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Abstract: Fractional order version of a dynamical system introduced by Yu and Wang (Engineering, Technology &
Applied Science Research, 2, (2012) 209–215) is discussed in this article. The basic dynamical properties
of the system are studied. Minimum effective dimension 0.942329 for the existence of chaos in the proposed
system is obtained using the analytical result. For chaos detection, we have calculated maximum Lyapunov
exponents for various values of fractional order. Feedback control method is then used to control chaos in
the system. Further, the system is synchronized with itself and with fractional order financial system using
active control technique. Modified Adams-Bashforth-Moulton algorithm is used for numerical simulations.
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1. Introduction

A nonlinear autonomous differential system of order ≥3 issaid to be chaotic if the solution trajectories exhibit aperi-odic oscillations for all time [1]. The chaotic solutions areextre mely sensitive to initial conditions i.e. the nearbystarting solutions separate exponentially.
If the chaotic solutions are unwanted in practical appli-cations then one has to control the chaos in system us-ing appropriate control techniques such as linear feed-back control [2, 3], OGY method [4], backstepping designmethod [5], inverse optimal control [6], sampled-data feed-
∗E-mail: sachin.math@yahoo.co.in, sbb_maths@unishivaji.ac.in

back control [7], adaptive control [8], differential geometricmethod [9] and so on.Though the chaotic solutions are unwanted in some situ-ations, these are not always useless. The unpredictablenature of chaotic trajectories can be successfully employedin generating secure communication and cryptographicschemes using chaos synchronization [10].Fractional calculus (FC) is an emerging branch of math-ematics having a wide range of applications in variousbranches of science and social sciences [11–13]. Thoughthe subject has history of 300 years, the applications arerather recent. The classical integer order derivative ofa function at a point can be approximated by using thevalues of function at nearby points. On the other hand,if the derivative is fractional (noninteger) order, one hasto provide the whole history from a n initial point. Thisnonlocal nature of fractional derivative (FD) is useful in
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various systems possessing the memory and hereditaryproperties e.g. viscoelasticity [14], diffusion [15–19], con-trol theory [20], signal processing [21, 22], bio-engineering[23], delay differential equations [24], chaos [25–28], syn-chronization [29–32] and so on.Several inequivalent definitions such as Grunwald-Letnikov derivative, Riemann-Liouville derivative, Caputoderivative, Weyl derivative, Riesz derivative are proposedfor evaluating fractional order derivative. The models in-volving Caputo fractional derivative [11] requires initialconditions in the form of the value of function and its in-teger order derivatives at initial point. Hence the Caputo’sdefinition is the most useful definition of FD while dealingwith the models arising in real life. This was our motiva-tion for presenting the Yu-Wang system [33] with Caputofractional derivative in the present article since it containsmemory as well as chaos.The article is organized as below: Basic definitions andstability analysis is discussed in Section 2. Section 3deals with the fractional order Yu-Wang system and itsbasic dynamical properties. Chaos in proposed fractionalsystem is controlled using simple linear feedback controlin Section 4. The system is synchronized with itself aswell as with fractional order financial system using ac-tive control in Section 5. Conclusions are summarized inSection 6.
2. Preliminaries

2.1. Fractional calculus

In this section, we describe some basic definitionsregarding fractional derivative [11–13].
The Riemann-Liouville fractional integral of order α, α >0 is defined as

Iα f (t) = 1Γ(α)
∫ t

0 (t − τ)α−1f (τ)dτ, t > 0. (1)
The Caputo fractional derivative is defined as usingRiemann-Liouville integral as below

Dα f (t) = dm
dtm f (t), α = m

= Im−α d
mf (t)
dtm , m− 1 < α < m, (2)

where m is a natural number.

2.2. Stability analysis
Consider the following commensurate fractional orderedautonomous system

Dαxi = fi(x1, x2, x3), 1 ≤ i ≤ 3. (3)
where, 0 < α ≤ 1. Equilibrium points of the system (3)are solutions of fi(x1, x2, x3) = 0, 1 ≤ i ≤ 3. Consider anequilibrium point x∗ = (x∗1 , x∗2 , x∗3 ) of the system (3) anda perturbed solution εi = xi − x∗i . Then the linearizedsystem of the system (3) is given by

Dαε = Jε, (4)
where ε = (ε1, ε2, ε3)t and J is the Jacobian matrix of sys-tem (3).The linear autonomous system (4) is asymptoticallystable if and only if |arg(µ)| > απ/2 for all eigenvalues
µ of J [34, 35].
Thus the equilibrium point x∗ of the nonlinear autonomoussystem (3) is asymptotically stable if |arg(µ)| > απ/2, forall eigenvalues µ of Jacobian J evaluated at x∗ i.e. if

mini |arg(µi)| > απ/2. (5)
It should be noted that the condition of the form (5) isonly a sufficient condition and not a necessary conditionfor stability of nonlinear system (3) [27, 37].
3. Fractional Yu-Wang system
Yu and Wang [33] proposed a novel chaotic system de-scribed by

