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Abstract: The fractional cable equation is studied on a bounded space domain. One of the prescribed boundary
conditions is of Dirichlet type, the other is of a general form, which includes the case of nonlocal boundary
conditions. In real problems nonlocal boundary conditions are prescribed when the data on the boundary
can not be measured directly. We apply spectral projection operators to convert the problem to a system
of integral equations in any generalized eigenspace. In this way we prove uniqueness of the solution and
give an algorithm for constructing the solution in the form of an expansion in terms of the generalized
eigenfunctions and three-parameter Mittag-Leffler functions. Explicit representation of the solution is given
for the case of double eigenvalues. We consider some examples and as a particular case we recover a
recent result. The asymptotic behavior of the solution is also studied.
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1. Introduction

The partial differential equations of fractional order playan important role in modeling the so-called anomaloustransport phenomena, see e.g [1–3]. Recently, the frac-tional cable equation (FCE) was derived from the frac-tional Nernst-Planck equations for modeling the anoma-lous electrodiffusion in nerve cells [4–6]. The FCE can bewritten in dimensionless variables as follows
ut = D1−α

t (uxx )− cD1−β
t u, t > 0, 0 ≤ x ≤ 1, (1)

∗E-mail: e.bazhlekova@math.bas.bg
†E-mail: dimovski@math.bas.bg

where 0 < α, β ≤ 1, c > 0, and Dδ
t denotes the Riemann-Liouville fractional partial derivative of order δ ∈ (0, 1)

Dδ
t u(x, t) := 1Γ(1− δ) ∂∂t

∫ t

0
u(x, τ)(t − τ)δ dτ, (2)

and D0
t := I . The scaling exponents α and β quantifythe anomalous subdiffusion along the axial direction ofa nerve cell (α) and across the nerve cell membrane (β).The subdiffusion is more anomalous for lower values of theexponents and the standard cable equation is recoveredfor α = β = c = 1.In [6] the FCE on bounded space domains for generalmixed Robin boundary conditions is solved analytically.Numerical methods for solving the FCE with Dirichletboundary conditions are developed in [7–9].
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The FCE (1) can be also rewritten in terms of the Caputofractional derivative. Let us denote by lδt the Riemann-Liouville fractional integral
lδt u(x, t) := 1Γ(δ)

∫ t

0
u(x, τ)(t − τ)1−δ dτ, δ > 0.

Note that (see e.g. [6], Appendix A)
(lδt u)∣∣t=0 = 0, δ > 0. (3)

Therefore l1−αt D1−α
t u = u, α ∈ (0, 1]. Hence, applying

l1−αt to FCE (1) and using the properties of fractional cal-culus operators (see e.g. [10]) we can rewrite (1) as
Dα
∗tu = uxx − cDα−β

t u, (4)
where Dα

∗t := l1−αt (∂/∂t) is the Caputo fractional derivativeof order α , Dα−β
t := lβ−αt for α < β. Thus, for α = βthe FCE (1) reduces to the equation of subdiffusion withlinear reaction [3] and for α < β the FCE describes alsosubdiffusion with absorbent term [11]. Since for α > β theidentity

Dα−β
t u = Dα−β

∗t u+ u(x, 0) tβ−αΓ(1 + β − α)
holds, in this case (4) is a two-term time-fractional dif-fusion equation with a forcing function. In [12–14] exactsolutions of such equations on bounded space domains arefound employing eigenfunction expansion.It seems that time-fractional partial differential equationshave been studied only for local boundary conditions (ofDirichlet, Neumann or Robin type). However, many prac-tical problems involve nonlocal boundary conditions ofvarious kinds, especially in cases when the data on theboundary can not be measured directly. Here we prescribethe following boundary value conditions:

u(0, t) = g(t), Φx{u(x, t)} = h(t), (5)
where Φ is a continuous linear functional on the space ofsmooth functions C 1[0, 1]. The subscript x in Φx meansthat the functional acts only to the space variable x . Asit is well known, any such functional has a representationof the form:

Φ{f} = af (0) + ∫ 1
0 f ′(x)dµ(x), (6)

where µ(x) is a function with bounded variation on [0, 1]and a is a constant. Essential in our study is the as-sumption 1 ∈ suppΦ (i.e. x = 1 should be a growth pointof the function µ(x) in representation (6)). It ensures theuniqueness of the solution. Examples of such functionalsare Φ{f} = ∫ 10 f (x)dx , or
Φ{f} = a0f ′(x0) + b0f (x0) + a1f ′(1) + b1f (1), 0 ≤ x0 < 1,
where at least one of a1, b1 is not zero. When a0 = b0 = 0a boundary condition of Robin type is imposed, while non-local boundary conditions are obtained when at least oneof a0, b0 is not zero. For problems with nonlocal boundaryconditions we refer to [15] and references therein.We prescribe the initial condition

u(x, 0) = f (x). (7)
Here f (x), g(t) and h(t) are given sufficiently well-behavedfunctions satisfying the compatibility conditions

f (0) = g(0), Φ{f} = h(0). (8)
In such a general setting one could hardly expect the prob-lem considered to allow constructive results for existenceand uniqueness. Nevertheless, the main aim of this paperis to propose a constructive approach for problem (1), (5),(7) and to provide illustration by examples.The remainder of the paper is organized as follows. Sec-tion 2 contains the basic properties of the three-parameterMittag-Leffler function. In Section 3 spectral projectionoperators are defined and explicit expansions are foundin some special cases. They are applied in Section 4 toprove uniqueness of the solution. In Section 5 we givean algorithm for constructing the solution in the form ofan expansion in terms of the generalized eigenfunctionsand three-parameter Mittag-Leffler functions. Explicit ex-pression for the solution is found for the case of doubleeigenvalues. In addition, a Duhamel-type representationof the solution is given. In Section 6 the equation withnonhomogeneous boundary conditions is studied and someexamples are considered. The asymptotic behavior of thesolution is studied in Section 7.
2. Generalized Mittag-Leffler func-
tion
The generalized three-parameter Mittag-Leffler functionis defined by (e.g. [16])
Eδ
α,β (z) := ∞∑

j=0
zjΓ(αj + β) (δ)j

j! , α, β, δ, z ∈ C, <α > 0,
(9)

1305



Exact solution for the fractional cable equation with nonlocal boundary conditions

where (δ)j = δ(δ + 1) · · · (δ + j − 1), j ∈ N, δ ∈ C,(δ)0 = 1, δ ∈ C\{0}. Note that when δ is a positiveinteger, (9) can be expressed in terms of the derivative of atwo-parameter Mittag-Leffler function Eα,β (z) := E1
α,β (z),see [17], eq. (9.7):

Ek+1
α,β (z) = 1

k!E (k)
α,β−αk (z), k = 0, 1, ... (10)

The asymptotic behavior of the function (9) can be ob-tained from the identity [18]
Eδ
α,β (z) = ∞∑

j=0
(−z)−δ−jΓ(β − α(δ + j)) (δ)j

j! , |z| > 1. (11)
For the sake of brevity we use the notation

eδα,β (t;ω) := tβ−1Eδ
α,β (−ωtα ).

The Laplace transform of this function is given by the for-mula [16]
L{eδα,β (t;ω)}(s) = sαδ−β(sα + ω)δ . (12)

3. Spectral projection operators
This section is based on some results from [19–21]. Con-sider the differential operator Dx = ∂2/∂x2 with domain
XDx = {f ∈ C 2[0, 1] : f (0) = Φ{f} = 0}. The eigenvalues
−λ2

n of the spectral problem
y′′ + λ2y = 0, y(0) = 0, Φ{y} = 0, (13)

can be obtained from the zeros λn of the entire function
E(λ) = Φx

{ sin λx
λ

}

(since E(λ) is an even function, for each eigenvalue−λ2
n wetake only one of the zeros λn or −λn). The assumption 1 ∈suppΦ implies that the set of zeros of E(λ) is infinite andcountable [19]. Let κn be the multiplicity of λn as a zeroof E(λ), i.e. E(λn) = E ′(λn) = ... = E (κn−1)(λn) = 0 and

E (κn)(λn) 6= 0. To any λn it corresponds a finite sequenceof generalized eigenfunctions: the eigenfunction sin λnxand κn − 1 associated eigenfunctions. The corresponding
κn-dimensional eigenspace Eλn = ker(Dx + λ2

nI)κn is thespan of them.

