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Abstract: In this work, we explore more applications of the simplified form of the bilinear method to the seventh-
order Caudrey-Dodd-Gibbon (CDG) and the Caudrey-Dodd-Gibbon-KP (CDG-KP) equation. We formally
derive one and two soliton solutions for each equation. We also show that the two equations do not show
resonance.
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1. Introduction

The nonlinear evolution equations, and in particular the
integrable systems, have attracted much works in the
scientific literature. These nonlinear equations usually
exhibit richness of explicit solutions of distinct physical
structures, such as solitons with a variety of distinct forms
such as kinks, peakons, cuspons and compactons, periodic
solutions, rational solutions, etc. The one soliton solu-
tions are the mostly solutions that were examined. How-
ever, two and three soliton solutions are used in optical
communication models.

Soliton is an important feature of nonlinearity caused by a
balance of nonlinearity and linear dispersion [1–8]. Soli-
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ton has localization and stabilization. Solitons, chaos, and
fractals are the three most important aspects of nonlinear
science. These three aspects are widely applied in many
natural science such as chemistry, biology, mathematics,
communication, fluid dynamics, plasma physics, field the-
ory, fiber optics and condensed matter physics. Solitons
appear, for example, for integrable systems, whereas chaos
and fractals generate, for example, from non-integrable
models.

Many powerful methods [9–20] are used in solitary
waves theory to study nonlinear evolution equations.
The algebraic-geometric method, the inverse scattering
method, the Bäcklund transformation method, the Painleve
analysis, the Darboux transformation method, the Hirota
bilinear method, and other methods are used to make
progress in this field. The Hirota’s bilinear method is
rather heuristic and possesses significant features that
make it practical for the determination of multiple soliton
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solutions for a wide class of nonlinear evolution equations
in a direct method. Hereman et. al [7] developed a simpli-
fied form of the bilinear method that facilitates the compu-
tational work, where bilinear forms are not used by using
this approach. s It is well known that collision between
solitons of completely integrable equations is considered
completely elastic, where the amplitude, velocity and soli-
ton shape do not undergo any change after the interaction.
Moreover, the soliton narrows as the amplitude increases.
The classical solitons are analytic solutions, whereas com-
pactons are non-analytic solutions. The compactons dis-
covery motivated a considerable work to make compactons
be practically realized in scientific applications, such as
the super deformed nuclei, pre formation of cluster in hy-
drodynamic models, the fission of liquid drops (nuclear
physics), inertial fusion and others.
For further use, we point out that Kadomtsev and Petvi-
ashvili [4] extended the KdV equation

ut + 6uux + uxxx = 0. (1)

to obtain the Kadomtsev-Petviashvili (KP) equation

(ut + 6uux + uxxx )x + 3uyy = 0. (2)

Kadomtsev and Petviashvili [4] relaxed the restriction that
the waves be strictly one dimensional, namely the x-
direction of the KdV equation to derive the completely in-
tegrable KP equation (2). The KP equation describes the
evolution of quasi-one dimensional shallow-water waves
when effects of the surface tension and the viscosity are
negligible.
The standard form of the seventh-order Caudrey-Dodd-
Gibbon (CDG) equation [1–3] reads

ut + 420u3ux + 210u2uxxx + 420uuxuxx + 28uuxxxxx
+ 28uxuxxxx + 70uxxuxxx + uxxxxxxx = 0. (3)

The integrability of (3) is still an open question [2].
Using the KP sense, we can relax the restriction that the
waves be strictly one dimensional in (3), we introduce
the seventh-order Caudrey-Dodd-Gibbon-KP (CDG–KP)
equation in the form

(ut + 420u3ux + 210u2uxxx + 420uuxuxx + 28uuxxxxx
+ 28uxuxxxx + 70uxxuxxx + uxxxxxxx )x + αuyy = 0,

(4)

where α = ±1.
As stated before, the integrability of (3) is still an open
question [2], and this is also the case for the CDG-KP

equation (4). Based on this, the goals set for this work
will be the derivation of one and two soliton solutions
to each equation. We next aim to derive one and two
singular soliton solutions for these two models. The sim-
plified method, developed by Hereman et. al in [7], gives
the soliton solutions by polynomials of exponentials. This
simplified form will be used to achieve our goal.

2. The seventh-order Caudrey-
Dodd-Gibbon equation
In this section we will use the the simplified Hirota’s
method, derived by Hereman et. al approach to study
the seventh-order Caudrey-Dodd-Gibbon (CDG) equa-
tion. The simplified method is now well known in the
literature, and more details can be found in [7, 11–20].

