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Abstract: We solve the last missing case of a “two delegation negotiation” version of the Oberwolfach problem, which can
be stated as follows. Suppose we have two negotiating delegations with n = mk members each and we have a
seating arrangement such that every day the negotiators sit at m tables with k people of the same delegation
at one side of each table. Every person can effectively communicate just with three nearest persons across
the table. Our goal is to guarantee that over the course of several days, every member of each delegation can
communicate with every member of the other delegation exactly once. We denote by H(k, 3) the graph describing
the communication at one table and by mH(k, 3) the graph consisting of m disjoint copies of H(k, 3).
We completely characterize all complete bipartite graphs Kn,n that can be factorized into factors isomorphic to
G = mH(k, 3) for k ≡ 2 (mod 4) by showing that the necessary conditions n = mk and m ≡ 0 mod (3k − 2)/4 are
also sufficient. This results complement previous characterizations for k ≡ 0, 1, 3 (mod 4) to settle the problem in
full.

MSC: 05C70, 05C78

Keywords: Oberwolfach problem • Graph decomposition • Graph factorization
© Versita Sp. z o.o.

1. Introduction

The topic of this paper was motivated by a modification of the bipartite version of the well known Oberwolfach Problem(for an overview, see [1]) which asks: For what values of k, n it is possible to decompose the complete bipartite graph
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Kn,n into graphs isomorphic to mC2k , where m = n/k and mC2k is a vertex-disjoint union of m cycles of length 2k? Thisproblem was solved by W.-L. Piotrowski [5], and can be also described as follows. Suppose we have two delegationswith n people each, and we want to find a seating arrangement over n/2 days such that every day the members of thedelegations sit alternately around m round tables, each table accommodating 2k people, and every person sits nextto each member of the other delegation exactly once. We suggest a seating arrangement that is more suitable whenthe delegations are involved in negotiations. Then we use rectangular tables with members of each delegation sittingalong one of the long sides of the table. However, it is reasonable to assume that people can only communicate easilywith only a small number of their counterparts sitting across the table, since the others are too far. Therefore, we maytranslate this modification into terms of graph decompositions as follows.We say that a graph B has a G-decomposition if there are subgraphs G0, G1, G2, . . . , Gs of B, all isomorphic to G, suchthat each edge of B belongs to exactly one Gi. If the graph G (more precisely, each Gi, i = 0, 1, . . . , s) contains allvertices of B, then we say that B has a G-factorization.Let H(k, 3) be a bipartite graph with bipartition U = {u1, u2, . . . , uk}, V = {v1, v2, . . . , vk} and edges
u1v1, u1v2, ukvk−1, ukvk , and uivi−1, uivi, uivi+1 for i = 2, 3, . . . , k − 1. In a more general setting, H(k, 2l + 1) is asimilar graph where the maximum degree is 2l+ 1 and vertex ui is adjacent to vi−l, vi−l+1, . . . , vi+l whenever the verticesbelong to V .The problem was solved by the first author for all odd values of k in [4]. The case of k ≡ 0 (mod 4) was solved byV. Chitra and A. Muthusamy [2]. To complete the solution for H(k, 3), we present the case when k ≡ 2 (mod 4) and showthat the complete bipartite graph Kn,n can be factorized into mH(k, 3) whenever the necessary conditions n = mk and
m ≡ 0 mod (3k − 2)/4 are satisfied.
2. Necessary conditions and auxiliary results

Recall that H(k, 3) is a bipartite graph with bipartition U = {u1, u2, . . . , uk}, V = {v1, v2, . . . , vk} and edges
u1v1, u1v2, ukvk−1, ukvk , and uivi−1, uivi, uivi+1 for i = 2, 3, . . . , k − 1.
Lemma 2.1.
Let G be isomorphic to mH(k, 3) with k ≡ 2 mod 4. If there exists a G-factorization of Kn,n, then n = mk and
m ≡ 0 mod (3k − 2)/4.

