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Abstract: In this article, a scheme using active backstep-
ping design method is proposed to achieve combination
synchronization of n number of fractional order chaotic
systems. In the proposed method the controllers are de-
signed with the help of a new lemma and Lyapunov
function in a systematic way. Synchronization among
three/four fractional order systemshavebeen shownas ex-
amples of synchronization of n-chaotic systems. Numer-
ical simulation and graphical results clearly exhibit that
themethodof this newprocedure is easy to implement and
reliable for synchronization of fractional order chaotic sys-
tems.

Keywords: Backstepping method, Lyapunov stability the-
ory, Synchronization, Fractional order chaotic systems

1 Introduction
The theory of fractional calculus deals with derivatives
and integrals of arbitrary order and has applications
in various scienti�c �eld and engineering including vis-
coelasticity, �uid mechanics, material science, colored
noise, dielectric polarization, electromagnetic wave, bio-
engineering, biological model, electromechanical system,
etc. [1–11]. The fractional di�erential equations are the
generalization of classical di�erential equations. The ad-
vantage of fractional order system is it allows greater �ex-
ibility in the model. The fractional order di�erential oper-
ator is non local but integer order di�erential operator is a
local operator in the sense that fractional order di�erential
operator takes into account the fact that the future state
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not only depends upon the present state but also upon all
of the histories of its previous states. For this realistic prop-
erty, fractional calculus which was in earlier stage consid-
ered as mathematical curiosity now becomes the object of
extensive development of fractional order partial di�eren-
tial equations for its the purpose of engineering applica-
tions.

Chaos synchronization is an interesting phenomenon
of nonlinear dynamical systems and it may occur when
two or more chaotic systems are coupled or one chaotic
system drives the other. The synchronization of chaotic
systems was �rst given by Pecora and Carroll [12] in 1960,
and after which it has been intensively studied due to
its potential applications in various �elds viz., ecologi-
cal system, physical system, chemical system, secure com-
munications etc [13–22]. In recent years various types of
synchronization have been investigated such as complete
synchronization, anti-synchronization, lag synchroniza-
tion, adaptive synchronization, projective synchroniza-
tion, function projective synchronization etc [23–26] and
also di�erent schemes have been successfully applied to
chaos synchronization viz., linear and nonlinear feed-
back controlmethod, active controlmethod, adaptive con-
trol method, sliding mode control method, backstepping
method etc [27–34].

Themethod here to use is backstepping design, which
has been employed by many researchers for controlling
and synchronizing chaotic systemsaswell as hyperchaotic
systems. It consists in a recursive procedure that links
the choice of a Lyapunov function with the design of a
controller. Backstepping design is recognised as power-
ful design method for chaos synchronization. The design
can guarantee global stability, tracking and transient per-
formance for a broad class of strict-feedback nonlinear
systems [35–37]. To stabilize and track chaotic systems,
the method had been successfully used by Mascolo and
Grassi [38] in the year 1999. In 2006, the backstepping con-
trol was used by Bin et al. [39] to synchronize two coupled
chaotic neurons in external electrical stimulation. Wang
and Ge [40] proposed the Adaptive synchronization of un-
certain chaotic systems via backstepping design. Back-
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stepping design was successfully applied by Tan et al. [41]
during synchronization of the chaotic systems and also
by Yu and Zhand [42] to control the uncertain behavior of
chaotic systems. Recently, Park [43], Wu et al. [44] have
shown that the backstepping method is very simple, reli-
able and powerful for controlling the chaotic behavior and
synchronization of chaotic systems. But to the best of au-
thors’ knowledge the synchronization of fractional order
systems using backstepping control has not yet been stud-
ied by any researcher. The theme of the present study is to
investigate the synchronization procedure for a number of
fractional order chaotic systems using this simple and re-
liable backstepping method. In our earlier article [45], ac-
tive control method and backstepping approach are used
to synchronize the fractional order chaotic systems. The
fractional order Chen andQi systems are taken to synchro-
nize using both the methods. It was shown that the back-
steppingmethod takes less time to synchronize as the sys-
tems pair approaches from standard order to fractional or-
der. This has motivated the authors to �nd the required
time of synchronization among three/four fractional order
chaotic systems.

