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Abstract: In this paper three things are done. (i) We investigate the analogues of Cerenkov radiation for the decay of
a superluminal neutrino and calculate the Cerenkov angles for the emission of a photon through a W loop,
and for a collinear electron-positron pair, assuming the tachyonic dispersion relation for the superluminal
neutrino. The decay rate of a freely propagating neutrino is found to depend on the shape of the assumed
dispersion relation, and is found to decrease with decreasing tachyonic mass of the neutrino. (ii) We discuss
a few properties of the tachyonic Dirac equation (symmetries and plane-wave solutions), which may be
relevant for the description of superluminal neutrinos seen by the OPERA experiment, and discuss the
calculation of the tachyonic propagator. (iii) In the absence of a commonly accepted tachyonic field theory,
and in view of an apparent “running” of the observed neutrino mass with the energy, we write down a model
Lagrangian, which describes a Yukawa-type interaction of a neutrino coupling to a scalar background field
via a scalar-minus-pseudoscalar interaction. This constitutes an extension of the standard model. If the
interaction is strong, then it leads to a substantial renormalization-group “running” of the neutrino mass and
could potentially explain the experimental observations.
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1. Introduction

For subluminal particles (“tardyons”), the dispersion rela-tion for the energy E in terms of the velocity v is given by
E = m/

√1− v2 (with v < 1), and for superluminal parti-cles (“tachyons”), it reads as E = m/
√
v2 − 1 with v > 1.Therefore, the “light barrier” at v = 1 (we set the speedof light equal to one) looks like an (infinitely) elevatedmountain in terms of the energy of a relativistic particle.Recami [1] quotes Sudarshan with reference to an imagi-nary demographer who studies population patterns on theIndian subcontinent: “Suppose a demographer calmly as-serts that there are no people North of the Himalayas,

since none could climb over the mountain ranges! Thatwould be an absurd conclusion. People of central Asia areborn there and live there: they did not have to be born inIndia and cross the mountain range. So with faster-than-light particles.”In the early morning hours of 23 February 1987 (at2’52’36”), an unexpected neutrino bunch arrived at theLSD detector under the Mont Blanc roughly 4.5 hoursbefore the rest of the neutrinos from SN1987A, and be-fore the supernova became visible [2]. We are currentlyfacing mounting evidence that neutrinos may be genuinelysuperluminal particles (“tachyons”). The MINOS experi-ment [3] has measured superluminal neutrino propagation
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Tachyonic field theory and neutrino mass running

velocities which differ from the speed of light by a rel-ative factor of (5.1 ± 2.9) × 10−5 at an energy of about
Eν ≈ 3 GeV, supporting an earlier FERMILAB experimentwhere the trend of the data also pointed toward superlumi-nal neutrinos [4]. This result has recently been confirmedby OPERA [5] with better statistics and in a wider en-ergy interval, as detailed below. One of the prime candi-dates for a genuinely superluminal particle is the neutrino,which has never been observed at rest. A number of exper-imental groups have measured negative mass squares forthe electron neutrino from tritium beta decay endpoints [6–9] with mean values in the interval −147 eV2 < m2

ν < 0for the electron neutrino mass square, at an energy ofthe order of Eν ≈ 18 keV. While some recent measure-ments indicate values consistent with a vanishing neu-trino mass [10–12] at even lower energies, the mean valueof the experimental data for m2
ν (electron neutrino) stillis negative and of the order of a few negative eV2 (foran excellent overview, see The Ultimate Neutrino Page1).The idea that neutrinos might be of tachyonic characteris not new [13–16]. Tachyonic neutrinos fulfill the disper-sion relation E2

ν − ~p 2 = −m2
ν with an (initially) constantparameter mν . The quantity −m2

ν can be interpreted asthe negative mass square of the neutrino. The current sit-uation indicates the need for a convenient descriptions oftachyonic fermions.
Ever since the early days of relativity, the notion of super-luminal propagation has intrigued physicists [17], and thename “tachyon” was eventually coined in Ref. [18]. Themain problem in the description of a quantum field the-ory with superluminal propagation is not the superluminalvelocity itself [19], but the construction of field operatorsand the time ordering, which is in disarray because thetime ordering of two space-time points which are sepa-rated by a space-like interval is not invariant under (sub-luminal) Lorentz boosts. Generally, it has been assumedthat any particle in relativistic quantum theory should bedescribed by a unitary irreducible representation of thePoincaré algebra or its supersymmetric generalization. Itmay be necessary to relax this restriction somewhat in or-der to accommodate for a field theory of supersymmetrictachyons [20–22]. Three recent review articles [1, 23, 24]provide rather detailed background information on the de-velopment of the theory of superluminal particles.
The recent OPERA experiment [5] uses a baseline of
L = (731278.0± 0.2) m. Two clocks used in the measure-ment are accurately synchronized by a technique usedto compare atomic clocks [25, 26]. It is of particular
1 http://cupp.oulu.fi/neutrino/nd-mass.html

importance that the synchronization of the two systemswas calibrated by the Federal Swiss Metrology InstituteMETAS (Bundesamt für Metrologie) in 2008 and verifiedin 2011 by the Federal German Metrology Institute PTB(Physikalisch-Technische Bundesanstalt). As reported inRef. [5], the difference between the time base of the CERNand OPERA receivers was measured to be (2.3 ± 0.9) nsand is taken into account in the evaluation of the mea-surement. The four data bins are
Eν = 13.8 GeV ,
δt = (54.7± 18.4± 7.1) ns , (1a)
∆ = v − c

c = (2.24± 0.75± 0.29)× 10−5 ,
Eν = 28.2 GeV ,
δt = (61.1± 13.2± 7.1) ns , (1b)
∆ = v − c

c = (2.50± 0.54± 0.29)× 10−5 ,
Eν = 40.7 GeV ,
δt = (68.1± 19.1± 7.1) ns , (1c)
∆ = v − c

c = (2.53± 0.78± 0.29)× 10−5 ,
and the overall average is

Eν = 17GeV ,
δt = (57.8± 7.2± 7.1) ns , (1d)
∆ = v − c

c = (2.37± 0.32± 0.29)× 10−5 .
While the OPERA data rather point to a slight increasein the ratio ∆ = (v − c)/c with the neutrino energy, thanto a trend in the opposite direction, the data are generallyconsistent with a constant ratio ∆ = (v−c)/c in the entireenergy interval 13.8 GeV < Eν < 40.7 GeV.Tachyonic neutrinos fulfill the space-like dispersion re-lation E2

