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Abstract: Periodic entanglements of filaments and networks, which resemble sponge-like materials, are often 
found as self-assembled materials. The interaction between the geometry of the assembly and a solvent in its 
interstices can dictate the geometric configuration of the structure as well as influence macroscopic proper-
ties such as swelling and mechanics. In this paper, we show the calculation of the solvation free energy as a 
function of the solute–solvent interaction from hydrophilic to hydrophobic, for a candidate entanglement of 
filaments. We do this using the morphometric approach to solvation free energy, a method that disentangles 
geometric properties from thermodynamic coefficients, which we compute via density functional theory.
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Introduction
Geometry plays an important role in soft biological systems, from function to mechanics. In particular, 
spongy, space-filling geometry is readily observed in soft matter systems [1–8], with a variety of physical 
ramifications. The idea that solvents and surface interactions can dictate the geometry of a deformable inter-
face is worth exploring. Complex geometries, such as ordered and disordered space-filling structures, are 
ubiquitous in biological and physical systems. Figure 1 shows the Σ+ periodic arrangement of helical fila-
ments in a high symmetry entanglement [9, 10]. We examine here the solvation free energy calculation of 
a solvent in this weaving of filaments using the morphometric approach [11–14], varying the solute–solvent 
interaction by how hydrophobic or hydrophilic we make the surface. What happens when we solvate such a 
complicated geometry? How do the solvent properties change? And how does the solute change geometry to 
minimize free energy of the system? [14–16].

In this paper, we examine the solvation free energy balance for the helical Σ+ rod packing, whose unit cell 
with length L is shown in Fig. 1. This is a well-known arrangement in structural chemistry [9], as well as in soft 
matter physics [10, 17, 18]. In the present study, this is considered a test case to demonstrate how solvation can 
dictate geometry of complicated structures. We study deformations of the filaments restricted to helical trajec-
tories, scanning from straight components through to a large helical radius R, and from small to large unit cell 
volume (edge length L). The helical tubes make exactly two helical turns from corner to corner of the unit cell, 
and we require that the helical tubes never intersect. We alter the variables L and R until the tubes just touch. 
We study the solvation free energy within a single unit cell as a representative of the material as a whole.

Morphometric approach and density functional theory
In general, the calculation of the solvation free energy (Fsol) of a complex sponge-shaped solute is challeng-
ing and can be computationally demanding. The so-called morphometric approach [9–12] is a convenient 

© 2014 IUPAC & De Gruyter



174      M. E. Evans and R. Roth: Solvation of a sponge-like geometry

shortcut to the computation of Fsol for solutes [12, 14], because it allows one to transfer the experience gained 
with simple solutes to complicated ones. The simplicity of the computation enables us to compute Fsol for 
very complex geometry, such as the spongy weaving we consider here. Fsol (per unit cell) can be computed 
as a function of only four purely geometric quantities, pairing thermodynamic prefactors with geometric 
measures of the solute. The prefactors are independent of the specific geometry and are determined by the 
solvent–solvent and solvent–solute interactions. It is precisely this property that allows us to determine the 
thermodynamic coeffcients for a simple geometry with high symmetry and employ them for complex solutes. 
The morphometric form of Fsol is given by

 sol ,F pV A C Xγ κ κ= + + +
 (1)

where the geometrical measures are the volume V, the surface area A, the integrated (over the surface) mean 
(C), and Gaussian (X) curvatures of the filaments per unit cell. It is convenient to calculate these geometrical 
measures for the solvent accessible surface, i.e., the surface that is accessible for the centers of solvent parti-
cles. The corresponding thermodynamic coeffcients in eq. 1 are the solvent pressure p, the planar wall surface 
tension γ, and the bending rigidities κ and κ  [12]. The void space of the geometry is filled with a solvent and 
gives rise to the grand potential of the total system per unit cell of Ω  =  −pVcell + Fsol, with volume Vcell  =  L3.

We vary the interaction between the helical tubes and the solvent from hydrophobic to hydrophilic, to 
see how this affects the minimal energy configuration. The thermodynamic coeffcients (for a given solute–
solvent interaction strength as measured by the contact angle Θ) p, γ, κ, and ,κ  which are independent of 
the solute geometry, can be computed in a simple geometry via classical density functional theory (DFT) [19]. 
To this end, we calculate the solvation free energy of a spherical particle with radius Rsp, as shown in Fig. 2, 
for which the geometrical measures are particularly simple. We calculate the solvation free energy for the 
sphere in two steps. First, we fix the position of the solute sphere (big red particle in Fig. 2) and thereby make 
it into an external potential for the solvent. In this external field we minimize a DFT for a water-like square-
well fluid in order to obtain the inhomogeneous equilibrium density distribution ρ(r) of the solvent (r is the 
radial distance from the center of the solute sphere). In a second step, we calculate the total grand potential 
of the system Ω, where we make use of the fact that in equilibrium the density functional reduces to the grand 

a

b

Fig. 1 The periodic arrangement of helical filaments in a high symmetry entanglement [9, 17], as can be found in biological 
systems [10]. The spatial complexity of such an entanglement makes the direct calculation of the solvent difficult. (lower left) 
One unit cell of the structure. (lower right) A single helix of the structure: L is the unit cell dimension, R the radius of the helix.
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Fig. 2 A spherical solute with radius Rsp submerged in a solvent. This geometry is well suited for a calculation of the solvation 
free energy Fsol(Rsp) or the excess surface free energy per area fsurf (Rsp), which we employ in order to determine the thermody-
namic coefficients γ, κ, and κ  using DFT.