The resolvent operator Rx (−λ2) = (Dx + λ2I)−1 is welldefined for all λ such that E(λ) 6= 0 and has the explicitrepresentation
Rx (−λ2)f (x) =∫ x

0
sin λ(x − ξ)

λ f (ξ)dξ
− Φξ

{∫ ξ

0
sin λ(ξ − η)

λ f (η)dη} sin λx
λE(λ) .(14)

If Φ{x} 6= 0 we normalize the functional in order to haveΦ{x} = 1. In this case E(0) 6= 0 and Rx := Rx (0) is welldefined. Taking λ→ 0 in (14) it follows
Rxf (x) = ∫ x

0 (x − ξ)f (ξ)dξ − Φξ

{∫ ξ

0 (ξ − η)f (η)dη} x.(15)However, we do not restrict our considerations to nonzeroeigenvalues only. If λ0 = 0 is an eigenvalue, then κ0 = 1and the corresponding eigenfunction is x .The spectral Riesz projection operators Pλn : C 1[0, 1] →
Eλn are defined by:

Pλn := 1
πi

∫
Γn Rx (−λ2)λ dλ, (16)

where Γn is a simple contour containing λn and no otherzeros of E(λ).The formal spectral expansion of f (x) for eigenvalue prob-lem (13) is said to be the correspondence:
f (x) ∼ ∞∑

n=0 Pλn f . (17)
Next lemma gives a sufficient condition for uniqueness ofthe formal spectral expansion.
Lemma 1 (Bozhinov [19]).
Let 1 ∈ suppΦ. Then Pλn f = 0, n = 0, 1, 2, ..., implies
f ≡ 0.

In general, it is not supposed the series in (17) to beconvergent. But if the series is uniformly convergent on[0, 1], then its sum is a continuous function and by theuniqueness property f (x) =∑∞
n=0 Pλn f .Inserting expression (14) in (16) and applying Cauchy in-tegral formula we obtain

Pλn f (x) = −2Φξ{
∫ ξ

0 Hn(x, ξ − η)f (η)dη}, (18)
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where
Hn(x, ξ) = 1(κn − 1)! lim

λ→λn

∂κn−1
∂λκn−1

[ sin λξ sin λx
λEn(λ)

]
, (19)

and En(λ) = E(λ)/(λ− λn)κn . It is clear from (18-19) that
Pλn f is a linear combination of the functions

φn,k (x) = { xk sin λnx, k even
xk cos λnx, k odd ,

k = 0, 1, ..., κn − 1, n = 1, 2, ...
and φ0,0(x) = x (if λ0 = 0 is an eigenvalue). Then Eλn =span{φn,k (x), k = 0, 1, ..., κn − 1}. Let

Pλn f (x) = κn−1∑
k=0 fn,kφn,k (x). (20)

The coefficients fn,k can be found from (18). For example,if κn = 1 we obtain
fn,0 = − 2

λnE ′(λn)Φξ

{∫ ξ

0 sin λn(ξ − η)f (η)dη} . (21)
For κn = 2 (18) gives
fn,0 =− 4

λnE ′′(λn)Φξ

{∫ ξ

0 (ξ − η) cos λn(ξ − η)f (η)dη
− 3E ′′(λn) + λnE ′′′(λn)3λnE ′′(λn)

∫ ξ

0 sin λn(ξ − η)f (η)dη} ,
fn,1 =− 4

λnE ′′(λn)Φξ

{∫ ξ

0 sin λn(ξ − η)f (η)dη} . (22)
Example 2.Let Φ{y} = y(1). Then E(λ) = sin λ/λ, λn = πn, κn =1, n = 1, 2, ..., and (21) gives
Pλn f (x) = fn,0 sin λnx, fn,0 = 2∫ 1

0 sin λnξf (ξ)dξ. (23)
Thus, (17) is the well-known sine Fourier expansion.
Example 3.If Φ{y} = y′(1), then E(λ) = − cos λ, λn = (2n −1)π/2, κn = 1, n = 1, 2, ..., and (21) gives Fourier ex-pansion (23), with λn = (2n− 1)π/2.