ν − ~p 2 = −m2
ν and travel faster than light.Superluminality is conserved under Lorentz boosts (seeRef. [19] and Fig. 2 below). It has been argued thatneutrinos traveling at velocities consistent with the re-cent OPERA data should decay by neutral massive ana-logues of Cerenkov radiation [27]. The noncovariant dis-persion relation Eν = |~p| vν has been used in recentwork on the subject [27] (here, vν denotes the neutrinovelocity). Freely propagating subluminal relativistic par-ticles as well as tachyons [1, 23, 24] fulfill the “oppo-site” relation |~p| = Eν vν . Both relations Eν = |~p| vν and

|~p| = Eν vν lead to a large virtuality |E2
ν − ~p 2| on theorder of (117 MeV)2 when applied to the recently mea-sured OPERA data [see Eqs. (12) and (13) below]. Theseobservations are inconsistent with beta decay end point
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measurements [6–12] which have led to values of a feweV2, for neutrinos in the keV energy range. This confus-ing situation raises a number of questions. Starting fromthe tachyonic Dirac equation, we conclude that additionalinteractions, hitherto not accounted for, are required inorder to explain the OPERA data which exhibit a larger-than-expected virtuality at higher energies, or, expresseddifferently, an energy-dependent mass.At the current, early stage in the development of theo-retical models describing superluminal particles, a cer-tain degree of speculation cannot be avoided. For com-pleteness, we should note that we neither consider modelsbased on deformed special relativity [28–31] nor kinematicconstraints resulting from such models [27, 32–34] in anygreater detail. Lorentz symmetry is conserved in our ap-proach.We start with a digression on the kinematic constraints tothe observation of neutrinos along the OPERA baselinein Sec. 2. The tachyonic Dirac equation and its solutionsare being reviewed in Sec. 3. Chiral Yukawa interactions,which induce a neutrino mass running via the renormal-ization group (RG), are studied in Sec. 4. Conclusions arereserved for Sec. 5. We always carefully distinguish be-tween |~p| and the four-vector p, and we use natural unitswith ~ = c = ε0 = 1.
2. Kinematic constraints
The recent OPERA experiment has analyzed the propa-gation of muon neutrinos. If neutrinos propagate faster

than the speed of light, then a number of decay processesare kinematically allowed which are otherwise forbidden.These include the following decays (see Fig. 1),

νµ → νµ + γ , (2a)
νµ → νµ + e+ + e− , (2b)
νµ → νµ + νe + ν̄e . (2c)

In Ref. [27], these decay processes are analyzed under theassumption of the Lorentz-violating dispersion relation
dEνd|~pν | = const. , Eν = |~pν | vν , vν ≈ 1 + ∆ , (3)

where ∆ = 2.37 × 10−5 corresponds to the value givenin Ref. [5]. Processes (a) and (c) are parametrically sup-pressed with respect to process (b), and therefore pro-cess (b) is deemed to constitute the dominant decay chan-nel.One may observe that the dispersion relation Eν = |~pν | vνis at variance with both the subluminal (also called tardy-onic, see Ref. [18]) dispersion relation for freely propagat-ing massive neutrinos,
Eν = mν√1− v2

ν
, |~pν | = mvν√1− v2

ν
= Eν vν , vν < 1 , (4)

as well as with the dispersion relation for superluminal (tachyonic) particles [1, 23, 24, 35–37], which reads
Eν = mν√

v2
ν − 1 , |~pν | = mν vν√

v2
ν − 1 = Eν vν , vν > 1 . (5)

In both cases (4) and (5), one obtains |~pν | = Eν vν , not the opposite relation Eν = |~pν | vν used in Ref. [27]. Under Lorentztransformations, superluminality of tachyonic particles is conserved (see Fig. 2). In two recent papers [38, 39], it hasbeen observed that the conclusions of [27] would change if the dispersion relation were different. Here, we are concernedwith a more general question: Namely, to investigate how the kinematic constraints change when we assume a tachyonicdispersion relation for the neutrino, and whether the process (2) is still kinematically allowed when E2
ν − ~p 2

ν < 0.For the process (2a), an easy calculation based on the energy and momentum conservation conditions reveals that
Eν = E ′ν + Eγ , ~pν = ~p′ν + ~kγ , Eν =√~p 2

ν −m2
ν , E ′ν =√~p′ 2ν −m2

ν , Eγ = |~kγ | . (6)
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Figure 1. Feynman diagrams for the decay processes of a tachyonic superluminal neutrino, as given in Eq. (2). The tachyonic neutrino may emit
of photon via a W loop [Fig. (a)], or an electron-positron pair, [Fig. (b)], or a neutrino-antineutrino pair [Fig. (c)]. The processes scale
with the quantum electrodynamic (QED) coupling constant α and the weak coupling constant GF as follows, (a) is proportional to α G2

F ,
(b) is proportional to α GF , and (c) is proportional to α2 G2

F .

Squaring the energy conservation condition, oneobtains
E2
ν = (

~p′ν + ~kγ
) 2
−m2

ν = ~p′ 2ν + ~k 2
γ −m2

ν + 2 ~p′ν · ~kγ ,(7a)
E2
ν = (E ′ν + Eγ )2 = ~p′ 2ν + ~k 2

γ −m2
ν + 2 |~kγ |√~p′ 2ν −m2

ν ,(7b)
~p′ν ·~kγ = |~kγ |

√
~p′ 2ν −m2

ν . (7c)
We conclude that under the assumption of the Lorentz-covariant, tachyonic dispersion relation (5), weak-interaction Cerenkov radiation is allowed. In view ofEq. (7c), the photon is radiated off at a Cerenkov angle

cosθγ = ~p′ν · ~kγ
|~kγ | |~p′ν |

= √
~p′2ν −m2

ν
|~p′ν |

= E ′ν
|~p′ν |

= 1
v ′ν
< 1 , (8)

under the assumption of a tachyonic neutrino with disper-sion (7a). One may add that the kinematic considerationis somewhat analogous to that for the emission of ordinary

Cerenkov radiation. The important observation is that un-der the tachyonic dispersion relation (5), the emission of aphoton by the neutrino is always allowed, i.e., there is nothreshold energy for the neutrino and there is no thresholdfor the tachyonic mass −m2
ν . Once the particle becomestachyonic, weak Cerenkov radiation is kinematically al-lowed, but the Cerenkov cone narrows as −m2

ν → 0. Fora particle fulfilling the noncovariant dispersion relation
Eν = |~p′ν | vν , with vν > 1, the modified Cerenkov anglecosθ′γ is easily computed as

cosθ′γ = 1
v ′ν

+ (v ′2ν − 1)|~kγ |2v ′ν E ′ν ≈ 1
v ′ν
< 1 , (9)

assuming a neutrino with the dispersion E ′ν = p′ν v ′ν and
v ′ν > 1. This is very well approximated by cosθ′γ ≈ 1/v ′νfor v ′ν ≈ 1.As a second step, let us consider a process in which atachyonic neutrino fulfilling Eq. (5) emits a massive neu-tral vector meson of mass m0. This is not depicted inFig. (1) but still instructive. The kinematic conditionschange,

