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1. Introduction

Ever since Bose Einstein Condensate (BEC) has been
achieved in trapped alkali metal atomic vapours [1, 2], it
has become a potential and very interesting field because
of the rich physics involved. BEC shows various collective
quantum states in Bosonic atoms when trapped in optical
lattices. Since atoms in BEC are phase coherent and a
large number of bosons occupy the same quantum state, a

∗E-mail: bhattach@arsd.du.ac.in

BEC can be used as an atom Laser [3]. Discovery of BEC
has also led to a new branch of physics known as nonlinear
quantum optics [4–8], where interaction between light and
cold atoms plays a pivotal role. The founding of nonlinear
optics has initiated the prediction [9–13] and observation
[14, 15] of multiwave mixing in BECs which is basically
due to the presence of collisions. An interesting quantum
phenomenon, i.e, quantum phase transition: superfluid to
Mott insulator, was also demonstrated using cold atoms
[16–18]. Light and atoms have different roles to play in op-
tics and atom optics. Various phenomena which once were
supposed to be the properties of light such as, interfer-
ence, diffraction, beam splitting, reflection, etc. have also132
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been observed using cold atoms, i.e, matter waves. This
proves the great importance of the study of quantum prop-
erties of BEC. The dynamical interaction between optical
and atomic fields gives rise to many interesting optical
phenomena. In this paper, we investigate the dynamics of
two coupled quantum degenerate atomic fields (Bose Ein-
stein Condensate) interacting with two classical optical
fields in the nonlinear atom optics regime. Under certain
circumstances, one can formally eliminate the dynamics of
the atomic field, resulting in effective interactions between
light waves. Under a different set of conditions, one can
eliminate the electromagnetic field dynamics, resulting in
effective atom-atom interactions. These are the regimes of
nonlinear optics and nonlinear atom optics respectively.
These regimes, therefore, represent limiting cases, where
either the atomic or optical field is not dynamically in-
dependent, and instead follows the other field in some
adiabatic manner which allows for its effective elimina-
tion. Two-photon interaction produces entangled atom-
atom pairs which exhibit nonclassical correlations. Since
the system involves the creation of two correlated atom
pairs, we call it the nondegenerate dual atomic paramet-
ric amplifier (APA).The purpose of this paper is to develop
a theory for the dual APA, with an emphasis on the ma-
nipulation and control of their quantum statistics and the
generation of quantum correlations and entanglement be-
tween atomic fields. In this work we will closely follow a
previous work done by Moore, et al., [19]. In particular,
we study the Cauchy-Schwartz inequality and two-mode
squeezing. Violation of the Cauchy-Schwartz inequality
indicates the quantum nature of the correlations. The vio-
lation of the Cauchy-Schwartz inequality is found to exist
for a large number of atoms and is a macroscopic quan-
tum phenomena and has been studied extensively in a
number of systems including collective resonance fluores-
cence [20], two-photon cascade [21], two-photon laser [22],
parametric amplifier [23], optical double resonance [24] ,
even and odd trio coherent state [25] and four-wave mix-
ing [26]. Violation of the Cauchy-Schwartz inequality has
also been observed experimentally, though only in a few
systems [27–30].

2. The model

The atoms in the BEC are atomic systems in the ground
hyperfine sublevels F=1, MF = ±1,0,...., labeled respec-
tively as |g±, 0 >. Two counter-propagating σ+ and
σ−traveling wave light fields are employed to excite the
atomic condensate via two-photon excitations. Both light
waves are assumed to be strong enough to be treated as
classical fields. To initiate our arguments, we begin with

the second quantized Hamiltonian

H = HAtom + HLaser +HAtom−Laser + HAtom−Atom, (1)

where HAtom gives the free evolution of the atomic fields,
and HAtom−Laser describes the dipole coupling between the
atomic fields and the laser fields. HAtom−Atom contains the
two body s-wave scattering collisions between ground-
state atoms. With energy of the |g− > state taken to be
the reference zero, the total Hamiltonian is given by

H =
∑

i,j=g±,e

∫
d3xψ

†
i (x, t)

(
−h̄2▽2

2m + Vi(x)
)
ψi(x, t)

+
∫
d3xψ†e (x, t)h̄ △ ψe(x, t)

−
h̄

2

(∫
d3xΩ1ψ†e (x, t)eikxψg− (x, t)

+
∫
d3xΩ2ψ†e (x, t)e−ikxψg+ (x, t) + H.C.

