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theorem, Fund. Math., 1960, 48, 169–174] as an answer to a problem posed by Ulam. We present a category
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the set A at a point x as the Ψ-density point at x of the regular open representation of A.
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1. Preliminaries

Let S be a σ-algebra of subsets of the real line R and I ⊂ S a σ-ideal. We shall say that sets A,B ∈ S are equivalent(A ∼ B), if and only if A4B ∈ I. With A′ we denote the complement of a set A. In the sequel we shall consider the
σ-algebra S to be either L, the family of measurable sets, or B, the family of sets having the Baire property, and Ito be the associated with S and equal either to N, the σ-ideal of null sets, or to I, the σ-ideal of first category sets,respectively.The notion of Ψ-density point was introduced by Taylor in [20, 21] as an answer to a problem posed by Ulam in theScottish Book in 1937. Recently the notion of Ψ-density point of a measurable set was deeply studied by severalauthors, see [22–25]. The notion of Ψ-density point leads in a usual way to the notion of Ψ-density topology which isweaker than the Lebesgue density topology.
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In the sequel C will denote a class of continuous increasing functions Ψ: R+ → R+ such that lim
t→0+ Ψ(t) = 0.

Recall that, given Ψ ∈ C, a point x ∈ R is a Ψ-density point of a Lebesgue measurable set E , if and only if
lim
h→0+

λ(E ′ ∩ [x − h, x + h])2h ·Ψ(2h) = 0.
The aim of the paper is to apply the measure Ψ-density technics in case of sets having the Baire property. Weconcentrate ourselves on giving more detailed proofs and leave it to the reader to prove some theorems in a more generalsetting, see [6].Similarities between the families of measurable sets and sets with the Baire property have been studied for decades.The most significant are the results by Sierpiński [15] and Erdös [2] establishing the Duality Principle between measureand category. Many “dualities” were described by Sierpiński [16], Sierpiński and Lusin [17], Kuratowski and Ulam [7]and Szpilrajn [18] who studied examples where the duality fails. The efforts were crowned in early seventies by theexcellent book by Oxtoby [12]. However in 1981 Wilczyński [26] introduced a reformulation of the definition of a Lebesguedensity point without the notion of measure. In opposite to quantitative Lebesgue approach (used by Haupt and Pauc[5], Goffman and Waterman [4], Goffman, Waterman and Nishiura [3] and Tall [19]), his tools are qualitative. He describesthe density point of a measurable set A in terms of almost everywhere convergence of characteristic functions of dilationsof the set A on the interval [−1, 1]. In his definition Wilczyński does not measure the proportion of the quantity ofthe set A contained in smaller and smaller intervals around the point. What is required is only convergence of thesequence of characteristic functions of dilations of the set A except for a set of measure zero on interval [−1, 1]. Thisapproach allowed to study subtler properties of density and density topology and to introduce and study their variousmodifications. Probably the most surprising consequence of the fact that it did not deal with the measure itself and allit needed was the σ-ideal of null sets, was the possibility of a generalization of the notion of density with an arbitrary
σ-ideal of subsets of the real line.The most fruitful was the transfer of results from the measure to the category case. Wilczyński introduced the notion ofa category I-density point leading to a new category density topology, I-density topology. The new topology togetherwith the subsequent notion of continuity with respect to the topology was deeply studied in many papers and books,see [1, 8, 13, 14]. The comparison of similarities and dissimilarities between the two theories created an opportunity forbetter and deeper understanding of subtler properties of both, Lebesgue measurability and Baire property of sets on thereal line. The Oxtoby results were thus far supplemented.The σ-ideals of sets of measure zero and of sets of the first category are orthogonal, i.e. the real line R can be presentedas a union of a set of measure zero and a set of first category. Therefore one can hardly expect that the density topologyinvolving both families, measurable sets and sets having the property of Baire, together with accompanying σ-ideals ofsets of measure zero and of sets of the first category, may be considered. However in [28] such a notion of a density pointleading to a new density topology involving measure and category was introduced. Any set A having the property ofBaire can be presented in the form G4P, where G is open and P is of the first category. Given a set having the Baireproperty we consider only its main part from the category point of view, the set G. To have a unique representation of
A we take G regular open and denote as G(A). Since G(A) is measurable we may consider its Lebesgue density points.We shall follow the ideas from [28], where the notion of c-density point of a set having the Baire property, involvingboth measure and category, was introduced.
Definition 1.1 ([28]).We say that a set A ∈ B has c-density g at point x if

lim
h→0

λ
(
G(A) ∩ [x − h, x + h])2h = g.