Initially the prediction of a system had been con�ned
through �nding the analytical solution of the formal mod-
elling of the systems via mathematical modelling with a
set of parameters and initial/boundary conditions. But af-
ter the advent of modern computers and related software
packages, the simulation has become a useful technique
of modelling of many streams of science and engineering
as well as computational sociology. Nowadays it is used in
technology to optimize the performance, safety engineer-
ing, also during modelling of natural and human systems.
Simulation is described as the limitation of operation of a
real world system over time. Thus before performing sim-
ulation, it requires to develop a model which will repre-
sent key features of the selected physical or abstract sys-
tems. Thus simulation basically represents the operation
of the system over time. During synchronization of identi-
cal or non-identical chaotic systems the simulation is used
to�nd requirement ofminimumtimeafterwhich the states
of slave system behave similar to the master system.

The synchronization of three chaotic dynamical sys-
tems in integer order are �rst studied by the Runzi et
al. [46] in 2011. In 2013 Zhang et al. [47] studied the com-
bination synchronization of di�erent kinds of spatiotem-
poral coupled systems with unknown parameters. In 2016
the combination synchronization of di�erent kinds of spa-
tiotemporal coupled systems with unknown parameters
is studied by Wang et al. [48]. It is seen from literature
survey that the synchronization between three and more
chaotic systems are few in numbers. Runzi et al. [46] had

stated the cause of investigation between two drive sys-
tems and one response system through a physical applica-
tion in secure communication as transmitted signals can
be split into several parts, each part loaded in di�erent
drive systems which shows that transmitted signals have
stronger anti-attack ability and anti-translated capability
than that transmitted by the usual transmission model.
This has motivated the authors to study the generaliza-
tion of synchronization between chaotic systems, when
the systems have memory e�ects. The main contribution
of the present scienti�c contribution is introduction of a
new type of synchronization scheme known as combina-
tion synchronization which used to synchronize a num-
ber of fractional order chaotic systems. The backstepping
method is applied during synchronization of fractional or-
der chaotic systems using Lyapunov stability theory and
a new lemma for Caputo derivative. The combination syn-
chronization of three and four fractional order chaotic sys-
temsare found throughnumerical simulationwhich is pre-
sentedgraphically to show the e�ectiveness and feasibility
of the proposed scheme andmethod. The salient feature of
the present study is the pictorial presentation of require-
ment of less time during synchronization of four systems
compared to three systems.

The article is organized as follows: In section 2, the
de�nition and Lemma for Caputo derivative in fractional
order case are introduced. Section 3 includes the combina-
tion synchronization scheme of fractional order n-chaotic
systems are presented. In section 4, the fractional order
chaotic systems are introduced. Sections 5 and 6 contain
the combination synchronization of three and four chaotic
systems using backstepping design respectively. Section
5.1 and 6.1 provides numerical simulation results and fol-
lowed by a conclusion of the overall research work given
in Section 7.

2 Basic de�nitions of Fractional
order derivative and Lemma

The de�nitions of fractional order derivative given by B
Riemann and J. Liouville and also by M. Caputo are as fol-
lows.
2.1 De�nition 1. The Riemann–Liouville (R-L) fractional
derivative operator of order q > 0 of a function f (t) is de-
�ned by [49]

Dqx f (t) =
dn
dtn J

n−q
x f (t) , n − 1 < q ≤ n, n ∈ N,
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where the fractional integral operator of order q > 0 of a
function f (t) is given by

Jqt f (t) =
1
Γ (q)

t∫
0

(t − ξ )q−1f (ξ ) dξ ,

with J0t f (t) = f (t) ..
2.2 De�nition 2. The Caputo order fractional derivative of
a function f (t) is [50, 51]

