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Abstract: In this paper an alternative theory about space-time is given. First some preliminaries about 3-dimensional
time and the reasons for its introduction are presented. Alongside the 3-dimensional space (S) the 3-
dimensional space of spatial rotations (SR) is considered independently from the 3-dimensional space.
Then it is given a model of the universe, based on the Lie groups of real and complex orthogonal 3 × 3
matrices in this 3+3+3-dimensional space. Special attention is dedicated for introduction and study of
the space S × SR , which appears to be isomorphic to SO(3,R) × SO(3,R) or S3 × S3. The influence of
the gravitational acceleration to the spinning bodies is considered. Some important applications of these
results about spinning bodies are given, which naturally lead to violation of Newton’s third law in its classical
formulation. The precession of the spinning axis is also considered.
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1. Introduction and motivation

The Special and the General Relativity give the geom-etry of the 3+1- dimensional space-time. The SpecialRelativity is free of any anomaly, if we assume that thespace-time is homeomorphic to R4. The General Relativ-ity appears to be very good when we consider trajectoriesof motion, gravitational radiation and so on. But if weconsider the precession of axis of a gyroscope, we havea different situation. Using the Fermi-Walker connection,it is well known that the angular velocity of the axis of a
∗E-mail: kostatre@pmf.ukim.mk

gyroscope in a free fall orbit is given by ([1], eq. (9.5))
~Ω = (γ + 12)∑a (~v − ~va)×∇Gma

rac2 −

−12 (γ + 1)∑
a
G[~Ja − 3~̂na(~̂na · ~Ja)]/r3

ac2−

− 12 ∑a ~va ×∇
Gma

rac2 , (1)
where γ is a PPN parameter which takes value 1 ac-cording to the General Relativity, ~v is the velocity of thegyroscope, ~va is the velocity of the a-th spherical body,
~Ja is its angular momentum and ra is its distance to thegyroscope. The third term is anomalous since it depends
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on the velocity of each body [1]. Although there has beenan effort to explain why experimentally this term cannotbe observed, or that it leads to a small periodic effect incase of observation as the Gravity Probe B experiment [1],it remains to be an anomaly. In the paper [2] this anomalyis solved by assuming axiomatically a precession of thecoordinate system, i.e. coordinate axes. This precessionis analogous to the Thomas precession, which is related toprecession of the gyroscope, and so we will call it Thomasprecession too. The final conclusion is that observed closefrom the gyroscope the precession of the gyroscope’s axisis given by
~Ωgyr. = 2∑

a
(~v − ~va)×∇Gma

rac2 −

−
∑
a
G[~Ja − 3~̂na(~̂na · ~Ja)]/r3

ac2, (2)
the observed apparent (not true) precession of the distantstars, which is a consequence of the precession of thecoordinate system, is given by

~Ωstars = 12 ∑a (~v − ~va)×∇Gma

rac2 −

− 14 ∑a G[~Ja − 3~̂na(~̂na · ~Ja)]/r3
ac2, (3)

and hence their subtraction, i.e. the relative precession ofthe gyroscope’s axis with respect to the distant stars, isgiven by
~Ωrel. = 32 ∑a (~v − ~va)×∇Gma

rac2 −

− 34 ∑a G[~Ja − 3~̂na(~̂na · ~Ja)]/r3
ac2. (4)

All these precessions are Lorentz covariant angular veloc-ities. The rotation of the coordinate axes is necessary inorder to obtain a Lorentz covariant result. But the pre-cession (3) is also necessary if we want to obtain Lorentzcovariant results about the equations of motion, for somespecial choices of the observer.The precession of the coordinate axes, which is oppositeto (3), is such that the observer does not feel any inertialforce in his neighborhood. For example he cannot detectthe Coriolis force in his neighborhood.Notice that according to (4) the geodetic precession withrespect to the distant stars is the same as it is well known

from the General Relativity and as experimentally con-firmed by the Gravity Probe B experiment ([3]) and pre-cession of the system Earth-Moon as a gyroscope aroundthe Sun. But the frame dragging is 25% less than theknown values from the General Relativity. Notice thatthese 25% cannot be detected via the Lense-Thirring ef-fect which arises from the equations of motion, while theframe dragging effect arises from the Fermi-Walker con-nection. So the Gravity Probe B is a unique experimentwhere these 25% would be measurable. Unfortunately, thelarge uncertainties in this experiment do not permit pre-cise value for the frame dragging [3]. But, the followingcomments can be of interest. Among the four gyroscopesin the Gravity Probe B experiment let us consider the gy-roscope no. 3, for which the geodetic precession is themost close to the predicted value -6,606.1 mas/yr, whichis without doubt the true value. It is natural to expectthat the measurements of the frame dragging with thisgyroscope are also the most close to the true value. Themeasurements with this gyroscope of the frame dragging(−25.0 ± 12.1)mas/yr are much closer to the value -29.4mas/yr predicted by (4), than the value -39.2 mas/yr pre-dicted by the General Relativity.The mentioned anomaly appears as a consequence of thefact that the space-time is a priori assumed to be 3+1-dimensional. In [2] the problem is solved and equations(2), (3) and (4) are deduced:- from the following axiom “An observer who rests withrespect to a non-rotating gravitational body observes noprecession of the coordinate axes of any freely movingcoordinate system" and- accepting the known formula for the geodetic precession32 ∑a(~v − ~va)×∇Gma
rac2 from (4) with respect to the distantstars, which is experimentally confirmed.But on the other side, since all calculations in differentialgeometry, General Relativity and tensor calculus are donewith respect to the chosen coordinate system, but not withrespect to the distant stars, it is natural to expect that thegeodetic precession 2∑a(~v − ~va)×∇Gma

rac2 from (2) shouldbe derived in local coordinate system. But this is not acase in the frame of the General Relativity. This is thesecond anomaly.In the papers [4, 5] is presented a theory of gravitation inflat Minkowski space, which fits with all of the gravita-tional experiments which are performed for verification ofthe General Relativity (deflection of the light rays near theSun, advance of the perihelion, geodetic precession, grav-itational radiation and so on). Although the first anomalywas solved inside the 3+1-dimensional space-time, thesecond anomaly cannot be solved at the same time. Itis solved (in an incoming paper) by researching gravita-tion in 3+3-dimensional space-time. The main feature
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there is that it is not considered parallel transport of vec-tors, but parallel transport of Lorentz transformations. Theequations of motion in 3+1-dimensional space-time from([4, 5]) can be converted into the 3+3-dimensional space-time. Hence the previous predictions remain unchangedand moreover the anomalies with the precession of thegyroscope’s axis are solved there.After all these arguments we see that the space-time isnot so simple, and it requires answer of some basic ques-tions about the space, time, velocities and motions. Suchquestions will be subject of this paper. The results aboutthe motion of the gyroscopes and change of their spinningaxes are independent and complementary to the presenttheory about mechanics of gyroscopes, which is based onthe Euler’s equations and the Lagrange’s equation.We assume in this paper to use the temporal coordinateas ict, instead of ct.
2. 3-dimensional time
In this section we give some preliminaries about the con-cept of the 3-dimensional time ([6–8]).
2.1. Some basic steps

We mentioned in the previous section that it is better toconsider parallel transport of a Lorentz transformation in-stead of parallel transport of a 4-vector of velocity. Theresult is not the same, because the parallel transport ofa 4-vector of velocity is always a 4-vector, whereas theparallel transport of a Lorentz transformation which is aLorentz boost at the initial instant, i.e. without spatial ro-tation, may not be a Lorentz boost, because it may containa spatial rotation too. In the case of parallel transport ofa 4-vector of velocity, the consequence is the appearanceof anomalies, which were described in the previous sec-tion. This is the main motivation to research a model of3-dimensional time. Albert Einstein and Henri Poincaremany years ago thought about 3-dimensional time, suchthat the space and time would be of the same dimension.At present time most of the authors [9–18] propose multi-dimensional time in order to give a better explanation ofthe quantum mechanics and the spin.Let us denote by x , y and z the coordinates in our 3-dimensional space R3, and let us consider the principalbundle over the base R3, whose fiber is SO(3,C) andthe (complex) Lie group is SO(3,C) too. This bundle willbe called space-time bundle. Having in mind that theunit component O↑+(1, 3) of the Lorentz group is isomor-phic to SO(3,C), this bundle can be considered simplyas the bundle of all moving orthonormal Lorentz frames.

The space-time bundle locally can be parameterized bythe following 9 local coordinates {x, y, z}, {xs, ys, zs},
{xt , yt , zt}, such that the first 6 coordinates parameterizelocally the subbundle with the fiber SO(3,R). The localcoordinates xs, ys, zs are called spatial coordinates, while
xt , yt , zt are called temporal coordinates. So this approachin the Special Relativity is called 3+3+3-dimensionalmodel. Indeed, to each body are related 3 coordinatesfor the position, 3 coordinates for the spatial rotation and3 coordinates for its velocity.We will consider the analog of the Lorentz boosts from the3+1-dimensional space-time. The next few assumptionsare in accordance with the structure of the group SO(3,C).The coordinates xs, ys, zs, xt , yt , zt are functions of x , y,and z, and assume that the matrix

V =

∂xs
∂x

∂xs
∂y

∂xs
∂z

∂ys
∂x

∂ys
∂y

∂ys
∂z

∂zs
∂x

∂zs
∂y

∂zs
∂z

 (5)

is symmetric, i.e. V T = V , while the matrix

V ∗ =

∂xt
∂x

∂xt
∂y

∂xt
∂z

∂yt
∂x

∂yt
∂y

∂yt
∂z

∂zt
∂x

∂zt
∂y

∂zt
∂z

 (6)

is antisymmetric, i.e. V ∗T = −V ∗.Further let us denote
X = xs + ixt , Y = ys + iyt , Z = zs + izt ,

such that the matrix

V =

∂X
∂x

∂X
∂y

∂X
∂z

∂Y
∂x

∂Y
∂y

∂Y
∂z

∂Z
∂x

∂Z
∂y

∂Z
∂z

 (7)

is Hermitian and V = V + iV ∗.The antisymmetric matrix V ∗ depends on 3 variables andits general form can be written as
V ∗ = −1

c
√1− v2

c2

 0 vz −vy
−vz 0 vx
vy −vx 0

 . (8)
298



Kostadin Trenčevski

According to (8) we can join to V ∗ a 3-vector ~v =(vx , vy, vz), which transforms as a 3-vector.It is natural to assume that V should be presented in theform
V = eiA = cosA+ i sinA. (9)Assume that A is an antisymmetric real matrix, which isgiven by

