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Abstract: We propose a protocol to generate a Greenberger-Horne-Zeilinger (GHZ) state and W state by using simple
linear elements and quantum nondemolition detectors (QNDs). With the help of cross-Kerr nonlinearity,
our protocol can generate the intended states with only one setup, and the probability of getting a W state
is greatly increased when compared with previous schemes [Phys. Rev. A 75 (2007) 044301]. Also, our
proposed protocol is realizable in experiments.
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Quantum entanglement plays an essential role in the ap-plications of quantum information processing (QIP) [1–6],such as quantum secret sharing [1, 2], quantum telepor-tation [3, 4], quantum dense coding [5], quantum cloningmachine [6], etc. There are two different important classesof multipartite entangled states, the Greenberger-Horne-Zeilinger (GHZ) state and the W state, which cannot beconverted to each other by local operations and classicalcommunications. The GHZ state and W state show differ-ent behaviors if one qubit is traced out. Considering theimportance of these two classes of entangled states, a lotof schemes have been proposed to generate a GHZ stateand W state [7–18]. For example, Xia et al. [14] have used
∗E-mail: xia-208@163.com (Corresponding author)
†E-mail: lpm@fzu.edu.cn

linear optical elements, N pairs of the two-photon polar-ization entangled states, and conventional photon detec-tors to prepare the GHZ state of N photons. Song et al.[15] have proposed a scheme for generating a W state byusing single-photon interference and time-bin encoding inpolarization noise channels. Zou et al. [16–18] have alsogiven an approach to generate a GHZ and W state of fourseparate qubits using different setups.
In 2007, Yu et al. [19] presented a protocol to generatea GHZ state and W state of three distant Λ-type three-level atoms based on the indistinguishability of photonsemitted by the atoms in optical cavities. Their protocolhas many advantages; for example, their protocol did notrequire the simultaneous click of the detectors in theLamb-Dick limit. But the probability of getting a W stateis only 19 , and they need two different setups to generatethe GHZ state and W state. In this paper, we propose a
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Figure 1. Schematic diagram of QND.

protocol to prepare a GHZ and W state of three Λ-typethree-level atoms 1, 2, and 3, trapped in three differentcavities, A′, B′, C′, respectively, with an excited state |e〉and two grand states |gl〉 and |gr〉 . Every cavity in ourprotocol has only one side. The transitions |e〉 → |gl〉 and
|e〉 → |gr〉 are strongly coupled to the left-circularly po-larized cavity mode and right-circularly polarized cavitymode, respectively. A difference between the presentedprotocol and Yu et al.’s [19] is the use of quantum nonde-molition detectors (QNDs). Nondestructive measurementshared by QNDs increases the probability of successof our protocol a lot compared with Yu et al.’s protocol[19]. Therefore, we will introduce QND first and then de-scribe how to generate the GHZ state |GHZ 〉± =1√2 (|gl〉1|gl〉2|gl〉3 ± |gr〉1|gr〉2|gr〉3) and W state(|W 〉 = 1√3 (|gl〉1|gl〉2|gr〉3+|gl〉1|gr〉2|gl〉3+|gr〉1|gl〉2|gl〉3or |W̃ 〉 = 1√3 (|gl〉1|gr〉2|gr〉3 + |gr〉1|gr〉2|gl〉3 +
|gr〉1|gl〉2|gr〉3).We start the protocol by describing the QND shown inFig. 1. Nondestructive measurement is a precondition ofour protocol. We know that if photons are detected anddestroyed, we will not get the intended entangled state.QNDs with cross-Kerr mediums and coherent states arepowerful tools to detect photons without destroying them.The Hamiltonian of cross-Kerr nonlinearities can be writ-ten as [20, 21]

Hck = ~χa† sasa† pap, (1)
where as and ap are the annihilation operations, a† s and
a† p are the creation operations, and ~χ denotes the cou-pling strength of the material. As shown in Fig. 1, thecoupling strength of the cross-Kerr nonlinearity connectedto path l1 is ~χ1, and that of the cross-Kerr nonlinearityconnected to path l2 is ~χ2. If a photon passes throughpath l1, the combined system of photon and a coherentstate evolves as

Uck |φ〉|α〉 = e
Hck t
~ |φ〉|α〉 = |φ〉|αeiθ1〉, (2)

by the cross-Kerr interaction. In Eq. (2), the |φ〉 denotesthe state of a photon, and |α〉 denotes the coherent state,

θ1 = χ1t with the interaction time t which is directlyproportional to the number of photons with the states ofphotons unaffected. For the same reason, when a photonpasses through path l2, the cross-Kerr nonlinearity con-nected to path l2 will put a phase shift θ2 = χ2t on thecoherent state.In the following, we will describe how to generate a GHZand W state of the atoms 1, 2 and 3, and the setup isshown in Fig. 2. The interaction Hamiltonian takes thefollowing form:
HI = ~