Example 4.If Φ{y} = y′(1) − y′(0), then E(λ) = cos λ − 1, λn =2nπ, κn = 2, n = 1, 2, ..., λ0 = 0, κ0 = 1. Applying (22)it follows
Pλn f (x) = fn,0 sin λnx + fn,1x cos λnx, (24)
fn,0 = 4∫ 1

0 (1− ξ) sin λnξf (ξ)dξ,
fn,1 = 4∫ 1

0 cos λnξf (ξ)dξ,
P0f (x) = f0,0x, f0,0 = 2∫ 1

0 f (ξ)dξ. (25)
Example 5.If Φ{y} = (y′(0) + y′(1))/2, then E(λ) = (1 + cos λ)/2,
λn = (2n − 1)π, κn = 2, n = 1, 2, .... Applying (22) weobtain (24) with λn = (2n− 1)π.
Example 6.If Φ{y} = (2y(1/2) + y(1))/2, then

E(λ) = 4
λ sin λ4 cos3 λ4 .

There are two sequences of eigenvalues λn = 2(2n −1)π, κn = 3, n = 1, 2, ..., and µk = 4kπ, κk = 1, k =1, 2, ...
Pλn f (x) = fn,0 sin λnx + fn,1x cos λnx + fn,2x2 sin λnx ,

Pµk f (x) = f ′k,0 sin µkx.Explicit expressions for the coefficients can be found from(18), see [22].
Lemma 7 (Dimovski [20]).
The operation

(f x∗ g)(x) = −12Φξ

{∫ ξ

0 K (x, η)dη} ,
where

K (x, η) =∫ η

x
f (η + x − ς)g(ς)dς

−
∫ η

−x
f (|η − x − ς|)g(|ς|)sgn(ς(η − x − ς))dς

is a bilinear, commutative and associative operation on
C [0, 1] such that the representation holds

Rx (−λ2)f (x) = { sin λx
λE(λ)

}
x∗ f (x). (26)
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The operation x∗ is said to be a convolution of the resolventoperator Rx (−λ2). Note that if E(0) 6= 0 then taking λ→ 0in (26) we get
Rxf (x) = {x} x∗ f (x). (27)

Essential identities which hold for f (0) = 0 and Φ{f} = 0are
(f x∗ g)′′ = (f ′′) x∗ g, (f x∗ g)(0) = 0, Φ{f x∗ g} = 0. (28)

Inserting (26) in (16) we infer that the projection operators
Pλn can be represented also as convolution operators

Pλn f (x) = (ψn x∗ f )(x), n = 1, 2, ... (29)
where

ψn(x) = 1
πi

∫
Γn

sin λx
λE(λ) dλ.

4. Uniqueness of the solution
Applying lt := l1t to FCE (1) and taking into account boththe initial condition (7) and property (3), we rewrite (1) inthe form:

u− lαt uxx + clβt u = f (x). (30)To construct a solution of (30) subject to homogeneousboundary conditions
u(0, t) = 0, Φx{u} = 0, (31)

and to prove its uniqueness we apply spectral projectionoperators Pλn to eq. (30). Let
un(x, t) := Pλnu = κn−1∑

k=0 An,k (t)φn,k (x). (32)
From (31), (29) and (28) it follows

Pλn (uxx ) = ψn
x∗ (uxx ) = (ψn x∗ u)xx = (Pλnu)xx . (33)

Moreover, the following identities hold:
φ′′n,k = −λ2

nφn,k +akλnφn,k−1 +bkφn,k−2, k = 0, ..., κn−1,
where ak = 2(−1)kk , bk = k(k−1) and φn,−1 ≡ φn,−2 ≡ 0.Thus, we obtain the following system of linear fractionalequations for the unknown functions An,k (t):
An,k + λ2

nlαt An,k + clβt An,k =
fn,k + ak+1λnlαt An,k+1 + bk+2lαt An,k+2, k = 0, 1, ..., κn − 1,(34)
where An,κn ≡ An,κn+1 ≡ 0.