A =
 0 −k cos γ k cosβ
k cos γ 0 −k cosα
−k cosβ k cosα 0

 , (10)
where ~v = c(cosα, cosβ, cos γ) tanh(k) and (cosα, cosβ,cos γ) is a unit vector of the velocity vector. As a conse-quence we obtain

sinA = −1
c
√1− v2

c2

 0 vz −vy
−vz 0 vx
vy −vx 0

 , (11)
i.e. that V ∗ = sinA is given by (8), while the symmetric3× 3 matrix cosA is given by

(cosA)ij = V4δij + 11 + V4ViVj , (12)
where

(V1, V2, V3, V4) = 1
ic
√1− v2

c2
(vx , vy, vz , ic). (13)

According to (6) and (8) the temporal vector in this specialcase is given by
(xt , yt , zt) = ~v

c
√1− v2

c2
× (x, y, z) + (x0

t , y0
t , z0

t ), (14)
where (x0

t , y0
t , z0

t ) does not depend on the basic coordi-nates. The coordinates xt , yt , zt are independent and theycover the Euclidean space R3 or an open subset of it.But the Jacobi matrix [ ∂(xt ,yt ,zt )∂(x,y,z)
] is a singular as antisym-metric matrix of order 3, where the 3-vector of velocitymaps into zero vector. So the quantity (xt , yt , zt) · ~v doesnot depend on the basic coordinates and hence we as-sume that it determines the 1-dimensional time t mea-sured from the basic coordinates. Further, one can easilyverify that (1 − v2

c2 )−1/2(~v × (x, y, z)) = (1 − v2
c2 )−1/2(~v ×(cosA)−1(xs, ys, zs)T ) = ~v × (xs, ys, zs) for simultaneouspoints in basic coordinates. So the formula (14) becomes

(xt , yt , zt) = ~v
c × (xs, ys, zs) + ~c · ∆t, (15)

where ~c is the velocity of light, which has the same direc-tion as ~v , i.e. ~c = ~v
v · c.

2.2. Local isomorphism between O↑+(1, 3)
and SO(3,C)
Now let us consider the following mapping F : O↑+(1, 3)→
SO(3,C) given by

[
M 00 1

]
·



1− V 211+V4 − V1V21+V4 − V1V31+V4 V1
− V1V21+V4 1− V 221+V4 − V3V21+V4 V2
− V1V31+V4 − V3V21+V4 1− V 231+V4 V3
−V1 −V2 −V3 V4


7→ M · (cosA+ i sinA), (16)

where cosA and sinA are given by (12) and (11). This iswell defined because the decomposition of any matrix from
O↑+(1, 3) as product of a spatial rotation M and a boostis unique. Moreover, (16) is an isomorphism between thetwo groups and the corresponding isomorphism betweentheir Lie algebras is given by


0 c −b ix
−c 0 a iy
b −a 0 iz
−ix −iy −iz 0

 7→

 0 c + iz −b− iy
−c − iz 0 a+ ix
b+ iy −a− ix 0

 .
The isomorphism between the groups O↑+(1, 3) and
SO(3,C) is the main reason why we observe our space-time as 4-dimensional where the group O↑+(1, 3) acts onit, instead of 3+3-dimensional space-time.
2.3. Observation of lengths of a moving body
We study the observations of lengths in arbitrary direction,assuming that there is no effective motion, but simply ro-tation for an imaginary angle. Such a transformation willbe called passive motion.The base manifold R3 is 3-dimensional and it is con-venient to consider it as a section of C3, consisting of(x, y, z, ctx , cty, ctz), where ctx = cty = ctz = 0 at a cho-sen initial instant, and we may call it a complex base. Thechange of the coordinates can be done via the 6× 6 realmatrix [

M cosA −M sinA
M sinA M cosA

]
. (17)
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It acts on the 6-dimensional (tangent) vectors(∆x,∆y,∆z, 0, 0, 0)T of the introduced complex base.Multiplying the (tangent) vectors (∆x,∆y,∆z, 0, 0, 0)T ofthe complex base from the left with the matrix (17), weobtain 3-dimensional base subspaces as they are viewedfrom the observer who rests with respect to the chosencomplex base.The quantity (∆x)2 + (∆y)2 + (∆z)2 is invariant, where∆x , ∆y and ∆z should be considered as complex quanti-ties previously described, because the structure group is
SO(3,C). Hence we have now two invariants: Re[(∆x)2 +(∆y)2 + (∆z)2] and Im[(∆x)2 + (∆y)2 + (∆z)2].According to (15) the second invariant Im[(∆x)2 +(∆y)2 +(∆z)2] = 2(xs, ys, zs) · (xt , yt , zt) is zero for simultaneousinitial point and end point, i.e. ∆t = 0 in (15). But, incase of non-simultaneity (∆t 6= 0) the situation is differ-ent. Re[(∆x)2 + (∆y)2 + (∆z)2] remains an invariant, but
Im[(∆x)2 +(∆y)2 +(∆z)2] is not invariant anymore becauseof the following reason. In (15) we deduced that the com-ponent ~c∆t is collinear with the velocity vector ~v becausethe observation is with respect to the basic coordinates
x, y, z. If the observation is with respect to the coordinates
xs, ys, zs, then ~c∆t would be collinear with (∆xs,∆ys,∆zs).So, although ~c∆t does not have an invariant direction andconsequently Im[(∆x)2 + (∆y)2 + (∆z)2] is not an invari-ant in this case, we notice that ~c∆t is always orthogonalto ~v

c × (∆xs,∆ys,∆zs), and hence |~rt | is well defined and
Re[(∆x)2+(∆y)2+(∆z)2] is an invariant. Note that in caseof simultaneity (∆t = 0 in (15)) we shall see in section 6that can be introduced 4 invariants.Since Re[(∆x)2 + (∆y)2 + (∆z)2] is invariant, according tothe previous notations, it leads to

(∆~rs)2 − (∆~rt)2 = (∆~r)2 − c2(∆~t)2, (18)
where ~rs = (xs, ys, zs), ~rt = (xt , yt , zt), ~r = (x, y, z) and
~t = (tx , ty, tz). Hence assuming that the initial point andend point are simultaneous with respect to the basic co-ordinates we should replace ∆t = 0 in (15). In basiccoordinates it is also ∆~t = (0, 0, 0) and hence we obtain

(∆~rs)2 −
 ~v

c
√1− v2

c2
× ∆~r2 = (∆~r)2,

|∆~rs| = |∆~r|
√√√√1 + v2

c2 sin2 θ1− v2
c2

, (19)
where θ is the angle between ~v and ∆~r. Thus in thedirection of motion (θ = 0) there is no observed changein length, while for lengths orthogonal to the motion (θ =
π/2), they are observed larger by (1− v2

c2
)−1/2 times.

If there is an active motion, i.e. there is change of the
basic coordinates, according to the previous discussion itis convenient if all of the previously described observedlengths in any direction additionally should be multipliedby the coefficient √1− v2

c2 . As a consequence the obser-vations for lengths for passive and active motions togetheris in agreement with the classically known results.
2.4. Lorentz transformations as transforma-
tions on C3
For the sake of simplicity we will omit the symbol “∆" todenote the difference of coordinates. So we assume thatthe initial point of the considered space-time vector hascoordinates equal to zero. Assume that x, y, z are basiccoordinates. Let the coordinates xs, ys, zs be denoted by
x ′, y′, z′ and let us denote ~r = (x, y, z) and ~r′ = (x ′, y′, z′).It is of interest to see the form of the Lorentz boosts astransformations in C3, while the spatial rotations are iden-tical in both cases.
Theorem. The following transformation in C3

(1− v2
c2
)−1/2 [ ~r′

~ct′ + ~v×~r′
c

] =
= [cosA − sinAsinA cosA

][
~r + ~v (t + δt)
~c(t + δt)

] (20)
via the group SO(3,C) where δt = ~r′~v

c2√1− v2
c2

, is equivalent

to the transformation of a Lorentz boost determined by the
isomorphism (16).The coefficient β = (1− v2

c2 )−1/2 is caused by the active mo-tion from subsection 2.3. Obviously we have translation inthe basic coordinates for vector (~v (t+δt), ~c(t+δt)), where
δt = ~r′~v

c2 /
√1− v2

c2 appears from the non-simultaneity ofthe start point and the endpoint analogously as in theSpecial Relativity. On the other side, according to (15) inthe moving system we have the temporal vector ~v × ~r′/c,which disappears in basic coordinates (~v = 0).According to the previous theorem the well known 4-dimensional space-time is not fixed in 6 dimensions, butchanges with the direction of velocity. Namely this 4-dimensional space-time is generated by the basic spacevectors and the velocity vector from the imaginary part ofthe complex base.Having in mind the equation (15), the Lorentz transforma-tion (20) can be written in the following form
(1− v2

c2
)−1/2 [~rs

~rt

] =
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= [cosA − sinAsinA cosA
][
~r + ~v (t + δt)
~c(t + δt)

]
. (21)

Since the coordinates xs, ys, zs, xt , yt , zt are measured ac-cording to the basic coordinates x, y, z, we know that allof them are observed contracted for coefficient √1− v2
c2so we need to multiply them with β = (1 − v2

c2 )−1/2. Ifwe denote again the same coordinates but now measuredfrom the self coordinate systems, then the Lorentz trans-formation becomes[
~rs
~rt

] = [cosA − sinAsinA cosA
][
~r + ~v (t + δt)
~c(t + δt)

]
. (22)