∑
k=l,r λk (ak |e〉〈gk |+ a† k |gk〉〈e|), (3)

where l and r denote the left and right circularly polarizedcavity modes, respectively. a† k and ak are the creationand annihilation operators of photons of the k mode. λkis the coupling constant between the cavity modes andatoms. Initially, the atom and the cavity are prepared inthe excited state |e〉 and the vacuum state |0l〉|0r〉, respec-tively. After interaction time t, the atom-cavity system willevolve to the state
|Ψ(t)〉 = cosΩt|e〉|0l〉|0r〉

− i sin ΩtΩ (λl|gl〉|1l〉|0r〉+ λr |gr〉|0l〉|1r〉), (4)
with Ω = √

λ2l + λ2r . After photons pass through QWPs,we assume the left-circularly polarized photons and theright-circularly polarized photons become vertically andhorizontally polarized photons, respectively. Then, we getthe following transformation: |1l〉|0r〉 → |V 〉, |0l〉|1r〉 →
|H〉, where V and H denote the vertically polarized |V 〉and horizontally polarized |H〉 photons, respectively. Theterm |e〉|0l〉|0r〉 in Eq. (4) is the vacuum mode and it has nocontribution to the click of the photon detectors. There-fore, when a photon passes through a QWP, the total stateof the photon and the atom can be written as

|Ψ(t)〉 = 1Ω(λl|gl〉|V 〉+ λr |gr〉|H〉), (5)
with a probability P0 = sin2(Ωt). The states of atom 1 incavity A′ with photon A, atom 2 in cavity B′ with photonB and atom 3 in cavity C′ with photon C can be writtenas

|ΨA〉 = 1Ω(λl|gl〉1|V 〉A + λr |gr〉1|H〉A), (6)
|ΨB〉 = 1Ω(λl|gl〉2|V 〉B + λr |gr〉2|H〉B), (7)
|ΨC 〉 = 1Ω(λl|gl〉3|V 〉C + λr |gr〉3|H〉C ), (8)
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Figure 2. (a) Schematic setup to generate a GHZ and W state. Pj , (j = 1, 2) are shown in (b) and QND(A) is shown in (c). The setup in (b)
is composed of a 50/50 beam splitter (BS) and a QND. If a photon passes through path j1, the state |α〉 will change into |αeiθ〉; after
that, the photon will be sent to BS again; if a photon passes through path j2, the photon will be sent to the out port. QND(A) in (c)
is composed of two polarizing beam splitters PBS1 and PBS2 which always transmit H-polarizing photons and reflect V -polarizing
photons. If a photon passes though path u, the state |α〉 will change into |αei

56 π〉; if a photon passes through path d, the state |α〉 will
change into |αei

π6 〉. All the solid trapezoids denote mirrors. DA, DB , Dw denote three detectors and QWPs denote quarter wave plates.

respectively. As shown in Fig. 2(a), the photons A andB will meet the setup P1, with the setup P1 shown inFig. 2(b). This will lead to the following transformation:
|V 〉A → |V 〉a, |V 〉B → |V 〉a, |H〉A → |H〉a, |H〉B → |H〉a.Therefore, we have the following process:

|ΨAB〉 = |ΨA〉 ⊗ |ΨB〉

= 1Ω2 (λ2
l|gl〉1|gl〉2|V 〉A|V 〉B + λlλr |gl〉1|gr〉2|V 〉A|H〉B + λlλr |gr〉1|gl〉2|V 〉B|H〉A + λ2

r |gr〉1|gr〉2|H〉A|H〉B)
P1−−−−→

1Ω2 (λ2
l|gl〉1|gl〉2|2〉Va + λlλr |gl〉1|gr〉2|1〉Va |1〉Ha + λlλr |gr〉1|gl〉2|1〉Va |1〉Ha + λ2

r |gr〉1|gr〉2|2〉Ha ), (9)

where |2〉Va = |V 〉a|V 〉a, |1〉Va = |V 〉a, |2〉Ha = |H〉a|H〉a,
|1〉Ha = |H〉a. Then, the photons A, B, and C will meetthe setup P2 [See Fig. 2(a)]. P2 works in the same

way as P1, and will lead to the following transformation:
|V 〉a → |V 〉b, |V 〉C → |V 〉b, |H〉a → |H〉b, |H〉C → |H〉b.Therefore, we have the following process:
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|Ψ〉 = |ΨAB〉 ⊗ |ΨC 〉