Proof. Obviously, n = mk must hold and we must have m(3k − 2) |n2. Then (3k − 2) |mk2. Since k is even, itfollows that gcd (k, 3k − 2) = 2 and therefore gcd ((3k − 2)/4, (k/2)2) = 1. This immediately implies that (3k − 2)/4divides m.
In our constructions, we generalize the notion of rosy bilabeling. A bilabeling of a bipartite graph G with n edges andpartite sets U,V is a mapping ρ from U ∪ V to an Abelian group G such that ρ�U and ρ�V are injections. For a givenvertex x, ρ(x) is called the label of x. That means that no two vertices of U (or of V ) can receive the same label. When
G = Zn, then the length of an edge uv , u ∈ U , v ∈ V , is then defined as `(uv) = ρ(v)− ρ(u). If the set of lengths of the
n edges of G is equal to the set of elements of Zn, the labeling is a rosy bilabeling. It is well known that if G admitsa rosy bilabeling, then there exists a bi-cyclic edge-decomposition of the complete bipartite graph Kn,n into n copiesof G. This labeling was established by several authors under different names, first time probably by G. Ringel, A. Llado,and O. Serra in [6]. For an overview of these types of labelings, see [3].
Theorem 2.2 ([3]).
Let G be a bipartite graph with n edges and partite sets U,V with |U| ≤ |V | ≤ n admitting a rosy bilabeling. Then
there exists a G-decomposition of the complete bipartite graph Kn,n whose defining permutation is determined by a
cycle of length n in each partite set.
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We generalize the rosy bilabeling to the notion of product rosy bilabeling, which will allow us to decompose Kn,n with
n = ab into graphs with a2b = na edges.
Definition 2.3.Let n = ab where a, b are integers and a, b > 1. Let H0 be the cyclic subgroup of Za×Zb of order b generated by (0, 1)and Hi for i = 1, 2, . . . , a− 1 be the cosets defined by Hi = (i, 0) +H0.Let G be a bipartite graph with na edges and partite sets U,V with at most n vertices each and ρ× : U ∪ V → Za×Zbbe a bilabeling of G. A dimension of an edge uv , u ∈ U , v ∈ V , is defined as dim (uv) = ρ×(v)− ρ×(u).A bilabeling ρ× of G is called a product rosy bilabeling if for every ordered pair (i, j), where i, j ∈ Za, the set ofdimensions of all edges with endvertices u labeled (i, r) for some r ∈ Zb and v labeled (j, s) for some s ∈ Zb, is preciselythe coset Hj−i.Equivalently, ρ× is called product rosy bilabeling if for every ordered pair (i, j), where i, j ∈ Za,{dim (uv) : ρ×(u) ∈ Hi, ρ×(v) ∈ Hj

} = Hj−i.

Using product rosy bilabeling, we can generalize Theorem 2.2.
Theorem 2.4.
Let G be a bipartite graph with na edges and partite sets U,V with |U| ≤ |V | ≤ n admitting a product rosy bilabeling.
Then there exists a G-decomposition of the complete bipartite graph Kn,n whose defining permutation consists of a
disjoint cycles of length b in each partite set.

Proof. In this proof and occasionally later we will identify vertices with their labels. We denote by K i,j
b,b the completebipartite subgraph of Kn,n whose vertices belong to the cosets HU

i ⊂ U and HV
j ⊂ V , respectively, and by Gi,j theinduced subgraph of G whose vertices are in HU

i ∪HV
j .Because G has a product rosy bilabeling, there are precisely b edges in Gi,j and the set of their dimensions is equal tothe coset Hj−i. Looking at ρ× restricted to Gi,j we can see that the product rosy bilabeling of Gi,j can be replaced by arosy bilabeling in which vertices u ∈ HU

i with ρ×(u) = (i, r) and v ∈ HV
j with ρ×(v) = (j, s) receive labels ρ(u) = r and

