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1. Introduction

Recent advancements in signal processing and the deeper
understanding of quantum effects have given rise to nu-
merous applications of quantum geometric phase in vari-
ous disciplines of science and engineering. Original find-
ings by M.V.Berry in quantum mechanics [7] have been
later extended to optics, solid state physics, chemistry
and many other fields [4, 8]. The concepts of geomet-
ric phase have also been applied to classical mechanical
systems described by action-angle variables [6, 15], clas-
sical polarized light [20], and complex-valued observable
signals and scalar waves [3]. In [1], a technique for geomet-
ric phase decomposition based on the short-time Fourier
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transform (STFT) has been suggested for a class of signals
governed by unitary SU(2) evolutions.
Although computationally very attractive, STFT suffers
from reduced time-frequency resolution due to smooth-
ing windowing functions [21, 24]. To overcome this bar-
rier, D.Thomson has suggested prolate spheroidal func-
tions [25], orthogonal and optimally concentrated in fre-
quency domain. These windowing functions are compactly
supported in time and are optimally localized in frequency.
Therefore they are optimal for estimation of stationary
spectra. Later, D.Thomson’s method for stationary signals
has been extended to time-varying spectrum estimation by
multiple Hermite-Gaussian (HG) windows [5] and multi-
taper time-frequency distribution reassignment [26] tech-
niques. These methods allow optimal spectrum estimation
of nonstationary signals.
As it was originally suggested in [13, 14] and exploited
in [5, 26], HG functions are optimally concentrated in the66
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circular time-frequency domain and provides best resolu-
tion both in time and frequency for the noisy spectrogram
analysis. Geometric phase can be derived numerically
as the total phase decomposition based on instantaneous
frequency, which is itself described by the joint time-
frequency distribution. Hence, it is of practical impor-
tance to study applicability of HG windowing functions to
geometric phase decomposition of complex valued signals
in order to achieve higher accuracy of phase estimation.
HG function set is also an attractive study object because
it represents eigenfunctions of quantum harmonic oscil-
lator and can be used to expand ultra-wideband pulses
commonly used in radio communications. Therefore the
use of HG functions for geometric phase decomposition
for quantum harmonic oscillator and harmonic pulses is of
particular interest.
In this paper, we apply time-frequency analysis of nonsta-
tionary signals for geometric phase decomposition in the
basis of HG functions with numerical examples allowing
to test the accuracy of the method.
The paper is organized as follows. Section 2 provides
theoretical background for time-frequency analysis and
geometric phase decomposition of time-varying spectrum
signals. In Section 3, numerical examples of some SU(2)-
type evolutions are presented. Comparison of analytical
and numerical results are provided to give an estimation of
proposed method’s accuracy. Sections 4 and 5 extend ap-
plications of geometric phase decomposition to squeezed
states of quantum harmonic oscillator and radiation field
of a pulse-exited electrical dipole. Finally, discussion of
achieved results and the method accuracy is summarized
in Results and conclusions.

2. Joint time-frequency analysis
and geometric phase decomposition

Given a complex-valued signal

s(t) = A(t)eiφ(t), (1)

where amplitude A(t) and phase φ(t) being real-valued
functions of time or space, one can define a time-frequency
distribution P(t, ω) as the joint density of signal’s energy
at time t and frequency ω.
Suppose that the signal energy is normalized such that

E =
∫

s(t)∗s(t)dt =
∫

|A(t)|2 dt = 1. (2)

All integrals without limits in this paper imply integration
from −∞ to +∞.

Then signal’s time-frequency distribution density P(t, ω)
should satisfy the following conditions:

∫
P(t, ω)dω = P(t), (3)

∫
P(t, ω)dt = P(ω), (4)

∫ ∫
P(t, ω)dωdt = 1, (5)

where P(t) and P(ω) are signal power over time and fre-
quency axis, respectively.
The conditional time-frequency distribution P (ω| t) =
P(t, ω)/P(t) of frequency ω for a given time moment t can
be used to define the instantaneous frequency of a signal
as the conditional frequency moment [10, 12, 22],

〈ω〉t =
∫

ωP (ω| t) dω = 1
P(t)

∫
ωP(t, ω)dω. (6)

Geometric phase decomposition is used to separate fast
and slow dynamics (evolution) in the signal phase space.
According to [1], the slow evolution attributed to the dy-
namical part of the total signal phase can be approximated
by phase integral of instantaneous frequency over time:

α(t) =
∫ t

0
〈ω〉t′ dt′ =

∫ t

0

1
P(t′)

∫
ωP(t′, ω)dωdt′, (7)

where α(t) is called the dynamical phase.
The rest of the total phase is called the geometric phase,
γ(t), due to its relationship to the topology of the system’s
parametric space. It can be evaluated as a difference be-
tween the total and dynamical phases:

γ(t) = arg (s∗(0)s(t)) − α(t). (8)

For some quantum or classical evolutions, dynamical
phase estimated using average instantaneous frequency
differs from the total phase acquired by the signal over
time, therefore giving rise to geometric phase part. In the
next sections, we provide characteristic properties of ge-
ometric phase for most common manifestations of SU(2)
evolutions.
Estimation of dynamical phase (and geometric phase, as
a consequence) depends on the selection of P(t, ω) dis-
tribution. In [1], STFT has been studied as a proper can-
didate for geometric phase decomposition. It was shown
that by adjusting a controlling parameter, the intermediate
frequency separating dynamical and geometric phases, a
close agreement between analytical and numerical results
can be achieved for a large number of SU(2) evolutions. 67
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However, STFT suffers from time resolution and bias for
rapidly varying or highly nonstationary ultra-wideband
signals.
Here we present a method for geometric phase decompo-
sition based on reassignment and multi-tapering of time-
frequency distribution over a set of orthonormal HG func-
tions. As it was originally proposed in [25] and later elab-
orated in [5, 26], time-frequency localization bias and vari-
ance (especially for noisy signals) of STFT can be reduced
by reassignment and multi-tapering techniques. The re-
assignment consists of shifting the time-frequency analy-
sis domain to the center of mass coordinates according to
the time-frequency distribution of signal’s energy. The
multi-tapering involves averaging of nonstationary sig-
nal’s spectrogram estimations over several time periods.
The reminder of this section introduces reassignment and
multi-tapering concepts in a mathematical notation.
Consider a STFT distribution

P(t, ω; g) = |STFT (t, ω; g)|2 , (9)

STFT (t, ω; g) = 1√
2π

∫
s(τ)g∗(τ − t)e−iωτdτ, (10)

where g(t) is the windowing function, which determines
time and frequency resolution of the distribution. The
shorter the window g(t), the better the time resolution, but
wider frequency bandwidth, and vice versa. This localiza-
tion limitation can be improved by assigning the center
of mass coordinates in the time-frequency domain to shift
time-frequency distribution for better resolution. The new
local center of mass can be defined as [5, 26]

t̄t,ω = t + Re {STFT (t, ω; Tg)/STFT (t, ω; g)} , (11)
ω̄t,ω = ω − Im {STFT (t, ω; Dg)/STFT (t, ω; g)} , (12)

where T and D are operators for modified windowing func-
tion:

Tg(t) = t · g(t), Dg(t) = d
dt g(t). (13)

The reassigned to new centroids time-frequency distribu-
tion is expressed as

RS(t, ω; g) =
∫ ∫

STFT (t, ω; g)

× δ(t − t̄t′ ,ω′ )δ(ω − ω̄t′,ω′ )dt′dω′. (14)

For nonstationary signals, the time integration over a fi-
nite interval gives only a raw estimate of time-frequency
distribution. It can be improved by averaging uncorrelated

STFT estimations. To achieve this, the time-frequency
distribution projected onto an orthonormal set of basis
functions {gk (t), k ∈ N} is suggested in [5, 25]:

RSK (t, ω) = 1
K

K∑

k=1
RS(t, ω; gk ), (15)

where gk are known as prolate spheroidal wave functions
[23, 25].
For nonstationary signals, gk should ensure effective lo-
calization of reassigned spectrogram both in time and fre-
quency. As it is shown in [5, 13, 14, 26], such functions
are Hermite-Gaussian functions defined by

hk (t) = π−1/4(2kk!)−1/2
(

t −
d
dt

)k
e−t2/2, k = 0, 1, 2, . . . .

(16)
Multi-tapered reassigned spectrogram (15) can be effec-
tively used for joint time-frequency analysis of discrete-
time signals as elaborated in [26] and which we have also
used for numerical estimation of geometric phase.

3. Numerical applications to SU(2)
evolutions

Geometric phase decomposition using HG function set has
been applied to a number of SU(2) evolutions involving
spin-1/2 particles in a magnetic field and polarized light.
Numerically calculated geometric phase using methodol-
ogy developed in Section 2 has been compared against an-
alytical derivations of geometric phase [1, 2, 18]. The fol-
lowing subsections list several cases of geometric phases
in SU(2) evolutions.