3. Introduction to the 3+3+3-model
of cosmology
Now let us introduce a possible global construction ofthe universe. At the beginning of the previous sectionwe considered the space-time bundle with base B andfiber SO(3,C). The group SO(3,C) is very convenient be-cause it can be considered simultaneously as a fiber andLie group. This is not the case for its isomorphic group
O↑+(1, 3), which acts on 4-dimensional space-time. For thesake of simplicity we assumed that B = R3, but the basicspace topologically should be closed and bounded as it isaccepted and so it should be changed. On the other handthe equality (22) suggests that the space-time (withoutrotations) is a complex manifold. Indeed, analogously as(x + ictx , y + icty, z + ictz) is a local coordinate neigh-borhood of SO(3,C), (xs + ixt , ys + iyt , zs + izt) is alsoa coordinate neighborhood of the same manifold. Thesetwo coordinate systems can be considered as coordinateneighborhoods of SO(3,C) as a complex manifold, becauseaccording to (22) the Cauchy-Riemannian conditions forthese two systems are satisfied.If we assume that the basic space is homeomorphic to
RP3, i.e. SO(3,R), we arrive at a satisfactory result. Thecomplexification of this group is SO(3,C) and it is thesame as the fiber and the Lie group of the space-timebundle. The local coordinates of SO(3,R) are angles, i.e.real numbers, but we use length units for our local spatialcoordinates. So each small angle φ of rotation in a givendirection corresponds to a coordinate length Rφ in thesame direction, where R is a constant, which can be calledthe radius of the universe. We have a similar situation ifwe assume that the basic space is homeomorphic to S3,
i.e. the Lie group of unit quaternions.We give now some additional reasons for this assump-tion. Both topological spaces SO(3,R) and S3 admit 3linearly independent vector fields, which are orthogonal

at each point, because each n-dimensional real Lie groupadmits n linearly independent vector fields. Indeed wecan choose n vector fields at the unit and then we mayparallel transport using the group structure to any otherpoint. Each Lie group admits a connection with zero cur-vature, but non-zero torsion tensor in the general case.The previously mentioned three vector fields may be cho-sen to be orthonormal at each point, and they are parallelwith respect to the mentioned connection with zero curva-ture. This is in accordance with the recent astronomicalobservations, which show that our universe is a flat (non-curved) space.Let us discuss the space-time dimensionality of the uni-verse. We have that it is parameterized by the following 9independent coordinates: x, y, z coordinates which locallyparameterize the spatial part of the universe SO(3,R) or
S3, and xs, ys, zs, xt , yt , zt coordinates which parameterizethe fiber. Also, the partial derivatives of these coordi-nates with respect to x, y, z lead to the same manifold,but now as a group of transformations. So in any casethe total space-time of the universe is homeomorphic to
SO(3,R) × SO(3,C), i.e. SO(3,R) × R3 × SO(3,R), or
S3 × R3 × S3. In the above parameterization, R3 is in-deed the space of velocities such that |~v | < c. The group
SO(3,C), as well as its isomorphic group O↑+(1, 3), consid-ers only velocities with magnitude less than c. If |~v | = c,then we have a singularity.Notice that if we consider that the universe is a set ofpoints, then it is natural to consider it as 6-dimensional.But in such 6-dimensional space-time, rotations will notbe admitted, because the existence of the 3-dimensionalspace does not mean that the spatial rotations are alsoadmitted. Analogously, if we neglect the three temporalcoordinates, according to (15) the velocities will not beadmitted. But, since we consider the universe as a setof orthonormal moving frames, so it is more natural toconsider it as 9-dimensional.This 9-dimensional space-time has the following property:From each point of the space, each velocity and each spa-tial direction of the observer, the universe seems to be thesame. In other words, assuming that R is a global con-stant, there are no privileged spatial points, no privilegeddirections and no privileged velocities.We can resume that this 3+3+3-model consists of three3-dimensional sets: velocity (V) which is homeomorphicto R3, space (S) which is homeomorphic to SO(3,R) or
S3, and spatial rotations (SR) which is homeomorphic to
SO(3,R) or S3. We assume that the spaces S and SRare homeomorphic because of symmetry. So, if we assumethat S = S3, then SR should be also S3 as a universalcovering group of SO(3,R).
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For the sake of simplicity we shall use mainly the group
SO(3,R) instead of S3. Moreover, they are locally iso-morphic.
4. Research of the 6-dimensional
space SR × S
In this section and also in the following sections we willinvestigate the Lie groups in the 3+3+3-model and theirinvariants. We shall see that there is a symmetry betweenthe sets S and SR .We almost know from the Special Relativity that SR ×
V ∼= SO(3,R) × R3 is indeed the Lorentz group O↑+(1, 3)which is isomorphic to SO(3,C). According to (22) thedifferential of any mapping in SO(3,C) can be treated as
a Lie group and fiber over any point of S, because [~rs~rt

]
and [~r + ~v (t + δt)

~c(t + δt)
] correspond to the same point from the

base in two coordinate neighborhoods. So we considerthis group for a fixed basic point in S. It means that theproduct SR × V ∼= SO(3,C) can be considered as a fiberand Lie group of a trivial principal bundle with base S.The Lie group SO(3,C) will be denoted by Gt , with index
t (time). This principal bundle is close to the methods ofclassical mechanics. Indeed, it is sufficient to study thelaw of the change of the matrices from the fiber, i.e. thematrices which contain the information about the spatialrotation and the velocity vector of a considered test body.Then using integration it is easy to find the trajectory ofmotion of the test body.Now let us consider the product S × SR . The product
S × SR can be considered as a fiber and Lie group ofa trivial principal bundle over the base V . So we con-sider this group for a fixed temporal point in V , i.e. fora fixed inertial coordinate system up to a translation andspatial rotation. So the coefficient √1− v2

c2 will not haveany role. It doesn’t mean that 1-parametric time does notchange, but simply the velocities may be very slow andneglected. The structure Lie group will be denoted by
Gs with index s (space), and this group should be analo-gous to the group of all rotations and translations in the3-dimensional Euclidean space. On the other side thisgroup is analogous to the Lorentz group Gt . While theLie algebra of Gt has the form

 C B

−B C

 , (23)

the Lie algebra of Gs is given by
C B

B C

 . (24)
Here C and B are antisymmetric 3 × 3 matrices, wherethe matrix C is the Lie algebra which corresponds to thespatial rotations, i.e. to the Lie algebra of SO(3,R) and
S3, while B from (24) is an antisymmetric matrix whichcorresponds to the Lie algebra of S, if we identify S withthe Lie group SO(3,R) or S3. So, if we put

C =
 0 −c3 c2
c3 0 −c1
−c2 c1 0

 ,

B =
 0 −b3 b2
b3 0 −b1
−b2 b1 0

 ,
(c1, c2, c3) determines a 3-vector for a small spatial ro-tation, while (b1, b2, b3) is proportional to the 3-vectorof spatial translation in S. In a special case the coeffi-cient of proportionality may be 1/R , where R is the radiusof the universe. Since 1/R is extremely small quantity,
R (b1, b2, b3) can be considered as a vector of translation.Other cases with much larger coefficient of proportionalitywill be considered later.It is easy to verify that the mapping

C B

B C

 7→ (C + B,C − B),
defines an isomorphism between the Lie algebra of Gsand the Lie algebra of SO(3,R)× SO(3,R), i.e. S3 × S3.Note that B 7→ −B gives an automorphism of the group
Gs. These comments support our assumption from section3 that S is homeomorphic to SO(3,R) or S3, such that
S × SR is really homeomorphic to SO(3,R) × SO(3,R)or S3 × S3.While the matrices from the group Gt = SO(3,C) can beinterpreted in the 3+1-dimensional space-time, the ma-trices from the group Gs do not have such interpretationin 3+1-dimensional space-time. But if we neglect theterms of order 1/R2, the group Gs reduces to the groupof all rotations and translations in the Euclidean space,
i.e. all matrices of type

M ~hT

0 1
, where M ∈ SO(3,R)
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and ~hT is the vector of translation. Indeed, the corre-sponding mapping for their Lie algebras appears to beapproximately an isomorphism (neglecting 1/R2) betweenthe corresponding Lie algebras. Analogously if we neglect
c−2, then the group Gt reduces to the group of Galileantransformations.We will determine the set of matrices in Gs in the followingway. We know that any matrix from Gt can be written asa product of a Lorentz boost and a spatial rotation, i.e.

matrix of form
M 0

0 M

, where M determines a spatial
rotation, and conversely, as a product of a spatial rotationand a Lorentz boost. Analogously it can also be proved forthe group Gs. So we need only to determine the matriceswhich are analogous to the Lorentz boosts. This subgroupof transformations which correspond to the "translations"in the z-direction are given by matrices of the form



cosα 0 0 0 sinα 00 cosα 0 − sinα 0 00 0 1 0 0 00 sinα 0 cosα 0 0
− sinα 0 0 0 cosα 00 0 0 0 0 1

 . (25)

Although Gs is isomorphic to the Cartesian product
SO(3,R) × SO(3,R) or S3 × S3, the two multipliers inthis isomorphism are not S and SR .This principal bundle will have important applications insection 5. If a rigid body is spinning, there may appear aconstraint for the spatial rotation, but no constraint for theplace position of the moving frame. Before we consider itin more details, we give examples when these constraintsoccur.
Example 1. Assume that we have a rigid circle whichrotates around its axis. Then it appears a constraint forthe particles of the circle, because the circle is a rigid bodyand the spatial rotation for all particles must be the same.So the Thomas precession which appears for particles ofthe circle cannot be realized.
Example 2. While the previous example leads to a negli-gible relativistic effect, this example gives easy observableeffects. We know that spinning bodies, like coins and soon, where the gyroscope’s axis is not constant, show somedepartures from the classical physical laws, for examplethe angular momentum is not preserved.In case of a constraint, the 3-vector of unadmitted angu-lar rotation will be converted into spatial displacementby vector multiplication with the corresponding vector ~r,whose center is the center of the osculating circle. Thisis general conclusion and later in section 6 it will be

supported by the 6-dimensional space S × SR with thestructural group Gs. This property of conversion from un-admitted spatial rotation into spatial displacement will becalled basic property of the space. This displacement inthe space which is a result of the basic property of thespace will be called spin displacement. Its first and sec-ond derivative by the 1-parametric time t will be called
spin velocity and spin acceleration and will be denotedby large letters V and A respectively. While the ordi-nary, i.e. inertial velocity has the property of inertia, thespin velocity is non-inertial, because it can be conceivedjust like a displacement.
5. Application to the rotating bodies
In this section we assume that there is not any gravi-tational acceleration or any electromagnetic interaction.First we shall study a rotating sphere with radius R . Thisis uniquely determined by a family of orthogonal matri-ces A(t) ∈ SO(3,R), where t is a 1-dimensional temporalparameter. We assume that A(t) is a set of differentiablematrices of sufficient order and A′(t) 6= 0. At each instanteach point of the sphere moves with a tangent 3-vector ofvelocity. This vector field of velocities is continuous, andso there exists at least one point X on the sphere whosevelocity is zero. Then its antipode point X ∗ also has zerovelocity vector. Moreover, if there is a third point with zerovelocity vector, then each point of the sphere has a zerovelocity vector, which is in a contradiction to our assump-tion A′(t) 6= 0. So at each instant the rotating axis XX ∗ isunique and well defined. Moreover, this axis changes con-tinuously and also the vector of angular velocity ~w is welldefined at each instant and it is a continuous function.Let us choose an arbitrary point of the sphere and letus denote by ~t, ~n and ~b the orthonormal moving trihe-dron consisting of the tangent vector, normal vector andbinormal vector along its trajectory. If there is completefreedom of the spatial rotations of each point, then ac-cording to the Frenet equations, for the differential of themapping at the considered point with respect to the mov-ing trihedron (~t, ~n, ~b), we have the following antisymmetricmatrix  0 k 0