Eν = E ′ν + E0 , ~pν = ~p′ν + ~k0 , Eν =√~p 2
ν −m2

ν , E ′ν =√~p′ 2ν −m2
ν , E0 =√~k 20 +m20 . (10)
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The Cerenkov angle then becomes
cosθ0 = m20 + 2√~k20 +m20√~p′2ν −m2

ν2 |~k0| |~p′ν | ≈

√
~k20 +m20√~p′2ν −m2

ν

|~k0| |~p′ν | , (11)

Figure 2. (Color online.) Illustration of the Einstein velocity addition
theorem w = (u+ v )/(1 +u v ), in the superluminal domain
with u ∈ (−1, 1) and v ∈ (1, 3). For superluminal v , the
range w ∈ [−1, 1] of values is excluded, as shown by the
rectangular box.

where the last expression is valid in the high-energy limit,
i.e, for |~k0| � m0, and |~p′ν | � mν . If the vector me-son carries away the bulk of the energy, i.e. E0 = x Eνand E ′ν = (1 − x)Eν , with x . 1, then for highly en-

ergetic incoming superluminal neutrinos, one can alwaysfind a narrow cone near θ0 ≈ 0 in which vector mesonemission is possible. Again, for highly energetic tachy-onic superluminal neutrinos, we conclude that there is nokinematic constraint on the size of the tachyonic massterm−m2
ν which would restrict massive vector meson emis-sion. Once the particle becomes tachyonic and the en-ergy of the tachyonic particle is large enough, massivevector emission becomes kinematically allowed in a nar-row angular region. By contrast, if we replace in Eq. (11)

−m2
ν → +m2

ν , we would have cosθ0 > 1, forbidding vectormeson emission. Also, the Cerenkov angle θ0 vanishes inthe limit mν → 0. Using more extensive calculations, wehave checked that the same statement applies to the lightfermion pair emission given in Eq. (2b) and depicted inFig. 1(b). Cerenkov-type pair emission becomes kinemat-ically possible for highly energetic neutrinos, in a narrowangular region.
In the application of the tachyonic dispersion relation (5)to the OPERA data, we face a dilemma which also plaguesthe application of the Lorentz-noncovariant dispersion re-lation (3). Namely, we have for the OPERA data accord-ing to Eq. (1d),

−m2
ν = E2

ν − ~p 2
ν = E2

ν
[1− (1 + ∆)2] = − (117 MeV)2 [dispersion relation (5)], (12)

which is at least six orders of magnitude larger than the neutrino masses at low energy [6–12]. Likewise, assuming thedispersion relation (3) implies that
E2
ν − ~p 2

ν = ~p 2
ν
[(1 + ∆)2 − 1] ≈ E2

ν
[(1 + ∆)2 − 1] = (117 MeV)2 [dispersion relation (3)] . (13)

If we define the expression |E2
ν − ~p 2

ν | as the “virtuality” of the neutrino which measures the deviation of the neutrinopropagation velocity from the speed of light, then we can say that at the high OPERA energies, the neutrino velocitywas not expected to deviate so much from the speed of light, neither in the superluminal nor in the subluminal direction.For example, if OPERA had hypothetically found a result of
∆̃ = −2.37× 10−5 [opposite sign as compared to Eq. (1d)] , (14)
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then this would have been equally surprising. Inthe latter case, one would probably have concluded im-mediately that the neutrino must be subject to a hithertounknown interaction at high energy, modifying its effec-tive (running) mass. We here advocate the viewpoint thatthe same conclusion should be drawn from the OPERAdata: namely, the neutrino is genuinely tachyonic andsubject to an unknown interaction at high energy whichmodifies its mass and its decay channels. Otherwise,it seems that the high-energy OPERA data [5] (in theGeV range) cannot be reconciled with the low-energy

experimental results (in the keV range) of Refs. [6–12]. Ofcourse, this statement holds provided the OPERA dataare not subject to a hitherto undiscovered systematicerror.The data bins given in Eq. (1) are consistent with anenergy-independent propagation velocity. While thequantity ∆ need not be energy independent over large en-ergy intervals, it appears to be so in in the energy interval13.8 GeV < Eν < 40.7 GeV. Therefore, in this energy in-terval observed by OPERA [5], the dispersion relation isassumed to be close to a linear relationship

mν = m(Eν ) ≈ η Eν , 13.8 GeV < Eν < 40.7 GeV , η =√(1 + ∆)2 − 1 = 6.88× 10−3 ≈ 1145 . (15)

The unknown interaction leading to the energy-dependentmass must now be investigated. When calculating de-cay rates, the existence of the additional interaction im-plies that one should use eigenstates of the neutrino inthe additional, hitherto unknown interaction potential (i.e.,taking into account the running mass) rather than freelypropagating tachyonic states with an effective energy-dependent tachyonic mass mν = mν (Eν ) ∝ Eν .
3. Tachyonic Dirac equation
Given the obvious inconsistency of the OPERA data [5]with low-energy neutrino data [6–12], as manifest in theenergy-dependent effective mass (15), one may ask why

an equation that describes a genuinely tachyonic neu-trino with an energy-independent, fixed tachyonic mass
mν should be considered at all in the following. The rea-son is that if the neutrino is genuinely tachyonic, thenone has to start from an equation which describes a gen-uinely tachyonic particle, with the possibility to describeadditional perturbative interactions that modify the high-energy behaviour. Expressed differently, we would ex-pect the tachyonic Dirac equation given below to describethe low-energy behaviour of neutrinos [6–12], while thelarge deviation from the light cone seen at high ener-gies [3, 5] should be ascribed to additional interactions.We briefly recall here that the Lorentz-covariant tachyonicDirac equation reads

(iγµ∂µ − γ5 mν
)
ψ(x) = 0 , γ0 = ( 12×2 00 −12×2

)
, ~γ = ( 0 ~σ

−~σ 0
)
, γ5 = ( 0 12×2

12×2 0
)
. (16)

Here, x = (t, ~x), and we use the Dirac matrices in the Dirac representation [16]. The partial derivatives are ∂µ = ∂/∂xµ ,while γ5 = i γ0 γ1 γ2 γ3 is the fifth current matrix. The tachyonic Dirac equation has been briefly discussed in Ref. [13–15]. It has recently been verified that this equation is CP, as well as T invariant [16]. These symmetry properties applyto neutrinos. The positive-energy plane-wave solutions [16] of the tachyonic Dirac equation have the properties
Ψ(x) = 1√

V
U±(~kν ) e−ikν ·x , kν = (Eν , ~kν ) , Eν =√~k2

ν −m2
ν , |~kν | ≥ mν . (17)