3.1. Spin-1/2 particles in a static magnetic
field

We investigate quantum evolution of spin-1/2 particles
with spins initially subtending an angle θ with a static
magnetic field. The particles undergo a precession with
an angle φL as determined by the SU(2) transformation
exp(−iσzφL/2) where σz is the third Pauli matrix. The
interference term between initial and final states can be
represented as a complex signal [1]

s(φL) =
√

1 − sin2 θ sin2 φL
2

× exp
[
−i arctan

(
cos θ tan φL

2

)]
, (17)68
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Figure 1. Real and imaginary parts of a complex signal representing
interference term of a spin-1/2 in a static magnetic field.
Angle of incident spin orientation θ = 110◦.

which is shown in Figure 1. The total phase of this signal
can be decomposed into dynamical and geometrical parts,
where noncyclic geometric phase evolution is expressed
as [1]

γ(φL) = − arctan
(

cos θ tan φL
2

)
+ φL

2 cos θ. (18)

Numerically geometric phase is estimated by applying re-
assigned multi-tapered spectrogram (15) to complex signal
(17) and estimating geometric phase according to Equa-
tions (7), (8). Numerical results are compared to analytical
curves in Figure 2.

3.2. Spin-1/2 particles in a rotating magnetic
field

Consider a spin-1/2 particle subjected to an external mag-
netic field B(t) = (B1 cos ωt, B1 sin ωt, B0) rotating with
Larmor frequency ω = ω0 = g′B0, g′ being the gyromag-
netic ratio. The evolution of such a system includes cyclic
states when ω1 = g′B1 becomes integer multiples of the
Larmor’s frequency ω0. For such evolutions initial state
vector after some time period T returns to itself up to a
phase factor, including geometric phase part according to
[2]

γ(t) = − arctan
[
cos ω1t tan ω0t

2

]
+ ω0

2
sin ω1t

ω1
. (19)

One such a cyclic state with period T = 2π/ω1 and ω0T =
48π was used for geometric phase decomposition. The

Figure 2. Geometric phase decomposition for a spin-1/2 in a static
magnetic field for incident spin orientation angle θ = 110◦.
Solid line – analytical dependence according to Equation
(18), dashed line – numerical decomposition using time-
frequency distribution.

Figure 3. Geometric phase decomposition for a spin-1/2 in a rotating
magnetic field for a cyclic state with period T = 2π/ω1 and
ω0T = 48π. Solid line – analytical dependence according
to Equation (19), dashed line – numerical decomposition
using time-frequency distribution.

comparison of numerical and analytical results is shown
in Figure 3.

3.3. Polarization rotation

In this case, we investigate a plane wave subjected to the
polarization rotation in optically active medium, or Fara-
day effect. We analyze a complex signal – the outcome 69
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Figure 4. Geometric phase decomposition for polarization rotation
with ellipticity parameter Z = 0.05 and coefficient of
anisotropy δ/κ = 0.2. Solid line – analytical dependence
according to Equation (20), dashed line – numerical de-
composition using time-frequency distribution.

of a scalar vector product of the initial and final polariza-
tion vectors drawn in the parametric space over quantum
system evolution in time [1]. Consider a linearly polarized
wave consisting of two circularly polarized components
e+, e−, with ellipticity parameter Z = |e+|2−|e−|2, the av-
erage wavenumber κ = (k+ + k−) /2, and δ = (k+ − k−) /2
being a difference of the wavenumbers k± of two circularly
polarized components propagating along z direction. Ge-
ometric phase evolution for such a polarized wave along
the propagation direction can be estimated theoretically
as [18]

γ(z) = arctan (Z tan δz) − Zδz. (20)

Geometric phase evaluated analytically and numerically
is shown in Figure 4 for parameter values Z = 0.05 and
δ = 0.2κ.

4. Geometric phase for squeezed
states of a quantum harmonic oscil-
lator

Quantum harmonic oscillator with its HG eigenfunctions
is a good candidate for studying geometric phase decom-
position in the basis of the same HG function set. Here
we analyze cyclic squeezed states generated by a general
quadratic Hamiltonian of the position q̂ and momentum p̂

operators [27],

Ĥ = 1
2

[
a(t)q̂2 + b(t)p̂2 + c(t)(q̂p̂ + p̂q̂)