)

+ 1
2

∫
d3xkijψ

†
i (x, t)ψ†j (x, t)ψj (x, t)ψi(x, t), (2)

where ψi(x, t) and ψ†i (x, t) are the annihilation and cre-
ation atomic field operators at position x and in the states
i = g±,e and at time t. They obey the usual bosonic equal
time commutation relations

[
ψi(x),ψ†j (x

′ )
]
=δi,j δ(x, x ′ ) and[

ψi(x),ψj (x ′ )
]
=
[
ψ
†
i (x),ψ†j (x

′ )
]
= 0. Vi is the trap potential,

and △ is the laser detuning, assumed to be sufficiently
large to reduce the incoherent effect of spontaneous emis-
sion during the interaction of the laser fields with the con-
densate. Ω1and Ω2 are the Rabi frequencies of the σ+ and
σ− laser fields respectively. kij= 4πh̄aij

M
, aij denotes the

s-wave scattering lengths for scattering between atoms in
the internal states i and j and M is the mass of a single
atom. Since the density of the excited state atoms is as-
sumed to be small, we shall neglect two-body collisions
between excited atoms (kee = 0) and that between excited
and ground state atoms (keg± = 0). To simplify the anal-
ysis further, we assume kg−g− = kg+g+ = kg+g− = kg−g+
= k0, which is particularly true for rubidium. In terms of
the Hamiltonian (2), the atomic field operators satisfy the
following Heisenberg equation of motion.

ih̄ d
dt
ψe(x,t) =

−

(
h̄△ ψe(x,t) + h̄

2Ω1ψg−eikx + h̄
2Ω2ψg+e−ikx

)
, (3) 133
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ih̄ d
dt
ψg+ (x, t) =

−

(
( h̄2▽22m − Vg)ψg+ (x, t) + h̄

2Ω2∗eikxψe(x, t)
)

+k0
(
|ψg− |

2 + |ψg+ |2
)
ψg+ (x, t), (4)

ih̄ d
dt
ψg− (x, t) =

−

(
( h̄2▽22m − Vg)ψg− (x, t) + h̄

2Ω1∗e−ikxψe(x, t)
)

+k0
(
|ψg− |

2 + |ψg+ |2
)
ψg− (x, t), (5)

where we have dropped the kinetic energy and trap po-
tential in Eqn. (3) under the assumption that the life time
of the excited atom, which is of the order of 1

△
, is so small

that the atomic center of mass motion may be safely ne-
glected during this period. For the same reason, we are
justified in neglecting collisions between excited atoms.
The trap potentials for the ground state |g+ > and |g− >
are assumed to be similar. We allow the excited atoms to
adiabatically follow the motion of the ground state atoms.
In this case Eqn. (3) has the adiabatic solution

ψe(x, t) = −
1
2△

(
Ω1eikxψg− (x, t) + Ω2e−ikxψg+ (x, t)

)
. (6)

Substituting Eqn. (6) into the equation of motion for
ψg± (x, t), we arrive at the effective Heisenberg equation
of motion for the ground state field operators.

i d
dt
ψg+ (x, t) =

(
ζ + |Ω2 |2

4△ + k ′0N
)
ψg+ (x, t)

+Ω1Ω∗2
4△ ei2kxψg− (x, t), (7)

i d
dt
ψg− (x, t) =

(
ζ + |Ω1 |2

4△ + k ′0N
)
ψg− (x, t)