The negative-energy solutions [16] are given by
Φ(x) = 1√

V
V±(~kν ) eikν ·x , kν = (Eν , ~kν ) , Eν =√~k2

ν −m2
ν , |~kν | ≥ mν , (18)
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where V is the normalization volume. These states are normalized, with U++(~kν )U+(~kν ) = U+
−(~kν )U−(~kν ) =

V ++ (~kν )V+(~kν ) = V +
− (~kν )V−(~kν ) = 1. The spinors entering these expressions read as

U+(~kν ) =


mν − Eν + |~kν |
√2√(Eν − |~kν |)2 +m2

ν

a+(~kν )
mν + Eν − |~kν |

√2√(Eν − |~kν |)2 +m2
ν

a+(~kν )
 , U−(~kν ) =


mν + Eν − |~kν |

√2√(Eν − |~kν |)2 +m2
ν

a−(~kν )
−mν + Eν − |~kν |

√2√(Eν − |~kν |)2 +m2
ν

a−(~kν )
 . (19)

where the helicity spinors a±(~kν ) are given below in Eq. (21). If we are interested in the massless limit, then we shouldfirst take into account the fact that massless particles propagate at velocities very close to the light cone. For v = 1+∆,we have E−|~kν | ≈ −m∆/2� m. Therefore, letting ∆→ 0, the dominant term for the massless limit actually is the mass
m� E − |~kν |. This implies, e.g., that U+(~kν )→ 1√2

(
a+(~kν )
a+(~kν )

) for the massless case. The negative-energy eigenstates
are given by

V+(~kν ) =


−mν − Eν + |~kν |
√2√(Eν − |~kν |)2 +m2

ν

a+(~kν )
−mν + Eν − |~kν |

√2√(Eν − |~kν |)2 +m2
ν

a+(~kν )
 , V−(~kν ) =


−mν + Eν − |~kν |

√2√(Eν − |~kν |)2 +m2
ν

a−(~kν )
mν + Eν − |~kν |

√2√(Eν − |~kν |)2 +m2
ν

a−(~kν )
 . (20)

The helicity spinors entering these expressions are given in terms of the polar and azimuthal angles θ and φ of thethree-vector ~kν ,
a+(~kν ) = ( cos ( θ2 )sin ( θ2 ) eiφ

)
, a−(~kν ) = ( − sin ( θ2 ) e−iφ

cos ( θ2 )
)
, (21)

and fulfill
~σ · ~kν
|~kν |

a+(~kν ) = a+(~kν ) , ~σ · ~kν
|~kν |

a−(~kν ) = −a+(~kν ) . (22)
For plane waves, Eν = √

~k 2
ν −m2

ν and ~pν = ~kν fulfill the tachyonic dispersion relation (5), which we recall for conve-nience,
Eν = mν√

v2
ν − 1 , |~kν | = mvν√

v2
ν − 1 = Eν vν , vν > 1 , (23)

so that √~k 2
ν −m2

ν never becomes imaginary. For ~k 2
ν < m2

ν , we have resonance and antiresonance energies. We startwith the resonances, whose energies have a negative imaginary part,
R+(~kν ) =


mν + i2Γν + |~kν |

√2√~k 2
ν +m2

ν + 14 Γ2
ν

a+(~kν )
mν − i2Γν − |~kν |

√2√~k 2
ν +m2

ν + 14 Γ2
ν

a+(~kν )
 , R−(~kν ) =


mν − i2Γν − |~kν |

√2√~k 2
ν +m2

ν + 14 Γ2
ν

a−(~kν )
−mν − i2Γν − |~kν |
√2√~k 2

ν +m2
ν + 14 Γ2

ν

a−(~kν )
 , (24a)

Eν = − i2 Γν = −i√m2
ν − ~k2

ν , ~k 2
ν < m2

ν . (24b)
The antiresonance energies have a positive imaginary part,

S+(~kν ) =


−mν − i2Γν + |~kν |
√2√~k 2

ν +m2
ν + 14 Γ2

ν

a+(~kν )
−mν + i2Γν − |~kν |
√2√~k 2

ν +m2
ν + 14 Γ2

ν

a+(~kν )
 , S−(~kν ) =


−mν + i2Γν − |~kν |
√2√~k 2

ν +m2
ν + 14 Γ2

ν

a−(~kν )
mν + i2Γν − |~kν |

√2√~k 2
ν +m2

ν + 14 Γ2
ν

a−(~kν )
 , (25a)

Eν = i2 Γν = i√m2
ν − ~k2

ν , ~k 2
ν < m2

ν . (25b)
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These states are also normalized, with R++(~kν )R+(~kν ) =
R+
−(~kν )R−(~kν ) = S++(~kν )S+(~kν ) = S+

−(~kν )S−(~kν ) = 1. Theterm “resonances” is used in the physics literature in twocontexts: (i) in order to designate the complex energyeigenvalue of a Hamiltonian, and (ii) in order to desig-nate the peak in a cross section or a quantum state whichcan decay into a final state with a different particle con-tent. In the current case, the interpretation (i) is rele-vant. The resonances have complex resonance energies;the waves are evanescent (exponentially damped) just likethe diffracted wave under total reflection, or a wave ina waveguide below the minimum frequency for the TE1,0mode necessary for propagation, and the resonance ener-gies are complex just as in the case of a resonance energyof the Stark effect [40]. Resonances are damped for prop-agation forward in time, antiresonances for propagationbackward in time, in accordance with the Feynman pre-scription. The wavelength of the resonance states is toolong to be supported in a genuinely superluminal wavepacket of tachyonic mass m2
ν .

The noncovariant, Hamiltonian form of Eq. (16) reads as
H5ψ(~x) = (~α · ~p+ β γ5 mν

)
ψ(~x) = Eν ψ(~x) , (26)

where β = γ0, and ~α = γ0 ~γ. The Hamiltonian H5 has thepseudo-Hermitian [41–49] property
H = PH+5 (~x)P−1 = P H+5 (−~x)P−1 , (27)

where P is the full parity transformation and P is the par-ity matrix P = γ0. The eigenvalues of a pseudo-Hermitianoperator come in complex-conjugate pairs and are real ifthe tachyonic dispersion relations (5) are fulfilled. Thiscan be seen as follows. Because the spectrum of a Her-mitian adjoint operator consists of the complex conjugateeigenvalues, we have an eigenvector φ(~x) with eigenvalue
E∗ provided there exists an eigenvector ψ(~x) with eigen-value E ,

H5(~x)ψ(~x) = E ψ(~x) , H+5 (~x)φ(~x) = E∗ φ(~x) . (28)
Then, the transformation ~x → −~x and the introduction of the P = γ0 parity matrix leads to

H+5 (−~x)φ(−~x) = E∗ φ(−~x) , PH+5 (−~x)P−1 (Pφ(−~x)) = E∗ Pφ(−~x) . (29)
By assumption, PH+5 (−~x)P−1 = H5(~x) and thus