2.1. One and two soliton solutions
We start our analysis by considering the seventh-order
Caudrey-Dodd-Gibbon (CDG) equation

ut + 420u3ux + 210u2uxxx + 420uuxuxx + 28uuxxxxx
+ 28uxuxxxx + 70uxxuxxx + uxxxxxxx = 0. (5)

Substituting

u(x, t) = eθi , θi = kix − cit, (6)

into the linear terms of (5), and solving the resulting equa-
tion for the dispersion relation ci we obtain

ci = k7
i , i = 1, 2, · · ·N, (7)

and hence θi becomes

θi = kix − k7
i t. (8)

We next substitute

u(x, t) = R (ln(f (x, t)))xx , (9)

where the auxiliary function f (x, t) for the singular soliton
solutions reads

f (x, t) = 1 + ek1x−k7
1 t , (10)
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into Eq. (5) and solve to find that R = 2. This means that
the transformation (9) becomes

u(x, t) = 2(ln(f (x, t)))xx . (11)

This in turn gives the single soliton solution for the
seventh-order Caudrey-Dodd-Gibbon (5) by

u(x, t) = 2k2
1ek1x−k7

1 t

(1 + ek1x−k7
1 t)2

. (12)

For the two-soliton solutions, the simplified form of the
Hirota’s method admits the use of the auxiliary function

f (x, t) = 1 + eθ1 + eθ2 + a12eθ1+θ2 , (13)

into Eq. (11), where θ1 and θ2 are given in (8), and then
substitute the outcome in Eq. (5), we find that the phase
shift a12 is given by

a12 = (k1 − k2)2(k2
1 − k1k2 + k2

2 )2

(k1 + k2)2(k2
1 + k1k2 + k2

2 )2 , (14)

The last result is consistent with the result in [2].
In view of (14), the auxiliary function becomes

f (x, t) = 1 + ek1x−k7
1 t + ek2x−k7

2 t

+ (k1 − k2)2(k2
1 − k1k2 + k2

2 )2

(k1 + k2)2(k2
1 + k1k2 + k2

2 )2 e
(k1+k2)x−(k7

1 +k7
2 ) t .

(15)

The two-soliton solutions can be determined explicitly by
substituting (15) into (11).
It is interesting to point out that the seventh-order
Caudrey-Dodd-Gibbon equation (5) does not show any
resonant phenomenon [5] because the phase shift term a12

in (14) cannot be 0 or ∞ for |k1| 6= |k2|.

2.2. One and two singular soliton solutions
We next aim to derive one and two singular soliton solu-
tions for the seventh-order Caudrey-Dodd-Gibbon equa-
tion (5).
Proceeding as before, we obtain the same dispersion re-
lation, and we set the auxiliary function f (x, t) by [16]

f (x, t) = 1− ek1x−k7
1 t . (16)

into Eq. (5) and solve to find that R = 2. Using

u(x, t) = 2(ln(f (x, t)))xx , (17)

gives the single singular soliton solution

u(x, t) = − 2k2
1ek1x−k7

1 t

(1− ek1x−k7
1 t)2

. (18)

For the two singular soliton solutions, we use the auxiliary
function

f (x, t) = 1− eθ1 − eθ2 + a12eθ1+θ2 , (19)

into Eq. 11), where θ1 and θ2 are given in (8), and the
phase shift a12 is given earlier in (14). This means that
the auxiliary function becomes

f (x, t) = 1− ek1x−k7
1 t − ek2x−k7

2 t+
(k1 − k2)2(k2

1 − k1k2 + k2
2 )2

(k1 + k2)2(k2
1 + k1k2 + k2

2 )2 e
(k1+k2)x−(k7

1 +k7
2 ) t . (20)

The two singular soliton solutions can be determined ex-
plicitly by substituting (20) into (17).

3. The seventh-order CDG-KP equa-
tion
In this section we will follow the same analysis we used
earlier to study the seventh-order Caudrey-Dodd-Gibbon-
KP (CDG–KP) equation. We start by deriving the stan-
dard one and two soliton solutions.

3.1. One and two soliton solutions
We now consider the seventh-order Caudrey-Dodd-
Gibbon-KP (CDG-KP) equation

(ut + 420u3ux + 210u2uxxx + 420uuxuxx + 28uuxxxxx
+ 28uxuxxxx + 70uxxuxxx + uxxxxxxx )x + αuyy = 0,

(21)

established by relaxing the restriction that the waves be
strictly one dimensional as in the CDG equation.
Substituting

u(x, y, t) = eθi , θi = kix + riy− cit, (22)

into the linear terms of (21), and solving the resulting
equation for the dispersion relation ci we obtain

ci = k8
i + αr2

i
ki

, i = 1, 2, · · ·N, (23)
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and hence θi becomes

θi = kix + riy−
k8
i + αr2

i
ki

t. (24)