ρ(v) = s. The edge uv with dimension (j − i, s− r) then has length s− r. Obviously, the set of all lengths is then equalto the set of all elements of Zb and Gi,j decomposes K i,j
b,b. By Theorem 2.2, there exists a bi-cyclic decomposition witheach cycle of length b running through one partite sets of K i,j

b,b.We now set G0 = G, identify the vertices again with their labels and denote by φ the permutation of the vertex set of
G given by φ(c, d) = (c, d+ 1) for every c ∈ Za in both partite sets. Then Gt = φ(Gt−1) = φt(G0) for every t ∈ Zb and
φ is clearly a permutation with one cycle of length b in every coset Hc of each partite set.
3. The case k ≡ 2 (mod 4)
Let k = 4t + 2 = 2s. Then m = (3k − 2)/4 = 3t + 1. To settle this case, we proceed in two steps. First we showin Lemma 3.1 that there is an H(k, 3)-decomposition of K2m,2m. Then we will use the decomposition in Theorem 3.2 toconstruct an mH(k, 3)-factor of Kkm,km and find the desired factorization.We will label the vertices in each partite set of K2m,2m with elements of Z2×Zm.
Lemma 3.1.
Let k ≡ 2 (mod 4) and m = (3k − 2)/4. Then the complete bipartite graph K2m,2m can be decomposed into m copies of
the graph H(k, 3) using a decomposing permutation with 2 disjoint cycles of length m in each partite set.

Proof. Let k = 4t + 2. Then m = (3k − 2)/4 = 3t + 1. We will construct a vertex-labeled graph G0 ∼= H(k, 3) withpartite sets X = {x1, x2, . . . , xk} and Y = {y1, y2, . . . , yk}.
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We label the vertices of G0 as follows:
ρ×(xi) = (0, i− 1) for i = 1, 2, . . . , 2t + 1 = k/2,
ρ×(xi) = (1, i− 2) for i = 2t + 2, 2t + 3, . . . , 4t + 2 = k,

ρ×(y2j−1) = (0, m− j),
ρ×(y2j ) = (1, m− j) for j = 1, 2, . . . , 2t + 1.