ẋ = a(y− x)
ẏ = bx − cxz
ż = exy − dz. (6)

We propose a fractional order version of this system givenby
Dαx = a(y− x)
Dαy = bx − cxz
Dαz = exy − dz (7)

where α ∈ (0, 1) is fractional order. The basic dynamicalproperties of the system are listed below:
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• Symmetry: It can be checked that the sys-tem (7) is invariant under the coordinatetransformation(x, y, z) → (−x,−y, z). Thus thesystem is symmetric about z−axis.
• Dissipation: The gradient of the system is

5F = ∂ẋ
x + ∂ẏ

y + ∂ż
z = −(a+ d).

The system is dissipative if a+ d > 0.
• Equilibrium Points: The equilibrium points ofthe system (7) can be obtained by solving thesystem a(y − x) = 0, bx − cxz = 0, exy −
dz = 0 for x, y and z. The solutions aregiven by E1 = (√log(bd/c),√log(bd/c), b/c),
E2 = (

−
√log(bd/c),−√log(bd/c), b/c) and

E3 = (0, 0, 1/d).
• Stability: We linearize the system (7) near equi-libria and study the stability using the results dis-cussed in Section 2.2. The Jacobian of the systemis

J(x, y, z) =
 −a a 0
b− cz 0 −cx
yexy xexy −d

 . (8)
The eigenvalues of J are obtained by solving acharacteristic equation λ3 + (a + d)λ2 + d(a +
b log(bd/c))λ+ 2abd log(bd/c) = 0.In particular, for the parameter values a =15, b = 30, c = 3.2, d = 2, the equilib-rium points are E1 = (1.71207, 1.71207, 9.375),
E2 = (−1.71207,−1.71207, 9.375) and E3 =(0, 0, 0.5). The eigenvalues of J at E1 and E2 are
−19.9429, 1.47147 ± 16.1987ı. At E3, the eigen-values are −29.4602, 14.4602,−2. An equilibriumpoint is said to be a saddle if the Jacobian eval-uated at the point contains the eigenvalues withpositive as well as eigenvalues with negative realpart. Clearly, the points E1, E2 are saddle pointsof index two and E3 is a saddle point of index one.It is discussed by Tavazoei and Haeri in [36] thatthe chaotic scrolls are generated only around thesaddle points of index two and the saddle points ofindex one are responsible only for connecting thesescrolls.The system (7) shows regular behavior if it satisfies(5). i.e. The system is stable if

α < 2
πmini |arg(λi)| ≈ 0.942329. (9)

Thus the system does not show chaotic behavior for
α < 0.942329. This result is supported by numeri-cal experiments. Fig. 1(a) shows stable time series
x(t) for α = 0.94.However, the condition (5) is “only sufficient andnot necessary" condition for stability. The stabilityis guaranteed for fractional order α < 0.942329,however, the stable solutions may be observed forhigher values. It is observed using numerical simu-lations that the solutions are stable for higher value
α ≤ 0.97 (cf. Fig. 1(b)). In the literature, to the bestknowledge of the author of this article, such be-havior is not observed in any other commensurate-order system.

• Chaos: A modification of Adams-Bashforth-Moulton algorithm proposed by Diethelm et al.[38–40] is used for numerical observations of chaotictrajectories. The system exhibits chaos for α ≥0.98. Chaotic phase portrait in xz-plane for α =0.98 and chaotic time series z(t) for α = 0.99 areshown in Fig. 1(c) and Fig. 1(d) respectively.Further, we have presented maximum Lyapunov ex-ponents (MLE)1 [41] for different values of fractionalorder α in Fig. 1(e). The Lyapunov exponents arepositive for fractional order α ≥ 0.98. Thus the re-sults are same as those of numerical simulations.The minimum effective dimension of the system is0.98× 3 = 2.94.