Dqt f (t) =
1

Γ (n − q)

t∫
0

(t − ξ )n−q−1f n (ξ ) dξ ,

n − 1 < q < n, n ∈ N ,

Dqt f (t) =
dn f (t)
dxn , q = n,

where Dqt f (t) satis�es the following basic property

(
Jqt D

q
t
)
f (t) = f (t) −

n−1∑
k=0

f (k) (0+) t
k

k! ,

t ≥ 0, n − 1 < q < n, n ∈ N and f ∈ Cnµ , µ ≥ −1.

Between these two, the Caputo derivative is commonly
used by the researchers. The main di�erence of consider-
ing the Caputo derivative is that its derivative of a constant
is zero whereas in the case of �nite value of lower terminal
′a′ the R-L derivative of a constant is aDqt c =

ct−q
Γ(1−q) . How-

ever for the case a → −∞ this becomes zero. Thus for the
steady state dynamical process fractional order derivative
for both Caputo and R-L provide the same results.

Another reason of choosing Caputo derivative is that it
holds for homogeneous andnon-homogeneous initial con-
ditions whereas R-L derivative require homogeneous ini-
tial condition during the solution of initial value problems.
2.3 Lemma 1: [52] Letx(t) ∈ R be a continuous and deriv-
able function. Then for any time instant t ≥ t0,

1
2
c
t0D

q
t x

2(t) ≤ x(t)ct0D
q
t x(t), ∀ q ∈ (0, 1).

3 The scheme of combination
synchronization of fractional
order n-chaotic systems

In this scheme, (n-1) drive systems and one response sys-
tem are assumed to be in fractional order system.

The drive systems are considered as

Dqt x1 = f1(x1), (1)

Dqt x2 = f2(x2), (2)

. . . . . . . . . . . . . . . . . . ..

. . . . . . . . . . . . . . . . . . ..

Dqt xn−1 = fn−1(xn−1), (3)

and the response system is taken as

Dqt xn = fn(xn) + U(x1, x2, ......, xn), (4)

where x1 = (x11, x12, ........, x1n), x2 = (x21, x22, ........, x2n),
. . . . . . . . . . . . . . . . . . , xn−1 = (xn−11 , xn−12 , ........, xn−1n ) and
xn = (xn1 , xn2 , ........, xnn)with x1, x2, .........., xn−1, xn ∈
Rn are the state vectors of the n-chaotic sys-
tems. f1, f2, ......., fn−1, fn : Rn → Rn are the n-
continuous vector functions and U(x1, x2, ......, xn) :
Rn × Rn × ....... × Rn → Rn

n times
is a controller which will be

designed latter.
De�nition: The fractional order (n-1) drive systems and
one response system follow combination synchronization
among n-chaotic systems if there exists n constant ma-
trixes called scaling matrixes A1, A2, ....., An ∈ Rn with
An ≠ 0 such that

lim
n→+∞

‖A1x1 + A2x2 + ....... − Anxn‖ = 0, where ‖ . ‖
represent the matrix norm.

It is noted that if A1 ≠ 0, A2 = A3 = ......... = An−1 =
0, An = I then this problem is reduced to the projective
synchronization, where I is an n × n identity matrix. If the
scaling matrix A1 is considered as a function, then syn-
chronization problem is reduced into function projective
synchronization problem. Again if A1 = A2 = ......... =
An−1 = 0, then the problem becomes a chaos control prob-
lem.