H5(~x)Pφ(−~x) = E∗ Pφ(−~x) , H5(~x) ψ̃(~x) = E∗ψ̃(~x) , ψ̃(~x) = Pφ(−~x) . (30)

This implies that ψ̃(~x) = Pψ(−~x) is an eigenvector witheigenvalue E∗. The eigenvalues of H5 thus come incomplex-conjugate pairs, and furthermore, they are realfor plane waves fulfilling the dispersion relation (5).The covariant Green function corresponding to the Hamil-tonian H5 thus reads as
ST (p) = γ0 1

E −H5 = �p+ γ5 mν

p2 +m2
ν
. (31)

The tachyonic poles at E2
ν − ~p 2 = −m2

ν have to beencircled in a way consistent with the boundary condi-tions imposed on the Green function. Eigenvalues with
E2
ν = ~p 2 − m2

ν < 0 represent evanescent waves. If oneencircles the poles of the Green function according to the

Feynman prescription,
ST (p) = 1

�p− γ
5 (mν + i ε) = �p− γ

5 mν

p2 +m2
ν + i ε , (32)

then the energy-momentum dispersion relation are in-finitesimally displaced to read Eν = ±√~p 2 −m2
ν − i ε.This is consistent with the evanescent wave picture be-cause positive-energy solutions have the form Eν = ε −i√|~p 2 −m2

ν | and are thus exponentially damped for thepropagation into the future, whereas negative-energy so-lutions have the form Eν = −ε + i√|~p 2 −m2
ν | and arethus exponentially damped for the propagation into thepast. In general, the Feynman prescription assigns an in-finitesimal negative imaginary part to energies whose realpart is positive, and vice versa.Thus, while the time propagation of strictly tachyonic wavepackets (superpositions of the tachyonic plane-wave so-
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lutions) is fully unitary (they have real eigenvalues), aslight violation of unitarity cannot be avoided if one al-lows eigenstates with E2
ν = ~p 2 − m2

ν < 0. The complexresonance energies (the real part is only infinitesimal)
Eν = ε−i√|~p 2 −m2

ν | , Eν = −ε+i√|~p 2 −m2
ν | , ~p 2 < m2

ν ,(33)describe the suppression of subluminal components of asuperluminal wave packet under time evolution. One hasto allow these solutions in the propagator (32) if one wouldlike to carry out the Fourier transformation consistently,
i.e., over the entire range pµ ∈ R4, or describe the timeevolution of a general wave packet under the Green func-tion (32). It seems that a slight violation of unitarity,relevant to the small sector ~p 2 < m2

ν , where mν initiallyis on the order of a few eV, is a price for the introductionof tachyonic particles [22]. Note that full unitarity cannot

be preserved anyway in a tachyonic theory if one goesbeyond tree-level amplitudes, as shown in Ref. [50]. Thetime propagation of wave packets in potentials with man-ifestly complex resonance energies has been described inRefs. [51–53]. The evanescence of the subluminal neutrinowave function components, which are excluded from thereal neutrino plane-wave eigenstates but included in thepropagator, is somewhat analogous to the photon propa-gator, where one includes the so-called scalar and longi-tudinal photons in the photon propagator but leaves themout from the real, physical states of the photon field, whichis composed of transverse photons.In Ref. [16], the tachyonic propagator (32) is derived not byinversion of the Hamiltonian, but by a quantization of thetachyonic field operators. We briefly sketch the essentialelements of the derivation. The field operator is writtenas

ψ̂(x) = ∫ d3kν(2π)3 mν

Eν

∑
σ=±

[
bσ (kν )Uσ (~kν ) e−i kν ·x + bσ (−kν )Vσ (~kν ) ei kν ·x]

= ∫ d3kν(2π)3 m
Eν

∑
σ=±

[
bσ (kν )Uσ (~kν ) e−i kν ·x + d+

σ (kν )Vσ (~kν ) ei kν ·x] (34)
where Eν = √~k2

ν −m2
ν − i ε is the tachyonic energy and the four-vector kν equals kν = (Eν , ~kν ). Here, the b operatorsannihilate particle, where the d+ create antiparticles. We here explicitly accept a Lorentz-covariant vacuum state, whichtransforms according to Ref. [18]. The Lorentz-transformed vacuum is filled with all particle and antiparticle states whoseenergy changes sign under a Lorentz transformation (Lorentz boost), as outlined in Eqs. (5.6) and (5.7) of Ref. [18]. Thespinors U and V are given by

U+(~kν ) =


mν − Eν + |~kν |2√mν

√
|~kν | −mν

a+(~kν )
mν + Eν − |~kν |2√mν

√
|~kν | −mν

a+(~kν )
 , U−(~kν ) =


mν + Eν − |~kν |2√mν

√
|~kν | −mν

a−(~kν )
−mν + Eν − |~kν |2√mν

√
|~kν | −mν

a−(~kν )
 (35a)

for positive energy, and by

V+(~kν ) =

−mν − Eν + |~kν |2√mν

√
|~kν | −mν

a+(~kν )
−mν + Eν − |~kν |2√mν

√
|~kν | −mν

a+(~kν )
 , V−(~kν ) =


−mν + Eν − |~kν |2√mν

√
|~kν | −mν

a−(~kν )
mν + Eν − |~kν |2√mν

√
|~kν | −mν

a−(~kν )
 (35b)

for negative energy (in both cases, we assume that |~kν | > m). The normalization conditions are given by
Uσ (~kν ) Uσ (~kν ) = U+

σ (~kν )γ0Uσ (~kν ) = σ , Vσ (~kν ) Vσ (~kν ) = V+
σ (~kν )γ0Vσ (~kν ) = −σ . (35c)
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Quantizing the theory according to Fermi–Dirac statistics,
{bσ (kν ), bρ(k ′ν )} = {

a+
σ (kν ), a+

ρ (k ′ν )} = {dσ (kν ), dρ(k ′ν )} = {d+
σ (kν ), d+

ρ (k ′ν )} = 0 , (36a){
bσ (kν ), b+

ρ (k ′ν )} = (−σ ) (2π)3 Emδ3(~kν − ~k ′ν ) δσρ , {
dσ (kν ), d+

ρ (k ′ν )} = (−σ ) (2π)3 Emδ3(~kν − ~k ′ν ) δσρ , (36b)
one can easily show that

∑
σ

(−σ ) Uσ (~kν )⊗ Uσ (~kν ) γ5 = �kν − γ5 m2m ,
∑
σ

(−σ ) Vσ (~kν )⊗ Vσ (~kν ) γ5 = �kν + γ5 m2m . (37)
The field anticommutator is

{ψ̂ξ (x), ψ̂ξ ′ (y)} = 〈0 ∣∣∣{ψ̂ξ (x), ψ̂ξ ′ (y)}∣∣∣ 0〉
= ∫ d3kν(2π)3 mν

Eν

∑
σ=±

{e−ikν ·(x−y) (−σ ) [Uσ (~kν )]
ξ

[
Uσ (~kν )]