4. Chaos control
In this section we use linear feedback control to studychaos control in the proposed fractional order system (7).Consider

Dαx = 15(y− x)
Dαy = 30x − 3.2xz + u
Dαz = exy − 2z, (10)

where u is the linear feedback control. We take u = ky,where k is a parameter whose values are chosen so as tomake the system (10) stable. The equilibrium points of thecontrolled system (10) are given by O = (0, 0, 0.5), P1 =(
−
√log (0.125(150 + 5k)),−√log (0.125(150 + 5k)) ,

1 http://lizika.pfmb.uni-mb.si/ matjaz/ejp/time.html
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Figure 1. (a) Solution x(t) for α = 0.94; (b) Phase portrait for α = 0.97; (c) Phase portrait for α = 0.98; (d) Solution z(t) for α = 0.99; (e) Maximum

Lyapunov exponents.
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0.0625(150 + 5k)) and P2 = (√log (0.125(150 + 5k)) ,√log (0.125(150 + 5k)), 0.0625(150 + 5k)).
The Jacobian matrix for system (10) is

J1(x, y, z) =
 −15 15 030− 3.2z k −3.2x

yexy xexy −2
 . (11)

At equilibrium point P1, the eigenvalue e0 of J1 is given as
0.333333(−17 + k) + (0.419974 (−199 + 28k − k2 + 180 log(0.125(150 + 5k))+6k log(0.125(150 + 5k)))) / (−5236 + 1158k − 84k2 + 2k3 − 39420 log(0.125(150 + 5k))
−1854k log(0.125(150 + 5k))− 18k2 log(0.125(150 + 5k)) +√ (4 (−199 + 28k − k2
+180 log(0.125(150 + 5k)) + 6k log(0.125(150 + 5k)))3 + (−5236 + 1158k − 84k2
+2k3 − 39420 log(0.125(150 + 5.k))− 1854k log(0.125(150 + 5k)) −18k2 log(0.125(150 + 5k)))2))1/3
+0.264567 (−5236 + 1158k − 84k2 + 2k3 − 39420 log(0.125(150 + 5k))
−1854k log(0.125(150 + 5k))− 18k2 log(0.125(150 + 5k))+√(4 (−199 + 28k − k2 + 180 log(0.125(150 + 5k)) + 6k log(0.125(150 + 5k)))3+ (−5236 + 1158k − 84k2 + 2k3 − 39420 log(0.125(150 + 5k))
−1854k log(0.125(150 + 5k))− 18k2 log(0.125(150 + 5k)))2))1/3

The remaining two eigenvalues λ+,− are complex-conjugate of each other and having the form
0.333333(−17 + k) + ((0.209987± 0.363708ı) (−199 + 28k − k2 + 180 log(0.125(150 + 5k))+6k log(0.125(150 + 5k)))) / (−5236 + 1158k − 84k2 + 2k3 − 39420 log(0.125(150 + 5k))
−1854k log(0.125(150 + 5k))− 18k2 log(0.125(150 + 5k)) +√ (4 (−199 + 28k − k2
+180 log(0.125(150 + 5k)) + 6k log(0.125(150 + 5k)))3 + (−5236 + 1158k − 84k2+
2k3 − 39420 log(0.125(150 + 5.k))− 1854k log(0.125(150 + 5k)) −18k2 log(0.125(150 + 5k)))2))1/3
−(0.132283∓ 0.229122ı) (−5236 + 1158k − 84k2 + 2k3 − 39420 log(0.125(150 + 5k))
−1854k log(0.125(150 + 5k))− 18k2 log(0.125(150 + 5k))+√(4 (−199 + 28k − k2 + 180 log(0.125(150 + 5k)) + 6k log(0.125(150 + 5k)))3+ (−5236 + 1158k − 84k2 + 2k3 − 39420 log(0.125(150 + 5k))
−1854k log(0.125(150 + 5k))− 18k2 log(0.125(150 + 5k)))2))1/3

It is clear that the stability of system (10) depends on theparameter k . Using the stability condition (5), we can es-timate the parameter k which generates stable solutionsfor different values of fractional order α . This can be vi-sualized in a graph as follows.

We have plotted the curves |arg(λ)| and απ/2 for differentvalues such as α = 0.97, 0.98, 0.99, 1 in Fig. 2(a). Theintersection points of the curve |arg(λ)| with the curves0.97π/2, 0.98π/2, 0.99π/2 and π/2 are k ≈ −2.728, k ≈
−3.711, k ≈ −4.769 and k ≈ −5.809 respectively. For
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Figure 3. Controlled signal α = 0.99 (k = −5.2).

eigenvalue e0, we have obtained similar intersections inFig. 2(b). It can be observed from figures 2(a,b) that thechaos in system (10) can be controlled by selecting thevalue of k less than the corresponding intersection point.We have shown the controlled time series for α = 0.99and k = −5.2 in Fig. 3. Similar figures can be drawn forother values of fractional order α .