We say that x is a c-density point of A ∈ B if A has at x the c-density equal to 1.
It means that x is a c-density point of A ∈ B if x is a Lebesgue density point of G(A).
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It was proved in [28] that the operator Φc : B→ 2R defined by the formula
Φc(A) = {x ∈ R : x is a c-density point of A}, A ∈ B,

is a lower density, i.e. for every A, B ∈ B we have:• Φc(A) ∼ A, (i.e. Φc(A)4 A is a first category set and thus also Φc(A) ∈ B),
• if A ∼ B then Φc(A) = Φc(B),
• Φc(∅) = ∅, Φc(R) = R,
• Φc(A ∩ B) = Φc(A) ∩ Φc(B).

The definition of c-density point leads to the c-density topology Tc defined as the family {A ∈ B : A ⊂ Φc(A)} [28]. The
Tc-topology has properties similar to properties of other density topologies:
� A set A ∈ Tc is Tc-regular open, if and only if A = Φc(A).
� I = {A ⊂ R : A is Tc-nowhere dense} = {A ⊂ R : A is a Tc-first category set} = {A ⊂ R : A is Tc-closedand Tc-discrete}.
� The σ-algebra of Tc-Borel sets coincides with B.
� If E ⊂ R is a Tc-compact set, then E is finite.
� The space (R,Tc) is neither first countable, nor second countable, nor Lindelöf, nor separable.
� (R,Tc) is a Baire space.

2. The definition

Our aim is to present category analogues of the notions of a Ψ-density point and of Ψ-density topology.
Definition 2.1.Given Ψ ∈ C, a point x ∈ R is a Ψc-density point of a set E ∈ B if

lim
h→0+

λ
(
G(E)′ ∩ [x − h, x + h])2h ·Ψ(2h) = 0.

It means, x is a Ψc-density point of E ∈ B if x is a Ψ-density point of G(E).Consider the operator ΦΨc : B→ 2R defined by
ΦΨc(A) = {x ∈ R : x is a Ψc-density point of A}.

We have thus ΦΨc(A) = ΦΨ(G(A)).Ulam asked if for arbitrary E ∈ L, does there exist a real function Ψ: R+ → R+ (depending on E), increasing, suchthat Ψ(t)→ 0 as t → 0, and lim
λ(I)→0+
x∈I

λ(E ′ ∩ I)
λ(I) ·Ψ(λ(I)) = 0
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almost everywhere on E (here I denotes a closed interval). The affirmative answer to this question has been given byTaylor [20, 21]. In [24] it was proved that the required equality may be equivalently replaced by the following condition:
lim
h→0+

λ(E ′ ∩ [x − h, x + h])2h ·Ψ(2h) = 0.
Thus, in terms of the notion of Ψ-density point, Ulam’s question may be equivalently stated as follows: if for arbitrary
E ∈ L, does there exist a real function Ψ: R+→ R+ (depending on E), increasing, such that Ψ(t) → 0, t → ∞, and
E \ ΦΨ(E) is a null set (almost every point of E is a Ψ-density point of E).
Theorem 2.2.
For each Ψ ∈ C , the mapping ΦΨc : B→ 2R has the following properties:(0) for each A ∈ B, ΦΨc(A) ∈ B,

(1) for each A ∈ B, ΦΨc(A) ∼ A,

(2) for each A,B ∈ B, if A ∼ B, then ΦΨc(A) = ΦΨc(B),
(3) ΦΨc(∅) = ∅, ΦΨc(R) = R,

(4) for each A,B ∈ B, ΦΨc(A ∩ B) = ΦΨc(A) ∩ ΦΨc(B).
Proof. (0) is a consequence of ΦΨc(A) \ G(A) ⊂ cl (G(A)) \ G(A) ∈ B.(1) By the above remark, A \ ΦΨ(G(A)) = A \ ΦΨc(A) ∈ I. Also G(A) ⊂ ΦΨc(A) ⊂ cl (G(A)) and thus ΦΨc(A) \ A ⊂(cl (G(A)) \ G(A)) ∪ (G(A) \ A). Since both cl (G(A)) \ G(A) and G(A) \ A are of first category we have ΦΨc(A) \ A ∈ I.(2) follows from G(A) = G(B) if A ∼ B, see [28, Lemma 1].(3) follows from G(∅) = ∅ and ΦΨ(∅) = ∅ and also G(R) = R and ΦΨ(R) = R.(4) Since G(A ∩ B) = G(A) ∩ G(B) [28], by properties of the operator ΦΨ we have for each A,B ∈ B