−k 0 τ0 −τ 0
ds

from the Lie algebra of SO(3,R). Here k is the curva-ture, τ is the torsion of the trajectory of the consideredpoint and s is the natural parameter. On the other sidethis infinitesimal spatial rotation is not completely per-mitted, because the sphere is a rigid body. We assumethat the angular velocity w of the sphere is such that the
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spinning axis of the sphere is parallel or almost parallelto the binormal vector of the trajectory of the consideredpoint. So, for this reason we will always assume that w issufficiently large compared with | d~bdt |. Then the differentialof the matrix A(t) with respect to almost the same movingtrihedron (~t, ~n, ~b) is given by 0 k0 0
−k0 0 00 0 0

ds,
where k0 = wdt

ds . This means that the following orthogonaltransformation
1 0 00 1 00 0 1

+
 0 k 0
−k 0 τ0 −τ 0

ds



1 0 00 1 00 0 1

+
 0 k0 0
−k0 0 00 0 0

ds

−1

≈

1 0 00 1 00 0 1
+

 0 k − k0 0
−(k − k0) 0 τ0 −τ 0

ds
is “not permitted". Since the matrix 0 (k − k0)ds 0

−(k − k0)ds 0 τds0 −τds 0


corresponds to the vector−(k−k0)~bds−τ~tds, according tothe basic property of the space, we come to the conclusionthat at the considered instant the spin displacement isgiven by
d~L = −((k − k0)~bds+ τ~tds)× ~r =

= ((k−k0)~bds+τ~tds)×(r~n) = τr~bds−(k−k0)r~tds (26)
where r = 1/k is the radius of the curvature. In section 7we will show that the term (k−k0)r~tds has no role, exceptin case of a spinning body in a gravitational field. So wecan write d~L/ds in the following form

d~L
ds = (d~bds · ~n)~t × ~r. (27)

Remark 1. Note that the formula (27) is not Lorentz co-variant. Indeed, according to a moving coordinate system

with a constant 3-vector of velocity ~u the curve becomes
~r − ~ut and its torsion and curvature are not the same asprevious. So the choice of the coordinate system wherethe formula (27) holds should be precisely determined. We
a priori assume that the basic property of the space maybe applied only in such a system, in which the center ofthe sphere rests. Further we can consider arbitrary rotat-ing bodies, not only spheres. Then the condition of the“system where the center of the sphere rests" should bereplaced by “system where the center of the osculatingsphere rests". In all further formulas this choice of the co-ordinate system will be assumed without emphasizing it.The osculating sphere means the sphere determined by4 “infinitesimally close" points near the considered point.Let A, A′, A′′ and A′′′ be 4 infinitesimally close points on atrajectory parameterized by the time t, and let A0 be thecenter of the sphere which passes through these 4 points.Let after time ∆t ≈ 0 we choose another 4 infinitesimallyclose points B, B′, B′′ and B′′′ and let B0 be the centerof the sphere which passes through them. Then in thesystem which moves approximately with velocity −−→A0B0/∆tthe osculating sphere rests and the spin velocity shouldbe calculated there. In the general case the spin velocityshould be calculated for each particle of the body in a dif-ferent system at a chosen instant. In this paper all suchsystems are the same with the system where the barycen-tre rests. The calculated values of ~L, ~V or ~A at the choseninstant are considered as invariant values from the choiceof the system, by neglecting the relativistic terms of order
c−2.Now the spin velocity should be integrated over all pointsof the sphere, in order to get the averaged spin velocity ofthe whole sphere. We suppose that the sphere is homoge-neous, i.e. with the same matter density. For the sake ofsimplicity at the considered instant we assume that ~b =(0, 0, 1), ~t = (− sinθ, cosθ, 0), ~n = (− cosθ,− sinθ, 0),
~r = (√1− z2 cosθ,√1− z2 sinθ, 0) and d~b

dt = (p, q, 0).Hence we obtain ∫
~VdP =

−
∫ [(p, q, 0) · (cosθ, sinθ, 0)](− sinθ, cosθ, 0)× ~rdP
= − ∫ (p cosθ + q sinθ)(− sinθ, cosθ, 0)× ~rdP

= ∫ (p cosθ + q sinθ)(0, 0,√1− z2)dP = (0, 0, 0).
The third coordinate is zero, because for each z0 the inte-gration over the circle x2 + y2 + z2 = R2, z = z0 is equalto zero.Now let us consider a finite number of points on the spherewith radius vectors ~Ri, i ∈ {1, · · · , n}, such that their
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barycentre is the center of the sphere, i.e.
∑

imi ~Ri = 0.First let us prove the following statement: If the dis-
tances between arbitrary two points among the consid-
ered n points on the sphere remain unchanged and if all
the trajectories have the same binormal vectors, then the
spin velocity is identically equal to zero.According to (27) the spin velocity of the i-th body is givenby

~Vi = d~Li
dt = (d~bidt · ~ni

)
~ti × (−ri~ni),

~Vi = −(d~bidt · ~ni
)
ri~bi. (28)

Since all the trajectories have the same binormal vec-tors, it means that for each i, ~bi = ~b. According to theequality ∑imi ~Ri = 0, its projection to the spinning axis,which passes through the barycentre, leads to the follow-ing equality ∑imiri~ni = 0, and hence
~V =∑

i

~Vi
mi

M = −∑
i

(d~b
dt · ~ni

)
ri~b

mi

M =
= − 1

M

(d~b
dt ·

∑
i
miri~ni

)
~b = 0,

where M =∑imi.In the previous statement the points may not lie on onesphere, but it is important that the distances between thepoints remain unchanged. Consequently, if we consider a
rigid body spinning around its barycentre where all the
trajectories have the same binormal vectors, then the spin
velocity is identically equal to zero. Notice also that ifthe trajectories do not have the same binormal vectors,but w is very large, then the spin velocity is close to zero,because all the trajectories have almost equal binormalvectors.
Example 1. Let us consider a finite number n of bodieswith radius vectors ~R1, · · · , ~Rn and masses m1, · · · , mn re-spectively, such that ∑i

~Rimi = 0, in order their barycen-tre to be at the coordinate origin. Suppose that these bod-ies with small dimensions are moving such that∑i
~Rimi ≡0 and the distances between the bodies are not constantsin the general case. The bodies are connected by rods ofconstant lengths only to their barycentre which is at thecoordinate origin. The lengths R1 = |~R1|, ..., Rn = |~Rn|are constants, which are not necessarily equal. We mayimagine that each body is attached to a spinning spherewith mass 0. Each imagined sphere may rotate with largeangular velocity and the corresponding binormal vectorchanges slowly. So the previously derived formula (28)may be applied to each body separately, because the spinvelocity for a trajectory on a spinning sphere depends only

on the trajectory of the body. Finally, we come to theconclusion that the acceleration of the whole system ofbodies, which are connected to their barycentre, is equalto ~A = 1
M
∑

i
d ~Vi
dt mi, where M = m1 + · · · + mn and ~Vi isthe spin velocity of the i-th body, given by (28). In thegeneral case ~A is a non-zero vector, because the binor-mal vectors of the trajectories are not equal in the generalcase. Hence we have a violation of Newton’s third law inits classical formulation.

6. Structural invariants for the
3+3+3-model
In this section we shall verify the basic property of thespace via the 6-dimensional space S × SR and the Liegroup Gs, which is a subgroup of SO(6,R). We know thatthe Lie group Gs has 6 parameters and denote them by ξ1,
ξ2, ξ3, η1, η2,η3, such that the Lie algebra is parameterizedby 

0 −dξ3 dξ2 0 dη3 −dη2
dξ3 0 −dξ1 −dη3 0 dη1
−dξ2 dξ1 0 dη2 −dη1 00 dη3 −dη2 0 −dξ3 dξ2
−dη3 0 dη1 dξ3 0 −dξ1
dη2 −dη1 0 −dξ2 dξ1 0

 .

Since the mappingC B

B C

 7→ (C + B,C − B),
where B and C are antisymmetric matrices, defines anisomorphism between the Lie algebra of Gs and the Liealgebra of SO(3,R)×SO(3,R), this implies that we havetwo invariants:

I1 = [(dξ1, dξ2, dξ3) + (dη1, dη2, dη3)]2,
and

I2 = [(dξ1, dξ2, dξ3)− (dη1, dη2, dη3)]2.Hence
J1 = I1 + I22 = dξ21 + dξ22 + dξ23 + dη21 + dη22 + dη23 (29)

and
J2 = I1 − I24 = dξ1 · dη1 + dξ2 · dη2 + dξ3 · dη3 (30)
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are also invariants.
Example 1. The vector (dη1, dη2, dη3) is interpreted asspatial displacement, commonly denoted by (dx, dy, dz),while the 3× 3-matrix 0 dξ3 −dξ2

−dξ3 0 dξ1
dξ2 −dξ1 0


is indeed the Frenet antisymmetric matrix 0 k 0
−k 0 τ0 −τ 0

 rds, with respect to the orthonormal
frame (~t, ~n, ~b), assuming that the center of the osculatingsphere rests (Remark 1 in section 5). So with respect tothis orthonormal frame,(dη1, dη2, dη3) = ~tds and

(dξ1, dξ2, dξ3) = (rτ~t + kr~b)ds = (rτ~t + ~b)ds.
Hence for the invariants J1 and J2 we get