Theorem 8.
Let 1 ∈ suppΦ. Then the problem (1),(5),(7) has a unique
solution.

Proof. It is sufficient to prove that u−lαt uxx+clβt u = 0together with (31) implies u ≡ 0. From (34) it follows that
An,κn−1(t) satisfies the equation

y+ λ2
nlαt y+ clβt y = 0. (35)

This equation has only one trivial solution y ≡ 0. Thiscan be seen rewriting it as a two-term fractional differ-ential equation ( Dα
∗ty + λ2

ny + cDα−β
∗t y = 0 if α ≥ β or

Dβ
∗ty + λ2

nD
β−α
∗t y + cy = 0 if α < β) and applying [23],Theorem 8.7. Hence, An,κn−1 ≡ 0. Inserting this result in(34), we infer that An,κn−2(t) also satisfies equation (35)and so, An,κn−2 ≡ 0. In this way, by induction, we obtain

An,k ≡ 0, k = 0, ..., κn − 1. Hence un ≡ 0, for all n andthis by Lemma 1 implies u ≡ 0.

5. Exact solution
To construct the formal solution∑∞

n=0 un we solve the sys-tem of equations (34) by applying the Laplace transform.We use the following lemma.
Lemma 9.
The inverse Laplace transform Gn,m(t) = (L−1gn,m)(t) of
the function

gn,m(s) = sα−1(sα + csα−β + λ2
n)m+1 , m = 0, 1, ...

has the following two representations:

Gn,m(t) = ∞∑
k=0 (−c)k (m+ 1)k

k! ek+m+1
α,αm+βk+1(t; λ2

n), (36)

Gn,m(t) = ∞∑
j=0 (−λ2

n)j (m+ 1)j
j! ej+m+1

β,αm+αj+1(t; c). (37)
Proof. Applying the binomial expansion formula

(1− z)−(m+1) = ∞∑
k=0

(m+ 1)k
k! zk (38)
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we obtain
gn,m(s) = sα−1(sα + λ2

n)m+1
(1 + csα−β

sα + λ2
n

)−(m+1)

= ∞∑
k=0 (−c)k (m+ 1)k

k! s(α−β)k+α−1(sα + λ2
n)k+m+1 .

and
gn,m(s) =sα−1+(β−α)(m+1)(sβ + c)m+1

(1 + λ2
nsβ−α
sβ + c

)−(m+1)

= ∞∑
j=0 (−λ2

n)j (m+ 1)j
j! s(β−α)(j+m+1)+α−1(sβ + c)j+m+1 .

Inverting termwise by the use of (12), we obtain (36) and(37).
We need these two different expressions in order to findthe asymptotic behavior of Gn,m(t) for α > β and α < β.Applying (11) to (36) and (37) we obtain the followingresult.
Lemma 10.
The asymptotic behavior of the functions Gn,m(t) is given
by:

Gn,m(t) ∼ (λ2
n)−(m+1) t−αΓ(1− α) ,(λn →∞, t > 0) or (t →∞, α > β), (39)

Gn,m(t) ∼ c−(m+1) t(α−β)m−βΓ(1 + (α − β)m− β) , t →∞, α < β.(40)
Now let us solve the system (34). The function An,κn−1(t)satisfies the equation

y+ λ2
nlαt y+ clβt y = f (41)

with f = fn,κn−1. Applying the Laplace transform and using
L{lαt y}(s) = s−αL{y}(s), we get

L{An,κn−1}(s) = fn,κn−1gn,0(s).
Therefore, by Lemma 9

An,κn−1(t) = fn,κn−1Gn,0(t). (42)
Inserting this result in (34), it follows that An,κn−2(t) alsosatisfies equation (41) with

f = fn,κn−2 + aκn−1λnlαt An,κn−1.