ΦΨc(A ∩ B) = ΦΨ(G(A ∩ B)) = ΦΨ(G(A) ∩ G(B)) = ΦΨ(G(A)) ∩ ΦΨ(G(B)) = ΦΨc(A) ∩ ΦΨc(B).
Remark 2.3.By the proof of (1) in the above theorem in the category case, we have an affirmative answer for even stronger versionof Ulam’s problem, i.e., for every E ∈ B, I-almost every point of E is a Ψc-density point of E , for every function Ψ ∈ C.For every choice (independent on E) of the function Ψ, the category analogue of Ulam’s condition is fulfilled. Thus acategory analogue of [27, Theorem 5.3] is not valid.
Remark 2.4.Let us observe that for each A ∈ B, ΦΨc(A) ∈ Fσδ since ΦΨ(B) ∈ Fσδ for an arbitrary B ∈ L [22].
In a standard way we introduce the notion of Ψc-density topology as the family TΨc = {A ∈ B : A ⊂ ΦΨc(A)}.
Remark 2.5.Observe that TΨc = {ΦΨc(A) \ P : A ∈ B, P ∈ I}. Indeed, suppose B = ΦΨc(A) \ P for some A ∈ B and P ∈ I. Wehave A ∼ ΦΨc(A) ∼ B, so A ∼ B. By Theorem 2.2 (2) ΦΨc(A) = ΦΨc(B). Thus, B ⊂ ΦΨc(B) and obviously B ∈ B.Conversely, if A ∈ B and A ⊂ ΦΨc(A), then A = ΦΨc(A) \ (ΦΨc(A) \ A) and P = ΦΨc(A) \ A ∈ I from Theorem 2.2 (1). So,
A ∈ TΨc .
Theorem 2.6.
For each Ψ ∈ C the family TΨc is a topology on the real line, stronger than the natural topology and weaker than the
Tc-density topology.
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Proof. Dealing with the same σ-ideal I and in view of the fact that the operation ΦΨc is a lower density, to provethat the family TΨc is a topology we can follow the proof of [13, Theorem 3].Clearly ΦΨc(A) ⊂ Φc(A) and thus TΨc ⊂ Tc . Take Ψ ∈ C. Put
A1 = ∞⊔

n=n0
(2−n−1, 2−n− 2−n−1 Ψ(2−n)),

where n0 is such that Ψ(2−n0 ) < 1. Clearly 0 ∈ Φc(A), where A = −A1 ∪A1 and we shall show that 0 /∈ ΦΨc(A). Indeed,we have
G(A′1) ∩ [0, 1] = ∞⊔

n=0
(2−n− 2−n−1Ψ(2−n), 2−n)

and for n > n0,
λ(A′1 ∩ [0, 2−n])2−nΨ(2−n) = ∑∞

k=n 2−k−1 Ψ(2−k )2−nΨ(2−n) >
2−n−1 Ψ(2−n)2−nΨ(2−n) = 12 .Thus, 0 ∈ Φc(A) \ ΦΨc(A) and Φc(A) ∈ Tc \ TΨc .

Remark 2.7.Let us construct a Cantor set of positive measure in the following way: remove from [0, 1] a concentric open interval oflength q 6 1/5. From the remaining closed intervals I11 , I21 remove concentric open intervals of length q2. In the nthstep remove from closed intervals I1n−1, . . . , I2n−1
n−1 concentric open intervals of length qn. Put C = ⋂∞n=1⋃2n−1

i=1 Iin. It is notdifficult to see that if {x} = ⋂∞
n=1 Iixn , then 2λ(Iixn ∩ C) > λ

(
Iixn
). So the upper density of C at each of its points is atleast 1/2. Clearly, neither any point of C is a density point of [0, 1] \ C and thus nor a Ψ-density point of [0, 1] \ C .Let A be the union of open intervals removed on odd stages of construction of the set C , and B the union of intervalsremoved on even stages. Since G(A) = A and G(B) = B we have [0, 1] = ΦΨc(A ∪ B) 6= ΦΨc(A) ∪ ΦΨc(A) = A ∪ B.On the other hand, ΦΨ(A ∪ B) = ΦΨ(A) ∪ ΦΨ(B) = A ∪ B. We have also ΦΨc(A) = A and ΦΨc([0, 1] \ A) = B, thus

λ
([0, 1] \ (ΦΨc(A) ∪ ΦΨc([0, 1] \ A))) = λ(C ) > 0. At the same time λ([0, 1] \ (Φ(A) ∪ Φ([0, 1] \ A))) = 0, where Φ is theLebesgue density operator.

