|λ|

))
, as λ → −∞. (35)

The proof of Lemma 2.8 is complete.
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Lemma 2.9.
If there exists x ∈ (0, l] and λ > 0 such that y′(x, λ) = 0, then

∂H(x, λ)
∂x > 0. (36)

Proof. The proof of this lemma is similar to that of [4, Lemma 3.1].

We are now ready to establish a comparison type theorem.

Lemma 2.10.
Let 0 < λ1 < λ2. If y′(x, λ1) has m zeros in the interval (0, l), then y′(x, λ2) has at least m zeros in this interval.

Proof. The proof of this lemma is similar to that of [4, Theorem 3.2].

By s(λ) we denote the number of zeros of y(x, λ) in the interval (0, l).
As an immediate consequence of Lemmas 2.5, 2.6, 2.9, 2.10 and Theorem 2.1 we obtain the following results

Lemma 2.11.
Let δ ∈ [π/2, π). If λ ∈ (µn−1, νn) , n = 2, 3, ..., then n − 2 ≤ s(λ) ≤ n − 1; if λ ∈ [νn, µn] n = 2, 3, ..., then s(λ) = n − 1.
If δ = π and λ ∈ (µn−1, µn], then s(λ) = n − 1.

For c 6= 0, we find a positive integer N from the inequality µN−1 < −d
c ≤ µN .

Theorem 2.2.
There exists an unboundedly increasing sequence of eigenvalues λ1, λ2, ..., λn, ... of boundary value problem (1), (2a)–
(2c), moreover, λn > 0 for n ≥ 3 + sgn|c|. The corresponding eigenfunctions y1(x), y2(x), ..., yn(x), ... have the following
oscillation properties:
(a) if c = 0, then numbers of zeros in (0, l) (denoted by s(λn)) of the corresponding eigenfunction yn(x) = y(x, λn), n ≥ 3,
satisfies the relations: s(λn) = n − 1 in the case a

dλn + b
d ≥ 0, n − 2 ≤ s(λn) ≤ n − 1 in the case a

dλn + b
d < 0; the

numbers of zeros of the eigenfunction y1(x) and y2(x) can be arbitrary;
(b) if c 6= 0, then the numbers of zeros in (0, l) of the corresponding eigenfunction yn(x), n ≥ 4, satisfies the relations:
n − 2 ≤ s(λn) ≤ n − 1 for n ≤ N, n − 3 ≤ s(λn) ≤ n − 2 for n ≥ N + 1, in the case a

c < 0; s(λn) = n − 1 for n ≤ N − 1,
N − 2 ≤ s(λN ), s(λN+1) ≤ N − 1, s(λn) = n − 2 for n ≥ N + 2 in the case a

c ≥ 0; the numbers of zeros the function
yi(x), i = 1, 3 can be arbitrary in the case λi < 0.

Proof. By Lemma 2.7 F (λ) = y′′(l, λ)/y′(l, λ) is a continuous decreasing function in the interval (µn−1, µn) , n ∈ N.
Taking into account the relations (31) and y′ (l, µn) = 0, n ∈ N, we now obtain

lim
λ→µn−1+0

F (λ) = +∞, lim
λ→µn−1−0

F (λ) = −∞, (37)

moreover, the function F (λ) takes each value in (−∞, +∞) at a unique point in the interval (µn−1, µn) , n ∈ N. For the
function G(λ) = −(aλ + b)/(cλ + d) we have G′(λ) = σ/(cλ + d)2. Since σ > 0, it follows that for c = 0 the function
G(λ) is strictly increasing in the interval (−∞, +∞); for c 6= 0 the function G(λ) is increasing in both (−∞, −d/c) and
(−d/c, +∞), and we have

lim
λ→−d/c−0

G(λ) = +∞, lim
λ→−d/c+0

G(λ) = −∞. (38)