ξ ′
+ eikν ·(x−y) (−σ ) [Vσ (~kν )]

ξ

[
Vσ (~kν )]

ξ ′

}
, (38)

where ξ denotes the spinor index. It follows that
{ψ̂ξ (x), ψ̂ξ ′ (y)} γ5 = (i�∂− γ5 mν

)
ξξ ′ i ∆(x − y) , ∆(x − y) = −i ∫ d3kν(2π)3 12Eν (e−ikν ·(x−y) − eikν ·(x−y)) , (39)

where ∆(x − y) is introduced as in Chap. 3 of Ref. [54]. Furthermore, Eq. (3.170) of [54] finds the generalization
{ψ̂ξ (x), ψ̂ξ ′ (y)} γ5∣∣∣

x0=y0 = − (γ0)
ξξ ′ ∂0 ∆(x − y) = (γ0)

ξξ ′ δ
3(~x − ~y) . (40)

In full analogy with Eq. (3.174) of Ref. [54] and in agreement with Ref. [55], the tachyonic (T ) propagator is then foundas 〈0 ∣∣∣T ψ̂ξ (x) ψ̂ξ ′ (y)γ5∣∣∣ 0〉 = iST (x − y)ξξ ′ , ST (x − y) = ∫ d4kν(2π)4 e−ikν ·(x−y) �kν − γ5 mν

k2
ν +m2

ν + i ε , (41)

which confirms Eq. (32). Indeed, the propagator obtainedfrom the quantized theory is equal to the propagatorobtained from the inversion of the Hamiltonian in theLorentz-covariant formulation, as it should. The couplingsof the neutrino involve the chirality projector (1 − γ5)/2,and in view of γ5 (1 ± γ5)/2 = ±(1 ± γ5)/2, the intro-duction of the γ5 matrix in Eq. (32) is reabsorbed intothe interaction Lagrangian. The non-unitarity is smallbecause m2
ν is very small. For a tachyonic particle, theevanescence of non-tachyonic wave packet components isnatural because its tachyonic components remain tachy-onic upon Lorentz transformation (see Fig. 2). The tachy-onic Dirac equation provides for a convenient frameworkto describe freely propagating, superluminal, electromag-netically neutral, particles.

4. Neutrino mass running

In Secs. 2 and 3, we have seen that a running neutrinomass (with the energy) is able to conceivably suppressCerenkov-type decay processes, and the quantization ofthe tachyonic Dirac equation has been discussed as aconvenient description for tachyonic spin-1/2 particles; itnaturally implies the suppression of the right-handed neu-trino. If current experimental data [5] are confirmed, thenwe now have to explain why the effective mass of the neu-trino, which needs to be inserted into the tachyonic Diracequation, changes from a few eV in the keV neutrino en-ergy range, to a mass on the order of MeV in the GeV en-ergy range. We note that neutrino mass running is usuallyassumed to initiate on the energy scales of Grand Unifi-
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cation (see-saw mechanism). However, the experimentaldata [2, 3, 5–9] all point to a neutrino mass running whichsets in at much lower energy scales. We assume that themass term is genuinely tachyonic.The scenario that we would like to propose is as follows:We conjecture that the neutrino mass running is due to aninteraction with a hitherto unknown field that modifies itseffective mass with the energy. At low energy, the interac-tion with the unknown field is weak, so that the apparentneutrino mass is in the eV range, whereas at higher en-ergies, the interaction becomes stronger and leads to theobserved [5] large tachyonic masses. We thus assume thatthe (bulk of the) neutrino mass is created dynamically [56].Possibly, there is some threshold region where the effec-tive mass of the neutrino intersects with the mass of thefield it interacts with, and this might help explain con-

sistency with astrophysical data [2]. In the following, wewould like to present a semi-quantitative analysis whichsupports these conjectures.We investigate a scalar-minus-pseudoscalar (S − P) in-teraction Lagrangian of the form
Lint = G φ̂X ψ̂ (1− γ5) ψ̂ . (42)

Here, φ̂X is a scalar field operator, G is a dimensionlesscoupling, and the fermionic field operators for the neutrinoare denoted as ψ̂. The operator is of dimension 4 andtherefore renormalizable; it describes a Yukawa interac-tion with a chirality projector. The complete Lagrangianof the tachyonic neutrino field, the scalar field plus the
S − P interaction reads

L(x) = i2 [ψ̂(x)γµ (∂µψ̂(x))− (∂µψ̂(x)) γµψ̂(x)]− ψ̂(x) γ5 mν ψ̂(x)
− 12 φ̂X (x) (2 +M2

X
)
φ̂X (x) + G φ̂X (x) ψ̂(x) (1− γ5) ψ̂(x) . (43)

At low energy, from dimensional analysis alone, the induced one-loop neutrino mass running via the renormalizationgroup (RG) can be written down as
dmνd ln(µ) = µ dmνdµ ∝ [mν (µ)]3 [GX (µ)]2 , [GX (µ)]2 = G2

X ln(µ) = G2
M2

X
ln(µ) , (44)

where we assume a logarithmic running of the coupling constant with the scale µ. Integrating the RG evolution equation,
∫ dmν

m3
ν

= G2
X

∫ dµ
µ ,

mν (17 GeV)∫
mν (18 keV)

dmν

m3
ν

= G2
X

∫ 17 GeV
18 keV

dµ
µ ln(µ), (45)

with mν (18 keV) ≈ 100 eV (see Ref. [6]) and mν (17 GeV) ≈117 MeV (see Ref. [5]), we find that an X particle of massin the range MX ≈ 1.4 keV could potentially induce aneutrino mass running from about 100 eV at 18 keV en-ergies [6] to 117 MeV at energies of 17 GeV [5]. Here,we assume that G ≈ 1 and a universal running of theelectron neutrino mass [6] and the muon neutrino mass [5]with the energy. The difference in the observed OPERAneutrino mass [5] of 117 MeV with low-energy neutrinodata Refs. [6–12], where masses in the eV range were ob-served, suggests that significant neutrino mass runninghas to set in at energies much below 17 GeV, so that we

can safely assume that MX � 17 GeV. This finding andthe interaction (42) is not described by any known parti-cle in the standard model, and thus, our model constitutesa pertinent extension. However, one may object that thistreatment amounts to an application of a one-loop runningof the mass in a domain which in view of G ≈ 1 clearly isnonperturbative.
This high-energy limit could be analyzed as follows. Wefirst recall that in the high-energy domain, where the ef-fective neutrino mass is in the MeV range (see Refs. [4, 5])we assume that the neutrino mass is (almost) exclusivelygenerated by the strong (nonperturbative) self-interaction
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with the X field. It is interesting to observe that polyno-
mial behaviour of RG functions in the strong-coupling do-
main has recently been obtained by a sophisticated anal-ysis of higher-order perturbative terms, for the β functionsof φ4 theories and of quantum electrodynamics [57, 58]. If

the mass of the X particle is negligible as compared tothe mass of the neutrino in the high-energy domain, thenthe mass scaling must be independent of MX , and again,from dimensional analysis alone, we may conjecture thatin the high-energy, strong-coupling limit,