Applying the Laplace transform we get by Lemma 9
An,κn−2(t) = fn,κn−2Gn,0(t) + aκn−1fn,κn−1λnGn,1(t). (43)

Proceeding in this way, we can calculate all functions
An,k (t), k = 0, ..., κn − 1, and find un from (32).To avoid long expressions, we give the explicit solutiononly for the case κn ≤ 2, where the most interesting ex-amples appear.
Theorem 11.
Let the zeros λn of E(λ) be real with multiplicities κn ≤ 2.
Let f ∈ C 2[0, 1], f (0) = Φ{f} = 0, and fn,k = O(n−2), k =0, 1. Then the unique solution of (30), (31) is given by

u(x, t) =f0,0G0,0(t)x + ∞∑
n=1 {(fn,0Gn,0(t)

− 2λnfn,1Gn,1(t)) sin λnx + fn,1Gn,0(t)x cos λnx} ,(44)
where f0,0 = 0 when E(0) 6= 0, fn,k are defined by (20)
and the functions Gn,m are defined in (36) and (37) .

Proof. If κn ≤ 2 from (42) and (43) we obtain (44). It isnot difficult to check by direct differ-integration that u(x, t)satisfies the equation (30) and boundary conditions (31).It remains to prove that this is legitimate, which wouldhold if the series ∑un is uniformly convergent on [0, 1]×[0, T ] and∑(un)xx is uniformly convergent on [0, 1]×(0, T ].Since λn are real, the generalized eigenfunctions sin λnxand x cos λnx are bounded on [0, 1]. Moreover, (39) and
Gn,0(0) = 1, Gn,m(0) = 0, m = 1, 2, ... imply the estimates

(λ2
n)m|Gn,m(t)| ≤ M, t ≥ 0;(λ2
n)m+1|Gn,m(t)| ≤ M, t > 0, m = 0, 1, ...

Therefore the desired convergence would follow if
∞∑
n=0{|fn,0|+ |fn,1|} <∞

which is ensured by the assumptions on fn,k .
Based on Lemmas 9 and 10, similar theorems can be for-mulated for higher multiplicities κn.In addition, we exhibit a general result by means of aspecial solution of the problem.

1309



Exact solution for the fractional cable equation with nonlocal boundary conditions

Theorem 12.
Let E(0) 6= 0. Assume there exists function U(x, t) satisfy-
ing (31) and (30) with f (x) = Rx{x} = x3/6− xΦξ{ξ3/6}.
If f ∈ C 4[0, 1] with f (0) = Φ{f} = f ′′(0) = Φ{f ′′} = 0
then the function

u(x, t) = ∂4
∂x4 (U(x, t) x∗ f (x))

is a solution of problem (30), (31).

Proof. According to the assumptions on f , applying(28), we obtain: u = U(x, t) x∗ f (4)(x) and the fact that Usatisfies (31) together with (28) gives that u also satisfies(31). Since U satisfies equations (30) and (31), applying(27) and (28),
u− lαt uxx + clβt u = ∂4

∂x4 ((U − lαt Uxx + clβt U) x∗ f (x))
= ∂4
∂x4 (R2

x f (x)) = f (x).

6. Nonhomogeneous boundary
conditions
Let u be the solution of (1),(5),(7). Define the function
v = u− g(t)pλ(x)− h(t)qλ(x) with
pλ(x) = −Φx{cos λx}Φx{sin λx} sin λx+cos λx, qλ(x) = sin λxΦx{sin λx} ,
for some λ such that E(λ) 6= 0. These functions are chosento satisfy

p′′λ = −λ2pλ, pλ(0) = 1, Φ{pλ} = 0,
q′′λ = −λ2qλ, qλ(0) = 0,Φ{qλ} = 1.