Assume that either c = 0, or c 6= 0 and −d/c ∈ (µn−1, µn]. It follows from the above that the interval (µn−1, µn) contains
a unique point λ = λ∗

n such that
F (λ) = G(λ), (39)
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so that (2b) holds. Consequently λ∗
n is an eigenvalue of the boundary-value problem (1), (2a)–(2c) and y(x, λ∗

n) is the
corresponding eigenfunction. It is easy to see that if c = 0 or c 6= 0 and n < N, then λ∗

n is the n th eigenvalue of the
boundary-value problem (1), (2a)–(2c), i.e. λn = λ∗

n.
Assume that c 6= 0 and −d/c ∈ (µn−1, µn). In a similar way we verify that each interval (µn−1, −d/c) and (−d/c, µn)
contains a unique point (λN and λN+1, respectively) such that (39) holds.
The case of c 6= 0 and −d/c = µn is perfectly similar, here we use the fact that µN is also an eigenvalue of the
boundary-value problem (1), (2a)–(2c). In this case λN ∈ (µn−1, µn) , λN+1 = µn.
We observe that for c 6= 0 and n > N the unique solution λ∗

n of equation (39) in the half-open interval (µn−1, µn] is the
(n + 1)−th eigenvalue of the boundary-value problem (1), (2a)–(2c), that is λ∗

n = λn+1.
It follows from the preceding considerations that λn > µ2 for n ≥ 3 + sgn|c|. Consequently, by theorem 2.1, λn > 0 for
n ≥ 3 + sgn|c|.
The proof of assertions (a) and (b) follows from the preceding consideration above and Lemma 2.11.
The proof of Theorem 2.2 is complete.

Corollary 2.1.
The following relations hold for sufficiently large n ∈ N;

µn−2 < λn−1 < λn < µn−1, for c 6= 0 and a
c ≥ 0, (40)

µn−2 < λn < νn−1 < µn−1, for c 6= 0 and a
c < 0, (41)

µn−1 < λn < νn < µn for c = 0. (42)

3. Asymptotic formulas for the eigenvalues and eigenfunctions of the
boundary-value problem (1), (2a), (2b’), (2c) and (1), (2a)–(2c)
We define numbers α, β, αn, βn, n ∈ N and functions z(x, t), φ(x, t), x ∈ [0, l], t ∈ R, as follows:

α = 1
4 (1 + sgnγ), β = (5 + sgn|c|)/4, (43)

αn = (n − α)π/l, βn = (n − β)π/l, (44)

z(x, t) = sin tx − cos tx + e−tx + (−1)1−sgnγ
√

2 sin(tl + (−1)sgnγπ/4)e−t(l−x), (45)

φ(x, t) = sin tx − cos tx + e−tx + (−1)1−sgn|c|
√

2 sin(tl + (−1)sgn|c|π/4)e−t(l−x). (46)

Theorem 3.1 ([12]).
One has the asymptotic formulas

4
√

µn(γ) = αn + O
(
n−1) , (47)

v (γ)
n (x) = z(x, αn) + O

(
n−1) , (48)

where relation (48) hold uniformly for x ∈ [0, l].

Theorem 3.2.
The following asymptotic formulae hold:

4
√

λn = βn + O
(
n−1) , (49)

yn(x) = φ(x, βn) + O
(
n−1) , (50)

where relation (50) hold uniformly for x ∈ [0, l].

Proof. The proof this theorem is similar to that of [12, theorem 3.1] using theorem 2.2 and corollary 2.1.
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4. The basis property of the system of eigenfunctions of the boundary-
value problem (1), (2a)–(2c) in Lp(0, l), p ∈ (1, ∞)
Let H = L2(0, l) ⊕ C be a Hilbert space equipped with the inner product

(ŷ, û) = ({y, m} , {u, s}) = (y, u)L2
+ σ−1ms̄, (51)

where (y, u)L2
=

l∫
0

yūdx. We define in H an operator

Lŷ = L {y, m} =
{

(Ty (x))′ , −(dy′′ (l) + by′ (l)
}

(52)

with domain
D (L) =

{
ŷ = {y, m} ∈ H : y (x) ∈ W 4

2 (0, l) , ( Ty)′(x) ∈ L2 (0, l) , (53)

y ∈ (B.C.) , m = cy′′ (l) + ay′ (l)} (54)

that is dense in H [19, 21], where by (B.C.) we denote the set of separated boundary condition (2a), (2c).
Obviously, the operator L is well defined. By immediate verification we conclude that problem (1), (2a)–(2c) is equivalent
to the following spectral problem

Lŷ = λŷ, ŷ ∈ D (L) , (55)

i.e., the eigenvalues λn of problem (1), (2a)–(2c) and those of problem (55) coincide, moreover, there exists a correspon-
dence between the eigenfunctions of the two problems,

ŷ = {y (x) , m} ↔ y (x) . (56)

The operator L will be self-adjoint, discrete, semibounded below in H and so possesses by system of eigenvectors
{{yn (x) , mn}}∞

n=1 that forms orthogonal basis in H, where yn(x), n ∈ N, are eigenfunctions of problem (1), (2a)–(2c)
and mn = cy′′

n(l) + ay′
n(l).