To observe that ρ× is a product rosy bilabeling, we present Table 1 with the edge dimensions. For every pair (p, r),
p, r ∈ {0, 1}, there are all edge dimensions (r − p, q) for q = 0, 1, . . . , m − 1. Theorem 2.4 implies that there is therequired decomposition whose defining permutation consists of 2 disjoint cycles of length m in each partite set.
Now we use the decomposition of K2m,2m to find an mH(k, 3)-factorization of Kkm,km. The decomposition consists of medge-disjoint copies G0, G1, . . . , Gm−1 of H(k, 3). We “blow up” K2m,2m into K2m,2m[sK1] = Kkm,km by replacing each vertex(p, q) by the set of s independent vertices, Xp,q = {(p, q, t) : t = 0, 1, . . . , s−1} (or Yp,q = {(p, q, t) : t = 0, 1, . . . , s−1}),where s = k/2. Now we place the copies G0, G1, . . . , Gm−1 of H(k, 3) into Kkm,km so that all vertices of X (or Y ) labeled(p, q) will be placed onto one of the vertices of Xp,q (or Yp,q). In particular, when (p, q) is an image of xi or yi in somecopy Gl, then we place it to vertex (p, q, i− 1) in the respective partite set. Because the decomposing permutation takeseach vertex xi (or yi) cyclically every time onto a different vertex of the coset Hp in K2m,2m, each vertex (p, q) ∈ Hp ⊂ X(or (p, q) ∈ Hp ⊂ Y ) is an image of each xi exactly once. Hence, the copies G0, G1, . . . , Gm−1 are vertex-disjoint andform a factor mH(k, 3) of Kkm,km. Because every edge (p, q)(p′, q′) of any copy Gj is one of the edges of K2m,2m, there isprecisely one edge between any two sets Xp,q, Yp,q. Finally, we rotate mH(k, 3) s times so that every edge arising from(p, q)(p′, q′) runs through all s2 edges of the appropriate complete bipartite graph Ks,s with partite sets Xp,q, Yp′,q′ . Thisgives the desired factorization.We formalize the construction in the proof of the following theorem.
Theorem 3.2.
Let k ≡ 2 (mod 4) and m = (3k − 2)/4. Then the complete bipartite graph Kkm,km can be factorized into k2/4 copies of
the graph mH(k, 3).
Proof. We start with the decomposition G = {G0, G1, . . . , Gm−1} of K2m,2m constructed in Lemma 3.1. We denote thepartite sets of K2m,2m by X ′ and Y ′ and label the vertices in each partite set by the elements of Z2×Zm. To obtain
Kkm,km, we “blow up” K2m,2m into K2m,2m[sK1] = Kkm,km by replacing each vertex (p, q) ∈ X ′ by the set of s independentvertices, Xp,q = {(p, q, r) : r = 0, 1, . . . , s− 1} and similarly each vertex (p, q) ∈ Y ′ by the set of s independent vertices,
Yp,q = {(p, q, r) : r = 0, 1, . . . , s− 1}. We denote the partite sets of Kkm,km by X and Y and label the vertices in each ofthem by the elements of Z2×Zm×Zs. Notice that Xp,q (or Yp,q) is the coset of Z2×Zm×Zs generated by element (p, q, 1).Now we take the copies G0, G1, . . . , Gm−1 of H(k, 3) and relabel their vertices so that a vertex of Gl labeled (p, q), whichis an image of xi (or yi) in that particular copy Gl, will be in X (or Y ) labeled as (p, q, r), where r ∈ Zs and r ≡ i− 1(mod s). Therefore an edge (p, q)(p′, q′) of K2m,2m which is an image of xiyj ∈ H(k, 3) in some Gl will be labeled(p, q, i−1)(p′, q′, j−1) and the last entries in the vertex labels will not depend on l. We want to show that the relabeledcopies G0, G1, . . . , Gm−1 are vertex-disjoint in Kkm,km. We begin with the partite set X . We denote the decomposingpermutation of the H(k, 3)-decomposition of K2m,2m by φ. Let φa(xi) = (p, q) ∈ Z2×Zm and φb(xj ) = (p′, q′) ∈ Z2×Zm,where a 6= b, a, b ∈ Zm, i, j ∈ {1, 2, . . . , k}.If i = j then φa(xi) = (p, q) 6= (p′, q′) = φb(xi), because the decomposing permutation φ takes cyclically each vertex xiof H(k, 3) every time onto a different vertex of the coset Hp in K2m,2m and q 6= q′. Therefore (p, q, i− 1) 6= (p′, q′, i− 1).Let i 6= j . If i 6≡ j (mod s) then i− 1 6= j− 1 and (p, q, i− 1) 6= (p′, q′, j− 1). Assume that i ≡ j (mod s) and WLOG i < j .Then j = s+ i, where s = k/2, and by the definitions of ρ× and φ it holds that p 6= p′. Hence, (p, q, i−1) 6= (p′, q′, j−1).We continue with the partite set Y . First we observe that if we have φa(y2i) = (p, q) and φb(y2j−1) = (p′, q′), then p 6= p′and (p, q, r) 6= (p′, q′, r′). Next take a pair of images φa(y2i) = (1, q), φb(y2j ) = (1, q′) for i, j ∈ {1, 2, . . . , s = k/2}.Recall that ρ×(y2i) = (1, m− i).
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Let i = j . Then we can use the same argument as in the partite set X , which implies (1, q, 2i− 1) 6= (1, q′, 2i− 1), since
φ�Y is cyclic and q′ = q + b − a 6= q. If i 6= j then 2i − 1 6≡ 2j − 1 (mod s), as s is odd (2j − 1 cannot be equal to
s+(2i−1)), which leads again to (1, q, 2i−1) 6= (1, q′, 2j−1). We can use similar arguments for a pair φa(y2i−1) = (0, q),
φb(y2j−1) = (0, q′).Hence, the relabeled copies G0, G1, . . . , Gm−1 are mutually vertex-disjoint. Because each of the m copies has k verticesin each partite set, by a simple counting argument it follows that F0 = G0 ∪ G1 ∪ · · · ∪ Gm−1 is a factor of Kkm,km.Next we want to show that for every two sets Xp,q and Yp′,q′ there is exactly one edge between them in F0. Look at anedge (p, q, r)(p′, q′, r′), r, r′ ∈ Zs, that belongs to some Gl. This edge is nothing else than the relabeled original edge(p, q)(p′, q′) of Gl. Since G = {G0, G1, . . . , Gm−1} was a decomposition of K2m,2m and every edge (p, q)(p′, q′) of any copy
Gl is one of the original edges of K2m,2m, there is precisely one edge between any two sets Xp,q and Yp′,q′ .Finally, we define mappings ψα,β for (α, β) ∈ Zs×Zs such that ψα,β(p, q, r) = (p, q, r + α) if (p, q, r) ∈ X and
ψα,β(p, q, r) = (p, q, r + β) if (p, q, r) ∈ Y .When we apply the mappings ψα,β for every (α, β) ∈ Zs×Zs onto the vertices of F0, after s2 steps we obtain all
s2 = k2/4 factors F0, F1, . . . , Fs2−1 of an mH(k, 3)-factorization of Kkm,km, because a single edge of F0 between any twosets Xp,q, Yp′,q′ will always cover every edge of the s2 edges between Xp,q and Yp′,q′ in Kkm,km exactly once.
Now the proof of our final result follows easily.
Theorem 3.3.
Let k ≡ 2 (mod 4). Then a complete multipartite graph Kn,n can be factorized into mH(k, 3) if and only if n = km and
m ≡ 0 (mod (3k − 2)/4).
Proof. Necessity follows from Lemma 2.1. To prove sufficiency, we observe that if n = km and m ≡ 0 (mod (3k − 2)/4),then n can be written as n = pkm′, where m′ = (3k − 2)/4. It is easy to see that the graph Kpkm′,pkm′ can be factorizedinto p copies of pKkm′,km′ . But Kkm′,km′ has an m′H(k, 3)-factorization by Theorem 3.2, and hence each copy of pKkm′,km′has a pm′H(k, 3)-factorization, which is the desired mH(k, 3)-factorization.