Remark 2.8.Let C ⊂ [0, 1] be a perfect and nowhere dense set having x0 ∈ (0, 1) as a point of Ψ-density. We can assume forconvenience that 0, 1 ∈ C . Let A,B be disjoint open sets such that A∪B = [0, 1] \C , Ā ⊃ C and B̄ ⊃ C . Consider theircomplements with respect to [0, 1]. Then A′ = B ∪ C , so G(A′) = B ⊂ C ′ and B′ = A ∪ C , so G(B′) = A ⊂ C ′. At thesame time, G(A′ ∪ B′) = (0, 1). We have
lim
h→0+

λ
(
G(A′) ∩ [x0 − h, x0 + h])2hΨ(2h) = 0 and lim

h→0+
λ
(
G(B′) ∩ [x0 − h, x0 + h])2hΨ(2h) = 0,

but lim
h→0+

λ
(
G((A ∩ B)′) ∩ [x0 − h, x0 + h])2hΨ(2h) =∞.

So in Definition 2.1 we cannot use G(E ′) in the place of G(E)′, because in Theorem 2.2 the condition (4) would be false.
3. Properties

Theorem 3.1.
The following conditions on a subset A of R are equivalent:(a) A is of the first category,

(b) A is TΨc-nowhere dense,
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(c) A is of the TΨc-first category,

(d) A is TΨc-closed discrete.

Proof. (a)⇔(b) can be proved in an analogous way to the proof of [12, Theorem 22.6].(b)⇔(c) comes directly from (a)⇔(b) since I is a σ-ideal.(a)⇒(d) If A ∈ I then R \ A ∈ TΨc , so A is TΨc-closed. Any subset of A is also in I and thus TΨc-closed.(d)⇒(a) if TΨc-closed discrete A were not a first category set, it would include a set not having the Baire property hencenot TΨc-closed (TΨc-closed sets have the Baire property).
Corollary 3.2.(R,TΨc) is not locally separable at any point, hence not separable.

Proof. It is clear by virtue of Theorem 3.1. Countable sets are closed and no point of (R,TΨc) has a countableneighborhood.
Corollary 3.3.
Any TΨc-compact set is finite.

Proof. Let K be any TΨc-compact set. Let B = {xn : n ∈ N}, xi 6= xj for i 6= j , be a subset of K . Then
Gn = (R \⋃∞i=1{xi}) ∪ {xn} is a TΨc-cover of K which has no finite subcover – a contradiction.
Corollary 3.4.
In (R,TΨc) each sequence of distinct points has no convergent subsequence.

Remark 3.5.Let A ⊂ [0, 1] be an uncountable set of measure zero. Then ⋃x∈A(([0, 1]\A)∪{x}) is an open cover of [0, 1] in Ψc-densitytopology without a countable subcover. This proves that (R,TΨc) is not Lindelöf and thus not second countable. ByCorollary 3.4, (R,TΨc) is not first countable.
Theorem 3.6.
The σ-algebra of TΨc-Borel sets coincides with B.

Proof. (Compare with the proof of [27, Theorem 2.9].) If A ∈ B, then A = (A ∩ ΦΨc(A)) ∪ (A \ ΦΨc(A)). The first setbelongs to TΨc and the second one is from I, so it is TΨc-closed. Hence each set having the Baire property is TΨc-Borel.Since TΨc-open sets have the Baire property, the same is true for TΨc-Borel sets. Finally, the family of TΨc-Borel setscoincides with the σ-algebra of sets having the Baire property.
Corollary 3.7.
Every TΨc-Borel set is the union of a TΨc-open set and a TΨc-closed set.

Theorem 3.8.(R,TΨc) is not regular.

Proof. Take A = Q \ {0}, where Q is the set of rational numbers. Then the set A is closed in TΨc . Suppose that
O1 ⊃ A is TΨc-open. Then O1 includes a residual set. If O2 is a TΨc-open set including 0, then O2 is a set of the secondcategory. Hence O1 ∩O2 6= ∅.
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Theorem 3.9.(1) A set A ∈ B is TΨc-regular open if and only if A = ΦΨc(D) for some D ∈ B.