5. Chaos synchronization
Two identical or nonidentical chaotic systems can evolvetogether by applying the appropriate control. This fas-cinating phenomenon introduced by Pecora and Carroll[42, 43] is termed as chaos synchronization. Synchroniza-tion of chaos is widely explored in various branches ofScience and Social Sciences [44, 45]. Recently, it hasbeen used in secure communication [46] and cryptography[10] also. Different approaches such as adaptive control[47], active control [48], OGY method [49], L2 − L∞ syn-chronization [50], adaptive H∞ synchronization [51], delayfeedback control [52, 53] are proposed for chaos synchro-nization. Ahn and co-workers used fuzzy logic approach topropose different synchronization techniques for continu-ous time systems [54, 55], chaotic neural networks [56, 57]and so on.Present section deals with synchronization of proposedfractional order system with itself and with fractional orderfinancial system. We use active control technique [29]developed for fractional order systems.
5.1. Synchronization of identical Yu-Wang
systems
We consider

Dαx1 = 15(y1 − x1)
Dαy1 = 30x1 − 3.2x1z1
Dαz1 = ex1y1 − 2z1 (12)

as a master system and
Dαx2 = 15(y2 − x2) + u1
Dαy2 = 30x2 − 3.2x2z2 + u2
Dαz2 = ex2y2 − 2z2 + u3 (13)

as a slave system, where u1, u2, u3 are active controlfunctions. The errors in synchronization are defined as
e1 = x2 − x1, e2 = y2 − y1, e3 = z2 − z1. (14)

Thus the error system is
Dαe1 = 15(e2 − e1) + u1,
Dαe2 = 30e1 − 3.2 (e1e3 + e1z1 + x1e3) + u2,
Dαe3 = −2e3 + ex2y2 − ex1y1 + u3. (15)
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Figure 4. Synchronized signals x1, x2 (α = 0.99).

We choose the control functions ui as
u1 = 0,
u2 = −30e1 − e2 + 3.2 (e1e3 + e1z1 + x1e3) ,
u3 = −ex2y2 + ex1y1 (16)

so that the system (15) becomes stable. The error system(15) now takes the form
Dαe =

 −15 15 00 −1 00 0 −2
 e, (17)

where e = (e1, e2, e3)T . The error system (15) is stable forany 0 ≤ α ≤ 1 because the eigenvalues −15, −1 and −2of coefficient matrix are satisfying the stability condition(5). The errors ei(t) will approach to zero as t increasesi.e. the synchronization is achieved. The simulation re-sults in case α = 0.99 are summarized in Figs. 4 – 7.Fig. 4 shows the synchronization x1, x2. Similarly, Figs. 5and 6 show the synchronization y1, y2 and z1, z2 respec-tively. The master systems in these figures are shownby solid lines whereas the slave systems are shown bydashed lines. Fig. 7 represent the errors e1(t) (solid line),
e2(t) (dashed line) and e3(t) (dot-dashed line) in synchro-nization.
5.2. Synchronization of Yu-Wang system with
financial system of fractional order
Consider the fractional order financial system [58] as amaster system

Dαx1 = z1 + (y1 − 3)x1
Dαy1 = 1− 0.1y1 − x21
Dαz1 = −x1 − z1 (18)
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Figure 5. Synchronized signals y1, y2 (α = 0.99).
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Figure 6. Synchronized signals z1, z2 (α = 0.99).

and the slave system is Yu-Wang system of fractional ordergiven by
Dαx2 = 15(y2 − x2) + u1
Dαy2 = 30x2 − 3.2x2z2 + u2
Dαz2 = ex2y2 − 2z2 + u3. (19)

The error functions are defined by
e1 = x2 − x1, e2 = y2 − y1, e3 = z2 − z1. (20)
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Figure 7. Synchronization errors (α = 0.99).
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Figure 8. Synchronization errors (α = 0.99).

Equation (20) together with (18) and (19) yields the errorsystem
Dαe1 = −15e1 + 15e2 − 12x1 + 15y1 − z1 − x1y1 + u1,
Dαe2 = 30e1 + 30x1 − 3.2 (e1e3 + e1z1 + x1e3)− 1+0.1y1 + x21 + u2,
Dαe3 = ex2y2 − 2e3 + x1 − z1 + u3. (21)
The active control terms ui are chosen as
u1 = 12x1 − 15y1 + z1 + x1y1,
u2 = −30e1 − e2 − 30x1 + 3.2 (e1e3 + e1z1 + x1e3)+1− 0.1y1 − x21 ,
u3 = −ex2y2 − x1 + z1. (22)

The error system (21) now becomes
Dαe1 = −15e1 + 15e2,
Dαe2 = −e2,
Dαe3 = −2e3. (23)

It is clear that the error system (23) is asymptoticallystable. Synchronization errors for α = 99, are shown inFig. 8.
6. Conclusion
The chaotic dynamics of fractional order Yu-Wang systemis studied. The minimum effective dimension turns o utto be 2.94. Simple linear feedback controller is used tocontrol the chaos in the proposed system. It is observedthat the active control can be utilized successfully to syn-chronize the proposed fractional order system with itselfas well as with fractional order financial system.
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