J1 = (2 + r2τ2)ds2, J2 = rτds2.
Now, according to the basic property of the space, if thespatial rotation for angle −τ~tds is not permitted, as incase of rotating sphere, then we have spatial displace-ment −τ~tds × (−r~n) = rτ~bds. So, the new valuesof the vectors (dη1, dη2, dη3) and (dξ1, dξ2, dξ3) become(dη1, dη2, dη3) = ~tds+ rτ~bds and (dξ1, dξ2, dξ3) = ~bds.Now it is easy to see that the values of J1 and J2 re-main unchanged after this replacement, which confirm theproposed theory. In section 8 this Example will be recon-sidered without any approximation.
Example 2. Let us consider a circle which rotates in itsplane around its center. If the particles of the circle mayfreely rotate around their axes according to the Thomasprecession, then we have
(dη1, dη2, dη3) = ~tds, (dξ1, dξ2, dξ3) = ~bds+ ~wTh.

w ds,

where ~wTh. = −12c2 (~v × ~a) is the Thomas precession. Onthe other hand, if the circle is a rigid body such that theThomas precession is not permitted to be realized, thenaccording to the basic property of the space
(dη1, dη2, dη3) = ~tds+ ~Vdt and (dξ1, dξ2, dξ3) = ~bds,

where ~V = ~wTh. × ~r = −12c2 (~v × ~a) × ~r. Now it is easyto verify that J2 = 0 in both cases. Having in mind that

ds = vdt, v = rw , a = rw2 and the directions of ~wTh. and
~V , in both cases we obtain J1 = 1+[1− r2w22c2

]2. Hence, wehave again confirmation that J1 and J2 are really invariants.
Example 3. Now assume that instead of the Thomas pre-cession we have an angular velocity which is opposite tothe angular rotation of the circle. Then in the first case,when the particles of the circle may freely rotate aroundtheir axes, we have
(dη1, dη2, dη3) = ~tds, (dξ1, dξ2, dξ3) = ~bds− ~bds = 0.

Further if the circle is a rigid body and the rotations ofthe particles around their axes are not permitted, we have
(dη1, dη2, dη3) = ~tds+ (−~bdsr )

× (−r~n) = 0 and
(dξ1, dξ2, dξ3) = ~bds.

We notice that in both cases J2 = 0 and J1 = 1. This isa trivial consequence, because the circle is blocked frommoving, if the particles of the circle stop rotating.The two invariants (29) and (30) were deduced for neg-ligible velocities. In the general case the two antisym-metric matrices C + B and C − B should be complexifiedas C + B + iT and C − B + iT , and hence we have twocomplex invariants
I1 =

[(dξ1, dξ2, dξ3) + (dη1, dη2, dη3) + ic(dθ1, dθ2, dθ3)]2,
and

I2 =
[(dξ1, dξ2, dξ3)− (dη1, dη2, dη3) + ic(dθ1, dθ2, dθ3)]2.

We shall consider two cases: (i) the case of simultaneity(∆t = 0) and (ii) the case of non simultaneity (∆t 6= 0).In the case of simultaneity, having in mind the commentsin subsection 2.3, analogously to (29) and (30) I1 and I2lead to the following four real invariants:
J1 = dξ21 + dξ22 + dξ23 + dη21 + dη22 + dη23−

− c2dθ21 − c2dθ22 − c2dθ23 , (31)
J2 = dξ1 · dη1 + dξ2 · dη2 + dξ3 · dη3, (32)
J3 = dξ1 · dθ1 + dξ2 · dθ2 + dξ3 · dθ3, (33)
J4 = dη1 · dθ1 + dη2 · dθ2 + dη3 · dθ3. (34)
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Analogously to (15) we a priori assume that
(dθx , dθy, dθz) = ~l+ ~s∆t, (35)

where
~l = 1

c

(dηx
ds ,

dηy
ds ,

dηz
ds

)
× (dξx , dξy, dξz),

~s is a unit vector which is orthogonal to ~l and ds = vdt.Hence in the case of simultaneity ∆t = 0 we notice that
J3 = J4 = 0. The conditions J3 = J4 = 0 mean that allpoints of a body which is in rest have the same temporalcoordinates and also the spatial rotation of this body doesnot change the temporal coordinates of its points. We notethat the invariant J2 from (30) remains unchanged, whilethe invariant (29) differs from (31) by the term

−c2(dθ2
x + dθ2

y + dθ2
z ) =

= − 1
ds2 |(dηx , dηy, dηz)× (dξx , dξy, dξz)|2. (36)

In all of the previous examples about the invariance of (29)and (30) the term (36) does not change the invariant (29),
i.e. (31) is also an invariant.Note that if we have constraints for the spatial rotations(analogous to the section 5), and also we have constraintfor the spatial displacement, i.e. spin velocity, such thatthe spin velocity is not permitted, then according to theinvariant J1 there will appear a temporal displacement,which is analogous to the spatial displacement. This dis-placement in time can be called spin time.Now let us consider the case of non simultaneity (∆t 6= 0).We know from subsection 2.3 that Re[(∆x)2+(∆y)2+(∆z)2]is an invariant, while Im[(∆x)2 + (∆y)2 + (∆z)2] is not aninvariant. In our case (ii) it means that J3 and J4 are notinvariants. The invariant J2 from (32) remains unchanged.The invariant J1 from (31) takes now the following form

J1 = (d~ξ)2 + (d~η)2 − c2(d~θ)2 =
= (d~ξ)2 + (d~η)2 − (d~ξ)2(d~η)2

ds2 (1− cos2 φ)− c2dt2,
where φ is the angle between ~ξ and ~η. Using that

(d~ξ)2(d~η)2 cos2 φ = (d~ξ · d~η)2 = J22 ,
we obtain

J1 = (d~ξ)2 + (d~η)2 − (d~ξ)2(d~η)2
ds2 − c2dt2 + J22

ds2 ,

J1 = −c2dt2
[1− ( d~η

cdt

)2
− J22
c2dt2ds2

]
. (37)

Hence the following term√
− J1c2 = dt

√1− ( d~ηcdt )2
− J22
c2dt2ds2

is also an invariant, which is indeed the quantity dτ ,where τ is the proper time of the moving body. Since wedenote the torsion by τ , the proper time will be denotedfurther by tp. A precise determination of the invariant J2is given at the end of section 8. Consequently, if the con-sidered particle/body moves with a negligible torsion andit has slow variation of the spinning axis, then J2 can beneglected and hence
dtp = dt

√1− ( d~ηcdt )2
, (38)

which is the same as in the Special Relativity.At the end we deduce the formula for the energy obtainedby a spin motion. If we neglect the friction, the energyobtained via spin motion from zero up to ~V can be obtainedif we integrate the spin acceleration, i.e.

E = ∫ md
~V
dt d~r = ∫ md~V · ~V = 12mV 2. (39)

If the spin velocity does not occur, then the correspond-ing energy will be expressed as 12mJ22 /ds2dt2 accordingto the invariant J1. This spin kinetic energy together withthe classical kinetic energy 12mv2 obtained by the inertialvelocity v gives the total kinetic energy 12mv2 + 12mV 2.While the ordinary kinetic energy depends on the choiceof the inertial system, the spin kinetic energy is the samein all inertial systems, because V is the same. For exam-ple, assume that a non-spinning body with inertial velocity
u and a spinning body with inertial velocity v and spinvelocity V , such that u = v + V are thrown in a gravita-tional field. Although the initial velocities u and v + Vare equal, their kinetic energies 12mu2 and 12mv2 + 12mV 2are different, and so their trajectories will be different.
7. Spinning bodies in gravitational
field
The right side of (28) can easily be written using theradius vector ~ri of the i-th particle (body). It leads tothe following general formula for the spin velocity

~V = [∑
i

|~r′i|4(~r′i, ~r′′i , ~r′′′i )
|~r′i × ~r′′i |4 (~r′i × ~r′′i )mi

] 1∑
j mj

, (40)
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where we assume that ∑imi~r′i = ~0, because the barycen-tre of the bodies should rest at the considered instant. Ifthe condition ∑imi~r′i = ~0 is not satisfied, then the fol-lowing more general formula holds
~V = [∑

i

|~r′i − ~u|4(~r′i − ~u, ~r′′i , ~r′′′i )
|(~r′i − ~u)× ~r′′i |4 ((~r′i − ~u)× ~r′′i )mi

] 1
M(41)where ~u =∑i ~r′i

mi∑
j mj

is the velocity of the barycentre and
M =∑j mj .Now let us consider the case when the body is insidea gravitational field with acceleration ~g. The notion of agravitational field is only symbolic, because we use only anon-inertial acceleration ~g with respect to any coordinatesystem. Alternatively, one can consider charged bodies inelectromagnetic field.We shall consider two separate cases, (a) when the bodyis in free fall motion in the gravitational field, and (b) whenthe spinning body is put on a horizontal plane which isorthogonal to the vector ~g.(a) Assume that the body is in free fall motion in the grav-itational field. Axiomatically there are two opposite as-sumptions (as axioms) which are not in contradiction withthe previous consideration: We may assume that the pre-vious formulas for the case of absence of gravitational ac-celeration will remain unchanged, or the formula for thespin velocity should be modified such that ~r′′i is replacedby ~r′′i − ~g. The first assumption is in accordance withthe Equivalence Principle, while the second assumptioncomes in a deep contradiction with the Equivalence Prin-ciple. For this reason we will accept the first assumption.In order to consider its relation with the Equivalence Prin-ciple we should consider two cases. If the spinning bodyis axially symmetric and it is spinning around its axis,then the spin velocity practically disappears, specially ifthe angular velocity w is large. But if the spinning axisis not axially symmetric, or it is axially symmetric butspins around another axis, then according to the Exam-ple 1 in section 5 in this non-symmetric case Newton’sthird law can be violated and also the Equivalence Prin-ciple will be violated. In order for this to occur practically,we should change the spinning axis, because it does notchange without perturbation or torques. But such an ex-periment about the Equivalence Principle is not mentionedin the literature. Moreover, the air close to the Earth alsomakes perturbations and any such phenomena about thespin velocity in case of free fall motion is masked.(b) Now, let us consider the case when the spinning bodyis put on a plane which is orthogonal to the vector ofacceleration ~g. This is a more important case and we willdevote much more attention to it.