]
(21)

with periodic parameters

a(t) = 1 + ε cos ωt, b(t) = 1 − ε cos ωt,

c(t) = ε sin ωt, (22)

of frequency ω, and a constant parameter ε < 1. The con-
tribution of quantum fluctuations to the geometric phase
of such cyclic squeezed states has been developed by
P.Bracken in [11] for the general squeezed coherent state
of complex variables z and β,

|Ψzβ〉 = exp
(
zâ+ − z∗â

)
exp

(
β

2 â+2 − β∗

2 â2
)

|0〉 , (23)

where â+ and â are creation and annihilation operators.
P.Bracken derived approximate solution to order ε2 of ge-
ometric phase for a cyclic state with period T = 2π/ω as
an integral:

γ = −
∫ T

0
Π̇Gdt (24)

over conjugate Jackiw and Kerman variables G and Π [17]
characterizing quantum fluctuations of the position and
momentum due to uncertainty principle:

∆q2 = G, ∆p2 = 1
4G

+ 4GΠ2. (25)

The same derivation can be extended to noncyclic evolu-
tions for studying geometric phase temporal dependence,

γ(t) = −
∫ t

0
Π̇Gdτ = −1

2
ε

ω + 2

× sin ωt −
( ε

ω + 2
)2

(
ωt

2 − sin(2ωt)
4

)
. (26)

Numerical geometric phase decomposition of Section 2
has been applied to a complex signal s(t) = exp(iφ(t))
reconstructed from the total phase φ(t) of the squeezed
state |Ψ, t〉,

φ̇(t) = 〈Ψ, t| i
∂

∂t
|Ψ, t〉 − 1

h̄
〈Ψ, t| Ĥ |Ψ, t〉 , (27)

for a periodic evolution with ω = 1 and ε = 0.1. The
comparison of numerical and analytical results is shown in
Figure 5. Both numerical and analytical geometric phase
curves exhibit sinusoidal behavior and follow closely each
other.70
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Figure 5. Geometric phase decomposition for a quantum harmonic
oscillator. Solid line – analytical dependence according
to Equation (26), dashed line – numerical decomposition
using time-frequency distribution.

5. Geometric phase of a pulse-
exited electrical dipole

In the previous sections we have used stationary infinite-
time waveforms for numerical analysis of geometric phase
decomposition. In practical applications, such as ultra-
wideband communications, limited duration HG waveforms
are widely used. Such signals represent an attractive case
for studying geometric phase decomposition in the basis
of HG function set. Here we explore a radiation field of
electromagnetic dipole excited by a pulse, in which case
the emitted time domain waveforms can be represented via
HG functions [16].
For an electric harmonic dipole, the radiation field can be
expressed via the Hertzian potential

Πe = s(ωt − kr)
4πr

p, (28)

where s(ωt − kr) = e−i(ωt−kr) is harmonic function of tem-
poral t and spatial r variables with corresponding angular
frequency ω and spatial wavenumber k , and p being the
dipole moment vector. As shown in [16, 19], a basis set
of HG functions can be used to expand any harmonic or
short-pulse waveform using the following relationship:

s(ωt − kr) = e−i(ωt−kr) =

=
√

2π

∞∑

n=0
e−inπ/2hn(1)hn(ωt − kr), (29)

where hn(x) are HG functions defined by Equation (16).
When a limited number of terms is used in (29) sum,
s(ωt − kr) becomes a short-pulse waveform. Time-space
domain waveforms together with phase dependencies on
wavenumber ωt − kr are illustrated in Figure 6. The left
side column displays a series of harmonic pulses con-
structed by summing up 5, 10, and 100 HG terms in Equa-
tion (29). The right side graphics in Figure 6 show the
total phase curves of the corresponding harmonic pulses
displayed on the left side. The total phase dependence on
the wavenumber ωt−kr is close to linear within the pulse
duration and approaches an ideal line when the number of
HG terms in (29) sum is increased towards infinity. The
infinity limit is equivalent to a purely harmonic infinite
waveform when the total phase contains only the dynam-
ical phase part representing linear temporal and spatial
evolution of the propagating wave.
Geometric phase can arise as a result of superposition of
two harmonic waveforms [3]. Here we estimate geomet-
ric phase of the superposition of two harmonic short-time
pulses each constructed from a limited set of HG functions:

a1s(ωt − kr + φ1) + a2s(ωt − kr + φ2), (30)

with relative amplitudes a1, a2 and initial phases φ1, φ2.
Geometric phase for a such pulse superposition can be nu-
merically estimated using the joint time-frequency anal-
ysis outlined in Section 2. The results of geometric
phase decomposition for different-length pulses are shown
in Figure 7. Here the left side graphics display com-
plex waveforms of pulse superpositions and the right side
graphics show calculated geometric phase evolutions over
pulse duration. In Figure 7, numerically estimated ge-
ometric phase is compared against analytically derived
curves according to methods presented in [3], obtained for
scalar wave superpositions. Analytically and numerically
calculated geometric phase curves represent rather close
resemblance and exhibit step-like behavior characteristic
to geometric phase jumps [9].