4 Systems’ descriptions

4.1 Fractional order Newton-Leipnik system

The fractional order Newton-Leipnik system [53] was �rst
studied in the year 2008, which is given by

dqx1
dtq = −a1x1 + x2 + 10x2x3

dqx2
dtq = −x1 − 0.4x2 + 5x1x3 (5)

dqx3
dtq = a2x3 − 5x1x2, 0 < q < 1,

where a1 and a2 are the variable parameters’ and a2 ∈
(0, 0.8). The system is ill-behaved when a2 takes the val-
ues outside of this interval. If a2 becomes close to zero, the
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system shows uninteresting dynamic and if a2 ≥ 0.8, the
given system becomes explosive i.e., the solution of this
system diverges to in�nity for any initial condition other
than the critical points.

For the parameters’ values a1 = 0.4, a2 = 0.175
and the initial condition (0.19, 0, −0.18), the Newton-
Leipnik systemshows chaotic behaviour at q = 0.95which
is depicted through Fig. 1(a).

4.2 Fractional order Liu system

The Liu system [54] was studied in the year 2009, which
was later extended to fractional order Liu system by Gejji
and Bhalekar [55] in 2010 as

dqy1
dtq = −b1y1 − b4y22

dqy2
dtq = b2y2 − b5y1y3 (6)

dqy3
dtq = −b3y3 + b6y1y2.

The phase portrait of the system is described through
Fig. 1(b),which shows that the systemexhibits chaos at the
lowest fractional order q = 0.92 for the values of parame-
ters b1 = 1, b2 = 2.5, b3 = 5, b4 = 1, b5 = 4, b6 = 4
and initial condition (0.2, 0, 0.5). The chaos control of
Liu system is given in [56]. The trajectories of the system
are controlled at its all equilibrium points for order of the
derivative 0 < q ≤ 1.

4.3 Fractional order Lotka-Voltra system

The fractional order Lotka-Voltra system [57] is given as
dqz1
dtq = c1z1 − c2z1z2 + c5z21 − c6z3z21

dqz2
dtq = −c3z2 + c4z1z2 (7)

dqz3
dtq = −c7z3 + c6z3z21.

The chaotic attractor of the system is described
through Fig. 1(c) at q = 0.95 for the values of the parame-
ters c1 = c2 = c3 = c4 = 1, c5 = 2, c6 = 2.7, c7 = 3 and
initial condition (1, 1.4, 1).

4.4 Fractional order Chen system

The fractional order Chen system [58] is considered as
dqw1
dtq = d1(w2 − w1)

dqw2
dtq = (d3 − d1)w1 − w1w3 + d3w2 (8)

dqw3
dtq = w1w2 − d2w3.

Fig. 1(d) shows the chaotic attractors of the system
at the fractional order q = 0.95 for the parameters’ val-
ues d1 = 35, d2 = 3, d3 = 28 and the initial condi-
tion (1, 1.4, 1). The chaos control of Chen system is given
in [58]. The system is controlled at order q = 0.9, q = 0.8
at its equilibrium points. The trajectories of the system is
stable at all the equilibriumpoints of the system and it will
also remain be controlled for order 0 < q ≤ 1.

5 Synchronization of fractional
order Newton-Leipnik,
Lotka-Voltra and Liu systems

For the study of synchronization among three fractional
order chaotic systems, two systems Newton-Leipnik (5)
and Lotka-Voltra (7) are considered as drive system-I and
drive system-II and third system Liu system is considered
as response system. The response system with the control
functions u1, u2, u3 is de�ned as

dqy1
dtq = −b1y1 − b4y22 + u1

dqy2
dtq = b2y2 − b5y1y3 + u2 (9)

dqy3
dtq = −b3y3 + b6y1y2 + u3.

De�ning the error functions as ei = yi − zi − xi , i =
1, 2, 3, we obtain the error system as

dqe1
dtq = −b1e1 − b4e2 + φ1 + u1

dqe2
dtq = b2e2−b5e1e3−b5e3(z1+x1)−b5e1(z3+x3)+φ2+u2

(10)
dqe3
dtq = −b3e3+b6e1e2+b6e2(z1+x1)+b6e1(z2+x2)+φ3+u3,

where φ1 = −b1(z1 + x1) − b4(z2 + x2) − c1z1 + c2z1z2 −
c5z21 + c6z3z21 + a1x1 − x2 − 10x2x3

φ2 = − b5(z1 + x1)(z3 + x3) + b2(z2 + x2) + c3z2
− c4z1z2 + x1 + 0.4x2 − 5x1x3

φ3 =b6(z1 + x1)(z2 + x2) − b3(z3 + x3) + c7z3
− c6z3z21 − a2x3 + 5x1x2.