To the end of this section let us consider a general methodfor determining the spin velocity for a circle with radius
r, which is a subset of an axially symmetric body. With-out loss of generality we assume that the barycentre is atthe coordinate origin, that at the initial instant the spinaxis is given by ~b∗ = (0, 0, 1) and the circle is given by
{(r cosα, r sinα, h) : α ∈ [−π, π]}, where h is a constant.We denote the spinning vector by ~b∗ in order to distin-guish from the binormal vectors ~b. Then an arbitrary tra-jectory obtained by spinning around the axis of rotationhas the form

~r(t)T = M(t) ·
r cosα
r sinα
h

 , (42)
where M(t) is an arbitrary orthogonal matrix with M(0) =
I , and α is arbitrary parameter. In the last step in the pro-cess of averaging of the spin velocity we should integrateby the parameter α ∈ [−π, π] and then divide by 2π. Letus develop the orthogonal matrix M in the Taylor form. In
the first approximation we have M = I +

0 −w 0
w 0 00 0 0

 t,
where w is the angular velocity, while in the next twosteps up to t3, the condition of orthogonality of M leadsto the following form

M = I +
0 −w 0
w 0 00 0 0

 t +
−w2 −pz py
pz −w2 −px
−py px 0

 t22 +

+
 −3wpz −qz qy + 32wpx

qz −3wpz −qx + 32wpy
−qy + 32wpx qx + 32wpy 0

 t33 , (43)
where (px , py, pz) = d~w/dt and (qx , qy, qz) = d2 ~w/dt2.Hence at instant t = 0 we obtain

~r′ = (−w sinα,w cosα, 0)r, (44)
~r′′ − ~g = (−rw2 cosα − rpz sinα + hpy − gx ,

−rw2 sinα + rpz cosα − hpx − gy,
− rpy cosα + rpx sinα − gz), (45)

~r′′′− ~g′ = (−3rwpz cosα−qzr sinα+h(qy+ 32wpx )−gx ′,
−3rwpz sinα + qzr cosα + h(−qx + 32wpy)− gy ′,
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(−qy + 32wpx )r cosα + (qx + 32wpy)r sinα)− gz ′), (46)
~b = ~r′ × (~r′′ − ~g)

|~r′ × (~r′′ − ~g)| = (A cosα, A sinα, C )√
C 2 + A2 , (47)

where
A = −rpy cosα + rpx sinα − gz , (48)

C = rw2 + (gy + hpx ) sinα + (gx − hpy) cosα. (49)
The binormal vector ~b depends on the parameter α anddoes not coincide with the unit vector ~b∗ = (0, 0, 1). Thisshows that the final formula for the spin velocity will bevery complicated. So we assume below that w is suffi-ciently larger than | d~b∗dt |.Notice that in (26) we neglected the term −(k − k0)r~tdsfrom the spin displacement d~L. Let us study its influenceto the spin velocity and use the same special choice of thecoordinate system as previously. Notice that k = k(α) isthe curvature which corresponds to the trajectory for α , ris its radius of curvature, i.e. r = 1/k(α) and k0 in ourcase is 1/r, where r is the radius of the circle. So theaveraging for α ∈ [−π, π] leads to

〈d
~L
ds 〉 = 〈−~t + 1

r
~t

k(α) 〉 = 1
r 〈

~t
k(α) 〉.

Using that ds = rwdt and k(α) = |~r′×(~r′′−~g)|
r3w3 , where ~r′ and

~r′′ were previously given, for the spin velocity we obtain
~V = 〈d~Ldt 〉 = w〈

~t
k(α) 〉 = w〈 r3w3~t

|~r′ × (~r′′ − ~g)| 〉 =
= r3w4〈 ~t

|~r′ × ~r′′ − ~r′ × ~g| 〉.

If there is no gravitation, i.e. ~g = 0, and if h = 0,then using the power expansion and then using that∫ π
−π sinn α cos2m+1−n αdα = 0 for positive integers n and
m and 2m + 1 ≥ n, one can prove that 〈 ~t

|~r′×~r′′| 〉 = 0, andhence the spin velocity is 0. This is the reason why weneglected the term −(k − k0)r~tds in (26). In order to getformulas for the general case for h 6= 0 and ~g 6= 0 wewill consider two special cases and then we will combinethem.First let us assume that ~g = 0, but h 6= 0. Then accordingto the previous notations,
|~r′ × ~r′′| = r2w3√( C

rw2
)2 + (− pyw2 cosα + px

w2 sinα)2
.

Using that the terms sin2 α , cos2 α and sinα cosα haveminor influence in the process of averaging, we can assumethat
|~r′ × ~r′′| ≈ r2w3(1 + h

rw2 px sinα − h
rw2 py cosα),

1
|~r′ × ~r′′| ≈ r

−2w−3(1− h
rw2 px sinα + h

rw2 py cosα).
Hence it is easy to obtain that

~V = r3w4〈 ~t
|~r′ × ~r′′ − ~r′ × ~g| 〉 =

= rw〈(− sinα, cosα, 0)·
·
(1− h

rw2 px sinα + h
rw2 py cosα)〉 =

= rw h
rw2

(px2 , py2 , 0) = h2w (px , py, 0) =
= h2w [d~wdt − (~b∗ · d~wdt )~b∗].If we use that ~w = w~b∗, where |~b∗| = 1, we obtain that

~V = h2 d~b∗dt .
Now assume that h = 0, but ~g 6= 0. The spin velocityis complicated and so we assume that w is sufficientlylarge. Then analogously to the previous case one caneasily verify that

~V = 12w (~g× ~b∗ − 1
w2 d~b

∗

dt (~g · ~b∗)).
Now if we combine the last two formulas, we obtain thefollowing formula

~V = 12w (~g× ~b∗ − 1
w2 d~b

∗

dt (~g · ~b∗))+ h2 d~b∗dt , (50)
which is a consequence of the term −(k − k0)r~tds in (26).Remember that this spin velocity corresponds to the spinvelocity of the circle {(r cosα, r sinα, h)}. When we sumover all such circles and use that coordinate origin coin-ciding with the barycentre of the axially symmetric spin-ning body, we obtain that ∫ h2 d~b∗

dt dm = (∫ h2dm) d~b∗dt = 0,such that the summand h2 d~b∗
dt has no role in this case. So,for this reason and for the case of simplicity we will omitthe terms which contain h, i.e. we will assume that h = 0.
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8. Exact formula for the spin veloc-
ity
We studied this theory step by step. In section 5 wementioned that the differential of the matrix A(t) is givenby  0 k0 0

−k0 0 00 0 0
ds,

where k0 = wdt
ds , with respect to a moving trihedron whichis close to (~t, ~n, ~b).In this section we will find the exact spin velocity of asingle point, where this approximation will vanish. It willbe just the exact expression for the spin velocity.Let us use the notations in the section 7. Then we obtainsuccessively

~r′ = rw(− sinα, cosα, 0), ~t = (− sinα, cosα, 0),
~b = ( A cosα√

C 2 + A2 , A sinα√
C 2 + A2 , C√

C 2 + A2
)
,

~n = ~b× ~t = ( −C cosα√
C 2 + A2 , −C sinα√

C 2 + A2 , A√
C 2 + A2

)
,

where A and C are defined by (48) and (49) respectively.Let us introduce vectors ~t∗ and ~n∗ by
~t∗ = (− sinα, cosα, 0), ~n∗ = (− cosα,− sinα, 0),

and introduce an angle ψ such that cosψ = C√
C2+A2 andsinψ = A√

C2+A2 . Now the connection between the trihe-drons (~t∗, ~n∗, ~b∗) and (~t, ~n, ~b) is given by
~t = ~t∗, ~n = cosψ~n∗ + sinψ~b∗, ~b = cosψ~b∗ − sinψ~n∗.

If there are no constraints, according to the Frenet equa-tions we almost know that the differential of the spatialrotation is given by
−τ~tds− k~bds,

i.e.
− τ~t∗ds+ k sinψ~n∗ds− k cosψ~b∗ds. (51)

On the other side, the differential of the admitted spatialrotation with respect to the trihedron (~t∗, ~n∗, ~b∗) is givenby  0 1/r 0
−1/r 0 00 0 0

ds,

which is spatial rotation for the vector −1/r~b∗ds. The spinvelocity can be obtained by multiplication from the rightof the subtraction of these two vectors of angular rotationswith the vector − 1
k ~n = − 1

k (cosψ~n∗+sinψ~b∗). Using alsothat ds = rwdt, the spin velocity of the considered pointafter some transformations can be written in the followingform
~V = w

( cosψ
k − r

)
~t + (τk wr)~b. (52)

The formula (52) is the exact formula for the spin velocity.If we want to average this spin velocity around the circlewith radius r or the spinning body, the vectors ~t and ~bshould be replaced respectively by (− sinα, cosα, 0) andsinψ(cosα, sinα, 0) + cosψ(0, 0, 1), k(α) and τ(α) shouldbe calculated for the curve (42), while r and w are invari-ants. The required spin velocity should be written as afunction of ~b∗ and w and their derivatives. The vector ~b∗is the unit vector of the spinning axis, which in the chosencoordinate system and chosen instant is (0, 0, 1).Now let us start with the exact spin velocity (52) in orderto check whether J1, J2, J3 and J4 are really invariants inthe case of simultaneity (∆t = 0), analogously to Example1 from section 6. Using the notations from the section 6we obtain the following. If there are no constraints, thenusing the angular velocity (51) we obtain
d~η = ~t∗ds, (53)

d~ξ = (τ~t∗ − k sinψ~n∗ + k cosψ~b∗)dsk , (54)
while in the case of constraints using the spin velocity(52) we obtain

d~ηcon. = ~tds+ ~Vdt =
= ~tds+ [w( cosψ

k − r
)
~t + (τk wr)~b]dt =

= [w cosψ
k

~t + (τk wr)~b]dt =
= cosψ

rk
~tds+ τ

k
~bds, (55)

d~ξcon. = ~bds. (56)
The explanation of formula (56) will be given in the fol-lowing section. Now let us calculate the values J1, J2, J3and J4 in both cases if there are no constraints and withconstraints. According to (53), (54) and (36) we obtain

J1 = 2ds2 + (τdsk )2
− c2(dθ21 + dθ22 + dθ23 ) =
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= ds2 + (τdsk )2
,

J2 = τ
k ds

2,
while according to (55), (56) and (36) in the case of con-straints we obtain

(J1)con. = ds2 + cos2 ψ
k2r2 ds2 + (τdsk )2

−

−c2[(dθ1)2con. + (dθ2)2con. + (dθ3)2con.] =
= ds2 + (τdsk )2

,

(J2)con. = τ
k ds

2.
We notice that J1 = (J1)con., J2 = (J2)con. and also
J3 = (J3)con. = 0 and J4 = (J4)con. = 0 are trivially sat-isfied. Note also that the vectors (dθ1, dθ2, dθ3) and((dθ1)con., (dθ2)con., (dθ3)con.) are collinear, because bothof them are collinear with ~n.
Remark 1. In order for the proper time tp to be a non-negative real number, after calculation of the invariant J2we obtain the following condition

v2 + τ2
k2 v2 ≤ c2. (57)

On the other hand, according to (55)
∣∣∣d~ηcon.dt

∣∣∣2 = ( cosψ
rk v

)2 + τ2
k2 v2

can be larger than c2, because ( cosψ
rk

)2 can be larger than1. This means that the observed velocity ∣∣∣ d~ηcon.dt

∣∣∣ can belarger than c.
Example 1. Let us consider a circle with radius r anda constant angular velocity ~w , i.e. w is a constant and
d~b∗/dt = 0, and assume that ~b∗ is orthogonal to ~g. If
v = rw < c, then the proper time of the points of thecircle is dtp = dt

√1− r2w2/c2, because J2 = 0 since
τ = 0 in this case. Further, according to (71) and (69) thespin velocity in section 10 is estimated by

~V = r2w3(r2w4 − 12g2)2(r2w4 + 12g2)2 (~g× ~b∗).
Hence if ~v = ~w×~r is collinear with ~g× ~b∗ and v ≈ c, theobserved velocity ~v + ~V can be larger than c.