µ dmνdµ ∝ G2 mν ,
∫ dmν

mν
= K G2 ∫ dµ

µ , mν (µ) = mν (µ0) ( µ
µ0
)K G2

, (46)
where K is a constant of order unity. In view of Eq. (15), if we assume that G ≈ 1/√K , then

mν = mν (Eν ) = η (Eν )K G2 ≈ η Eν , G ≈ 1√
K
, η ≈ 1145 , (47)

(a) (b)

Figure 3. (Color online.) Measured neutrino velocities in the range
Eν = 3 GeV (Ref. [3]) up to Eν = 195 GeV (Ref. [4]).
The OPERA data are given in Eq. (1) and correspond
to the data bins at E = 13.8 GeV, E = 28.2 GeV, and
E = 40.7 GeV (circles). The data point at Eν = 3 GeV
is from Ref. [3] (square). All remaining data points (trian-
gles) are from Ref. [4]. Panel (a) corresponds to the data
plotted in Fig. 3 of Ref. [3], while panel (b) applies a path
length correction of ∆path = −0.5 × 10−4 to the data (tri-
angles) of Ref. [3], as discussed near the end of Ref. [3].
Here, ∆ is the relative deviation from the speed of light in
vacuum, which we multiply by a scaling factor 104 on y
axis. The solid line at ∆ = 2.4 × 10−4 corresponds to the
result (48) based on our model.

where the value of η is chosen such as to be consistentwith Eq. (15).We are now in the position to add some more, some-what speculative, remarks on the experimental findingsof Refs. [3–5]. Based on the numerical entries in Table IIand Fig. 3 of Ref. [4], one may investigate the observedneutrino velocities as a function of the propagation en-ergy. The authors of the somewhat inconclusive 1979 pa-per (Ref. [4]) suggest to ascribe a path length correction of∆path = −0.5+0.2
−0.1 × 10−4 to their data, because the muonsthat were “racing” against the neutrinos in the experimentwere assumed to be artificially delayed due to multiplescattering events, which extend the muon path length incomparison to the muon neutrino path length. The pathlength correction was assumed to be constant over the

energy range analyzed in Ref. [4], uniformly affecting neu-trinos in the energy range of 32 GeV < Eν < 195 GeVin an experiment over a relatively short baseline of about900 m (which is smaller than the OPERA baseline by afactor of roughly 103). We find that the discussion onthe derivation of the path length correction in Ref. [4] israther short and therefore present data with and withoutthis correction in Fig. 3; the same approach was recentlytaken in Figs. 1 and 2 of Ref. [30]. The model (47) leadsto a constant deviation of the neutrino velocity of
∆ = v − c

c =√1 + η2 − 1 = 2.4× 10−5 , (48)
independent of the neutrino energy. This result is com-pared to the available experimental data [3–5] in Fig. 3.While our model is somewhat speculative at the currentstage, it is intriguing to observe that the solution of thesimple-minded RG equation (47) is in good agreementwith the observed neutrino velocities over a wide energyinterval (see Fig. 3). We also recall that the concomitantsignificant neutrino mass running will suppress decays be-cause the tachyonic mass in the exit channel is much lowerthan in the incoming channel (see Sec. 2).
5. Conclusions
Tachyons have a potential of fundamentally altering ourview of physical law, but they can be incorporated intothe framework of Lorentz transformations, despite obvi-ous problems with the causality principle. In Ref. [35],the authors argue that a “sensible” theory is obtained ifone insists that the only physical quantities are transi-tion amplitudes, and a negative-energy in (out) state is
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understood to be a positive-energy out (in) state. Thisstatement is in need of further explanation. Suppose thatobserver A sees event E before E ′, and observer A′ seesevent E ′ before E , because the two events are separatedby a space-like interval, and the Lorentz transform for theframes A and A′ reverses the time-ordering of events E and
E ′. According to Ref. [19], the reversed time ordering oc-curs if and only if the energy between the two frames alsochanges sign. So, provided one reinterprets the negative-energy solutions of tachyonic Dirac Hamiltonian propa-gating backward in time (the antiresonances included) aspositive-energy solutions propagating forward in time, thecreation and absorption of a particle can be consistentlyreinterpreted if only the transition amplitude is unaffectedby the reinterpretation. This point has also been stressedin Refs. [19, 60].One problem, though, in the consistency of observations oftachyons lies in conceivable decay processes [27]. In thispaper, we investigate threshold conditions for the emission(see Sec. 2) of real particles by analogues of Cerenkov ra-diation emitted by superluminal, tachyonic neutrinos thatfulfill the dispersion relation (5). We find that such emis-sions, as shown in Fig. 1, are possible at high energies forsmall Cerenkov angles in a narrow cone of emission an-gles θ [see Eqs. (8) and (11)]. Furthermore, at sufficientlylarge energy, a nonvanishing emission probability existsfor even very small tachyonic mass squares −m2

ν . How-ever, the calculation of the corresponding decay rates cru-cially depends on the dispersion relation used in the cal-culation. The tachyonic relation (5) is Lorentz-invariant,and the effective mass mν crucially influences the decayrate. We then investigate, based on the tachyonic Diracequation (see Sec. 3), how the effective neutrino mass mνcould possibly change from a few eV at low energies inthe keV range to energies of a hundred MeV in the GeVrange [see Eqs. (12), (13) and (15)].We here come to the conclusion that a viable explanationfor the large virtuality E2
ν − ~p 2 of the OPERA neutrinoscould be due to an additional interaction that modifiesthe neutrino propagation at high energies. At an energyin the GeV range, as measured by OPERA, the propaga-tion velocity of a particle with a rest mass on the order ofa few eV is not expected to deviate from the speed of lightby a factor on the order of 10−5. It does not really matterin this case that the OPERA experiment has measured adeviation of vν from c in the superluminal direction. Ahypothetical experimental result for vν − c < 0 in the

subluminal direction, of the same order-of-magnitude, asindicated in Eq. (14), would have been equally surprising.According to previous neutrino data [6–12], OPERA wasnot expected to find a deviation |vν − c| in the neutrinopropagation velocity of the order-of-magnitude given in