Vijay K. Yadav and S. Das, Combination synchronization of fractional order n-chaotic systems | 601

(a) (b)

(c) (d)

Fig. 1: Phase portraits of fractional order (a) Newton-Leipnik system, (b) Liu system, (c) Lotka-Voltra system, (d) Chen system for the order of
derivative q = 0.95.

Now the control functions would be designed using
backstepping approach for combination synchronization
of three fractional order chaotic systems.
Theorem 1: If the control functions are chosen as

u1 = −φ1,

u2 = b5v1(z3 + x3) − b2v2 + b4v1 − v2 − φ2

u3 = −b6v1(z2+x2)+(b5−b6)v2(z1+x1)+(b5−b6)v1v2−φ3,

where v1 = e1, v2 = e2, v3 = e3, then the drive system I& II
will be combination synchronized with response system.
Proof: To achieve the results, let us use the active back-
stepping procedure through following three steps.
Step-I: De�ning v1 = e1, we get

dqv1
dtq = d

qe1
dtq = −b1v1 − b4e2 + φ1 + u1, (11)

where e2 = α1(v1) is regarded as a virtual controller. For
designing α1(v1) to stabilizev1 - subsystem, choosing the

Lyapunov function V1 as

V1 =
1
2 v

2
1.

The-th order fractional derivative of V1 w. r. to t is

dqV1
dtq = 1

2
dqv21
dtq

≤ v1
dqv1
dtq (using Lemma-1)

i.e. ≤ v1[−b1v1 − b4α1(v1) + φ1 + u1].

If we take α1(v1) = 0 and u1 = φ1, then dqV1
dtq ≤ −b1v

2
1 <

0, which implies that subsystem (11) is asymptotically sta-
ble. Since virtual control function α1(v1) is an estimate
function, de�ning the error variable v2 between e2 and
α1(v1) as

v2 = e2 − α2(v1),
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we obtain the following (v1, v2) -subsystem as

dqv1
dtq = −b1v1 − b4v2
dqv2
dtq = b2v2 − b5v1e3 − b5e3(z1 + x1)

− b5v1(z3 + x3) + φ2 + u2, (12)

where e3 = α2(v1, v2) is regarded as an virtual controller.
Step II: To stabilize (v1, v2) - subsystem (12), choose Lya-
punov function as

V2 = V1 +
1
2 v

2
2 =

1
2 v

2
1 +

1
2 v

2
2.

The order fractional derivative of V2 w. r. to t is

dqV2
dtq = 1

2
dqv21
dtq + 1

2
dqv22
dtq

≤ v1 d
qv1
dtq + v2 d

qv2
dtq , (from Lemma 1)

i.e. ≤ −b1v21 − b4v1v2 + v2[b2v2 − b5v1α2(v1, v2) −
b5α2(v1, v2)(z1 + x1) − b5v1(z3 + x3) + φ2 + u2]

If α2(v1, v2) = 0 andu2 = b5v1(z3 + x3)− b2v2 + b4v1 −
v2 − φ2, then dqV2

dtq ≤ −b1v21 − v22 < 0, which implies that
(v1, v2)-subsystem (12) is asymptotically stable.