9. On the precession of the spin-
ning axis
Let us return to the equation (56). Analogously as the con-strained angular velocity leads to the spin displacementand hence spin velocity, it also tends to change the spin-ning axis, such that the whole body would be additionallyrotated. This influence maps the previous spinning axisdetermined by the vector ~b∗ into the binormal vector ~b ofthe trajectory of the considered point, because each pointtends to rotate in self osculating plane free of torsion. Wewill take into account these changes of the spinning axesof all points, and it will lead to the joint spinning axis.These precessions of the spinning axes are analogous tothe spin displacements of the points. The spin displace-ment as well as the rotations do not realize completely,and so their constraints lead to the change of temporalcoordinates.Let us calculate now the precession of the spinning axis.The rotation which maps the vector ~b∗ into the vector ~bis given by the 3-vector ψ~t. First we assume that thereare not any torques, which means that (px , py, pz) = 0in the term for ψ. Later the precessions caused by anytorques or tidal forces should be added. The consideredeffect disappears if ~g = 0, and it also disappears in thecase of free fall motion, assuming that ~g is everywhereconstant. The influence to the precession of the Earth’sspinning axis will be considered later.Since

〈ψ~t〉 = 〈tan−1 A
C (− sinα, cosα, 0)〉

we obtain the following shift for px and py
− 12π

∫ π

−π
tan−1 A

C sinαdα = ∆px
w2 , (58)

12π
∫ π

−π
tan−1 A

C cosαdα = ∆py
w2 , (59)

where A and C are given by (48) and (49). The com-ponents px and py, which appear in the terms A and C ,arise from some possible torques which change the spin-ning axis. These components do not have anything jointwith the required components ∆px and ∆py. In the caseof weak gravitational field the influence of (px , py, 0) and
~g can be superposed and so without loss of generality weassumed that px = py = 0, and now let us denote ∆pxand ∆py by px and py.If we multiply (58) by −py and add to the equation (59)multiplied by px we obtain the following equation∫ π

−π
tan−1 A

C (px cosα + py sinα)dα = 0. (60)
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We will prove now that px : py = (−gy) : gx satisfiesthe above system, which means that d~b∗/dt is parallelto ~b∗ × ~g = (−gy, gx , 0). If we replace px = −agy and
py = agx into (60), we obtain
px cosα + py sinα = −a(rw2 + gy sinα + gx cosα)′,

A
C = −gz

rw2 + gy sinα + gx cosα ,and hence
tan−1 A

C = F (rw2 + gy sinα + gx cosα).
Thus, ∫ π

−π
tan−1 A

C (px cosα + py sinα)dα =
= (−a)∫ π

−π
F (rw2 + gy sinα + gx cosα)

d(rw2 + gy sinα + gx cosα) =
= (−a)Φ(rw2 + gy sinα + gx cosα)∣∣∣π

−π
= 0

and the proof is finished.Let us determine d~b∗/dt. If we replace px = −agy and
py = agx into (58) or (59), we can solve that equationby a and then (px , py, 0) = (−agy, agx , 0) = a(~b∗ × ~g)at the considered point. Since the value a does not de-pend on the choice of the coordinate system, assumingthat ~b∗ = (0, 0, 1), we may assume that gy = 0 in thechosen coordinate system and hence the equation (58) isidentically satisfied, while (59) becomes

12π
∫ π

−π
tan−1 −gz

rw2 + gx cosα cosαdα = agx
w2 .

Hence the required vector (px , py, 0) is given by
(px , py, 0) = (0, w2J, 0),

where
J = 12π

∫ π

−π
tan−1 −gz

rw2 + gx cosα cosαdα.
This formula was deduced under the assumptions ~b∗ =(0, 0, 1) and gy = 0. In the general case, the previousformula can be extended for arbitrary vectors ~b∗ and ~g,

and hence for the vector d~b∗/dt = (px , py, pz)/w we obtainin final form
d~b∗
dt = ~b∗ × ~g

|~b∗ × ~g|
wJ, (61)

where
J = 12π

∫ π

−π
tan−1 −(~b∗ · ~g)

rw2 + |~b∗ × ~g| cosα cosαdα. (62)
The formula (61) was deduced if the spinning body is acircle with radius r, and (61) is just the average preces-sion caused by an arbitrary chosen point of the circle perone cycle. If we want to find a general formula for anarbitrary spinning body which is an axially symmetric, weshould divide (61) by J and then we are permitted to in-tegrate over the whole spinning body. Hence we obtainthe following general formula

d~b∗
dt = ~b∗ × ~g

|~b∗ × ~g|
Mw

(∫
J−1 dm)−1

, (63)
where J is given (62) and M is the mass of the spinningbody.The general formula (63) can be used for an arbitraryspinning body on a horizontal plane, instead of a spin-ning circle. In a special case if |~g| << rw2, formula (63)reduces to the following simple form

d~b∗
dt = (~b∗ × ~g)(~b∗ · ~g)M2Iw3 , (64)

where I is the moment of inertia of the body. Ifwe write the vector ~b∗ in the following form ~b∗ =(sinφ cos Ωt, sinφ sin Ωt, cosφ), then for the angular ve-locity Ω we obtain |Ω| = g
|~b∗×~g|

∣∣ d~b∗
dt

∣∣. The approximativeformula (64) can be deduced more easily directly from (58)and (59) if we use the condition |~g| << rw2. The vec-tor d~b∗
dt is not always of type ∝ 1

I . Indeed, if |~g| < rw2instead of (64) the following formula holds
d~b∗
dt = (~b∗ × ~g)(~b∗ · ~g)Mw2Iw4 − 32M(~b∗ × ~g)2 + · · · . (65)

The precessions (63) and (64) do not include any preces-sion from torques or tidal forces, except the consideredgravitational effect. Thus this precession is a complemen-tary to the classical formulas for precession. It is obviousaccording to the following example for the precession ofthe Earth’s spinning axis caused by the Sun and Moon.Since the Earth is in a free fall motion, the acceleration
~g from (64) should be replaced by ~g− ~gb, where ~gb is the
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gravitation acceleration at the barycentre of the Earth.Hence the formula (64) reduces to
d~b∗
dt = ∫ (~b∗ × (~g− ~gb))(~b∗ · (~g− ~gb))dm2Iw3 . (66)

Let us assume that at the considered instant the co-ordinate system is such that the center of the Earthis at the origin, ~b∗ = (0, 0, 1) and the radius vec-tor of the Sun is given by ~R = ~nR , where ~n =(cos γ cosα, sinα, sin γ cosα) and γ = 23.439280.Further we use that
∆~g = ~g− ~gb = −3GMs

R3 ~n∆R + GMs

R3 ∆~R,
where ∆R = −∆~r · ~n, ∆~R = −∆~r, Ms is the mass of theSun and R is the distance between the Earth and Sun.After integration in (66) and averaging we obtain

d~b∗
dt = ~b∗ × ~g

|~b∗ × ~g|
3G2M2

s cos γ sin γ8w3R6 .

Using that the angular velocity for this precession is Ω =1sin γ
∣∣∣ d~b∗dt ∣∣∣ and using that the distance R is not a constantwe can obtain the following more precise formula

Ωs = 38 G2M2
s cos γ

w3a6(1− e2)3 , (67)
where e is eccentricity and a is the semimajor axis of theEarth’s orbit. This leads to the value

Ωs = 0.009083′′/yr.
If we consider the influence from the Moon, then a simi-lar formula holds, but we should additionally include theinclination i ≈ 5.15670 of the Moon’s orbit relative to theecliptic and we obtain

Ωm = 38 G2M2
m(1− 1.5 sin2 i)2 cos γ
w3a6(1− e2)3 , (68)

where e is the eccentricity and a is the semimajor axis ofthe relative Earth-Moon’s orbit and Mm is the mass of theMoon. This leads to the value
Ωm = 0.043055′′/yr.