(2) Every TΨc-regular open set is Fσδ .

Proof. (1) is analogous to the proof of [12, Theorem 22.8].(2) follows from the fact that every TΨc-regular open set is of the form ΦΨc(D) = ΦΨ(G(D)) and therefore is an Fσδ setby [22, Theorem 1.2].
Theorem 3.10.(R,TΨc) satisfies the countable chain condition.

Proof. It follows from the fact that every nonempty TΨc-open set with the Baire property is of the second category,and the family of Baire sets satisfies the countable chain condition.
Theorem 3.11.(R,TΨc) is a Baire space.

Proof. This is a corollary of Theorem 3.1.
Theorem 3.12.(1) The family of connected subsets of (R,TΨc) coincides with the family of connected sets in the natural topology.

(2) (R,TΨc) is not locally connected at any point.

Proof. (1) It follows from the fact that TΨc is between the natural topology and Tc (Theorem 2.6) and that in thesetopologies the families of connected sets are equal, see [28].(2) This can be proved in much the same way as for [28, Theorem 12]. Let x ∈ [0, 1] \ Q. The set [0, 1] \ Q is a TΨc-neighborhood of x and from (1) no non-empty subset of the set is TΨc-open and TΨc-connected. As σ-algebra B and
σ-ideal I are invariant with respect to linear transformations, the property holds at any point of R.
Theorem 3.13.
Let Ψ̂ ∈ C. Then there exists a set E ∈ TΨ̂ \⋃Ψ∈C TΨc .
Proof. If E is a set of the first category and of full measure, then it is clear that E ∈ TΨ̂, but G(E) = ∅, so for eachΨ ∈ C we have E /∈ TΨc .
Theorem 3.14.
Let Ψ̂ ∈ C. Then there exists a set E ∈ TΨ̂c \⋃Ψ∈C TΨ.

Proof. If E is a residual set of measure zero, then obviously E ∈ TΨ̂c , since G(E) = R, but of course for each Ψ ∈ Cwe have E /∈ TΨ.
In 1982 Ostaszewski [11] proved that given A ⊂ R the interior of A in the density topology can be presented as A∩Φ(B),where B is a measurable kernel of A. This is not true in the case of Ψ-density topology [24], however we can presentan analogous result for the Ψc-density topology.
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Theorem 3.15.
For an arbitrary set A ⊂ R and Ψ ∈ C, IntTΨc (A) = A ∩ ΦΨc(B),
where B is an inner Baire kernel of A, i.e., a Baire subset of A such that the only Baire subsets of A \B are sets of the
first Baire category [9].

Proof. We can follow here the proof of [27, Theorem 2.5], with Φ replaced by ΦΨc . Let x ∈ IntTΨc (A). Then thereexists a set U ∈ TΨc such that x ∈ U and U ⊂ A. So x ∈ ΦΨc(U). Since U \ B ⊂ A \ B and U \ B ∈ B, we have
U \ B ∈ I. Hence ΦΨc(U) = ΦΨc(U ∩ B) ⊂ ΦΨc(B) and x ∈ A ∩ ΦΨc(B).Suppose now that x ∈ A ∩ ΦΨc(B). Then B ∪ {x} ⊂ A and B ∪ {x} ∈ B, so ΦΨc(B ∪ {x}) = ΦΨc(B). Hence
x ∈ (B∪{x})∩ΦΨc(B∪{x}). Since ΦΨc((B∪{x})∩ΦΨc(B∪{x})) = ΦΨc(B∪{x})∩ΦΨc(ΦΨc(B∪{x})) = ΦΨc(B∪{x}),the set (B ∪ {x}) ∩ ΦΨc(B ∪ {x}) is TΨc-open. So there exists a TΨc-open set including x and included in A. Hence
x ∈ IntTΨc (A).
4. Continuity

We shall now discuss some properties of the continuity of real functions with respect to the TΨc-topology.
Definition 4.1.We say that a function f of a real variable is TΨc-topologically approximately continuous at a point x0, if for everynumber ε > 0, the set {x : |f(x) − f(x0)| < ε} is a TΨc-neighborhood of x0, i.e. there exists a set Ax0 ∈ B, Ax0 ⊂ {x :
|f(x)− f(x0)| < ε}, such that x0 is a TΨc-density point of Ax0 .
Definition 4.2.We say that a function f of a real variable is TΨc-restrictively approximately continuous at a point x0, if there exists aset E ∈ B such that

x0 ∈ ΦΨc(E) and f(x0) = lim
x→x0, x∈E f(x).