6. Results and conclusions

Numerically geometric phase has been estimated by sam-
pling input complex signal and applying a discrete version
of multi-tapered reassigned spectrogram expressed by (15)
and discussed in detail in References [5, 26]. Sampling of
continuous time-space signals introduces a set of param-
eters on which depends the accuracy of the method – the
difference between numerical estimation and the exact an-
alytical expression of geometric phase. Numerical calcu-
lations involve discretization of the signal by N samples 71
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(a) (b)

(c) (d)

(e) (f)

Figure 6. Harmonic pulse representations using different number of HG functions. The left column figures show real (solid curve) and imaginary
(dashed curve) parts of a complex pulse, while the right column contains total phase curves for the corresponding pulses. The following
number of HG functions are used to generate the pulses: 5 (a, b), 10 (c, d), and 100 (e, f).72
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(a) (b)

(c) (d)

(e) (f)

Figure 7. Geometric phase decomposition for harmonic pulse superpositions using different number of HG functions. The left column figures
show real (solid curve) and imaginary (dashed curve) parts of a complex pulse superpositions, while the right column contains geometric
phase curves for the corresponding pulses. Geometric phase obtained numerically from joint time-frequency analysis (dashed curves)
is compared against analytical results according to [3] (solid curves). The following number of HG functions are used to generate the
pulses: 5 (a, b), 10 (c, d), and 100 (e, f). 73
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Table 1. Error estimation of geometric phase decomposition.

Numerical experiment N K Nh tm RMSE, rad
Spin-1/2 in static magnetic field 128 2 275 3 0.151
Spin-1/2 in rotating magnetic field 128 34 75 12 0.617
Polarization rotation 256 2 255 3 0.019
Quantum harmonic oscillator 256 2 125 14 0.002
Harmonic dipole with 5 pulses 256 3 255 6 0.065
Harmonic dipole with 10 pulses 256 3 255 8 0.047
Harmonic dipole with 100 pulses 256 3 255 20 0.036

and application of discrete reassigned spectrogram (15)
with K number of tapers and discrete windowing func-
tions gk being the HG functions, each of them having Nh

samples in length and tm samples time support. As an
absolute measure of accuracy, a root mean square error
(RMSE) between numerically obtained and analytical ge-
ometric phase curves has been chosen. Different numerical
experiments require a different number of signal periods to
capture the full evolution of geometric phase including its
characteristic phase jumps. In this case the absolute error
increases for larger numbers of signal periods as estima-
tion error accumulates due to dynamical phase averaging
over a whole signal evolution (cf. Equation (7)). There-
fore for a relative error estimate, an average RMSE value
per signal period has been calculated. In order to achieve
minimum geometric phase error, a set of parameters N,
K , Nh and tm have been varied over preselected range
of values using parameter sweep method. The estimation
results for different numerical test cases are presented in
Table 1. The largest estimation error occurs for spin parti-
cles in static and magnetic fields (up to about 0.62 radians
per signal period), while for quantum harmonic oscillator
and harmonic pulse-excited dipole, which eigenfunctions
are HG function set, the error is below 0.07 radians per
signal period.

The proposed method for geometric phase decomposition
using time-frequency analysis based on HG functions is
applied to a number of physical evolutions involving quan-
tum phenomena. Numerically estimated geometric phase
is compared against analytical derivations of quantum ge-
ometric phase. Numerical results are based on classi-
cal observable signals, while analytical results stem from
quantum mechanical description of physical system evo-
lution. By extending the joint time-frequency analysis to
reassigned multi-tapered spectrograms the method of ge-
ometric phase decomposition receives greater universal-
ity and wider scope of potential applications, especially
for a class of signals that can be represented by a lim-
ited set of HG functions. These results justify application

of HG function basis for joint time-frequency distribution
in geometric phase decomposition algorithm and provide
an opportunity to extract quantal geometric phase fac-
tor from classical pulse-like signals. Presented methodol-
ogy opens a way for more extensive studies of geometric
phase properties of classical observable signals generated
by quantum counterparts – spin or photon particles, geo-
metric phase effects of which are more thoroughly studied
from the theoretical point of view.
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