Note that according to (66) the precession is not linear,but quadratic with respect to the gravitational acceleration

g. So instead of using separate accelerations toward theMoon and the Sun, it is more correct to use their sum.But however, using the formula
〈(a sinw1t + b sinw2t)2〉 ≈
≈ 〈(a sinwt)2〉+ 〈(b sinw2t)2〉

for w1 6= w2, on long time intervals it is permitted toconsider these two influences separately. Their sum
Ω = Ωs + Ωm = 0.052138′′/yr

is about 0.1% from the total observed value of about50.29′′/yr, which is mainly induced by the Sun’s, Moon’sand planetary torques.Note also that both of the directions of the precessions(67) and (68) are in the same direction as the trajectory ofthe Earth around the Sun. While the precession caused bythe torques is non-zero because of the equatorial bulge ofthe Earth, the precessions (67) and (68) remain the sameif the Earth was an ideally spherical and uniform body.The considered precession in this section does not causenutation of the Earth’s spinning axis and the spinning axisof a body on the horizontal plane.
10. Spin velocity in a gravitational
field and some examples
After we found the formula for the precession of the spin-ning axis in a gravitational field, we are able finally topresent and calculate the spin velocity for a circle with ra-dius r. Two cases may occur: (i) if the gravitational forceis a unique perturbing field and (ii) besides the gravita-tional field there is another external perturbation whichchanges the spinning axis of the considered body.(i) In this case d~b∗/dt and hence (px , py, pz) is givenby (63) and (64). Let us start with formula (52). Since
〈wr~t〉 = 0, we should consider the averaging of the spinvelocities w cosψ

k
~t and wr τk ~b. We should use the formulas(44), (45) and (46) for the first three derivatives includingthe influence from the gravitational acceleration. Assum-ing that w is sufficiently larger than | d~b∗dt |, we may usethat for the i-th particle of the body ~r′i×~r

′′
i

|~r′i×~r
′′
i |
≈ ~b∗. It is aproblem to average the spin velocity for h 6= 0. Some-times h has no influence to the final result, and so wewill neglect it in the formulas below. But sometimes forhigh order terms, for example with h2, it has influence onthe spin velocity. We will use some other approximations,because sometimes the corresponding integrals can only

313



On the geometry of the space-time and motion of the spinning bodies

numerically be solved. In order to avoid large expressions,the vectors ~g′ and ~q = d2 ~w/dt2 will be neglected.The averaging of w~t
k led to the spin velocity (50), but nowthe averaging of w cosψ~t
k leads to the following part of thespin velocity

~V = r2w32U2 (2r2w4 − U)(~g× ~b∗)− r4w6
U2 (~b∗ · ~g)d~b∗dt , (69)

where
U ≈ (rw2)2 + (~g · ~b∗)2 + 12g2 + 12 r2w2(d~b∗

dt

)2 (70)
is averaging of the term A2 + C 2.Let us consider now the averaging of wr τk ~b. We can use(40) and it is convenient to decompose the required ve-locity as

~V = λ~VI + λ~VII + λ~VIII + λ~VIV ,

where
~VI = ~g · (~r′ × ~r′′′) |~r′|4(~r′ × ~r′′)|~r′ × ~r′′|4 ,

~VII = −~g · (~r′ × ~r′′′) |~r′|4(~r′ × ~g)
|~r′ × ~r′′|4 ,

~VIII = −(~r′, ~r′′, ~r′′′) |~r′|4(~r′ × ~g)
|~r′ × ~r′′|4 ,

~VIV = (~r′, ~r′′, ~r′′′) |~r′|4(~r′ × ~r′′)|~r′ × ~r′′|4 ,

λ = |~r′ × ~r′′|4
|~r′ × (~r′′ − ~g)|4 .

The sum of averaging of these components yields the fol-lowing spin velocity
~V = 3λ04w2

(
~g · d

~b∗
dt

)
~b∗ + 3λ0 w ′w3 (~g · ~b∗)~b∗+

+ λ1
rw4

[34(~g · d~b∗dt )+ 3w ′w (~g · ~b∗)] ~g× (~g× ~b∗)
|~g× ~b∗|

+
+λ1w ′r2w3

(d~b∗
dt

)2 ~g− ~b∗(~g · ~b∗)
|~g× ~b∗|

+
+λ0 + λ22w2

[
~g×

(
~b∗ × d~b∗

dt

)]+
+ λ2
w2 (~g · ~b∗)( ~g× ~b∗

|~g× ~b∗|
· d
~b∗
dt

) ~g× ~b∗

|~g× ~b∗|
, (71)

where
λp = 12π

∫ π

−π

r4w8 cospt dt(A2 + C 2)2 , (72)
for p = 0, 1, 2, and where A and C are given by (48) and(49). In the terms of A and C , as well as in the aboveformulas (71) and (69) d~b∗/dt = (px , py, pz) is determinedby (63) and (64).Now the formula (71) together with (69) give the requiredtotal spin velocity with some approximations. Let us con-sider some conclusions from (71) and (69). We presentthree simple examples and assume in all of them that
~g = (0, 0,−g), where g is a constant. All these exam-ples can be verified by experiments.
Example 1. Let us assume that the unit vector ~b∗(t) ofspinning axis of a spinning circle is given by

~b∗ = (sinφ cos Ωt, sinφ sin Ωt, cosφ),
where Ω is a constant, φ ∈ [0, π/2) is also a constant andassume also that the angular velocity w is sufficientlylarger constant than Ω. The spin velocity is determinedbasically by the sum of the spin velocities (71) and (69).Since w = const. by assumption, all terms containing w ′will be zero there.Notice that in all terms the spin velocity is parallel to(− sin Ωt, cos Ωt, 0), while its derivative, i.e. the spin ac-celeration is parallel to (cos Ωt, sin Ωt, 0). Hence we canconclude that the spinning body, i.e. its barycentre, moveson a circle with the same angular velocity Ω as the an-gular velocity for the unit vector ~b∗, and moreover, ~V isorthogonal to the unit vector ~b∗. The radius of the circleof motion of the spinning body is equal to Rcircle = |~V |

|Ω| .
Example 2. Let us consider a spinning disc, whose massis distributed on a distance r from the center and assumethat the vector ~b∗ is a constant, while w varies. The spinvelocity is determined basically by the sum of the spinvelocities (71) and (69), but we will draw more attentionto the following part of the spin velocity which contains
w ′:

~V = 3λ0w ′
w3 (~g · ~b∗)~b∗ + 3w ′λ1

rw5 (~g · ~b∗) ~g× (~g× ~b∗)
|~g× ~b∗|

+
+ λ1w ′r2w3

(d~b∗
dt

)2 ~g− ~b∗(~g · ~b∗)
|~g× ~b∗|

+ . . . (73)
We deduce the following important conclusion from theequality (73). It is convenient to increase the angularvelocity of the disc from 0 up to approximately w = √

g
r .Since the spin velocity ~V mainly is proportional to w ′according to (73), we can increase the angular velocity
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slowly, such that the spin velocity is almost negligible.So we input an energy E only for the kinetic energy ofthe rotating disc. Further let us quickly decrease thisangular velocity up to zero angular velocity (w = 0). Inthis process we can return the input kinetic energy E .Moreover, since w ′ 6= 0 means that the spin velocity ~Vis non-zero, the derivative of the spin velocity ~V makespressure, which is indeed free energy. We can repeat thisprocess periodically as many times as we wish, in orderto obtain the required quantity of energy. In practice thefriction is always non-zero, but we should decrease theangular velocity of the disc very quickly such that the freeenergy is larger than the energy spent for the friction.The total free energy is equal to M2 ~V 2. If w decreases by
w(t) = √

g
r
(1 − t

t0
) (0 ≤ t ≤ t0), then in this case thefree energy is of order M r2

t20 . So, we do not need to returnback the input kinetic energy E = 12Mr2w2, because thederived free energy can be sufficiently larger than E . Ifwe use this free energy such that the disc in not permittedto be displaced freely, then there will be displacement intime, i.e. spin time displacement, and according to theinvariant J1 this will cause the energy of the disc to fall.This loss of the energy of the disc is analogous to the lossof energy of the bodies which are placed closer to thecenter of a massive gravitational body. Consequently themass of the disc will be slightly decreased and the speedof the proper time of the disc will be slightly decreasedtoo. So the free energy is simply energy subtracted fromthe energy of the disc.This is not a unique way to derive free energy using onlymechanics. The free energy can be obtained also in agravitational or electromagnetic field by slow increase of
d~b∗/dt and then quickly decreasing, but the previous pro-cedure is the simplest way to show the existence of thefree energy. The author of this paper has measured theweight of a spinning disc when its angular velocity de-creases and the angle between ~b∗ and the horizontal planeis 450. When the angular velocity was close to a value
w0, the weight was slightly increased. Indeed, for w → 0and w →∞ the spin velocity tends to 0. So, there exists
w0 such that ~V (w) has a maximum. When the disc slowlydecreased its angular velocity because of friction, the vari-ation of the weight was very small. But when the angu-lar velocity was strongly manually decreased, the changeof the weight was much larger, because the free energyis proportional to (w ′)2. However, the increasing of theweight of the disc confirms the existence of free energy.(ii) Assume that besides the gravitational field and its in-fluence there are also external perturbations or torqueswhich change the spinning axis of the considered body.Besides previously determined vector (px , py, pz) we haveincrement (∆px ,∆py,∆pz) caused by some external forces.

This increment (∆px ,∆py,∆pz) has influence on the spinvelocity such that it appears only in the term cosψ in (52),but not in the torsion and curvature of the trajectory.The term w~t cosψ
k leads to the following additional part ofthe spin velocity

~V = − 12w2 d~b
∗

dt (~b∗ · ~g), (74)
if w is sufficiently large, where d~b∗

dt denotes the influencecaused by the external forces.
Example 3. Let us assume that the unit vector ~b∗(t) ofspinning axis of a spinning circle is given by

~b∗ = (cosΩt, 0, sin Ωt),
where Ω is a constant, and assume also that the angularvelocity w is much larger constant. According to (74) andneglecting the velocities (71) and (69), for the spin velocitywe obtain

~V = gΩ sinΩt2w2 (− sin Ωt, 0, cos Ωt). (75)
After averaging by α we see that the circle moves withalmost a constant velocity

~V = (− gΩ4w2 , 0, 0) (76)
without reaction. There appears a periodic accelerationin the z-axis Az = dVz/dt 6= 0, but it averages to 0.
Example 4.The spin precession of the Earth’s axis of about 0.052′′/yrcalculated in section 9 and also the precession of about50′′/yr from the torques cause spin velocity according to(71), (69) and (74). In order to estimate the correspondingspin acceleration, we should replace ~g by ~g− ~gb, becausethe Earth is in free fall motion. Hence it is easy to seethat the corresponding spin velocity is almost 0, such thatthese spin velocities do not have any remarkable influenceon the trajectory of the Earth.
11. Conclusion
In the first section some anomalies were presented, as-suming that the space-time is condensed into 3+1-dimensional space-time. Thus starting with the 3+3+3-model which was recently introduced ([6–8]), it is devel-oped now mainly upon the structural groups Gt and Gs
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and they naturally lead to four structural invariants. In-dependently from these structural invariants a new typeof motion - spin velocity was deduced, which can be inter-preted simply as a displacement in the space. Using thededuced spin velocity and precession of the spinning axis,at the end of section 8 it was shown that the structuralinvariants are satisfied. Although the effects described inthis paper are contradictory with Newton’s third law inits classical formulation, the approach in this paper seemsto improve Newton’s third law at a more sophistical level,because the considered spin motion and spin precessionappear to preserve the invariants J1, J2, J3 and J4.
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