Then the function v satisfies the equation
vt = D1−α

t (vxx )− cD1−β
t v + F (x, t), (45)

with homogeneous boundary conditions (31) and initialcondition v (x, 0) = f (x)− g(0)pλ − h(0)qλ, where
F (x, t) =− pλ(x)(g′ + λ2D1−α

t g+ cD1−β
t g)

− qλ(x)(h′ + λ2D1−α
t h+ cD1−β

t h).

Let v∗ be the solution of (45) with homogeneous initialand boundary conditions. By the Duhamel principle weget
v∗(x, t) =− ∫ t

0
[
upλ (x, t − τ)(g′(τ) + λ2D1−α

τ g+ cD1−β
τ g)

+uqλ (x, t − τ)(h′(τ) + λ2D1−α
τ h+ cD1−β

τ h)] dτ,
where by uf (x, t) we have denoted the solution of (1) withhomogeneous boundary conditions (31) and initial condi-tion u(x, 0) = f (x). Indeed, applying the identities
d
dt

∫ t

0 f (t − τ)g(τ)dτ = f (0)g(t) + ∫ t

0 f ′(t − τ)g(τ)dτ,
D1−α
t

(∫ t

0 f (t − τ)g(τ)dτ) = ∫ t

0 (D1−α
t f )(t − τ)g(τ)dτ,

where the second one is implied by the first, using thedefinition (2) and the property (3), we verify that v∗ isthe desired solution. Since uf − upλg(0)− uqλh(0) is thesolution of (1) with homogeneous boundary conditions andinitial function f (x)−g(0)pλ−h(0)qλ, the solution u of thenonhomogeneous problem (1), (5), (7) is given by
u(x, t) =pλ(x)g(t) + qλ(x)h(t) + uf (x, t)− upλg(0)

− uqλh(0) + v∗(x, t). (46)
Note that if λ = 0 is not an eigenvalue, we can take λ = 0in (46) and p0(x) = 1− ax, q0(x) = x , where a = Φ{1}.Further, we consider the case of constant boundary con-ditions. Let g(t) = V0, h(t) = V1, where V0, V1 are con-stants. Let us use the notation

kµ(t) := tµ−1Γ(µ) , t > 0, µ > 0.
Since D1−µ

t {1} = kµ(t), from (46) we obtain
u(x, t) = V0pλ + V1qλ + uf − V0upλ − V1uqλ−∫ t

0 (V0upλ (x, t − τ) + V1uqλ (x, t − τ))(λ2kα (τ) + ckβ (τ))dτ.(47)
If moreover the conditions of Theorem 11 are satisfied, weget
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u(x, t) =V0pλ + V1qλ + f̃0,0G0,0x + ∞∑
n=1{(̃fn,0Gn,0(t)− 2λn f̃n,1Gn,1(t)) sin λnx + f̃n,1Gn,0(t)x cos λnx}

− cr0,0G̃0,0x − c
∞∑
n=1{(rn,0G̃n,0(t)− 2λnrn,1G̃n,1(t)) sin λnx + rn,1G̃n,0(t)x cos λnx}. (48)

Here f̃n,k = fn,k − rn,k , where fn,k and rn,k are the coef-ficients of f (x) and pλ(x)V0 + qλ(x)V1, respectively, cal-culated by (22) (if κn = 1 then fn,1 = 0 and fn,0 arecalculated using (21)) and
G̃n,m(t) = ∫ t

0 Gn,m(t − τ)(λ2kα (τ) + ckβ (τ))dτ. (49)
From (36) and the identity (e.g.[16])

∫ t

0 kµ(t − τ)eδα,β (τ;ω)dτ = eδα,β+µ(t;ω).
we obtain

G̃n,m(t) = ∞∑
k=0 (−c)k (m+ 1)k

k! (
λ2ek+m+1

α,α(m+1)+βk+1(t; λ2
n)

+cek+m+1
α,αm+β(k+1)+1(t; λ2

n)) .
Example 13.Take boundary conditions u(0, t) = V0, u(1, t) = V1. Thiscase is considered in Example 2. Since λ = 0 is not aneigenvalue we can take λ = 0 in (48) and get

u(x, t) = (1− x)V0 + xV1 + ∞∑
n=1 f̃n,0Gn,0(t) sin λnx

− c
∞∑
n=1 rn,0G̃n,0(t) sin λnx.