Eq. (15). In light of Eqs. (12) and (13), the OPERA sig-nal would otherwise correspond to a particle with a restmass in the range of a hundred MeV, or, with an effec-tive mass of the neutrino that grows linearly with the en-ergy. Unfortunately, neither the Higgs mechanism nor theGross-Neveu model, induce a mass that depends on theenergy. Once the vacuum expectation value of the back-ground field that generates the mass is fixed, the mass ofthe constituent particle is also fixed. We find that it is in-dicated to investigate genuine neutrino mass running dueto interactions which have hitherto not been introducedinto the standard model. In Sec. 4 of this paper, we writedown a chiral Yukawa interaction which might induce aneutrino mass running with the experimentally observedparameters.
Acknowledgments
Helpful conversations with B. J. Wundt are gratefully ac-knowledged. The author acknowledges support from theNational Science Foundation and by a Precision Mea-surement Grant from the National Institute of Standardsand Technology.
References

[1] E. Recami, J. Phys. Conf. Ser. 196, 012020 (2009)[2] V. L. Dadykin et al., JETP 45, 593 (1987)[3] P. Adamson et al., Phys. Rev. D 76, 072005 (2007)[4] G. R. Kalbfleisch, N. Baggett, E. C. Fowler, J. Alspec-tor, Phys. Rev. Lett. 43, 1361 (1979)[5] T. Adam et al. (OPERA Collaboration),arXiv:1109.4897v2[6] R. G. H. Robertson, T. J. Bowles, G. J. Stephenson,D. L. Wark, J. F. Wilkerson, D. A. Knapp, Phys. Rev.Lett. 67, 957 (1991)[7] K. Assamagan et al., Phys. Lett. B 335, 231 (1994)[8] W. Stoeffl, D. J. Decman, Phys. Rev. Lett. 75, 3237(1995)[9] K. Assamagan et al., Phys. Rev. D 53, 6065 (1996)[10] C. Weinheimer et al., Phys. Lett. B 460, 219 (1999)[11] V. M. Lobashev et al., Phys. Lett. B 460, 227 (1999)[12] A. I. Belesev et al., Phys. At. Nucl. 71, 449 (2008)[13] A. Chodos, A. I. Hauser, V. A. Kostelecky, Phys. Lett.B 150, 431 (1985)[14] T. Chang, arXiv:hep-th/0011087[15] T. Chang, Nucl. Sci. Technol. 13, 129 (2002)[16] U. D. Jentschura, B. J. Wundt, arXiv:1110.4171 [hep-ph][17] A. Sommerfeld, Zur Elektronentheorie. III. Ue-
761



Tachyonic field theory and neutrino mass running

ber Lichtgeschwindigkeits- und Ueberlicht-geschwindigkeitselektronen, Nachr. k. Ges. Wiss.Göttingen, Heft 3, 201-235 (1905)[18] G. Feinberg, Phys. Rev. 159, 1089 (1967)[19] O. M. P. Bilaniuk, V. K. Deshpande, E. C. G. Sudar-shan, Am. J. Phys. 30, 718 (1962)[20] J. Bandukwala, D. Shay, Phys. Rev. D 9, 889 (1974)[21] H. van Dam, Y. J. Ng, L. C. Biedenharn, Phys. Lett. B158, 227 (1985)[22] L. Xinzhou, L. Jizong, J. Phys. A 20, 6113 (1987)[23] O. M. Bilaniuk, J. Phys. Conf. Ser. 196, 012021 (2009)[24] S. K. Bose, J. Phys. Conf. Ser. 196, 012022 (2009)[25] P. Defraigne, G. Petit, Metrologia 40, 184 (2003)[26] J. Levine, Metrologia 45, 184 (2008)[27] A. G. Cohen, S. L. Glashow, Phys. Rev. Lett. 107,181803 (2011)[28] G. Amelino-Camelia, arXiv:gr-qc/0012051[29] G. Amelino-Camelia, Symmetry 2, 230 (2010)[30] G. Amelino-Camelia et al. (OPERA Collaboration),arXiv:1109.5172[31] G. Amelino-Camelia, L. Freidel, J. Kowalski-Glikman,L. Smolin (OPERA Collaboration), arXiv:1110.0521[32] X.-J. Bi, P.-F. Yin, Z.-H. Yu, Q. Yuan, Phys. Rev. Lett.107, 241802 (2011)[33] R. Cowsik, S. Nussinov, U. Sarkar, Phys. Rev. Lett.107, 251801 (2011)[34] L. Gonzalez-Mestres, arXiv:1109.6630[35] M. E. Arons, E. C. G. Saudarshan, Phys. Rev. 173,1622 (1968)[36] J. Dhar, E. C. G. Saudarshan, Phys. Rev. 174, 1808(1968)[37] R. I. Sutherland, J. R. Shepanski, Phys. Rev. D 33,2896 (1986)[38] S. Mohanty, S. Rao, arXiv:1111.2725

[39] M. Li, D. Liu, J. Meng, T. Wang, L. Zhou,arXiv:1111.3294[40] U. D. Jentschura, Phys. Rev. A 64, 013403 (2001)[41] W. Pauli, Rev. Mod. Phys. 15, 175 (1943)[42] C. M. Bender, S. Boettcher, Phys. Rev. Lett. 80, 5243(1998)[43] C. M. Bender, G. V. Dunne, J. Math. Phys. 40, 4616(1999)[44] C. M. Bender, S. Boettcher, P. N. Meisinger, J. Math.Phys. 40, 2201 (1999)[45] C. M. Bender, D. C. Brody, H. F. Jones, Phys. Rev.Lett. 89, 270401 (2002)[46] A. Mostafazadeh, J. Math. Phys. 43, 205 (2002)[47] A. Mostafazadeh, J. Math. Phys. 43, 2814 (2002)[48] A. Mostafazadeh, J. Math. Phys. 43, 3944 (2002)[49] A. Mostafazadeh, J. Math. Phys. 44, 974 (2003)[50] D. G. Boulware, Phys. Rev. D 1, 2426 (1970)[51] N. Moiseyev, Phys. Rep. 302, 211 (1998)[52] C. W. McCurdy, C. K. Stroud, Comput. Phys. Commun.63, 323 (1991)[53] U. D. Jentschura, A. Surzhykov, M. Lubasch, J. Zinn-Justin, J. Phys. A 41, 095302 (2008)[54] C. Itzykson, J. B. Zuber, Quantum Field Theory(McGraw-Hill, New York, 1980)[55] U. D. Jentschura, B. J. Wundt, arXiv:1201.0359 [hep-ph][56] V. K. Oikonomou, arXiv:1109.6170[57] I. M. Suslov, JETP 93, 1 (2001)[58] I. M. Suslov, JETP Lett. 74, 191 (2001)[59] I. M. Suslov, JETP Lett. 76, 327 (2002)[60] O.-M. Bilaniuk, E. C. G. Sudarshan, Nature (London)223, 386 (1969)

762


	Introduction
	Kinematic constraints
	Tachyonic Dirac equation
	Neutrino mass running
	Conclusions
	Acknowledgments
	References