Again de�ning the error variable as

v3 = e3 − α2(v1, v2),

the (v1, v2, v3) - subsystem becomes

dqv1
dtq = −b1v1 − b4v2
dqv2
dtq = −v2 + b4v1 − b5v1v3 − b5v3(z1 + x1)

dqv3
dtq = −b3v3 + b6v1v2

+ b6v2(z1x1) + b6v1(z2 + x2) + φ3 + u3 (13)

Step III: To stabilize the (v1, v2, v3) - subsystem (13),
choosing the Lyapunov function V3 as

V3 = V2 +
1
2 v

2
3 =

1
2 v

2
1 +

1
2 v

2
2 +

1
2 v

2
3.

The fractional derivative of V3 is

dqV3
dtq = 1

2
dqv21
dtq + 1

2
dqv22
dtq + 1

2
dqv23
dtq

≤ v1 d
qv1
dtq + v2 d

qv2
dtq + v3 d

qv3
dtq , (from Lemma 1)

i.e. ≤ −b1v21 − v22 − b5v1v2v3 − b5v2v3(z1 + x1) + v3[−b3v3 +
b6v1v2 + b6v2(z1 + x1) + b6v1(z2 + x2) + φ3 + u3]

Taking u3 = −b6v1(z2 + x2) + (b5 − b6)v2(z1 + x1) +
(b5 −b6)v1v2 −φ3, we obtain dqV3

dtq ≤ −b1v
2
1 − v22 −b3v23 < 0.

Thus the system is asymptotically stable. Thus for v1 = e1,
v2 = e2 − α1(v1) = e2 and v3 = e3 − α2(v1, v2) = e3, the
error systems ei → 0, i = 1, 2, 3, which helps to obtain
combination synchronization among the three considered
fractional order systems.

5.1 Numerical simulation and results

In the numerical simulation the parameters’ values of the
fractional order Newton-Leipnik, Lotka-Voltra and Liu sys-
tems are taken as a1 = 0.4, a2 = 0.175, and b1 = 1, b2 =
2.5, b3 = 5, b4 = 1, b5 = 4, b6 = 4 respectively. The ini-
tial conditions of two drive systems and response system
are taken as (0.19, 0, −0.18), and (0.2, 0, 0.5) respec-
tively. Fig. 2 shows the synchronization among three frac-
tional order chaotic systems are achieved through back-
stepping approach at q = 0.95. Figs. 2(a), 2(b) and 2(c) de-
pict the time response of the state trajectories xi(t) + zi(t)
and yi(t), where i = 1, 2, 3 represent the drive systems (5),
(7) and response system (9) respectively. The error states
are displayed through Fig. 2(d).

6 Synchronization of fractional
order Newton-Leipnik, Liu,
Lotka-Voltra systems and Chen
system

In this section to synchronize four fractional order chaotic
systems, we consider fractional order Newton-Leipnik sys-
tem (5), fractional order Liu system (6) and fractional order
Lotka-Voltra system (7) as the drive systems I, II and III re-
spectively. The fractional order Chen system (8) is taken as
response system with control function u′1, u′2, u′3 as

dqw1
dtq = d1(w2 − w1) + u′1
dqw2
dtq = (d3 − d1)w1 − w1w3 + d3w2 + u′2
dqw3
dtq = w1w2 − d2w3 + u′3. (14)

De�ning error functions as ei = wi − zi − yi − xi , i = 1, 2, 3,
we obtain the error system as

dqe1
dtq = d1(e2 − e1) + ψ1 + u′1
dqe2
dtq = (d3 − d1)e1 − e1e3 − e3(z1 + y1 + x1)

− e1(z3 + y3 + x3) + d3e2 + ψ2 + u′2
dqe3
dtq = e1e2 + e2(z1 + y1 + x1) + e1(z2 + y2 + x2)

− d2e3 + ψ3 + u′3, (15)

where

ψ1 =d1z2 + (d1b4y2)y2 + (d1 − 1)x2 − (d1 + c1)z1
− (d1 − b1)y1 − (d1 − a1)x1 + c2z1z2 − c5z21 + c6z3z21
− 10x2x3
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(a)

(b)

(c)

(d)