potential Ω  =  Ω[ρ(r)] [19]. From Ω we can extract the solvation free energy Fsol(Rsp) of the sphere and fsurf (Rsp), 
the excess surface free energy per area, via

 
surf sp sol sp

1( ) [ ( ) ] .C Xf R F R pV
A A A

γ κ κ= − = + +
 

(2)

For a sphere (and our definition of X) we obtain C/A  =  1/Rsp and 2
sp/ 1/( 4 ),X A Rπ=  so that the thermody-

namic coefficients γ, κ, and κ  can be extracted from a quadratic fit in 1/Rsp to numerical DFT calculations 
for various values of the radius Rsp. The solvent used in our calculation is a square-well fluid that models the 
properties of water at ambient conditions [20]. Due to the high symmetry of the solute, the calculation of 
the density distribution ρ(r) of the solvent around a spherical solute is simple and can be done with a high 
numerical accuracy. The coefficients are obtained by fitting numerical DFT data of fsurf (Rsp) for various values 
of Rsp by eq. 2.

The thermodynamic coeffcients for a range of contact angle values Θ, which are determined by the 
solute–solvent interaction strength, are given in Table 1. If Θ is smaller than 90° the solute is hydrophilic.

Computation of geometric properties
We now discuss the computation of the geometric properties of the complicated sponge-like geometry. Each 
unit cell of the structure contains four distinct helical filaments of length 3L  and helical radius R. We fix 
the thickness of the filaments, t, to be 3.7 nm in radius, taken from the radius of keratin intermediate fila-
ments in application to the structure of corneocytes in the skin [10].

The excluded volume encompassed by the solvent accessible surface of the fibers (t + rw, the radius of 
water) is the length of the central spine of the helix times the cross-sectional area of the filament

Table 1 Thermodynamic coeffcients as determined by clas sical DFT for a spherical solute with different values of the radius rw.

Contact angle Θ   βγ 2

s
R   βκrw   βκ

49.6°   –0.0991   –0.835   –17.5
63.7°   –0.0687   –0.703   –15.9
76.2°   –0.0391   –0.572   –14.4
82.1°   –0.0247   –0.506   –13.6
87.9°   –0.0105   –0.441   –12.8
93.6°   0.00340   –0.376   –12.1
99.3°   0.0170   –0.311   –11.3
104.9°   0.0303   –0.246   –10.6
110.6°   0.0433   –0.181   –9.9
116.3°   0.0559   –0.117   –9.2
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2 2 2 2

w( ) 16 3 .V t r R Lπ π= + +
 

We can define the surface of each helical cylinder by the parametric equations, with each pitch
 

1 3tan
4
L

R
α

π
−

 
=  

 
 and tw  =  t + rw by the parametric equations

 ( , ) cos( ) sin( ) cos( 2 ) sin( 2 )[ sin( )]x u v t v u u R t vα=− + +w w  

 w( , ) 3 / 2 cos( ) cos( )y u v uL t vπ α= +
 

 ( , ) cos( ) sin( ) sin( 2 ) cos( 2 )[ sin( )]z u v t v u u R t vα= + +w w  

With X  =  {x(u, v), y(u, v), z(u, v)}, we can compute the surface area as follows:

 

2 2

0 0
| | .u vA X X dudv

π π
= ×∫ ∫  

Where the coefficients of the first and second fundamental forms are as follows:
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the mean curvature at each point is given by

 
2

2
2( )

EN FM GL
H

EG F
− +

=
−  

and the integrated mean curvature is calculated by

 
2 2

0 0
| | .u vC H X X dudv

π π
= +∫ ∫  

The helical filaments are forbidden from overlapping, but where the filaments are very close to each 
other, the excluded volume bounded by the solvent accessible surface does overlap. In this case, each of 
these quantities must be adjusted for the intersections. Here, the intersection was computed numerically 
using the program Karambola [21, 22].

The integrated Gaussian curvature is an integer invariant of the body and is prescribed by its topology. 
This can be simply computed by hand.

Results
We combine the geometric data over a large range of helical pitch and unit cell edge lengths with each set 
of prefactors for different contact angles given in Table 1. We examine the grand potential of the system as 
a function of geometry. Figure 3 shows the grand canonical potential landscape for three very hydrophilic 
examples (a–c) and three very hydrophobic examples (d–f). The qualitative behavior is opposite for the 
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opposing regimes: with hydrophilic filaments, Ω minimizes with increasing R and L, however with hydro-
phobic filaments, Ω minimizes for the most compact state, essentially squeezing out as much water as pos-
sible until the system jams.