4. Conclusion

This paper completes the search for mH(k, 3)-factorizations of complete bipartite graphs. Recall that the case of k oddwas solved in [4] and of k ≡ 0 (mod 4) in [2]. In [2], the authors also claim that they solved some special classes of thegeneral version of the problem, i.e., mH(k, 2l+ 1)-factorization. Namely, when gcd (
k2, k(2l+ 1)− l(l+ 1)) = 1, 2, l, or

l+ 1. The remaining classes in this case remain open.
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vertex edge labeled edge edge dimension
x1 x1y1 (0, 0) (0, m− 1) (0, m− 1)

x1y2 (0, 0) (1, m− 1) (1, m− 1)
x2 x2y1 (0, 1) (0, m− 1) (0, m− 2)

x2y2 (0, 1) (1, m− 1) (1, m− 2)
x2y3 (0, 1) (0, m− 2) (0, m− 3)

x3 x3y2 (0, 2) (1, m− 1) (1, m− 3)
x3y3 (0, 2) (0, m− 2) (0, m− 4)
x3y4 (0, 2) (1, m− 2) (1, m− 4)

. . . . . . . . . . . .
x2i x2iy2i−1 (0, 2i− 1) (0, m− i) (0, m− 3i+ 1)

x2iy2i (0, 2i− 1) (1, m− i) (1, m− 3i+ 1)
x2iy2i+1 (0, 2i− 1) (0, m− i− 1) (0, m− 3i)

x2i+1 x2i+1y2i (0, 2i) (1, m− i) (1, m− 3i)
x2i+1y2i+1 (0, 2i) (0, m− i− 1) (0, m− 3i− 1)
x2i+1y2i+2 (0, 2i) (1, m− i− 1) (1, m− 3i− 1)