Substituting

u(x, y, t) = R (ln(f (x, y, t)))xx , (25)

where the auxiliary function f (x, y, t) reads

f (x, y, t) = 1 + ek1x+r1y−
k8
1 +αr21
k1

t , (26)

into Eq. (21) and solve to find that R = 2. Consequently,
the transformation (25) becomes

u(x, y, t) = 2(ln(f (x, y, t)))xx . (27)

The single soliton solution for the seventh-order Caudrey-
Dodd-Gibbon-KP equation (21) by

u(x, y, t) = 2k2
1e

k1x+r1y−
k8
1 +αr21
k1

t

(1 + ek1x+r1y−
k8
1 +αr21
k1

t)2

, (28)

follows immediately.
To determine the two-soliton solutions we use the auxil-
iary function

f (x, y, t) = 1 + eθ1 + eθ2 + a12eθ1+θ2 , (29)

into Eq. (27), where θ1 and θ2 are given in (24), and then
substitute the outcome in Eq. (21), we find that the phase
shift a12 is given by

a12 = 7k2
1k2

2 (k1 − k2)2(k2
1 − k1k2 + k2

2 )2 − α(k1r2 − k2r1)2

7k2
1k2

2 (k1 + k2)2(k2
1 + k1k2 + k2

2 )2 − α(k1r2 − k2r1)2 ,

(30)

In view of (30), the auxiliary function becomes

f (x, y, t) = 1 + ek1x+r1y−
k8
1 +αr21
k1

t + ek2x+r2y−
k8
2 +αr22
k2

t

+ 7k2
1k2

2 (k1 − k2)2(k2
1 − k1k2 + k2

2 )2 − α(k1r2 − k2r1)2

7k2
1k2

2 (k1 + k2)2(k2
1 + k1k2 + k2

2 )2 − α(k1r2 − k2r1)2

e(k1+k2)x+(r1+r2)y−(
k8
1 +αr21
k1

+
k8
2 +αr22
k2

) t . (31)

The two-soliton solutions can be determined explicitly by
substituting (31) into (27).
It is interesting to point out that the seventh-order
Caudrey-Dodd-Gibbon-KP equation (21) does not show
any resonant phenomenon [5] because the phase shift term
a12 in (30) cannot be 0 or ∞ for |k1| 6= |k2|.

3.2. One and two singular soliton solutions
We next aim to derive one and two singular soliton so-
lutions for the seventh-order Caudrey-Dodd-Gibbon-KP
equation (21).
Proceeding as before, we obtain the same dispersion re-
lation, and we set the auxiliary function f (x, y, t) by

f (x, y, t) = 1− ek1x+r1y−
k8
1 +αr21
k1

t , (32)

into Eq. (21) and solve to find that R = 2. Using

u(x, y, t) = 2(ln(f (x, y, t)))xx , (33)

gives the single singular soliton solution for the seventh-
order Caudrey-Dodd-Gibbon-KP equation (21) by

u(x, y, t) = − 2k2
1e

k1x+r1y−
k8
1 +αr21
k1

t

(1− ek1x+r1y−
k8
1 +αr21
k1

t)2

. (34)

To determine the two-soliton solutions we use the auxil-
iary function

f (x, y, t) = 1− eθ1 − eθ2 + a12eθ1+θ2 , (35)

into Eq. (33), where θ1 and θ2 are given in (24), and then
substitute the outcome in Eq. (21), we find that the phase
shift a12 is given by

a12 = 7k2
1k2

2 (k1 − k2)2(k2
1 − k1k2 + k2

2 )2 − α(k1r2 − k2r1)2

7k2
1k2

2 (k1 + k2)2(k2
1 + k1k2 + k2

2 )2 − α(k1r2 − k2r1)2 ,

(36)
In view of (36), the auxiliary function becomes

f (x, y, t) = 1− ek1x+r1y−
k8
1 +αr21
k1

t − ek2x+r2y−
k8
2 +αr22
k2

t

+ 7k2
1k2

2 (k1 − k2)2(k2
1 − k1k2 + k2

2 )2 − α(k1r2 − k2r1)2

7k2
1k2

2 (k1 + k2)2(k2
1 + k1k2 + k2

2 )2 − α(k1r2 − k2r1)2

e(k1+k2)x+(r1+r2)y−(
k8
1 +αr21
k1

+
k8
2 +αr22
k2

) t . (37)

The two singular soliton solutions can be determined ex-
plicitly by substituting (37) into (33).

4. Discussion
In this work, we explore more applications of the simplified
form of the direct method to the CDG and the CDG-KP
equations. One and two soliton solutions and one and
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two singular soliton solutions were formally derived by
using the Hereman et. al modified scheme. The KP sense
has an effect on the dispersion relation of the CDG equa-
tion. Moreover, the phase shift was affected by the KP
relaxation of the one dimensional CDG equation. How-
ever, both the CDG and the CDG-KP equations are free
of resonance. The simplified form of the bilinear method is
a powerful tool to handle nonlinear evolution equations.
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