Fig. 2: Combination synchronization among three fractional order chaotic systems (5), (6) and (7) for fractional order q = 0.95: (a) between
x1(t) + z1(t) and y1(t), (b) between x2(t) + z2(t) and y2(t), (c) between x3(t) + z3(t) and y3(t), (d) the evaluation of error function e1(t), e2(t)
sand e3(t).
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ψ2 =(d3 − d1)(z1 + y1 + x1) − (z1 + y1 + x1)(z3 + y3 + x3)
+ d3(z2 + y2 + x2) + c3z2 − c4z1z2 − b2y2 + b5y1y3
+ x1 + 0.4x2 − 5x1x3

ψ3 =(z1y1x1)(z2 + y2 + x2) − d2(z3 + y3 + x3) + c7z3 − c6z3z21
+ b3y3 − b6y1y2 − a2x3 + 5x1x2

Next the control functions u′1, u′2 and u′3 would be de-
signed using backstepping approach for combination syn-
chronization of four fractional order chaotic systems.
Theorem: 2 If the control functions are chosen as

u′1 = −ψ1,

u′2 = −d3v2 + v1(z3 + y3 + x3) − d2v1 − v2 − ψ2,

u′3 = −v1(z2 + y2 + x2) − ψ3

where v1 = e1, v2 = e2, v3 = e3, then the drive systems
(5), (6) and (7) will be combination synchronized with re-
sponse system (14).
Proof: For synchronization, backstepping procedure is
used through following steps.
Step-I: Considering v1 = e1,

dqv1
dtq = d

qe1
dtq = d1(e2 − e1) + ψ1 + u′1, (16)

where e2 = α1(v1) is regarded as a virtual controller. To
stabilize v1 -subsystem, let us de�ne the Lyapunov func-
tion V1 as

V1 =
1
2 v

2
1,

whose fractional derivative is

dqV1
dtq = 1

2
dqv21
dtq ≤ v1

dqv1
dtq

i.e., ≤ v1[d1(α1(v1) − v1) + ψ1 + u′1]

Taking α1(v1) = 0 and u′1 = −ψ1, we get d
qV1
dtq ≤ −d1v21 <

0, which implies that v1-subsystem (16) is asymptotically
stable. For the virtual control function α1(v1), a variable
v2 between e2 and α1(v1) is de�ned as

v2 = e2 − α1(v1).

Then (v1, v2)-subsystem is obtained as

dqv1
dtq = d1(v2 − v1)

dqv2
dtq = (d3 − d1)v1 − v1e3 − e3(z1 + y1 + x1)

− v1(z3 + y3 + x3) + d3v2 + ψ2u′2 (17)

Let us consider v3 = α2(v1, v2) is a virtual controller.

Step II: In this step to stabilize (v1, v2)-subsystem (17), let
us de�ne the Lyapunov function V2 as

V2 = V1 +
1
2 v

2
2 =

1
2 v

2
1 +

1
2 v

2
2.

Now
dqV3
dtq = 1

2
dqv21
dtq + 1

2
dqv22
dtq

≤ v1
dqv1
dtq + v2

dqv2
dtq

i.e., ≤ d1v1v2 − d1v21 + v2[(d3 − d1)v1 − v1α2(v1, v2)
− α2(v1, v2)(z1 + y1 + x1) − v1(z3 + y3 + x3)
+ d3v2 + ψ2 + u′2]

Taking α2(v1, v2) = 0 and u′2 = −d3v2 + v1(z3 + y3 + x3) −
d2v1 − v2 −ψ2, we get d

qV2
dtq ≤ −d1v

2
1 − v22 < 0, which makes

subsystem (17) asymptotically stable.
Considering v3 = e3 − α2(v1, v2), the (v1, v2, v3) - sub-

system is obtained as
dqv1
dtq = d1(v2 − v1)

dqv2
dtq = −v2 − d1v1 − v1v3 − v3(z1 + y1 + x1)

dqv3
dtq = v1v2 + v2(z1 + y1x1) + v1(z2 + y2 + x2)