From (10) we see that this result coincides with eq.(5.1)in [6].

Example 14.Let u(0, t) = V0, ux (1, t) = V1. This case is consideredin Example 3. Taking again λ = 0 in (48) we obtain arepresentation coinciding with eq.(5.11) in [6].
Example 15.If u(0, t) = V0, ux (1, t) − ux (0, t) = V1. This case is con-sidered in Example 4. The assumptions of Theorem 11are satisfied and the solution is given by (48), where thecoefficients are calculated by (24) and (25).

Example 16.If u(0, t) = V0, ux (0, t) + ux (1, t) = V1. Results found inExample 5 show that the assumptions of Theorem 11 aresatisfied and the solution is given by (48) with λ = 0 andcoefficients calculated by (24).
7. Asymptotic behavior
Series representations of the solution are useful for findingits asymptotic behavior.Let κn ≤ 2. Theorem 11 and Lemma 10 imply that for thesolution with homogeneous boundary conditions it holdsfor large t

u = { O(t−α ), α ≥ β
O(t−β ), α < β.

Consider the case α < β in more detail. Theorem 11 andLemma 10 imply

uf (x, t) ∼ f0,0c−1k1−β (t)x + ∞∑
n=1{(fn,0c−1k1−β (t)− 2λnfn,1c−2k1−2β+α (t)) sin λnx + fn,1c−1k1−β (t)x cos λnx}

∼ c−1k1−β (t)(f0,0x + ∞∑
n=0{fn,0 sin λnx + fn,1x cos λnx}) , t →∞. (50)
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Therefore
uf (x, t) ∼ c−1k1−β (t)f (x), t →∞, α < β.

Inserting this result in (47) we get for t →∞
u ∼V0pλ + V1qλ + c−1k1−β (t)(f − V0pλ − V1qλ)−

c−1(V0pλ + V1qλ) ∫ t

0 k1−β (t − τ)(λ2kα (τ) + ckβ (τ))dτ.
Using the identity∫ t

0 kµ(t − τ)kν (τ)dτ = kµ+ν (t)
it follows that for t →∞
u∼c−1k1−β (f − V0pλ − V1qλ)− λ2c−1k1−β+α (V0pλ + V1qλ).
Therefore u(x, t)→ 0 as t →∞ for any x ∈ (0, 1), i.e. thesolution approaches zero while nonzero boundary condi-tions are satisfied for all times. This property indicatesthe presence of boundary layers at one or both ends ofthe cable. The same behavior is observed in [6], whereboundary conditions of the Robin type are considered.For arbitrary multiplicities κn the temporal behavior ofthe solution is determined by the functions Gn,m(t), m =0, ..., κn − 1. According to Lemma 10, for α > β all func-tions Gn,m(t) have the same algebraic decay and for α < βthe function Gn,0(t) dominates as t →∞. That is why weexpect the same asymptotic behavior as above also forarbitrary multiplicities κn.
8. Conclusion
We study the fractional cable equation on a boundedspace domain, subject to a condition of Dirichlet type anda condition of a general form, represented by a functional.The uniqueness of the solution is proven and an algo-rithm for constructing the solution in the form of an expan-sion in terms of the generalized eigenfunctions and three-parameter Mittag-Leffler functions is presented. Explicitrepresentation of the solution is given for the case of dou-ble eigenvalues. We have shown that for special choicesof the functional the derived solutions reduce to resultsrecently published in the literature. Moreover, the solu-tion of the considered problem exhibits similar asymptoticbehavior as those reported for the case of local boundaryconditions. The technique used here can be applied toother kinds of multi-term time-fractional differential equa-tions with one boundary condition of Dirichlet or Neu-mann type and one nonlocal boundary condition.
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