= 1Ω3 (λ3
l|gl〉1|gl〉2|gl〉3|2〉Va |V 〉C + λ2

lλr |gl〉1|gl〉2|gr〉3|2〉Va |H〉C + λ2
lλr |gl〉1|gr〉2|gl〉3|1〉Va |1〉Ha |V 〉C

+λlλ2
r |gl〉1|gr〉2|gr〉3|1〉Va |1〉Ha |H〉C + λ2

lλr |gr〉1|gl〉2|gl〉3|1〉Va |1〉Ha |V 〉C + λlλ2
r |gr〉1|gl〉2|gr〉3|1〉Va |1〉Ha |H〉C

+λlλ2
r |gr〉1|gr〉2|gl〉3|2〉Ha |V 〉C + λ3

r |gr〉1|gr〉2|gr〉3|2〉Ha |H〉C P2−−−−→
1Ω3 (λ3

l|gl〉1|gl〉2|gl〉3|3〉Vb
+λ2

lλr |gl〉1|gl〉2|gr〉3|2〉Vb |1〉Hb + λ2
lλr |gl〉1|gr〉2|gl〉3|2〉Vb |1〉Hb + λlλ2

r |gl〉1|gr〉2|gr〉3|2〉Hb |1〉Vb
+λ2

lλr |gr〉1|gl〉2|gl〉3|2〉Vb |1〉Hb + λlλ2
r |gr〉1|gl〉2|gr〉3|2〉Hb |1〉Vb + λlλ2

r |gr〉1|gr〉2|gl〉3|2〉Hb |1〉Vb + λ3
r |gr〉1|gr〉2|gr〉3|3〉Hb )

= 1Ω3 (λ3
l|gl〉1|gl〉2|gl〉3|3〉Vb + λ3

r |gr〉1|gr〉2|gr〉3|3〉Hb ) + √3λ2
lλrΩ3 |W 〉|2〉Vb |1〉Hb + √3λlλ2

rΩ3 |W̃ 〉|2〉Hb |1〉Vb , (10)

where |3〉Hb = |H〉b|H〉b|H〉b, |3〉Vb = |V 〉b|V 〉b|V 〉b, |2〉Hb =
|H〉b|H〉b, |2〉Vb = |V 〉b|V 〉b, |1〉Hb = |H〉b, |1〉Vb = |V 〉b.In the following, for convenience, we suppose λl = λr first,and then discuss the situation when λl is different from λr .If λl = λr , Eq. (10) can be written as
|Ψ〉 = 12(|gl〉1|gl〉2|gl〉3|3〉Vb + |gr〉1|gr〉2|gr〉3|3〉Hb )

+ √32√2 |W 〉|2〉Vb |1〉Hb + √32√2 |W̃ 〉|2〉Hb |1〉Vb . (11)
Photons in path b will pass through QND(A) as shown inFig. 2(c). They will first meet PBS1. Eq. (11) will changeinto:

|Ψ〉 = Uck |α〉[ 12 (|gl〉1|gl〉2|gl〉3|3〉Vb + |gr〉1|gr〉2|gr〉3|3〉Hb ) + √32√2 |W 〉|2〉Vb |1〉Hb + √32√2 |W̃ 〉|2〉Hb |1〉Vb ]
= 12 (|gl〉1|gl〉2|gl〉3|3〉Vb |αei π2 〉+ |gr〉1|gr〉2|gr〉3|3〉Hb |αei 5π2 〉) + √32√2 |W 〉|2〉Vb |1〉Hb |αei 7π6 〉+ √32√2 |W̃ 〉|2〉Hb |1〉Vb |αei 11π6 〉.

(12)

If three photons are all V -polarizing photons, they willpass through path d and |α〉 will change into |αei π2 〉 ;if three photons are all H-polarizing photons, they willpass through path u and |α〉 will change into |αei 5π2 〉 =
|αei(2π+ π2 )〉. We can not distinguish |gl〉1|gl〉2|gl〉3|3〉Vb and
|gr〉1|gr〉2|gr〉3|3〉Hb because the effect of |αei(2π+ π2 )〉 is thesame as |αei π2 〉, as the homodyne measurement can takemeasure on the angle but not the phase. So the firstterm of Eq. (12) can be written as 12 (|gl〉1|gl〉2|gl〉3|3〉Vb +
|gr〉1|gr〉2|gr〉3|3〉Hb )|αei π2 〉. But if two photons are both
V -polarizing photons and the other is an H-polarizingphoton, the V -polarizing photons will pass through path