Proposition 4.3.
The above definitions of TΨc-topological approximate continuity and TΨc-restrictive approximate continuity are equivalent
and shall be referred to as TΨc-approximate continuity.

Proof. Indeed, suppose that f is TΨc-restrictively approximately continuous at x0. For each ε > 0 there exists δ > 0such that E ∩ (x0 − δ, x0 + δ) ⊂ {x : |f(x)− f(x0)| < ε} and x0 is obviously a TΨc-density point of E ∩ (x0 − δ, x0 + δ), so
f is TΨc-topologically approximately continuous at x0.Suppose now that f is TΨc-topologically approximately continuous at x0. Then for each n, x0 is a TΨc-density pointof some set An ⊂ {x : |f(x) − f(x0)| < 1/n} having the Baire property. We can (and shall) suppose that the sequence
{An}n∈N is descending. Observe that the sequence {G(An)}n∈N is also descending and x0 is a Ψ-density point of each
G(An). There exists a decreasing sequence {hn}n∈N of positive numbers tending to 0 such that x0 is a Ψ-density pointof ⋃∞n=1 (G(An)∩ (R\ [x0−hn, x0 +hn])) (see [23, Theorem 7, p. 85–86], compare also [27, Theorem 3.1 and Theorem 5.14]).Put E = ⋃∞n=1 (An ∩ (R \ [x0 − hn, x0 + hn])). Since f(x)→ f(x0), x → x0, x ∈ E , and x0 is a Ψc-density point of E , f is
TΨc-restrictively approximately continuous at x0.
Theorem 4.4.
For a real function f defined on R the following conditions are equivalent:(i) f has the Baire property;

(ii) for each function Ψ ∈ C, f is TΨc-approximately continuous I-almost everywhere on R;
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(iii) there exists a function Ψ ∈ C such that f is TΨc-approximately continuous I-almost everywhere on R.

Proof. (i)⇒ (ii) Suppose that f defined on R has the Baire property and Ψ ∈ C. Then there exists a residual set
E ⊂ R such that the restriction f �E is continuous. Then f is TΨc-approximately continuous at every point of E , i.e. itis TΨc-approximately continuous I-almost everywhere on R.(ii)⇒(iii) is obvious.(iii)⇒(i) Suppose that there exists a function Ψ ∈ C such that f is TΨc-topologically continuous almost everywhere.Let a, b ∈ R and B = {x : a < f(x) < b}. We shall show that B has the Baire property. Let C be the set of
TΨc-continuity points of f .We have B = (B ∩ C ) ∪ (B \ C ) and B \ C ∈ I. The proof is completed by showing that B ∩ C has the Baire property.If x ∈ B ∩ C , and y = f(x), we take ε > 0, ε < min (b− y, y− a). Then {x : |f(x) − y| < ε} is a TΨc-neighborhoodof x, i.e. there exists a set Ax ∈ TΨc , x ∈ Ax ⊂ f−1{(f(x) − ε, f(x) + ε)} such that x is a TΨc-density point of Ax .Of course, Ax ⊂ B and we may assume Ax ⊂ (B ∩ C ), by Theorem 2.2 (2), since B \ C ∈ I. Finally, we obtain
B ∩ C = ⋃x∈B∩C Ax ∈ TΨc ⊂ B.
Definition 4.5.We say that a function f of a real variable is TΨc-approximately continuous if it is TΨc-approximately continuous atevery point.
Remark 4.6.If a function f of a real variable is TΨc-approximately continuous then f−1(G) ∈ TΨc for each open (in the naturaltopology) set G ⊂ R.
In [10] O’Malley proved that the family of sets fulfilling the condition λ(A) = λ (Int (A)) (called almost open) forms atopology (called a.e.-topology). He proved that a.e. topology is completely regular but not normal.
Theorem 4.7.
Every TΨc-approximately continuous function is continuous in the a.e.-topology.

Proof. The proof is analogous to the proof of [28, Theorem 16].
Corollary 4.8.
Every TΨc-approximately continuous function is approximately continuous.

Corollary 4.9.
Every TΨc-approximately continuous function is of the first Baire class and has the Darboux property.
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