. . . . . . . . . . . .
x2t x2ty2t−1 (0, 2t − 1) (0, m− t) (0, m− 3t + 1) = (0, 2)

x2ty2t (0, 2t − 1) (1, m− t) (1, m− 3t + 1) = (1, 2)
x2ty2t+1 (0, 2t − 1) (0, m− t − 1) (0, m− 3t) = (0, 1)

x2t+1 x2t+1y2t (0, 2t) (1, m− t) (1, m− 3t) = (1, 1)
x2t+1y2t+1 (0, 2t) (0, m− t − 1) (0, m− 3t − 1) = (0, 0)
x2t+1y2t+2 (0, 2t) (1, m− t − 1) (1, m− 3t − 1) = (1, 0) *

x2t+2 x2t+2y2t+1 (1, 2t) (0, m− t − 1) (1, m− 3t − 1) = (1, 0) *
x2t+2y2t+2 (1, 2t) (1, m− t − 1) (0, m− 3t − 1) = (0, 0)
x2t+2y2t+3 (1, 2t) (0, m− t − 2) (1, m− 3t − 2) = (1, m− 1)

x2t+3 x2t+3y2t+2 (1, 2t + 1) (1, m− t − 1) (0, m− 3t − 2) = (0, m− 1)
x2t+3y2t+3 (1, 2t + 1) (0, m− t − 2) (1, m− 3t − 3) = (1, m− 2)
x2t+3y2t+4 (1, 2t + 1) (1, m− t − 2) (0, m− 3t − 3) = (0, m− 2)

x2t+4 x2t+4y2t+3 (1, 2t + 2) (0, m− t − 2) (1, m− 3t − 4) = (1, m− 3)
x2t+4y2t+4 (1, 2t + 2) (1, m− t − 2) (0, m− 3t − 4) = (0, m− 3)
x2t+4y2t+5 (1, 2t + 2) (0, m− t − 3) (1, m− 3t − 5) = (1, m− 4)

. . . . . . . . . . . .
x2t+2l x2t+2ly2t+2l−1 (1, 2t + 2l− 2) (0, m− t − l) (1, m− 3t − 3l+ 1)

x2t+2ly2t+2l (1, 2t + 2l− 2) (1, m− t − l) (0, m− 3t − 3l+ 2)
x2t+2ly2t+2l+1 (1, 2t + 2l− 2) (0, m− t − l− 1) (1, m− 3t − 3l+ 1)

x2t+2l+1 x2t+2l+1y2t+2l (1, 2t + 2l− 1) (1, m− t − l) (0, m− 3t − 3l+ 1)
x2t+2l+1y2t+2l+1 (1, 2t + 2l− 1) (0, m− t − l− 1) (1, m− 3t − 3l)
x2t+2l+1y2t+2l+2 (1, 2t + 2l− 1) (1, m− t − l− 1) (0, m− 3t − 3l)

. . . . . . . . . . . .
x4t+1 x4t+1y4t (1, 4t − 1) (1, m− 2t) (1, m− 6t + 1) = (0, 3)

x4t+1y4t+1 (1, 4t − 1) (0, m− 2t − 1) (1, m− 6t) = (1, 2)
x4t+1y4t+2 (1, 4t − 1) (1, m− 2t − 1) (0, m− 6t) = (0, 2)

x4t+2 x4t+2y4t+1 (1, 4t) (0, m− 2t − 1) (1, m− 6t − 1) = (1, 1)
x4t+2y4t+2 (1, 4t) (1, m− 2t − 1) (0, m− 6t − 1) = (0, 1)

Table 1.

1119



Rectangular table negotiation problem revisited

References

[1] Colbourn C.J., Dinitz J.H. (Eds.), The CRC Handbook of Combinatorial Designs, CRC Press Ser. Discrete Math. Appl.,CRC Press, Boca Raton, 1996[2] Chitra V., Muthusamy A., Bipartite variation of the cheesecake factory problem (in preparation)[3] El-Zanati S.I., Vanden Eynden C., On Rosa-type labelings and cyclic graph decompositions, Math. Slovaca, 2009,59(1), 1–18[4] Froncek D., Oberwolfach rectangular table negotiation problem, Discrete Math., 2009, 309(2), 501–504[5] Piotrowski W.-L., The solution of the bipartite analogue of the Oberwolfach problem, Discrete Math., 97(1-3), 1991,339–356[6] Ringel G., Lladó A.S., Serra O., Decomposition of complete bipartite graphs into trees, DMAT Research Report, Univ.Politecnica de Catalunya, 1996, # 11

1120


	Introduction
	Necessary conditions and auxiliary results
	The case k=2 (mod 4)
	Conclusion
	References