+Ω∗1Ω2
4△ e−i2kxψg+ (x, t), (8)

where k ′0 = k0
2h̄ , ζ =

−h̄▽2

2m + Vg

h̄
. Atom number conserva-

tion holds if the number of ultra cold atoms is large enough

so that small fluctuations in the total population are ne-
glected. Consequently |ψg+ |2 + |ψg− |2 = N. Eqn. (7) and
Eqn. (8) show that the two-photon process transfers the
atoms from the condensate ground states |g+ > and |g− >
to new states that are shifted in momentum space by the
two-photon recoil. These new states constitute secondary
condensate components, which can be considered as mo-
mentum side modes to the original condensates. As these
side modes are populated, they begin to interfere with the
original condensates, resulting in fringe patterns.
We now introduce the atomic field operators Cg± which
annihilate an atom in the condensate ground state |ψg+ >,

Cg± =
∫
d3xψ∗0ψg± , (9)

where ψ0 satisfies the time-independent Gross-Pitaevskii
equation

(ζ + 2k ′0N|ψ0|2 −
µ

h̄
)ψ0(x) = 0. (10)

Here µ is the chemical potential. Differentiating Eqn. (9)
with respect to time and inserting Eqns. (7), (8) and (10),
we find the equation of motion for Cg± .

d
dt
Cg+ = −i

∫
d3x

([
µ
h̄
+ k ′0N − 2k ′0N|ψ0|2

+ |Ω2 |2
4△

]
ψ∗0ψg+ +

Ω1Ω∗2
4△ e2ikxψg−ψ

∗
0

)
, (11)

d
dt
Cg− = −i

∫
d3x

([
µ
h̄
+ k ′0N − 2k ′0N|ψ0|2 + |Ω1 |2

4△

]
ψ∗0ψg−

+Ω∗1Ω2
4△ e−2ikxψg+ψ

∗
0

)
. (12)

From Eqn. (11) and Eqn. (12), we see that the effect of the
optical fields is to couple the original condensate modes
to two side modes (whose momenta differ by 2h̄k from the
original modes). The operators for the side modes are
defined as

Cg−− =
∫
d3xψ∗0e

2ikxψg− , (13)134
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Cg++ =
∫
d3xψ∗0e

−2ikxψg+ . (14)

Eqn. (11) and Eqn. (12) are rewritten in terms of Eqn. (13)
and Eqn. (14) as

d

dt
Cg+ = −iαCg+ − iβCg−− , (15)

d

dt
Cg− = −iγCg− − iδCg++ , (16)

where,

α = µ

h̄
+ k ′0N − 2k ′0N|ψ0|2 +

|Ω2|2
4△ , (17)

γ = µ

h̄
+ k ′0N − 2k ′0N|ψ0|2 +

|Ω1|2
4△ , (18)

β = Ω1Ω∗
2

4△ , (19)

δ = Ω∗
1Ω2
4△ . (20)

Eqns. (15) and (16) indicate the coupling between the
modes Cg+ ,(Cg− ) and Cg−− (Cg++ ). We now derive the
Heisenberg equations for the momentum side mode field
operators Cg−− ,Cg++ . Differentiating Eqns. (13) and (14)
with respect to time and again inserting Eqns. (7) and (8),
we get

d

dt
Cg++ = −iαCg++ − iβCg− , (21)

d

dt
Cg−− = −iγCg−− − iδCg+ . (22)

The operators Ci (i = g+, g−, g++, g−−) obey the commu-
tation relations

[
Ci,C†

j

]
= δij , and all other commutators

are zero. The set of Eqns. (15), (16), (21) and (22) repre-
sent coupled equations. For real Ω1 and Ω2, the solutions
are obtained as

Cg+ (t) = [Cg+ (0)δ1 − Cg−− (0)δ2 ]e−iR
′
t, (23)

Cg− (t) = [Cg− (0)δ1 − Cg++ (0)δ2 ]e−iR
′
t, (24)