Lemma 4.1.
mn = cy′′

n(l) + ay′
n(l) 6= 0 for n ∈ N.

Proof. Let mk = 0, where k be some positive integer. If c 6= 0, then y′′
k (l) = −a

c y′
k (l). In view of (2b) we have

−σ
c y′

k (l) = 0. Since σ > 0, it follows that y′
k (l) = 0. Hence y′′

k (l) = 0. If c = 0, then ad 6= 0, consequently, y′
k (l) = 0.

By (2b) we obtain y′′
k (l) = 0. Hence, y′

k (l) = y′′
k (l) = 0,which contradicts the relation (26). The proof of Lemma 4.1 is

complete.

Let τn =
(

‖yn‖2
2 + m2

n/σ
)1/2

, where ‖·‖p is the norm in Lp(0, l). Then the system {υ̂n}∞
n=1, υ̂n = τ−1

n ŷn is orthonormal

basis in the space H. Therefore, for any vector f̂ = {f, ξ} ∈ H it holds the expansion

f̂ = {f, ξ} =
∞∑

n=1

(
f̂ , ŷn

)
υ̂n =

∞∑
n=1

({f, ξ} , {υn, sn}) {υn, sn} =
∞∑

n=1

(
(f, υn)L2

+ σ−1ξsn
)

{υn, sn} , (57)

whence the equalities

f =
∞∑

n=1

(
(f, υn)L2

+ σ−1ξsn
)

υn, (58)
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ξ =
∞∑

n=1

(
(f, υn)L2

+ σ−1ξsn
)

sn, (59)

follows, where sn = τ−1
n mn, n ∈ N.

Let ξ = 0. Then from (58) and (59) we get, respectively,

f =
∞∑

n=1

(f, υn)L2
υn, (60)

0 =
∞∑

n=1

(f, υn)L2
sn. (61)

Let r be an arbitrary fixed natural number. By Lemma 4.1 we have sr 6= 0. Then in view of (61), we obtain

(f, υr)L2
= −s−1

r

∞∑
n=1
n 6=r

(f, υn)L2
sn. (62)

Taking into account (62), from (63), we get

f =
∞∑

n=1
n 6=r

(f, υn)L2

(
υn − s−1

r snυr
)

=
∞∑

n=1

(f, υn)L2

{
τ−2

n
(
yn − m−1

r mnyr
)}

. (63)

We have (
yn, τ−2

k
(
yk − m−1

r mkyr
))

L2
= τ−2

k
{

(yn, yk )L2−m−1
r mk (yn, yr)

}
= (64)

= τ−2
k
[{

(ŷnŷk ) − σ−1mnmk
}

− m−1
r mk

{
(ŷnŷr) − σ−1mnmr

}]
= (65)

= τ−2
k
[
τnτkδnk − σ−1mnmk + σ−1mkmn

]
= τ−1

k τnδnk = δnk , (66)

i.e., the system {un(x)}∞
n=1,n6=r , un(x) = τ−2

n
{

yn(x) − m−1
r mnyr(x)

}
is conjugate to the system {yn (x)}∞

n=1,n6=r . Hence, by
(63) the system {un(x)}∞

n=1,n6=r is a Riesz basis in L2(0, l). Then from corollary 2 in [10, Ch. I, § 4] that the system
{yn (x)}∞

n=1,n6=r is also Riesz basis in the space L2(0, l).
Thus, we proved the following

Theorem 4.1.
Let r be an arbitrary fixed positive integer. Then the system {yn (x)}∞

n=1,n6=r forms a Riesz basis in L2(0, l).

Lemma 4.2.
One has the asymptotic formula

un(x) = l−1yn(x) + O
(
n−1) . (67)

Proof. The proof of this lemma is similar to that of [12, lemma 4.1].

Theorem 4.2.
Let r be an arbitrary fixed positive integer. Then the system {yn (x)}∞

n=1,n 6=r is a basis in the space Lp(0, l), p ∈ (1, ∞).

Proof. The proof parallels the proof of theorem 5.1 [12] using theorems 2.2, 3.1, 3.2, 4.1 and Lemma 4.2.
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