− d2v3 + ψ3 + u′3. (18)

Step III: In order to stabilize (v1, v2, v3) - subsystem (18),
choosing the Lyapunov function as

V3 = V2 +
1
2 v

2
3 =

1
2 v

2
1 +

1
2 v

2
2 +

1
2 v

2
3,

we get

dqV3
dtq = 1

2
dqv21
dtq + 1

2
dqv22
dtq + 1

2
dqv23
dtq

≤ v1
dqv1
dtq + v2

dqv2
dtq + v3

dqv3
dtq ,

i.e., ≤ v1[d1(v2 − v1)] + v2[−v2 − d1v1 − v1v3
− v3(z1 + y1 + x1)] + v3[v1v2 + v2(z1 + y1 + x1)
+ v1(z2 + y2 + x2) − d2v3 + ψ3 + u′3]
= −d1v21 − v22 + v3[v1(z2 + y2 + x2) − d2v3 + ψ3 + u′3]

If u′3 = −v1(z2 + y2 + x2)−ψ3, d
qV3
dtq ≤ −d1v

2
1 − v22 −d2v23 < 0,

negative de�nite. In view of v1 = e1, v2 = e2 − α1(v1) =
e2, v3 = e2 − α2(v1, v2) = e3, the errors states ei →
0, i = 1, 2, 3 will converge to zero after a �nite period of
time, and thus the combination synchronization among
four fractional order chaotic systems will be achieved.

6.1 Numerical simulation and results

During synchronization the earlier values of the parame-
ters and initial conditions for drive systems I, II, III and re-
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(a)

(b)

(c)

(d)

Fig. 3: Combination synchronization among four fractional order chaotic systems (5), (6), (7) and (8) for fractional order q = 0.95: (a) be-
tween x1(t) + y1(t) + z1(t) and w1(t), (b) between x2(t) + y2(t) + z2(t) and w2(t), (c) between x3(t) + y3(t) + z3(t) and w3(t), (d) the evaluation
of error functions e1(t), e2(t) and e3(t).



606 | Vijay K. Yadav and S. Das, Combination synchronization of fractional order n-chaotic systems

(a)

(b)

Fig. 4: The evaluation of error functions e1(t), e2(t) and e3(t) at
q = 1: (a) for three systems; (b) for four systems.

sponse system are considered. The time step size is taken
as 0.005. The synchronization among four fractional order
chaotic systems are achieved throughFig. 3 using the same
method at q = 0.95. Figs. 3(a), 3(b) and 3(c) show the time
response of the states xi(t) + yi(t) +i (t) and wi(t), where
i = 1, 2, 3 represent the drive systems (5), (6), (7) and the
response system (8). The error states for this case are de-
scribed through Fig. 3(d). It is noticed that it takes less time
for synchronization among four systems (Fig. 3(d)) com-
pared to that of three systems (Fig. 2(d)) for the considered
systems in both fractional order as well as integer order
case (Fig. 4).

7 Conclusion
In the present study, the combination synchronization
among a number of fractional order drive and response
systems is successfully demonstrated using backstepping
method. For validation, the combination synchronization

of three and four systems are considered separately tak-
ing two systems and three systems as drive system respec-
tively, while one system as response system, which clearly
exhibit that the applied method is e�ective and conve-
nient to achieve global synchronization of a number of
non-identical fractional order chaotic systems. The exhibi-
tion of requirement of less time during synchronization of
four systems compared to three systems is one of themajor
contributions of the present study. It is worth mentioning
that this scienti�c contribution of combination synchro-
nization among the fractional order chaotic systems will
be signi�cant to the research community involved in the
area of modelling of fractional order dynamical systems.

Acknowledgement: The authors are extending their
heartfelt thanks to the revered reviewers for their valuable
comments to upgrade the present manuscript.
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