Cg−− (t) = [Cg−− (0)δ1 − Cg+ (0)δ2 ]e−iR
′
t , (25)

Cg++ (t) = [Cg++ (0)δ1 − Cg− (0)δ2 ]e−iR
′
t , (26)

where

δ1 =
Ω21e−iRt +Ω22
Ω21 +Ω22

, (27)

δ2 =
Ω1Ω2(e−iRt − 1)

Ω21 +Ω22
, (28)

R
′ = µ

h̄
+ k ′0N − 2k ′0N|ψ0|2, (29)

R = Ω21 +Ω21
4△ . (30)

Figure 1. Plot of the population difference D = |Cg+ |2−|Cg++ |2
N

as a

function of dimensionless time τ = Ωt for Ω
4∆ = 0.1.

In order to understand the physics implied by Eqns. (23)–
(30), we take for simplicity Ω1 = Ω2 = Ω, and initially
the original modes are equally populated, i.e, Cg− (0) =
Cg+ (0) =

√
N
2 and all other higher modes are empty

Cg++ (0) = Cg−− (0) = 0. Consequently, Eqns. (23)–(26)
reduce to

Cg+ (t) = Cg− (t) =
√
N

2 cos(
Ω2t
4△ )e

−iR
′
t , (31) 135
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Cg++ (t) = Cg−− (t) = −i

√
N

2 sin(
Ω2t
4△ )e

−iR
′
t . (32)

The total atomic number density is always conserved:

|Cg+ (t)|2 + |Cg− (t)|2 + |Cg++ (t)|2 + |Cg−− (t)|2 = N. (33)

The atomic field operators C†
g++Cg− and C

†
g−−Cg+ corre-

spond physically to interference fringes that appear be-
cause of periodic modulation of the atomic density. In Fig-
ure 1, we plot the population difference D = |Cg+|2−|Cg++|2

N

as a function of dimensionless time τ = Ωt. The ob-
served population oscillations are in fact Rabi cycling of
the atoms between the original condensates and the side
modes. Eqns. (31) and (32) indicate that the population
transfer between the modes can be conveniently manipu-
lated by the laser parameters.

3. Quantum statistics

In this section, we use solutions (25) and (26) to calculate
some of the quantum statistical properties of the system.
One of the most important applications of the present dual
APA system is the generation of entangled atomic states.
We first examine the second order two-mode intensity cor-
relation functions which give a measure of entanglement
and can be used to determine whether or not non-classical
correlation exists between the various modes. We then
discuss two-mode squeezing in the present system.

3.1. Atom-atom entanglement

The second order correlation function of the various con-
densate modes has the following time average form:

G
(2)
ij (τ) =

< NiNj > −δij < Nj >

< Ni >< Nj >
, (34)

where, Ni = C
†
i (t)Ci(t + τ).

The two-mode correlation function (i 6= j) arises, e.g., if
we consider a measurement of the intensity difference be-
tween two modes, described by the operators Nij = Ni-
Nj . For uncorrelated fields, G(2)ij = 1. If, however, there
are correlations between fluctuations in the intensities of
the two modes, then we have G(2)ij > 1. For classical fields,
the two-mode (i 6= j ) correlations are constrained by the
Cauchy-Schwartz inequality.

G
(2)
ij ≤ [Gii ]1/2[Gjj ]1/2. (35)

This inequality indicates that for a classical system the
cross correlation between the two atomic fields Gij can-
not be larger than the geometric mean of the zero time
autocorrelations Gii and Gjj . Quantum mechanical fields,
however, can violate this inequality. Fig. 2 illustrates the
time dependence of the correlation functions G(2)g++g− (τ)
and [Gg++g++ ]1/2[Gg−g− ]1/2 for Ω

4△ = 1.0 (left plot) and 0.1
(right plot) respectively. Results indicate the sensitivity
of the statistical properties of the BEC to the parameters
Ω
4△ . When Ω

4△ = 1.0, the Cauchy-Schwartz inequality is
violated periodically for certain times. Violation of the
Cauchy-Schwartz inequality for almost all times is seen
for Ω