There is an additional driving force when hydrophobic fibers are sufficiently close together, where a 
liquid–gas interface can form [23]. This is a small-scale analogue of the so-called capillary evaporation phase 
transition. A full treatment of the interface formation is beyond the scope of this study and would require one 
to compute the thermodynamic coefficients for the meta-stable gas phase and a minimization of the shape of 
the liquid–gas interface. Neglecting the effects of curvature, which are of importance to the present problem, 
one can estimate the distance between two fibers d(Θ  <  90°), for which capillary evaporation becomes impor-
tant [23]:

 
lg2

( ) cos ,d
p

γ
Θ Θ

∆
<
�  

(3)

where γlg is the liquid–gas interfacial tension and Δp  =  pg – pl is the pressure difference between the meta-
stable gas (g) and the stable liquid (l) phases, respectively.

An image of the compacted state of the structure, with minimal solvent in the channels, is shown in 
Fig. 4. The compacted state of this particular geometric arrangement is interesting: the ordered geometry dic-
tates that the system will jam at a packing fraction of approximately 0.44, which is still very porous. Interest 
in the structural chemistry community has been in relation to this very low packing fraction [9].

In addition to the behavior for sternly hydrophobic or hydrophilic filaments, we wish to ascertain how Ω 
minimizes as we change from slightly hydrophilic to slightly hydrophobic. Plots of Ω as a function of geom-
etry are shown in Fig. 5 for contact angles ranging from 82° to 99°. We see that the change from expansion 
to contraction is interesting: we start for slightly hydrophilic filaments by favoring swelling with a large 
helical radius, and then change to swelling with straight filaments almost in contact, and finally once we 
pass to hydrophobic filaments, the structure compacts. This transformation from expansion to contraction is 
gradual, and changes somewhere slightly less than a contact angle of 99°. This is where the water pressure 
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Fig. 3 The grand canonical potential in units of kBT  ×  104 as a function of helix radius (R) and unit cell size (L) both given in 
nanometres for three very hydrophilic examples with contact angles (a) 49°, (b) 63°, and (c) 76°, and three very hydrophobic 
examples with contact angles (d) 104°, (e) 110°, and (f) 116°. The hydrophilic systems minimize the grand canonical potential at 
infinite expansion and largest radius size, and the hydrophobic systems minimize at a compacted, jammed state with maximal 
packing fraction.
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term slightly favors expansion, but this is balanced by the slightly hydrophilic surface of the filaments favor-
ing contraction.

Conclusions
The computation of configurations that minimizes Ω suggests that changing the surface properties of the 
filaments can have a drastic effect. For hydrophilic filaments, the structure will absorb the solvent, and for 
hydrophilic filaments, the structure will squeeze out the solvent until it reaches a jamming point.

These calculations give some insight into the solvation properties of ordered sponge-like materials (most 
relevant to biomaterials), however, the approach is more general. In addition to finding the minimal Ω con-
formation of the structure, this method might provide a way to probe the mechanics of filamentous and wet 
materials, where external forces can lead to rearrangements and sliding inside the structure, which should 
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Fig. 5 The grand canonical potential in units of kBT  ×  104 as a function of helix radius (R) and unit cell size (L) both given in 
nanometres for systems ranging from slightly hydrophilic to slightly hydrophobic, with contact angles (a) 82°, (b) 87°, (c) 93°, 
and (d) 99°. The change from expansion to compaction is gradual as the hydrophobicity increases.

Fig. 4 The most compact state of the structure. This conformation is the minimal free energy form when the filaments have a 
hydrophobic surface.
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respond nonlinearly to external mechanical forces. This would be a nice way to probe the mechanics of highly 
tangled structures, such as tangled polymer melts.

In combination with the elastic free energy of the system, these methods have been applied to the study 
of swelling of the dead cells in the outer layer of mammalian skin. The structure detailed in this article is 
precisely the arrangement of keratin intermediate filaments in these dead cells, called corneocytes [17]. The 
minimization of the solvation free energy, which expands the structure as the filaments are hydrophilic, is 
balanced by the elastic energy stored in the elastic filaments themselves. This dictates precisely the swelling 
behavior of the corneocytes, most readily observed as wrinkling skin after too long in the bath [24].

Exploring solvation in ordered complex geometry could give significant insight into self-assembly pro-
cesses in nature, most obviously in mesoscale biological systems. Very complicated ordered patterns, some-
times with local helical geometry, readily self-assemble in a variety of systems [25, 26]. Solvation and the 
geometry of a solute in the solvent might play a role in this complex and poorly understood phenomenon. 
These processes might be considered via systematic studies of the solvation of enumerated ordered periodic 
patterns, such as those given in [16, 18, 27, 28].
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