d and the H-polarizing photon will pass through path
u, and |α〉 will change into |αei( 5π6 ×1+ π6 ×2)〉 = |αei 7π6 〉;if two photons are both H-polarizing photons and theother is a V -polarizing photon, the H-polarizing pho-tons will pass through path u and the V -polarizingphoton will pass through path d, and |α〉 will changeinto |αei( 5π6 ×2+ π6 ×1)〉 = |αei 11π6 〉. Therefore, we candistinguish the states |W 〉|2〉Vb |1〉Hb , |W̃ 〉|2〉Hb |1〉Vb and(|gl〉1|gl〉2|gl〉3|3〉Vb + |gr〉1|gr〉2|gr〉3|3〉Hb ). The probabili-ties are PW = 37.5%, PW̃ = 37.5%, and P3 = 25%, respec-tively. If we get the state |W 〉|2〉b2 |1〉Hb or |W̃ 〉|2〉Hb |1〉Vb ,we can use the detector DW to detect the photons. Fi-
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nally, we will get the W state, |W 〉 or |W̃ 〉. The max-imal probabilities of getting the |W 〉 and |W̃ 〉 state are
PWm = P30PW = 37.5% and PW̃m

= P30PW̃ = 37.5%, re-spectively, with sin6(Ωt) = 1. And the total probability ofgetting a W state is PWsum = PWm + PW̃m
= 75%. If weget the state (|gl〉1|gl〉2|gl〉3|3〉Vb + |gr〉1|gr〉2|gr〉3|3〉Hb ), wecan send the photons to path c. And then, the photons willmeet the AB-PBS, which changes |V 〉2 and |H〉2 into anew frame: |V 〉2 → 1√2 (|A〉 + |B〉), |H〉2 → 1√2 (|A〉 − |B〉),with the AB-PBS always transmitting A-polarizing pho-tons and reflecting B-polarizing photons. After that,the state (|gl〉1|gl〉2|gl〉3|3〉Vb + |gr〉1|gr〉2|gr〉3|3〉Hb ) can bewritten as:∑

δ,β,γ=A,B
(|gl〉1|gl〉2|gl〉3 ± |gr〉1|gr〉2|gr〉3)|δ〉|β〉|γ〉√2 , (13)

where an odd number among δ , β, and γ correspond to“+” with the other corresponding to “-”. When all photonsare clicked, we will get the |GHZ 〉± state. The maximalprobability of getting the GHZ state is PGHZ = P30P3 =25% with sin6(Ωt) = 1.Now, we will discuss the situation when λl is different from
λr . From Eq. (10), one can find that different λl and λrmake the probabilities of getting |W 〉 and |W̃ 〉 differentfrom each other, and the total efficiency of getting a Wstate is reduced, but the fidelity is not influenced at all.As for the GHZ state, the influence of λl 6= λr will lead tothe final state |φ〉 deviating from |GHZ 〉, but the influenceis slight. Ref. [19] showed that if λl/λr = 1.1, the fidelityis |〈φ|GHZ 〉|2 > 0.98 .Let us now consider the experimental feasibility of ourprotocol. (1) The QNDs provide us a way to detect pho-tons without destroying them. Many schemes have shownthat QNDs can work well with presently available exper-imental techniques. For example, in 2003, Hofmann et
al. [22] showed that a phase shift of π can be achievedwith a single two-level atom which is trapped in a one-side cavity. In 2010 in Ref. [23], Wittmann et al. imple-mented quantum measurement strategies capable of dis-criminating two coherent states with the help of a ho-modyne detector and a photon-number-resolving (PNR)detector. Sheng et al. [24] proposed a scheme to achievecomplete hyperentangled-Bell-state analysis for quantumcommunication, in which QNDs were essentially required.However, the detecting efficiency of QNDs cannot reach100%. With an increase of QNDs, the efficiency of gettingthe intended entangled state will be reduced. However,with the improvement of QNDs, we believe that the proto-col is feasible. (2) The linear optical elements and photondetectors in our protocol are widely used to generate en-tangled states in experiments [7–10]; for example, Eibl et
al. [10] have successfully used similar optical setups to

prepare a W state of photons. (3) Atomic-level structurecan be achieved by Zeeman sublevels [25] and were real-ized to generate two-atom entangled states [26] in 2002.In conclusion, we have proposed a protocol to generate aGHZ and W state of three Λ-type three-level atoms by us-ing simple linear elements and QNDs. With our protocol,there are some advantages as follows. (1) Our protocolcan generate both GHZ and W states and the probabilityof getting a W state is greatly increased compared withprevious schemes [19]; that is, our probability of gettinga W state is higher than that in Ref. [19] by about 2336 .(2) The protocol is realizable in experiment by currenttechnologies and it can easily be extended to generatean N-atom GHZ and W state. We hope that this en-tanglement generation protocol proves to be prospectivefor wide applications in scalable and distributed quantumnetworks.
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