4△ = 0.1. The Cauchy-Schwartz inequality is violated
since the correlation between the atomic fields of differ-
ent modes is larger than the correlation of atomic fields
of the same mode. The violation of the Cauchy Schwartz
inequality represents a non-classical effect. Strong cor-
relations between two different modes make them indis-
tinguishable, a key requirement for quantum information
processing protocols, and form the basis of proposed quan-
tum memories and logic. Violation of this inequality is also
an indication of correlation between the fluctuation in the
intensities of the two modes Cg++ and Cg− . For a given
value of Ω

4△ , this violation is restricted to only a certain
range of the time quadrature. This range can be easily
adjusted by the parameter Ω

4△ .

3.2. Two-mode squeezing

In this subsection, we discuss the phase sensitive two-
mode correlation in the dual APA, which we expect to
show squeezing behaviour. The quantum correlations dis-
cussed previously may give rise to two-mode squeezing.
The APA exhibits quantum mechanical correlations which
violate the Cauchy-Schwartz inequality. These quantum
correlations may be further exploited to give squeezing. In
particular, we study the squeezing properties of the two
modes Cg− and Cg++ as in the previous subsection. We
introduce the quadrature components of the superposed
modes Cg− and Cg++

Xθ =
√
N

2

(
Cg−e

iθ + Cg++e−iθ + H.C.
)
. (36)

The variance of Xθ is given by

V (Xθ) =< X 2θ > − < Xθ >
2, (37)136
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Figure 2. Figure illustrating violation of the Cauchy-Schwartz inequality. Plot (a) is G
(2)
g++g− (τ) and (b) is [Gg++g++ ]1/2 [Gg−g− ]1/2. The left plot is

for Ω
4∆ = 1.0 and the right plot is for Ω

4∆ = 0.1.

where θ is the squeezing parameter and can be varied to
minimize the quadrature variance (Vmin). The Heisenberg
uncertainity principal gives V(Xθ)V(Xθ+ π

2 ) ≥ 1; hence a
quadrature component is squeezed, provided V(Xθ ) ≤1.
Fig. 3 shows the contour plot of V (Xθ)as a function of
time and θ. Changing the squeezing parameter θ, enables
one to move from enhanced to diminished, i.e., squeezed,
quadrature phase fluctuations. The system parameters
Ω/4∆ and R ′ coherently control the squeezing. Note that
for a fixed chemical potential and fixed particle number,
R

′ can be tuned by the two-body interaction. Appropri-
ate choice of the system parameters leads to persistent
squeezing (squeezing to exist for all times). This is simi-
lar to the two-mode optical parametric amplifier, where the
quadrature component remains squeezed for all times. We
note that the squeezing in the APA is due to the quantum
correlations which build up in the BEC original modes and
the side modes. The individual modes are not squeezed.
However it has been shown that the presence of squeezing
does not necessarily guarantee violation of the Cauchy-
Schwartz inequality [27].

4. Conclusions

In this work, we have investigated the quantum dynamics
of two coupled quantum degenerate atomic fields (BEC)
interacting with two classical optical fields in the nonlin-
ear atom optics regime. Two-photon interaction produces
entangled atom-atom pairs which exhibit nonclassical cor-
relations. We have shown that by tuning the various sys-
tem parameters, we can coherently control the two-mode
squeezing and the Cauchy-Schwartz inequality. We can
go into the strong quantum regime by regulating the sys-
tem parameters. The violation of the Cauchy-Schwartz

inequality and the two-mode squeezing is a direct indica-
tion of the system entering the quantum regime. Indistin-
guishability of the coupled atomic modes in the quantum
regime is the key ingredient for possible applications. The
current system in the quantum regime is a potentially use-
ful platform for quantum information processing protocols
and for possible quantum memories. Since the system in-
volves the creation of two correlated atom pairs, we call
it the nondegenerate dual atomic parametric amplifier.
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